Chapter 4

Multistability Analysis of
Octonion-Valued Neural Networks

with Time-Varying Delays

4.1 Introduction

In this chapter, the multistability analysis is studied for n-dimensional octonion val-
ued neural networks (OVNNSs) with time-varying delays for a general class of activa-
tion functions. In OVNNSs, state variables, synaptic connection strengths, activation
functions, and external inputs are all octonions. The octonions were discovered in
1843 by John T. Graves, inspired by his friend William Rowan Hamilton’s discovery
of quaternions. Octonion numbers are neither commutative nor associative. One
neuron of OVNNs can store eight times the information stored by one neuron of
RVNNSs. Due to octonion valued neurons, OVNNs have large storage capacity, and

as a result, those can be used in many practical applications such as associative
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memories, signal processing, image processing, etc. Considering the potential appli-
cations of octonions in NNs, Popa in [48] has introduced the feedforward OVNNs,
with the states, synaptic connections strength, activation functions and external
inputs are as octonions. OVNNs are frequently used in the processing of color im-
ages, time series prediction, signal transmission etc [49, 50, 51]. Systems designed
for applications such as associative memories, pattern recognition, and signal final
processing must have high storage capacity, and stable equilibrium points play a
significantly larger role in these applications. Therefore, performing multistability

analysis of OVNNs is an interesting task.

4.2 Model Description and Preliminaries

In this chapter, the following Hopfield-type OVNNs [52, 7] with time-varying delays

is considered as

n

i(t) = —cimi(t) + Y aygi(w;(8) + Y bigi(ai(t — 75(0) + ki, (4.1)
j=1 J=1

where 4,7 = 1,2,....n and n is the number of neurons in the network; x;(t) € O
represents the state of i-th neuron at time ¢; ¢; € R with ¢; > 0 is state decaying
constant; a;;,b;; € O represent the instantaneous and delayed synaptic connection
strengths from j-th to i-th neuron of the network; 7;(¢) > 0 be time-varying delays
which are bounded by 7, V j = 1,2, ..., n and continuous on [t,00) for some ¢, € R;
k; € O is an external input to each neuron of the network; the mapping g;(.) : O — O
denotes octonion-valued activation functions; x;(s) = ¢;(s), Vs € [to — Tas, to] is the

initial condition of the equation (4.1), where ¢;(+) : [to — Tar, to] = O are continuous
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functions for all ¢. Equation (4.1) can be rewritten in a vector form as
i(t) = —Cu(t) + Ag(x(t)) + Bg(z(t — 7(t))) + K, (4.2)

where z(t) = (z1(t),x2(l), ..., z,(t))T € O, C = diag(cy,ca,...,c,) € RV A =
(aij)nm, B = (bij)nxn S @nxn’ K= (k‘l,k’g, veey k‘n)T S @", g(.’L‘(t)) = (gl(l'l(t)),
G2(22(t)), .y gn(w,(t)))T € O™ In an octonion algebra, the activation functions

gj(z;(t)) € O for j =1,2,...,n, is choosen such that

gi(x;8) = 3" gV @ (1)es, (4.3)

b=0

where, e, is octonion unit and g](»b)(-) : R — R be the real valued continuous function

defined as
.
rj(.b), if z € (—oo,pgb))
5@ =137, iz - )
sg-b), if z € (q§b), +00)

where b = 0,1, ..., 7, gj(-b)(z) arc continuously differentiable and monotonically non-

decreasing functions on [pgb), q](b)},

Assumption 4.1. For j =1,2,...,n,

_(b _(b
95)(21) —gj(- >(Z2)
21 — 22

0<al” < L b=0,1,..7,

where 21, 25 € [pg-b), q](-b)] and aﬁb) is a real constant.
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4.3 Main Results

In this section, some important sufficient conditions on existence and exponential

stability of equilibria for OVNNs (4.1) have been derived.

Using the multiplication operation performed in the 1.16, the octonion differential

equation (4.1) can be separted into eight real-valued differential equations as

n
. 0 0 0 1 1 1 2 2 2 3
HO() = — eal®() 1 > {afjg; @) — 0 gP (1) — @ gP @2 (1)) — o

O @ 1)) — o @D (1)) — 0@ P @D 1) — ¢ @ (1)) — oD gD = (1))

X g] Z] g] J 2] g] ] Z] g] .7 7,] g] .7

Z[b“’) P =7 (0)) = 6N @ - 7 (0) = 6 0? @ (¢ - 7(00)-

b (@Dt —75(8))) — 01V (@t — 75() — 06\ (@t — 75(2)))—

6 6 6 7 (0
b g% @ (¢ = 75(1) = b g (@ (= ()| + K, (45)

. 1 0) (1 1 1) (0 0 2) (3 3 3
BO8) == 0+ 3 [ 0) + o o 0) + o 0 00 1) - )

Jj=1

2 2 4 5 5 5 4 4 6 7 7 7 6 6
x g2 @) + 0P (@ (1) — a0l ¢\ @ (1) — P g7 @7 (1) + 0l ' (1 (1))

Z {b“” D=7 (0)) + 57 g @ (t = 7 (0) + b7 9" (27 (¢ = 73(0))—

3 2 2 4 5 5 4 4
b g @ (t —75(1))) + 6 0P @ (¢ — () — gt (@ (¢ — 7 (8)))

004D (@ 0t — 7)) + 00\ @V — ()| + kY, (4.6)
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. 0) (2 (2 2) (0 0 1) (3 3 3) (1 1
#3 (1) = — +Z[ag>g§> D)+ a9 @ (0) - a0 @7 () + a9 7 (1)

j=1

() 6),.(6) OO (5) (7) (,.(7) M g®) ()
ta 2] g] (] (t)) z] g] (] (t)+ 7,] g] ( (t)) z] g] (_7 (t)) +

i [b§3>g§2’<x§2><t —73(0)) + b3 gy (@ (8 = 75(6)) = 07 g @ ¢ — 7 (1)) +

b<3> g5 @ (= () + 07 g (@ (= 7 (0) = 6T g @5V (¢ - 7 (0)+

b 9" @ (= 75(0) = 57 g (@7 (¢ = 7 () | + K, (4.7)
30 () = —cia P 1) +Z{a<"> V@ 0) + a0 @7 @) + a6 @7 (1) — o 9" @5 ()
Jj=1
a9, (@) - o] gV (@ (1) - 4 g @7 (1)) + a7 (@ (1)) | +

> [bﬁ?g?)(xf’)(t — 7)) + 69\ @0 (¢ — (1)) + 61 61D (P (¢ — (1))~

j=1
0 g5 @l (8 =7 (0) + 0P 0" (@ (¢ = 75 (0)) = b g (0 (= 73 (0) -

b gy () = 7(1) + b 0" (w7 (6 = 7 (1) | + K (48)
#0 (1) =~ +Z[a£3>g§4> D)+ a9 @ (0) - a0 @ () + a9 (" (1)
j=1
7 7
=09 @ (0) + a0 (@5 () - a6 @ 1) + 0l g7 P 0)| +

i [bﬁ%}“ @t = 7;)) + 60 (@t — 75(1) = b5 g\ () (¢ — (1)) +

J
j=1
5 1 1 2 6 6 6 2 2
079 (@Dt —75() — 076\ (Pt - 75(8))) + 0P (Pt - 75(2)))—

b gy (@) (= (1) + b7 g7 (@ (¢ = 7 (0)| + k(Y (4.9)
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. 5 0) (5 5 5) (0 0 1) (4 4 4) (1 1
#O(t) = e (¢ +Z[a“?> V) +aif g @ @) + i 0 (20 (0) — aff g 57 (1)

=1
7 7 T 5 6 : B
a9y @ (0) + a0 (@5 ) + a6 (@7 (1) — ol g7 P 0)] +
> {b&j?)gﬁ”(x;"” (t— 7)) + b9\ @O (¢ — 7(8) + 0 g8 (@S0 (8 — 7)) -
i=1

4 1 (1 2 7 7 7 2 2
b gy (@ (= 7 (0) = 5797 @7 (= 7(0)) + b g (@ (¢ — 7 (0)+

b g\ (@t —75(8) — 029D @Dt — 7)) | + &P, (4.10)
1‘7;(6)(15) — *Q::L‘E(;) +Z [a(o) (6) )) Jraf?)gj(o)( (0)( ))Jra(?) (4)( 54)(,:)) (;1)9](2)( ( )(t))
Jj=1
a9, (@) = o] g (@ (1) - 0 g7 @7 (1)) + af g @ (1)) | +

> [b&?@f’@“(t — 7)) + 6176\ @0 (¢ — (1)) + 67 g\ (@ (¢ — (1))~

=1

0P (@t —75()) + 00\ (@7t - 75()) — 00\ (@ — 7 (2)))—
b g (@0 (8 —75(8)) + 0 9P @Dt — 7)) | + &, (4.11)
#0 (1) = el (1 +Z[a52>g§” @7 ) + o] 9”@ ) = ) 9,7 @7 (0) + i 37 (25" (1)
j=1

2) (5 5 5) (2 2 3) (4 4 4) (3 3
+0)9,” @7 ) = o) g7 @7 0) + ) g (57 () - o g7 (7 () |+

by (6 = 75 (0)+

J J

>y {b&%ﬁ” @D (= 75(6) + 506 @Ot — (1))
j=1

6 1 1 2 5 5 2 2

bsy D@Dt —750))) + 62 @Dt —75(0))) = PP (@Dt —75(8)))+

2
Ty
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Now, for i =1,2,...,n and z € R, let us define the following real-valued continuous

functions as

GV(2) = —ciz + (@) + 0" (2) + 2, (4.13)
GP(2) = —ciz + (af)) + 0P (2) + 71", (4.14)
~ (b

G (=) = —ciz + (@ + 509 (2), (4.15)

where b= 0,1, ..., 7, and the real constants ﬁgb) and 1) are defined as

n

(0 0 0),.(0) /(0 0)y (0 - . 1 y..(1 1 1y .1
771( ) — Z max{(agj) +b§j))r§ ), (agj) + bl(j))sﬁ» )} — Z [mm{(agj) + bl(»j))rj( ), (az(j) +b§j))s§ )}
j=1

J=15#

. 2 2), (2 2 2)4 (2 . 3 3)y (3 3 3)\ (3
+ mln{(a’gj) + bgﬁ)é )a (agj) + bz('j))sj(‘ )} + mln{(agj) + bl(j))r_g )> (a’gj) + bﬁj))sg' )}+

. 4 4y (4 4 4y (4 . 5 5)y (5 5)y (5
mm{(al(»j) + bz(-j))r](- ), (agj) + bgj))sg- )} + mm{(al(j) + bgj))r§ ), (al(?) + bgj))sg )}—0—

min{(a

(©)
ij

5)\ (6 6 6)y (6 . 7 (T 7 N (7 0
+ bg’))r]( ), (agj) + bgj))s§ )} + mln{(agj) + bgj))r; ), (a,l(»j) + bgj))S; )} + kf ),

VA J

i = 3" minf(ag) +b5)rl” <a§,‘-”+b§?>>s,§-‘”}—z[max{(ai-}-)+b§;>>r§“,<a§;>+b§;>>s,§“}
j=1

j=1.j#i

2 2 2 2 2 2 3 3 3 3 3 3
+max{(al; + b3, (@) +5@)sP} + max{(@) + ), (o) + 015+

4 4 4 4 4 4 5 5 5 5 5 5
max{(aly + b)Y, () +50)s0) 4+ max{(al)) + b)), (0l + 00D 4

max{(ag-;) + bg?))rj(-(j), (az(-?) + bg?))sg-(j)} + max{(ag-) + bz(-;))r(-n

(M) 4 (M (D) (0)
j 7(aij +bz‘j )5j H+k,

j

n n
= Y max{(a + b)Y <a§2’+b§;’>>s§”}+2[rnax{(aﬁ}-)+b£j->>r;°>,<a§;’+b§;>>s§-°>}
j=1

j=1,j#i

+ max{(al(-

max{(a,

min{(ag

(2)y,.(3) ( (2) (2)y .(3) ; (3) (3),.(2) ¢ (3) (3)y.(2)
+bij )T 7((]’ij +bij )5]' }*mm{(azj +bij )Tj s (a;; +bij )5j H+

J J

4) 3 @N,.05) (4 3 (4)y (5) ; (5) 4 (5,4 ( (5) | 1(5)y . (4)
;b )7j 7(%;‘ +b;; )aj }fmm{(aij +b;; )1j ,(aij +b;; )sj -

6) (6)y,.(7) (. (6) (6)y (7 (7) (T)y,.(6) ¢ _(7) (7)Y .(6) (1)
i b (ag +037)s5 Y Fmax{(ag) + 00 )ry 7 (@ +b57)s5 | kg
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(1 . 0 o)y (1 0 0)y.(1 . 1 1)5,.(0 1 1)y (0
771.( ) = Z mm{(agj) + b£j>)r](» ) (a,Ef + b,gj))sg» )} + Z {mln{(agj) + bgj))rj( ), (a§j> + b,gj))sg )}

J=1,j#i j=1

2 2 2 2 3 3 3 2 3 3 2
+minf(al) + 60 (@l + 0P} — max{(afY + b)) (@l +6P)s Py +
min{(af)’ + b5 ), (0] +b()s$7} — max{(a)) + b)Y, (@) + b5V}

max{(agj-s) + bg-j))’rf), (af) + bg?))s](-n} + IIliIl{(LL,E]?-) + bg;))r]@, (ag) + bg))siﬁ)} + k'gl),

n

W= 3 max{(@? + 60 ®, @@ + 1) <2>}+Z{Inax{ (@2 + 620 (@@ 45250}
J=1,j#i

—Inin{(a,f, b(l)) ) , (a S) +b§;))s](-3)} —l—max{(a,ES) b(3)) A1) ,(a Ef) +b,£j-’))s§-])}+
4 1), (6 4 1)\ (6 . 6 6 6 6)y (4
max{(al(-]-) + bgj))rlg- ), (agj) + bz(-j))s.g- - mm{(al(-j) + bl(-j))rj ), (a,gj) + bii))eg N+

max{(a(5) + b(5)) , (af-j) + bg?))sy)} - min{(ag) + bg))'r'J(.S), (ag) + bf;))a§5)} + kZ@),

n

L (2 . 0 0 2 0 0 2 . 2 2 0 2 2 0
W= 5 min{(@® + 21 ®, @@ + )P+ 3 {Inm{(agj>+bgj>)r§ (@ + )50
j=1,j7i j=1

— max{(a! (1) b(l)) .(3) ( (1) b(l)) (3)}+m1n{( (3) +b$))7’§-1) ( (3) b(3)) 51)}+
min{(aly’ +5)r”, (af)) + )51} = max{(aly) +57)rY, (aff) + )5+

5 5 5 5 7 7 5 7 7 5 2
min{(al? +65)r(7, (@ + 62)sY — max{(al) + b)) (@) +50)sEY | kP

n n
~(3 0 0 3 0 0 3 3 0 3 3) 0
i = 3 () 46 )+ 00+ 3 [maet(al) 0. 0 o))
=154 i=1
1 1 2 1 1 2 . 2 2 1 2 1
+max{(all) + ), (D + 67)s?} — min{(@l? + 5, (@l + 505D )+

4 4 4 4 . 7 () (7 )\ (4
max{(a( )4+ b( )) M (ag-j) + bl(j))5§ )~ mln{(agj) + bl('j))rg(‘ ), (az('j) +bz(‘j))$§' }-

5 5 5 5)y (6 6 6)\ (5 6 6)y (5 3
rmn{( ©) b( )) (6) (az(-]-) +b§j))s§- )} +max{(a§j) +b1(-]-))r§ ), (an) + bgj))s; )} + kz( ),



Chapter 4. Multistability Analysis of Octonion-Valued Neural Networks... 107

(3 . 0 0)\.(3 0 0)\ (3 . 3 3)\,.(0 3 3)y (0
771.( ) = Z mln{(al(j) + bgj))r](» ). (a,gj) + b,ﬁf)sﬁ )} + Z {mm{(al(»j) + bgj))rﬁ ), (a§j> + b,gj))sg )}

j=1,j#i Jj=1
+min{(afj’ + 0 ), (afj +b;)si?} = max{(af) + 5", (aff + 075 1+
min{(af)) + b)), (@l + 007} — max{(all) + b)Y (@) + 75\ }—

—max{(ag’ + 053" (@ + 675} + minf{(aff + 67 )r7, (@ + )57 |+ kY

n

771(4) = Z max{(a,,(;?) + bz(.;)))rj(»4)7 (a,(»o) <0> (4)} + Z {Inax{ @4 b(4) J (a,,(»?) + b§j>)s§°)}
J=1j#i

—Inin{(a,g, b(l)) (5) , (a S) +b§;))s](-5)} +Inax{(a,§5) b(s)) A1) ,(a S’) +l)£]5-))s§])}—

: (2) (2)
mm{(aij + bij )7"7

(6 2 2 6 6 6 (2 6 6 2
(@ + 05+ max{(alf) + 07 0l + 6957}

min(a® + 07, D+ 6067+ mas{ (@D + 60, o + 60| 4 48

n

(4 . 0 0)\ (4 0 0)y (4 1)\ (0 4 1)\ (0
m( ) — Z n11n{(a§j) + bi-j))r; ), (ai ) ( ) st )} + Z {mm{ @) 4 bgj))r§ )7 (a§j> + b,gj))sg )}
j=1,j#i

— max{(a + 6 (@ + 50)sP} + min{(@ + 6Py, (02 + )5V}
maxc{(a + )7, (0 + b))} + minf (ol +55)r, (@) + )5}

3 3 7 3 3 7) 7 7 3 7 7 3 4
max{(agy +0)ri", (@) +57)s{} + min{(af] +67)r. (o) +b7)si} | + kY,

n n
~(5 0 0 5 0 0 5 5 0 5 5) 0
i = 3 () 46 )+ 007+ 3 [maet(all + 0. @ o))
J=1,j7# j=1
1 1 4 1 1 4 4 4 1 4 1
+max{(afj + b )ri" (af) +b))si" ) = minf(af) + 5. (@) +5)s) } -

2 2 2 2) (7 7 (2 7 (2
min{(a;; 2 b( )) (7) (a5j> + bgj))sg» )} +max{(a£~j) +bz(.j))r§ ), (agj) + bgj))sg» )}-i-

3 3)\ (6 3 3)\ (6 . 6 5)y (3 6 6)\ (3 5
+ max{(az(-j) + bgj))r§ ), (al(-j) + b;j))SS- )} — mm{(az(j) + bg?))rj(» ), (a,z(-j) + bgj))s;- )} + kgo),
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_(5 . 0 0)\ (5 0 0)\ (5 . 5 5),.(0 5 5)y (0
771.( ) = Z mm{(agj) + b£j>)r](» ) (a,Ef + b,gj))sg» )} + Z {mln{(agj) + bgj))rﬁ ), (a§j> + b,gj))sg )}

j=1,j#i Jj=1
1 1 4 1 4 4 4 1 4 4 1
+min{(al} +0)r$Y, (@l + 600)s(Y} — max{(al) + )Y (@l + 0{)sM Y-

max{(aiy + 057, (@ + 675"} + min{ (] +57)r. (o) + 0575 )+

win{(a® + 6930, (@ + b))~ maxl(@D + 60, o + 60963 4 40

n

771(6) Z max{(a,l(;?) + bz(;)))’rj@3 (az(»o) (0) (6)} + Z {III&X{ © 4 b(G) ; ( © 4y (6) (0)}
Jj=1,j#i

+ max{(a;; @) 4 g 2)) D a EJQ) + bg—))sy)} - Inin{(ai b(4)) (2) ,(a E;-L) + b,gj))sf)}#—

max{(afj’ +0)r(" (aff +65)s7y —min{(aff) + 67 @l 555"}~

min{(a (3) + b(s)) T (agj?) + bfjg))sg5)} + IIlaX{((LE?) + bgj))v';3), (aS) + bf?))aﬁg)} + kgG),

n

(6 . 0 0)y (6 0 0)y (6 (6 6 6 6)y (0
771( ) — Z n11n{(a§j) + bEj))rﬁ» ), (a,gj) + bg ))st )} + Z {mm{ © 4 b( )) (a§j> + b,gj))sé )}
J=1,j#i

. 2 2)\ (4 2 2)y (4 4 1), (2 4 4, (2
+m1n{(a,,<;j) erz(.j))ré )  (ag; (2) b( )) 5)} max{(a;; (4) bij))rﬁ- ) s (a;; (4) b( )) j(')}‘f“

min{(afj) + )", (aff) +0)s7} - max{(a&? G RRCHE T e

3 3 3 3 5) 5 3 5 5 3 6
mac{ (o + 65", (@) +87)57} 4+ min (0l +07)r” (@l + 0773 + KO,
n n
(7 0 0 7 0 0 7 7 0 7 7)y (0
nl= 3 max{<a§j>+b£\,->>r§>./(aéj>+b§j>>s§>}+2[max{(aﬁf G @ + 675"y
J=1,0# 7=l
. 1 6 1 1 6 6 6 1 1
—min{(al) + 60, (@l +60)s} + max{(aly + )tV (@l + b1+

2 2\ .(5 2 2)\ (5 . 5 5 5 5) (2
max{(a( )+ b( )) () (ag-j) + bl(j))5§ )} - mm{(az('j) +bz(‘j))7"§ ), (az(j) + bgj))sg’ )}+

3 3 3 3 4 . 4 4 3 4 4 3 7
max{(aly + b)Y, (0l + 0Py — minf(alP + b)), (@l + b)Y + k7,
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77,57) = 2”: min{(al(g) + bg.)))r](»n, (a,gg) + bg?))sy)} + 2”: {min{(al(»;) + bg;))rﬁo), (ag) + bg))sgo)}
=g =
— ma‘x{(al(»;) + bE;))r§6), (az(»y + b,g;))sgﬁ)} + min{(al(»?) + bz(-?))rj(-l), (az(?) + bl(»?)s](.l)}-l-
min{(ag) + bl(-?))r‘g;), (ag-) + bg‘?))sgs)} - max{(al(-?) + bE‘?))r‘EQ), (ag’) + bE{?))sgg)}-l-
min{(agf) + b,gj))'r@) (afj’) + bg?>)s§4)} — max{(a,g;l) + b,g;l))r(-?)) (an) + bg;l))s;?’)} + k§7)_

J J 7

From the definitions of ﬁgb) and 772@ , it can be concluded that C;'Eb)(z) > ng)(z) for
allb=0,1,...,7, and © = 1,2,...,n. Moreover, the geometric configurations of the
ng)(z) and ng)(z) are given in Figure 4.1.

Lemma 4.1. Forb=0,1,...,7,and i = 1,2, .... n, let us assume that the Assumption

4.1 imposed on activation functions holds with agb)(agg ) + bl(»? )) > ¢;, then

1. Gi(b)(z) is strictly decreasing on (—oo,p(b)).

i

2. Gi(b)(z) is strictly increasing on [p\”, ¢\")].

~-(b)(z) is strictly decreasing on (ng), +00).

Proof. We have G’i(b)(z) = —ciz+ (a@ + bz(.?)))gi(b)(z). Since ¢; > 0, by using definition

of ggb)(-), it is easy to see that G’i(b)(z) is strictly decreasing on (—oo, pgb)) and

(¢”), +00). Meanwhile, it follows from o” (a! + b} > ¢; and Assumption 4.1 that

i
éi(b)(z’) is strictly increasing on [pl(-b), qi(b)]. O

Remark 4.1. From the definition of G’Eb), G’gb) and éi(b), it can be shown that CA}'q(;b),
G are vertical shifts of éi(b). Hence @Eb), ng) and é’i(b) have same monotonic

)

intervals for all b =0,1,...,7.

Remark 4.2. From the definitions of ﬁi(b),ﬁfb), we conclude that ng) > Cv?l(-b), for

1=1,2,..m,and b=0,1,...,7. Since ¢; > 0, we can see that

lim ng) = —o00, lim ng) = 400,
z—+00 zZ——00
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b) (b)

Z

for b=0,1,...,7, thus, there exist pl ) <0 and qz ) > 0, such that p(b) <p;
qu) and

GO = ) >0, GPEY) < V") <o (1.16)

Assumption 4.2. Fori=1,2,...,n,

~

G <0, G >0, b=01,.T

Lemma 4.2. If Assumption 4.1 with oz(b)( (.Q) + b(,‘?)) > ¢; and Assumption 4.2 hold,
then there exist six constants a(b), 0" b(b) b(b), V(b), él(-b) with a(b) < b(b) A(b) and

al” < B < & such that G = GV 0"y = GOy = 0 and GV (@) =

GOy =GP @) =o.

(0)s

: : NONIC .
Proof. Since g;’’s are continuous, then Gg ), GE ) are also contintous. From Lemma

4.1 and Remark 4.1, it can be said that ng) and G(b) are strictly decreasing on

(—o0 pz( )) for having inequalities égb) (ﬁgb)) > @Eb) (pz ) > (0 and G(b (p b)) < G(b)( (b)) <

~(b) - (b)

0. Thercfore by applying intermediate value property there exist a,” and @, in

(pl(b),pz( ) such that G(b)( (b)) 0 and G(b)( (b)) = 0. Similarly we can obtain the

remaining constants. This completes the proof. (|

Now we denote the intervals by I”" = [, a?], 1™ = b, 6?], and 1" =

©

7

2 el )] where b =0, 1,..,7. Herein “I,;” “m,” and “r”, respectively represent “left,”

“middle,” and “right.” Then, for each index 5 = (51, P, ..., Osn) Where f; is “1,” “m,”
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FI1GURE 4.1: Configurations for CAJZ(-h) and G‘gb)

or “r,” we denote

7 ={ (21, 2, .., 2,)" € Q"2 € [P &) @ [P 32 g [PPnti 0D @ (D,
fori=1,2, ..,n}, and

IT :{Hﬁ\ﬂ = (b1, P, ..., Bsn) With §; is “I7, “m”, or “r”}. (4.17)

From construction, it is seen that there are 35" elements of the type I1? in II which
are disjoint regions in @". Now some more real valued continuous functions are
introduced for given x = (21,3, ..., z,) € Q". Let us define functions ng) R—R
such that

G(2) = iz + (@) +0)g" (2) + ", (4.18)

(3

where b =10,1,...7, ¢ =1,2,...n, and

n

0 0 0 0 0 1 1 1 1 2 2 1 2 3
i = 3 @ +6)g)" (o >>—Z{<a§}+bﬁj’>g§-><w§->>+<a5,,->+b5j>>g§><w§-)>+<a,‘-,>+
J=1,57 j=1

(3)y,,(3) ., .(3) (4) (4)y (4)/ (4) (5) (5)y,.(8) ¢, .(5) (6) (6)y (6) .(6)
b )9y (@) + (ag;” + b7 )g; (7)) 4 (a5 + 6357 ) g5 (@57) + (ag;” + bij")g; " (@;7)+

7 7 7 7 0
(0 + g J)] o
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1 0 0 1 1 1 1 0 0 2 2 3 3 3
iD= 3 @@ 40P +Z{ D 4 0O () 4 (0D 1 pD)P (@) — (a1
J=1.#i

3 2 2 4 4 5 5 5 5 4 4 6 6 7 7
b())]()(())-i-(al(») b())]()(()) (()—Q—b());)(()) (()—l—b())g]()(())

7 7 6 6 1
() + 571 @) + 1,

7752) _ Z (a!! (0) +b(0) (2) (2) JrZ{ (2) +b(2) (0)( ;_0)) 7(%(]1_) +b§;))g§-3)(x§3>)+(a§?)+
i=Li#i =1

3 1 1 4 4 6 6 6 6 4 4 5 5 7 7
b9, (@) + (@) +500 @) = (@ + 6100 @) + (ol +0)g” @)

) J J

(@ + 5710 )] + 12,

3 0 0)y (3 3 3 3 0 1 1)y (2),.(2 2
m(): Z (()+b(),() ()_,_Z{ (3 b(), (]('))+(a§j)+bl(*j))9§)(fg))—(az(j)+
J=1,j#1 j=1

(2)y,, (1), (1) (4) @)y (1), (T) (7) (7)y,,(4),.(4) (5) (5)y,(6) (,.(6)
bij )gj (q]' )+(aij +bij )gj (T7 )_(aij +bij )gj (‘Tj )_(aij +bij )gj (-Tj )+

6 6)y (5), (5 3
(agj) +b§j))g§. )(xg ))] +k§ )7

n n
4 0 0 4 4 4 4 0 0 1 1 5 5 5
1= 3 (@0 +60)e +Z{ o + 69190 @) = (@ +50)g® @) + @+
J=Lii i=1

5 1 1 2 2 6 6 6 6 2 2 3 3 7 7
609" @5) = o + 6710, @) + (@) + 07097 (@) = @i + 6NV @)+

(@ + 570 + 1,

(5 0 0)y (5),..(5 5 5 0 1 1 4 4
,]Z) Z(() b()f) ()_i_z{() b(){)(.y(_))+(() b()),()('g-))—(agj)‘f'
J=1j#i j=1

4 1 1 2 2 7 7 7 7 2 2 3 3 6 6
b9 (@) = (@ + gl (@) + (af) + 079 (@) + () + b7)g) (o)~

(@® + 504 (2 <%>)] KD,
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6 0 0 6 6 6 6 0 0 2 2 4 4 4
i = 20 @ e @)+ 3 {(aﬁﬁ + 097 @) + (0 + 09, @5 - (a4
J=14#i 7=l

4 2 2 1 7 7 7 7 1 1 3 3 5 5
bY@ (@) + (@D +50)gD @) — (@ +5)gD () — (@ + bD)g @)+

.7
5 I 5 3 3 6

n n

_ Z (0) +b(0) (7) (7) JrZ{ (7 +b(7) (0)( J(_O)) 7((11(_]1_) +b§;))g;6)(x;6>)+(a§?)+
J=1# i=1
b0y (5) + (0 + g (@) = (aF) +07)0? @F) + (0ff) +07)g)" () -
(ol + 60" ) + 1
From the definitions of G’Z(-b)(z), Gfb)(z) and GEb) (z), we can conclude that
CV(z) <GV(2) < GV(2), VzeR. (4.19)
Theorem 4.1. If Assumption 4.1 with a( )( b(O)) > ¢; and Assumption 4.2

hold, then there exist 3%" equilibrium points for the system (4.1) or (4.2).

Proof. For an arbitrary = = (1, 2,...,2,) € O, let us define a continuous real
valued function GZ@ in the form of equation (4.18). From inequality (4.19) and

Assumption 4.2, we obtain

G ") <0, GP(4") > 0. (4.20)

Since the graph of G'”)(2) lies between G\ (2) and G (2), clearly G\”(2) and GV (2)
are vertical shifts of ng) (2), so by using Lemma 4.1 and Remark 4.1, it is easy to say
that G(b) is strictly decreasing on (—oo pg )) and (qZ( ),+oo) and strictly increasing
on [pz .4 )] From Remark 4.2 ( G(b (p (b)) > 0, G(b)(A(b)) < 0) and inequality (4.19),

we have G( )( (b)) > 0 and G( )( ) < 0. Since G "V are continuous, by applying
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intermediate value property, there exist exactly three points z z(b)l €l (b (b)m € Ii(b)m

and 2" € I, such that G (z"") = GV (2 = ¢V (2" = 0.

Suppose index [ = (51, e, ..., Bsn), Where S; is “I”, “m”, or “r”. By choosing x =
(z1,7,...,x,)T € II? arbitrary and putting it into (4.18), we get the corresponding
functions G(b)(z), and exactly one z = (27,29, ..., z,,) € II°, where z, = ggo)ﬁieo +

( Vi, +7( Wantie, +...+§§7)67"“e7, such that GZ(-b) (ggb)ﬁ”"“) =0withb=0,1,...,7
and i = 1,2,...,n. Then we can define a mapping H : II’ — II? by H(z) =
z = (21,29 ..,2,). It is easy to check that mapping H is continuous function.
By Brouwer’s fixed point theorem, H has at least one fixed point z = z € II?
which is also a equilibrium point of the system (4.1). Consequently, there exist 35"
equilibrium points of the system (4.1) and each of those lies in one of the 3%" regions

1%, O
Next, for the index v = (71,72, ..., Jsn) Where 7; is “I” or “r”| let us denote

Q= {(z1,22, ..., 3,)" € 0", 0 ¢ [(0 ) e [ Mt @) g [@mai D g [
fori=1,2, ..,n},

o0 _ (p(-) (b)) jor _

b
7p@ [ (z 7q())

where I

Let

Q= {Dy = (1,72, -, Ysn) With 7 is 7 or 7} (4.21)

From the above constructions, it can be said that, there are 2% elements 7 in €,
which are disjoint regions in Q™.

(0) (a (0)

Theorem 4.2. If Assumption 4.1 with «; b(O)) > ¢; and Assumption 4.2

hold, then each region 27 € ) is positively invariant.
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Proof. Consider any one of the 25" sets 7. Without loss of generality, let us assume
that the index v = (I,1,...,1), and suppose that x;(s) = ¢i(s), s € [—7ar,0] be
the initial condition with z\”(s) = ¢ (s) € (3, p"), where b = 0,1...,7, and

i =1,2,...,n. It is claimed that for all ¢ > 0, the solution x(¢) with the initial

condition satisfies ﬁgb) < :cgb)(t) < pl(-b), where b = 0,1,2,...,7,7 = 1,2,...,n. If

possible, let us suppose that, it is not true, then there exists a time ¢; at which x(¢)

first escapes from Q7. Suppose that the real part of i;-th component xE?) of z(t)
which is the first (or one of the first ones) that escapes from (—pgo), pEO)) at time ;.

That is, for all i = 1,2,...,nand b=0,1,...,7 —]ﬁgb) < xl(»b)(t) < te [—7,t1) and

1 0

also any of the following two cases holds:

2V(t,) = pl” and (1) > 0, (4.22)

1

2V(t) = p and i (1) < 0. (4.23)

i1
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For the first case, it is observed that g(o)( (t ) = gz(l)(pg))> — Z(? _ gi(?) (xg?)( t—
7i,(t1))). Then we have

2, O(t1) = —ciyx 5?>t>+z[5?;g§°> @V (t1)) — alNgM @V (1)) — 0l g (@D (t1))

(3) (3)( ,(3)(t1)) (4) (4)

5 5 5 6 6 6
ai,59) alDg @) (1) — 020l (@ (1) = a0} gl (@ (1))~

a9y (@ (h ]+Z[mq] @ (02 = 75(00) = b1jas" (@) (1 = 7)) — )

1]

% g (@ (11— 7500)) = 808 (@ 01 = 7510)) = Bl (@ (11— 73(10))) — )

117

) 7 0
x g @Dt —75(t1))) — 09\ (@ (81— 75(1))) = g8 (@ (1 — 7 (10))) | + KLY

n
0 0) (0), (0 0 0 0 0 0 0
< i) +all gV ) + 00 a0+ Y max{(ag) + b)) (o)) +5)
Jj=1,j#i1
Dy (1 1 1 . 2 2 2
(0)} Z [mln{ 1) G+ b )) 1) (@ ( )—O—bg]])) ;.1)} —I-mln{(a;]). +b£1;)r]( ) ,(a 51])-{-

(2) (3) (3) (3)y4(3) ; (4) ASOATRCY (4) 'Y
bzlj) }+H11n{( 1,13+ Llj) 7( 21]+bzlj) j }+mln{(a' )T 7( )

11J 11.7 llj 11]

. 5 5 5) 5 5 5 6 6 6 6 6)
sy} 4 minf(agly + B (s + b0} + mind 0l + 00)r (01 4+ 875)
6 . 7 (7 (7) 7 7 T 0
x 5% 4 min{(all) + 0", (all) + 605} + kY
_ A~A0), (0)
=G, (p,) <0, (4.24)

which is a contradiction. For the second case, we can observe that gi(?)( (?) (t1))

0 0 0 0 0
g0 =Y = ¢V - 7, (1)),
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Then,

2, O(t1) = ¢, £?>t>+2[ O @V (t1)) - al gD @D (t1)) — alhglP (@D (1))~

(3) (3)( ,(3)(151)) (4) (4)( §4)(t1)) (5) (5)( /(5)(751)) (6)9(6)@(6)( t1))—

Ll.ng LngJ LngJ
7 7 7 0 0 0 1 1 1 2
o g (@0 (1 } Z[bilif“ Oty — (1)) — 50D @D (11— 7(12)) — B2

x g2 (@Dt —75(t1))) — 0P1g\P (@ (81— 7(11))) — BN (@ (1, — 7 (11))) — B

x g7 @ (1 = 7 (1)) = Bieye @ (41 = 75 (00)) = b0 @ (41 = 7 (00))) | + KL

Zl]q] 1] J

50 4 4 © (0)( (0))+b(0) gl(?( (0)) Zn: min{(a (0)+b(0)) (0)7( 5(1);+b§(3)

> —Ciy Dy, i3,9i, \Piy 1111 "i1] i1]
Jj=1,j#i1
0 1 1 1 1 1 1 2 2 2 2
<ol - Z[max{ (af2) + 0l @l2) 4 00l + mac{(af2) + 62l (o)

) (4)‘( (4) +b(4)

i1] IlJ)

(3) + max (4) + b(4>
)v;

11J W)

(2)y,.(2) (3> (3) (3) (3) (3)

b“J)U }+IIlElX{( L1J btl_/) 7( 11_/ +bL1J
4 5 5 5 5 5 5 6 6 6 6 6
x oiM} 4+ max{(al”) + 08Nl (@8 + 00! + max{(al?) + )l (@l + )
6 7 7 7 7 7 0

x ol b mas (ol + 00" (all) + 0V + KLY

= GO > o, (4.25)

which is again a contradiction. So our assumption is wrong. Hence, each region

Q7 € ) is positively invariant. O

For the index @ = (wy, W, ..., Ws,) Where w; is “I” or “r” and for any d and dl(-b)

’

where dgb) € (&gb), ng))’ J.b (b(b) C b)) let us denote

A® = {(z1,29, ..., 2,)" € 0"z e T,

xg?) c 77(;7)(57n+i7f0r 'i — 1, 2’ . n}7

())wI ( E TEDLD”“, xE?) c 752)&3211“'

g reey
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where 7' = (5", d"), T = (d ("),

Let
A ={A%|@ = (@1, @9, ..., Wsy) With @; is “1,” or 7" }. (4.26)

Corollary 4.1. If Assumption 4.1 with al(-b)(al(-?) + bg))) > ¢, bg?) > (0 and Assumption

4.2 hold, for ¢ = 1,2,...,n. Then each region A® e Ais positively invariant.

Remark 4.3. From Theorem 4.2 and Corollary 4.1, we can say that under one more
condition (b; > 0) the size of the positively invariant set can vary for any cng) and
A" where d € (&, 6" and d” € (5", &),

Theorem 4.3. If Assumption 4.1 with a,ﬁb)(aﬁf ) +bf~? )) > ¢; and Assumption 4.2 hold,
there exist 25" equilibria for the system (4.1) or (4.2), which are locally exponentially

stable.

Proof. From Theorem 4.2, Q7 is a positive invariant set for the system (4.1), and
from Theorem 4.1, system (4.1) or (4.2) must have an unique equilibrium point z*
lying in 7. Now using the translation Z(t) = x(t) — «*, the system (4.1) can be

transformed into the following equation as

Ti(t) = —eTi(t) + Z a;;g;(T;(t)) + Z bijg;(T;(t — 75(1))), (4.27)
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where fq(;b) = xgb) (t) — 27® and g(b)( (b)( t)) = g](b)( (b)( t)) — g](b)(x;(b)). Equation

2

(4.27) breaks into eight real states delay differential equations as

7)) = —¢

7V ) =

7% () = -

n
A0+ a5 @ 0) - o 3 @ 0) o5 @ 0) - a7 )
Jj=1

— a7V @) - a7P @D (1) - a7 @ (1) - a7 @ (1)) |+

J

J

XJWD@(QU*GUD b7 @ (¢ = () — b7 @ (¢ — 7y ()

03D @EP (1) 0TV @V (- () 007 @t~ 7(2)))—

b(ﬁ) (6)( J(-ﬁ)(thj( ) — b(7) (7)( ;-7>(t77'j(t))) ) (4.28)

— 0)—(1 1 1)—(0 0 2)—(3 3 3)=(2) (=(2
7t +Z[$¢>”»+Q%N<MH%AQUMD a7 @ 1)

Jj=1
4 5) /—(5 5 4 4 6 ) —(7 7 6 6
+ai9,) @) (1) - a5 @0 ) - a7V @0 (1) + a7 @ 0)] +
0)—(1) ,—(1 1)—(0) —(0 2)—(3) ,—(3
Xﬂ%wymyu—nw»+@@yu$a—n@»+%hyuﬁu—nw»—

Jj=1

077 @ (=7 (0) + 6777 @ (¢ - 7(0) - b 7, @ (¢ - 7 (0) -

o050 @ (7)) + 005 @ (- 7i(1)] (4.29)

q#>+ZP@@<”»wﬁ#NWm a5 @7 ) + a7 @ (1)
Jj=1

+a7" @0 (1) — a7V @ (1) + a7 @ (1) - o] 77 @ () [+
Xjﬁﬁﬁwﬁufnw»+ﬁ@9@9ufnm»f@@?<mufrw»+

=1

0@ (¢ —(0) + 00 @Vt - () — b PgV @t - 7))+

059 @ - )~ 07 @ 6 - )] (4:30)
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v g]

= (3 ez < 0)—(3) (=(3 3)—(0) (0 1)(2) /(2 2) (1) (1
7 (1) = et +Z[a““ @7 0) + a7 @ 1) + 07,7 @7 (1) - a5} @7 (1)
j=1

(4) (1) ((7) oDF® @ ROMOPEE (6)2(5) ()
a9y (T (1) — a9y (757 (1) — a9y (T57(0) +ag gy (T (1) | +

> {b“” D@D (¢ —7,(0) + 670 @Ot - (1)) + 67D @ (¢ - 7))~

7j=1

o g @D (¢ = 7(0) + 07 @ (- (1)) — b7 @ (- () -

b(")) (_6)( (6)( ) + 5(6) (5)( ()(t—T(t))) , (4.31)

— (4 — = 15} —
700 = —em () + [af?gﬁ‘” (1) + 07" @7 0) - alj 77 @7 1) + a7, @ (1)
j=1

2)—(6) /= 6)—(2 2 3)=(7 7 =3 3
a9 @ (1) + o) @7 (1) - a7 @7 (1) + i 77 @ )|+

)y {b“” 5@ = 7 0) + 07 @ (= ) - 055 @7 - 7 (1))

7j=1

+o7V @t — (1) - b7 @Vt (1)) + 6T @D (¢ — (1))~

b7, @ (¢ =7 (0) + 5777 @ (- (1), (432)
— (5 — - 5 —(4) /— —
200 = -cal 0+ 3 |70 @0 0) + P @ 0) + a7 @ 0) - @)
j=1

2)—(7) (=(7 7)=(2 2 3)—-(6) (=(6 6)—(3 3
a5 @ 0) + a5 @ ) + a7 @0 1) - o) 70 @ 0)| +

> {b“” D@D (¢ —7,(0) + 6570 @t - (1)) + 6P 7D @D (¢ - 7 (1))~

7j=1

b(4) (1)(— U(t _ TJ( ))) b<2) (7)( .S_ﬂ(t _ ( ))) b(7) (2)( ';2)(t — Tj(t)))+

07 @Dt — 7)) — b7 @V (7)), (4.33)
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. (6 i S —(4) /= -
200 = a0+ 3 [ 70 @00) + P @ 0) + a7 @ 0) - o7 )
j=1
+a;7) @7 0) — )7 @1 0) - 077 @ 0) + )77 @ 0) |+
kawkﬁu 7 (1) + 859" @ (¢ = 75(0) + 09, @ (¢ = 73 (0)

Jj=1

b9y @ (= 7)) + 0355 @7 ¢ = (1) — 0 50 @ - 7 (1))~

0P @ (¢ —(0) + 005 @t - ()|, (4.34)

— (7 — - —
200 = a0+ 3 |70 @0) + 1" @ 0) - a7V @ 0) + 7 @)
Jj=1

2)—(5) (=(5 5)—(2 2 3)—(4) (—(4 4)—(3) (=(3
+a)'9,) @) (0) - a5 @7 ) + a7 @0 (1) - ol 77 @ 0)] +

ﬁf[é?@”afkt—a@»)+%?¢”@$%t—n<»> b5 @O (¢ — () +

b7 @ = (0) + 877 @ (¢ - 7)) ~ 07 @ - (0)+
b(’i) (4)( J(4) (t _ Tj( ))) b(4) (3)( 53> (t -7 (t))) . (435)

Let
X;(t) = e |z;(t)| for i = 1,2, ...,m, (4.36)

where € is a constant with 0 < € < min{cy,ca,....,c,}. Let § > 1 and K =
max sup |z;(0) —x}|. It follows that X; < Ko for t € [-7,0] and i = 1,2,...,n
1<z<n96[ 7,0]

We have to prove that X;(t) < Ko for all ¢ > 0, i = 1,2,...,n. If possible let us
suppose that it does not hold, then there exists an index k& € {1,2,...,n} and a
time #; > 0 such that X;(t) < K6, t € [—7.t] and X, (t;) = K& with X, (t,) > 0.
Since Xy (t1) = Ké > 0, we have Xy (t1) # 0 which implies |Zx(t)| and Xy (t) are

differentiable at t = #;. Note that, by using positive invariant and the definition of
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b
9" (), we get

7@ (1)) = 7@t — 5(t1))) = 0, (4.37)

where j = 1,2, ...,n. Now the derivative of |g,(t)| can be computed at ¢; by using
the equations (4.28)-(4.35) and (4.37).

L@l = SIED P + @ WF + .+ @02,
= m(ltm[ 7O F (1) + 7 (007 (1) + 2 @05 (4) + e+ (007 ()]
@)+ @)+ @)+ @ 0))
= —cx|T(tr)]- (4.38)

= e T(t)]| — e er|T(ty))
—(Ck — €>Xk(t1)

~(er — K6 < 0, (4.39)

which contradicts X;(t;) > 0. So we must have X;(t) < K for all + > 0 and
i=1,2,...,n. By taking 6 — 1", we can write X;(¢t) < K forallt > 0,7=1,2,.

and then

lz;(t) — 27| < e max( sup |z;(0) — x7|). (4.40)
1<i<n 9e[—7,0]

Therefore z(t) is exponentially convergent to z* with convergent rate e > 0. This

completes the proof. O
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4.4 Numerical Example

In this section two numerical examples have been considered to illustrate the effec-

tiveness and accuracy of the derived results.

Example 4.1. Assume the parameters of OVNNs (4.1) or (4.2) as

20 ai; Q12 bll b12

C: ,A: ,B: ) (44]‘)

0 3 21 Q922 b21 b22

k1 =0.1eg — 0.2¢1 — 0.2e9 + 0.3e3 + 0.1e4 — 0.2e5 — 0.2¢e5 + 0.3e7,

k?g = — 0.260 + 0.161 + 0.262 — 0.163 — 0.264 + 0.165 + 0.266 — 0.167, (442)

T(t)=1Vj=12,

) (700771)
1 =]z -1

g dearly o’ (2) =)= 2, ze[-L1]

aP(2) = g (2)
1, z€(1,4x)

(4.43)
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where b=0,1,2,...,7, and

a1 =8¢ + 0.5e; — 0.5e5 — ez + e4 + 0.5e5 — 0.5¢g — e7,

a19 =eg — 0.8e; 4+ 0.5e5 4+ 0.2e3 4+ e4 — 0.8e5 + 0.5eg + 0.2e7,

as =egy + 0.6e1 + 0.6e5 — 0.5e3 + e4 + 0.6e5 + 0.6e5 — 0.5e7,

ass =5eq — 0.8e1 + 0.4e5 + 0.5e3 + e4 — 0.8e5 + 0.4eg + 0.5e7,

bi1 =7eg — e1 — 0.3ex + 0.2e3 + ¢4 — e5 — 0.3eg + 0.2¢7,

b12 =0.5¢g + 0.6e; — 0.4e5 + 0.8e3 + 0.5e4 + 0.6e5 — 0.4e5 + 0.8e7,
bo1 = — 0.5eg — e1 + 0.2e5 + e3 — 0.5e4 — e5 + 0.2¢e¢ + e7,

b22 :860 + 0.661 + 0.462 — 0.563 + 164 + 0.665 + 0.466 — 0.567. (444)

b)

Here TE = -1, s (b

=1, pl() -1, qu)—l anda =1, where i = 1,2,b =

0,1,2,...,7. Clearly Assumption 4.1 and condition a(b)( () b(O ) > ¢; hold. Now

we can compute G(b)( ), G (b)( ) fori=1,2,b=0,1,...,7 as

~

GO(2) = —crz+ (@l + 60" (2) + 7P = =22 + 156 (2) + 71",

GO() = -z + (@ +60)g" () + 7 = 22 + 1560 (2) + ",
b b ~(b b

GP(2) = — coz + (a%y + 09 (2) + 7Y = =32 +13¢" (2) + 7y,

GO (2) = — caz + (aky +b5) g8 (2) + 71y = =32 + 13 (2) + 0y,

where 3% = 11.9 = 3V 5 = 116 = 7P, 7? = 116 = 79 4® = 121 =

775 )777§0) —11.7 = 7714)7779) —12 = %5)7779) —-12 = ﬁgb)aﬁgd) = —11.5 =
) 0 ~(4) ~(1) ~(5) A(2 ~(6) ~(3 ~(7) (0
iy = 8.2 =i i) =85 =i i = 8.6 = g,y = 8.3 = " g =

—8.6 = 772 ,775 = —-83 = 1755),77(2) —8.2 = V(G ﬁ( —8.5 = '( ) . Putting these
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2nd part of x,

1st part ofx1 !

1st part ofx2 =]

2nd part of x, &

1st part of the octonion
2nd part of the octonion

3rd part of the octonion
4th part of the octonion

FIGURE 4.2: Figures (a)-(d) demonstrate state trajectories of the lst part-4th
part of the system (4.1), respectively.

values in Clgb)(z), Gﬁ”) (2), G‘g’) (2), G’gb)(z), we get

GO =-11<0,¢M M) =-14<0,6P @) = -14<0,P ") = —0.9 <0,
GV =-11<0,P ) =-14<0,69 ) = -1.4<0,6" ") = -09 <0,
") =13>0.6"(@") =1>0.6P@?) =1>0,67(¢") =15 >0,

¢ =13>0.60@") =1> 060" =1>0,67(¢") = 15 >0,

GO =-18<0,6V ") =-15<0,6P ) =-14<0,6PpP) = -1.7 <0,
GPPW)=-18<0,6P () =-15<0,GP0p) =14 < 0,67 (") = —1.7 <0,
GO () =145 0,60 (¢") = 1.750,62(?) = 1.8 > 0,69 (¢P) = 1.5 > 0,

G =14>06")=17>0,67 () =18>0,6 ") =15>0.
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6th part of x, H
=

6th part of x, =

5th part of x,

2

5th part of the octonion
6th part of the octonion

8th part of x,

8th part of x, 5

7th part of x
7th part of

7th part of the octonion
8th part of the octonion

FIGURE 4.3: Figures (a)-(d) demonstrate state trajectories of the 5th part-8th
part of the system (4.1), respectively.
Thus it can be concluded that the conditions from Assumption 4.2 viz., C;’Eb) (pz(-b)) <0,
Gz(-b)(ng)) > 0 are satisfied. Hence from Theorem 4.1 and Theorem 4.3, the OVNNs
(4.1) have 3¢ equilibrium points, out of which 2'° are exponentially stable. We have
extended the Quaternion Toolbox in MATLAB to implement the above OVNNs and
leveraged to simulate the said example by using fourth order Runge Kutta method.
By setting 100000 wnitial conditions randomly, one can obtain 100000 corresponding
numerical solutions. These numerical solutions converge into 65336 stable state,

three of which are listed as follows:
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8.3500¢p + 5.5000e; — 8.5000e2 — 5.6000e3 — 2.9500e4 — 8.8000¢e5 + 11.0000¢e6 + 8.5000¢e7
3.1333eg — 6.6667e1 — 3.5333e2 + 3.1667es + 3.9333e4 — 4.7667es + 5.2667es — 4.5667¢e7

8.3500eq + 7.6000e; + 4.5000e2 + 7.9500e3 + 5.4500e4 — 10.1000e5 — 10.4000e — 7.7500e7
6.2667¢eq + 5.2333e; — 4.6000e2 — 5.1667e3 — 3.4667e4 + 3.7667e5 — 4.0667eg + 4.7000e7

8.3500¢p — 7.6000e; — 8.2000e2 — 9.0500e3 + 10.0500e4 + 7.7000e5 4 8.3000es — 7.3500¢e7
5.1333e9 — 4.1000e; — 4.0667e2 — 4.7000e3 — 4.2000e4 — 4.2000e5 — 1.6667eg — 4.1667e7

Here, only three equilibrium points are listed due to space limitations. The dynamics
of the considered system are demonstrated in Figs. 4.2(a)—4.3(d), where the initial
conditions are chosen by 1000 random constant octonion-valued vectors. From the
Figs.4.2(a)-4.3(d), it can be concluded that each neuron state converges into the

stable state.

Next an application of associative memory of OVNNs is illustrated, which shows

their efficiency over quaternion and complex valued NNs.

Example 4.2. Consider the color image pattern “V” as shown in Fig 4.4 and design
the OVNNSs in the form of the considered model (4.1) for associatively memorizing
this color image. As shown in Fig. 4.4, the size of the image “V” is 12 x 12 pixels.
We have been able to design OVNNs (4.1) composed of 72 neurons that have a 72-D
equilibrium point for storing the colors of the pattern. Assume that the parameters
of OVNNs (4.1) are given as

¢ =1, (4.45)

460 + 0.461 — 0.362 + 0.563 + 0.464 — 0.565 + 0.566 - 0.367, 1= ]
A5 = )

0.4e, — 0.5e; + 0.5e5 — 0.3e3 + 0.4e4 — 0.5e5 + 0.5eg — 0.3e7, @ #£j
(4.46)
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FIGURE 4.4: Plot of the original color image of pattern “V”.

¢

—0.2e, + 0.2e; — 0.5e3 4 0.4e3 — 0.2e4 + 0.2e5 — 0.beg + 0.de7, @ < j
bij = 4 2e, + 0.3e; — 0.2e5 — 0.3e5 — 0.2e4 + 0.2e5 — 0.5¢ + 0.4e7, i=7

—0.1e, — 0.2e; + 0.3e5 — 0.5e3 — 0.1e4 + 0.2e5 + 0.3eg — 0.5e7, 7> 3
(4.47)

\

242 — |2+ 1

g (z) =10 ( 5 ) o) =1, (4.48)

where i, = 1,2,...,72 and b = 0,1,2,...,7. Now, the color image pattern “V7 is
stored by using RGB color model. A color in such model is represented by indicating
how much of each of the red, green, and blue is included. The color is expressed as
an RGB triplet (-,+,-). In order to store the color image pattern “V”, the equilibrium

point of the above designed OVINNs should be of the form

r = (21,22, ...,T72) € 07,
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t=1 t=1.5

0

5 10 0 5 10

o

5 10
t=2 t=2.5 t=5

FIGURE 4.5: Plots of numerical simulation for retrieving the pattern “V” with
random initial values at time, t = 0, 1, 1.5, 2, 2.5 and 5.

where 1 = (Oeg + 0.15e1 + 0.3e2 + 0.15e3 + Oey + 0.15e5 + 0.27e6 + 0.15e7), 22 =
(0eg + 0.15e1 + 0.3e + 0.14e3 + Oeq + 0.15e5 + 0.27eg + 0.14€7), ..., 270 = (Oeg +
0.15e; + 0.03e3 + Oes + Oeyq + 0.15e5 + Oeg + Oey), which correspond with the color
{(0.15,0.3,0.15) and (0.15,0.27,0.15)},{(0.15,0.3,0.14) and (0.15,0.27,0.14)}, ...,
{(0.15,0.03,0) and (0.15,0,0)} of the pizels in the color image pattern “V”. Note
that for each i = 1,2,...,72, z;’s store the RGB wvalues of two pizels. According to

the above equilibrium point x, we have the external input as

k= (lﬁ, ko, ... k72) S @72, (449)

where ky = (—48.2e9 + 35.95¢; — 119.5e5 + 109.2e3 — 49.4ey — 274.1e5 + 22.07eq +
106.8¢7), ko = (—48ey + 35.95¢; — 117.9¢5 + 107.3¢3 — 49.2¢4 — 270.5¢5 + 20.47¢q +
105.367), veey k‘72 = (—34€0+35.9561—6.1762—18.863—35.264—18.4565—91.866+7.2€7).
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Due to page limitations, only three elements of x and k are mentioned. By doing a
stmulation with random initial values as depicted in Fig. 4.5, it can be concluded
that the designed OVNNs with parameters (4.45)-(4.49) have the ability to recall the

above pattern “V” reliably.

Remark 4.4. For remembering and retrieving true colored images, the approach
proposed in [44], has designed CVNNs with 432 neurons to store a 12 x 12 pixel
figure. Similarly, as discussed in [7], 144 neurons are required to store 12 x 12 while
using QVNNs. However, in the Example 4.2, the number of neurons is reduced
by half to 72 by using OVNNSs, to store the 12 x 12 pixel colored image, which is

significantly less as compared for the cases of CVNNs and QVNNS.

Remark 4.5. Tt is noted that the Example 4.2 is designed only for one pattern and in
OVNNs, there is no existing result for multiple patterns yet. For multiple patterns
of QVNNs, a system is designed in [53].

4.5 Conclusion

In this chapter, the multistability analysis is studied for n-dimensional octonion
valued neural networks (OVNNs) with time-varying delays for a general class of ac-
tivation functions. Firstly, OVNNs are decomposed into eight real-valued systems,
and then based on geometrical properties of activation functions, 3%" disjoint regions
are constructed in @". Then, by using the inequality technique and Brouwer’s fixed
point theorem, several sufficient conditions are obtained to ensure the existence of
3%" equilibrium points of the system, each of which is located in one of the regions,
and 28" of those are locally exponentially stable. Moreover positively invariant sets
are also estimated in this scientific contribution. Two numerical examples are pro-

vided to illustrate the effectiveness of the obtained results. Especially, the numerical
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Example 2.2 demonstrates that the designed OVNNs work efficiently on storing and
retrieving the truecolor images. The present work can be extended further with
mixed delay terms and also with different types of activation functions viz., non-
monotonic piece-wise nonlinear activation functions and discontinuous activation

functions.
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