Chapter 3

Interval-Valued Value Function and
Its Application in Interval

Optimization Problems

3.1 Introduction

The value function or the perturbation function is found in variational analysis which
includes the problems based on well-posedness, sensitivity, and stability. In the 20th
century, well-developed perturbation methods were first adopted to solve new problems
due to the development of quantum mechanics in atomic and subatomic physics. In
1927, quantum perturbation theory was developed to estimate the changes observed in
a particle with the emission of radioactive elements. Local perturbation analysis is also
related to stability analysis of solution behaviour concerning changes in a given problem.
Sensitivity and stability techniques have been used to obtain optimality conditions,

solution algorithms, convergence and rate of convergence proofs, and duality results.
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3.2 Motivation and Contribution

The development and computational implementation of standard accessible techniques
for conducting nontrivial sensitivity analysis in nonlinear IOPs has not been widespread,
and the IVFs subject to certain perturbations have not been studied yet. Also, if
an IOP is modified by a small amount, then no conclusion has been drawn on the
solution of the modified IOP. This provides a motivation to study the sensitivity of IOPs.
Toward this, we briefly define the concept of the Lagrangian of IVF's, followed by a weak
duality theorem for IVFs. Thereafter, we propose the notion of interval-valued value
function and the characterization of its gH-subdifferential set for IOPs. After that,
the characterization of the stability of a solution to an IOP with gH-subdifferential set
of an interval-valued value function is given. A relation concerning the efficiency of a
solution to an IOP with the help of gH-subdifferential set of an interval-valued value
function under certain restrictions is given. Also, an example to show an application of

interval-valued value function in a practical phenomenon is discussed.

3.3 Interval-Valued Lagrangian Function

In this section, we define the Lagrangian IVF, the Lagrangian dual of an IOP and discuss
its saddle point analysis. In the sequel, an interrelation between saddle point criterion
and KKT-type efficiency condition for IOP is also studied. The derived results are used
later in Section 3.4 to derive the characterization of g H-subdifferential of interval-valued

valued function for IOPs.

Definition 3.1 (Lagrangian IVF). Consider the constrained I0P

inf F
ot (v)
subject to  Gi(y) = 0, i =1,2,...,m, (3.1)
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where F, G;, and H; : Y — I are extended IVFs. We define vector-valued IVFEs

(R)
G:Y—= IR and H:Y — I[(R)? such that
G(y) = (Gi(y), Go(y), -, Gu(y))" and H(y) = (Hi(y), Ha(y).. ... Hy(y))".
The Lagrangian IVF L :Y x R™ x R? — I(R) of (3.1) is defined as
L(y,u,0) = Fly) & u' © G(y) & v’ © Hy). (3:2)
The Lagrangian dual IVF D : R™ x RP — I(R) of (3.1) is defined as
D(u,v) = inf L(y,u,v). (3.3)
yey

The Lagrangian dual IOP of (3.1) is defined as

sup D(u,v)
(3.4)
subject to  u >0,
where u,v are called Lagrange multipliers.
Example 3.1 Let Y C R be the set {y : —1 <y < 0}. Consider the IOP
inf Fly)=[1,1] 0y
yGy (35)

subject to [y —5,4y] < 0.

The functions f(y) = % and f(y) =y are depicted in Figure 3.1(a). The Lagrangian
dual IVF of (3.5) is

1
D(u) = inf L(y,u) = ;g{ L_l’ 1] OPeuey— 5,41/]}

yey
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1
= inf |=y® +uy — 5u,y* + duy| .
yey |4

Note that for any u € R, the functions l(y,u) = 1y* + uy — bu and I(y,u) = y? + 4uy
are convexr and differentiable on Y. Thus, by Lemma 1.5 and Remark 1.5, the IVF L
1s gH -differentiable in Y for any u € R.

To find the possible efficient solutions of L, from Theorem 1.2, we must solve the
relation:

0 € VL(y,u),

where, L(y,u) = [i, 1] Oy du® [y —5,4y|. Hence, we obtain y = —2u.
Now the dual IVF D with d(u) = —u® —5u and d(u) = —4u? is shown in Figure 3.1(b).
The dual IOP of (3.5) is

sup D(u) = [—u?® — 5u, —4u?]
(3.6)
subject to 0 <wu < %

It can be evident from Figure 3.1(b) that the efficient solution of IOP (3.6) is at u = 0.

-1 -0.8 -0.6 -0.4 -0.2 0 0 0.1 0.2 0.3 0.4 0.5
y u

(a) The IVF F (b) The IVF D

Figure 3.1: IVFs F and D of Example 3.1
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Example 3.2 Let ) C R? be the set {(y1,y2) : =3 < y1 < 0,7 < yo < 0}. Consider

the IOP
inf F — (y1+1) —2, 1 22
in (y1,92) +ys =2, (1 +1)° + 293
y1,y2€Y
subject to [% -7, 2y1] <0, (3.7)

[yg — 7, 2y2] j 0

In Figure 3.2(a), the functions f(y1,y2) = (y1+1) +y2—2 and f(y1,y2) = (y1 +1)%+ 242

are shown with green and orange regions, respectively. The Lagrangian dual IVF of (3.7)

1S
D(u)
= f L
y11£e)7 (3/173/27U17U2)
. (g1 + 1)?
= inf M +ys =2, + 1) +23 | Du © g 7,2y1 | D usly: — 7, 2ys]
Y1,Y2€Y 16 8
. [ +1)? U
= inf n+ 17 + 5+ L ugys — 16, (y1 + 1)% + 2y3 + 2uyy1 + 2ugys
Y1,Yy2€Y 16 8

Note that for any uy, us € R, the functions l(yy, ya, u1, ug) = (y1+l) —|—y2+“1Ty1—|—u2y2—16
and Z(yl, Yo, U1, Ug) = (y1 + 1)2 + 2y§ + 2uqy1 + 2usys are convex and differentiable on
Y. Thus, by Lemma 1.5 and Remark 1.5, the IVF L is gH -differentiable on Y for any
uy, us € R.

To find the possible efficient solutions of L, from Theorem 1.2, we must solve the
relation.:

0 € VL(y1, Yo, u1, u2),

where, L(y1,y2, u1, uz) = [(y1+1) +y5—2,(p + 1)+ 2y§} Bu1© [yg—l — 7,2y ®usoly, —

7,2ys|. Hence, we obtain y1 = —uj; — 1 and yp = —2.
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2

Now the dual IVF D with d(uy, us) = — 7L — 4 — “ 16 and d(uy, us) = —uf—2u; — 2
are shown with pink and blue regions, respectively, in Figure 3.2(b). The dual IOP of

(3.7) is

sup D(ul,u2): [—ﬂ_ﬂ_“_%_l(;, —U%—Qul—“—%]

subject to —1<wu; <2 and 0 <wuy < 14.

It can be observed that the dual efficient solution of (3.8) is at uy = —1 and uy =0 as

shown in Figure 3.2(b).

200
150]
100,

50

(a) The IVF F (b) The IVF D

Figure 3.2: IVFs F and D of Example 3.2

Theorem 3.1 (Concavity of Lagrangian dual IVF). Let Y be a nonempty subset of
R™ and D be the dual IVF corresponding to the IOP (3.1). Then, the dual IVF D is

concave over R™ x RP.

Proof: Let (uy,v1), (ug,v2) € dom D. Then, for any 5 € [0, 1], we have

D(B(u1,v1) + (1 = B)(uz,v2))
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= D(Buy + (1 — B)ug, Buy + (1 — B)v)

= inf {F(y) & (Fur + (1 - Buz)" © G(y) & (Bvr + (1 — B)va) " © H(y)}

= inf {30 (Fly) @ ul ©Gly) @ v OH(y) & (1-5) 0 (Fly) @ uy © Gly)®

vy ® H(y))} from (i) of Lemma 1.3 and (i) of Lemma 1.7

= inf {80 (Fy)@u ©Gy) v ©H(y)} e inf {(1-5) o (Fy) & uy © G(y)®

yeY
vy ® H(y))} from (i) of Lemma 1.6

=8® inf {(F(y)®u ©Gy)dv, oHy)} @ (1-8) 0o inf {(F(y) & uy © G(y)®

yey

vy ®H(y))} from (iii) of Lemma 1.7.

Thus, 8 © D(ug,v1) @ (1 — 5) @ D(ug,v2) = D(B(u1,v1) + (1 — B)(uz, vq)).

Hence, the IVF D is concave. 0

Theorem 3.2 (Weak duality theorem for IOPs). Let Y be a nonempty subset of R"

and § € Y be a feasible solution to the IOP (3.1) and (u,v) be a feasible solution to the
dual IOP (3.4). Then,

D(u,v) < F(y).

Proof: For any y € )V, and u € R, we have

D(u,v) = ;g} L(y,u,9) < F(y)®u' © G(y)®v' ©H(y) for some y € Y
=F(@) @u' ©G(y) since 7 is feasible

< F(y) from (iv) of Lemma 1.4,
which is the required relation. 0

Definition 3.2 (Saddle point for IVF). Let L be the Lagrangian IVE corresponding to

the IOP (3.1). Then, a point (y*,u,v) is called a saddle point of the Lagrangian IVF
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(3.2) if for y* € Y, u € R, and v € RP, we have

L(y*,u,v) = L(y*,ﬂ,@) = L(y,ﬂ,@) fOT' all Y€ yau € RT,U € RP.

Theorem 3.3 Let L(y,u,v) be the Lagrangian IVF corresponding to the IOP (3.1).
Then, a point (y*,u,v) with y* € Y be a saddle point of (3.2) if and only if the following

conditions are satisfied:

(1) L(y*,u,v) = D(u,v),

(i) G(y*) = 0, H(y*) = 0, and
(iii) u' © G(y*) = 0.

Furthermore, (y*,u,v) is a saddle point of (3.2) if and only if y* and (u,v) are the

efficient solutions of (3.1) and (3.4), respectively, with F(y*) = D(u,v).

Proof: Let (y*,u,v) be the saddle point of (3.2). Then, for each y € Y, v € R} and

v € RP

L(y*,u,v) < L(y, u,0).

This implies that L(y*, @, v) is a lower bound of L(y, @, v). Therefore, we have

L(y*,a,0) = inf L(y,a,v) = D(g,0). (3.9)
ye

Also, we have

D(u,) = nf{F(y) & a' © G(y) @' © H(y)}

<Fy)eu ©Gy)ov ©H(y") for some y* € Y

= L(y",u,0). (3.10)



3.3. Interval-Valued Lagrangian Function 7

Therefore, from (3.9) and (3.10), we have L(y*,u,v) = D(u,v). Hence, (i) is true.

Also, for any w,v with u € R} and v € R?, we have

L(y*,u,v) < L(y*,u,0)

or, Fiy" ) ou' 0 Gy @v o Hy") <Fy)@a oGy oo ©@H(y). (3.11)

This implies that G(y*) < 0 and H(y*) = 0. Otherwise, (3.11) can be violated by
making a component of u or v sufficiently large. Hence, (ii) is true.

Now, take v = 0 in (3.11). We get 0 < @' ® G(y*). Also, & € R?" and G(y*) < 0.
Hence, @' ® G(y*) = 0. This implies (iii) is true.

To prove the reverse inequality, we assume a point (y*,%,v) with @ € R such that

conditions (i)-(iii) are satisfied. Then, from (i) we obtain

L(y*,u,v) = D(u,v) X L(y,u,v) for ally € Y.

Note that

L(y"u,0) =Fy") @u’ © Gly) @ v’ © H(y')
< F(y*) from (ii) and (iv) of Lemma (1.4)

=Fy)ou 0Gy)®v ©H(y") from conditions (ii) and (iii)

=L(y",u,0).

Therefore, (y*,u,v) is a saddle point of (3.2).
Next we assume that (y*,u,v) is a saddle point of (3.2) such that conditions (i)-(iii)
are satisfied. Then, from (ii), y* is feasible to (3.1) and @ € R7. Thus, (@, v) is feasible

to (3.4). In view of conditions (i)-(iii),

D(a.5) = L(y" u,0) = F(y*) a’ © G(y") @ " © Hy') = F(y").
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Thus, y* and (u,v) are efficient solutions of (3.1) and (3.4), respectively, with F(y*) =
D(a,v).

Conversely, we assume that y* and (u,v) are efficient solutions of (3.1) and (3.4),
respectively, with F(y*) = D(u,v). This implies that, y* and (u,v) are feasible. Thus,
G(y*) 20, H(y*) =0, and u € R}". Also,

D(a,v) = ;ng, L(y,u,v) < L(y*, @, v) for some y* € Y

=F(y)eu 0Gy)ev oHy)
=Fy)oua oGy

=<F(y*) from (iv) of Lemma 1.4.
Since we have assumed that D(u,v) = F(y*), therefore
L(y*,@,7) = D(4,7) and @' ® G(y*) = 0.

Hence, (y*,u,v) is a saddle point of (3.2). O

Theorem 3.4 (Interrelation between saddle point for IVF and KKT-type efficiency

condition for IOP). Let Y be a nonempty subset of R™. Consider the constrained IOP

inf F
yey v (3.12)

subject to  gi(y) <0, i=1,2,...,m,

where F 'Y — I(R) be a gH-differentiable convex IVF. Let A be any finite set of
indices such that A(y) = {i : g;(y) = 0}. For eachi € A, g; : ¥ — R are real-valued
convex functions which are differentiable on Y. Let y € Y satisfy the KKT condition,

i.e., there exist u; > 0, 1 =1,2,...,m, such that

VFE@) ®u'Vg(y) =0 (3.13)
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u'g(y)=0,i=1,2,...,m. (3.14)

Then, (y,u) is a saddle point of (3.2).

Proof: Let (y,u) with u; > 0 satisfies the conditions (3.13) and (3.14). Since F and

g;’s are convex and gH-differentiable, then from Theorem 1.3 , we have

(y—9)' ©VF(H) 2 F(y) Ogn F(7) (3.15)

(y—0)"Va@) = g:(y) —9:(y) i€ A®). (3.16)

For simplicity, let us assume A(y) ={i:i=1,2,...,k} for some k € {1,2,... m}.

Now inserting 4; > 0 in (3.16), and then adding it with (3.15), we get

(y—9)" ©VE@) & @y —9) ' Vai) = (F(y) S (7)) O w@ilgi(y) — 9:(5))
or, (y —y)' © (VF(5) &, wV:(5) = (Fy) &, @gi(y)) Sen (F(§) By w:9:(7))
from (i) of Lemma 1.3 and (iii) of Lemma 1.4
or, 0 = (F(y) ©; wigi(y)) Ogrr (F() ©1y wigi(y)) by (3.13)
or, F(§) ©_, w:9:(y) = F(y) & wigi(y)

or, L(y,u) < L(y, u). (3.17)

Also, g;(y) <0 with a"g(y) = 0, we have

L(j,u) = F(y) ®u'g(y)

= F(y) from (iv) of Lemma 1.4 (3.18)
< F(y) ©u'g(y) = L(y, 0). (3.19)
From (3.17) and (3.18), (y,u) is a saddle point for (3.2). O

The following theorem reveals that sometimes it is not easy to estimate the dual
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of certain IVFs on the entire domain. In this regard, we can decompose the given
domain into a union of disjoint sub-domains. Finally, on taking the infimum of acquired

solutions of dual IVFs will lead to the required solution.

Theorem 3.5 Let ) be a nonempty subset of R™ and F be an IVF on Y. Let the

p
domain Y in (3.1) be decomposed into a union of disjoint sub-domains, Y = |J V*.

k=1
Let

S={yeY: Gy =0, H(y) = 0},
Sp={y € Y": Gy) < 0, H(y) = 0},
D(p,9) = inf L(y,5,9), and

Dy (5,6) = inf L(y,p,9), k=1,2,...,p.

yeYVk

Let us assume that (5*,8*) be a solution of the dual IOP (3.4) on'Y and (B;,0;) be a
solution to the dual IOPs on Y*, k =1,2,...,p. Then,

D(#.6%) < inf Di(5.67) = inf F(y)

Proof: Since ) C Y, then from (i) of Lemma 1.7

D(B,6) X Dy(B,6) for all e RY, k=1,2,...,p
or, D(8*,0%) X Di(B;,6;) forall k =1,2,...,p

* * _< : * * .
or, D(ﬁ 75 ) - 1%%21) Dk’(ﬁkadk)
In view of Theorem 3.2, we have

Dy (8;,0;) = inf F(y)

YyESk

or, inf Dy(B;,0;) = inf inf F(y) = inf F(y),

1<k<p  1<k<p yESk yes
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which is the required result. 0

3.4 Interval-Valued Value Function

In this section, we define the interval-valued value function for IOPs and discuss its
characteristics. Thereafter, we explore the gH-subdifferential of the interval-valued

value function and use this in characterizing the stability of a solution to an IOP.

Definition 3.3 (The interval-valued value function). Let )Y be a nonempty subset of

R™. Consider the IOP

inf F
iz W
subject to  G;(y) <0, i=1,2,...,m, (3.20)

where F, G; and H; are extended IVFs from Y to I(R). Define the vector-valued IVF's
G:Y—=IR)™and H:Y — I[(R)? by

G(y) = (Gi(y), Ga(y), ..., Gu(y)) " and H(y) = (Hi(y), Ha(y), ..., Hy(y)) .
Therefore, the IOP (3.20) can be written more compactly as

inf { F(y) : G(y) < 0, H(y) = 0}. (3.21)

yey

The interval-valued value function associated with the IOP (3.21) is the IVF V : R™ x

RP — I(R), which is given by

Vis,r) = mf{F(y) : G(y) < [s,s], H(y) = [rr]}. (3.22)

yey

Definition 3.4 (Feasible set of the interval-valued value function). Let ) be a nonempty
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subset of R™ and V be an interval-valued value function associated with the IOP (3.20).

Then, the feasible set of the IOP (3.22) is denoted by C(s,r), defined by
C(s,r)={y€¥: Gly) X [s,s], Hly) = [r,r]}.
The interval-valued value function associated with the feasible set is

Vis,r) = mf{F(y) :y € C(s,7)}.

Example 3.3 In this ezample, we calculate the interval-valued function corresponding
to the variations in constraints G; of an IOP. Let Y = {(y1,v2) € R? : y1, 40 > 0} C R?
and consider an IOP

inf F(yy,y0) = [1,2] @ e~ v¥1¥2
Yy1,y2€Y (323)

subject to  [1,2] ®y; =2 0.

In Figure 3.3, the functions f(y1,y2) = e”V¥1¥2 and Fy1,y2) = 2e V9% qare depicted
with brown and blue regions, respectively. The interval-valued value function of (3.23)
s given by

e

[1,2], ifs=0

V(s)= inf {[1,2]0e V""" 1,20y <s} =1y, if s> 0

Y1,Y2€Y

+oo, ifs<O.

\

Lemma 3.1 (Monotonicity of the interval-valued value function). Let ) be a nonempty

subset of R and F, G, and H; are extended IVFs from Y to I(R), i =1,2,...,m, j =
1,2,...,p. Let V be an interval-valued value function for the IOP (8.20). Then, for
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Figure 3.3: The IVF F of Example 3.3

s < w, we have

V(w,r) < V(s,r) for all s,w € R™ and r € RP.

Proof: The inequality s < w implies that C'(s,r) C C(w,r). Thus, from (i) of Lemma

1.7, we have

V(w,r) X V(s,r) and r € R?,

which is the required relation. U

Theorem 3.6 (Convexity of the interval-valued value function). Let Y be a nonempty

subset of R™ and F, G;, and H; : Y — I(R) are exstended convexr IVFs , i =
1,2,...,m, j=1,2,...,p. Then, the interval-valued value function in (3.22) is convex

over dom(V)C R™ x RP.

Proof: Let (s,7), (w,t) € dom(V) and S € [0,1]. We need to show that

V(Bs+ (1 =pw,Br+ (1 —=p)t) O V(s,r)® (1 - ) ® V(w,t).
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Consider sequences {z} € C(s,7), {yx} € C(w,t) such that F(x;) and F(y;) converg-

ing to V(s,r) and V(w,t), respectively as k — oco. Thus, we have

Gi(zr) 2 [s,8] and G;(yx) < [w,w], i =1,2,...,m.

Therefore, by convexity of the components of G;, and H;, we have

Gi(Brr+ (1= B)yr) 2 B0 Gy(ar) @ (1= 8) © Gylyr) 2 BO[s,s]+ (1 - 8) © [w, w]
(3.24)

and H; (B + (1 = Plye) = S © Hj(wx) @ (1= 8) ©Hj(ye) = SO [r,r] @ (1= 5) O [, 8],

(3.25)
Combining (3.24) and (3.25), we conclude that
By, + (1= B)ye € C(Bs + (1 — B)w, Br + (1 — B)t).
Since F is convex IVF, then we have
F(Bzp + (1— B)yr) 2 BOF(z) ® (1 — B) © F(yx). (3.26)

As, F(xy), F(yg) converging to V(s,r), V(w,t), respectively as k& — oo. Therefore,

(3.26) implies that

liminf F(Bxr + (1 — B)ye) 2 LOV(s,r)® (1 - ) O V(w,t). (3.27)

k—o0

In view of Definition 3.3, we have

V(s + (1= Blw, br+ (1 = p)t) 2 F(Bzx + (1 = Fyk)

or, V(Bs+ (1~ B)w, Br + (1 - 9)t) < liminf F(Bay + (1~ Hus).
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Thus, by combining the above relation with (3.27), we obtain
V(Bs+ (1= B)w,Br+ (1= 6)t) X LOV(s,r) @ (1 - 5) O V(w,t).

Hence, the interval-valued value function V is convex. 0

Theorem 3.7 (Saddle point efficiency interpretation of the interval-valued value func-
tion). Let Y be a nonempty subset of R™ and y is an efficient solution to the IOP (3.1).
Let 'V be the interval-valued value function given in (3.22). If (y,u,v) is a saddle point
for the Lagrangian IVF (3.2), then

V(0,0) ©,m (@', 0" )(s,7)" = V(s,r) forall s € R™, r € RP, (3.28)

Proof: Let (y,u,v) is a saddle point of (3.2). Then, for all s € R™, r € RP and from

Theorem 3.3, we have

V(0,0)

= inf (F(y) ou OGy) v © H(y))

yey

— inf (F(y) &2, @ © (Gily) Sy [5i, ) By 0] © (H;(y) Sy [r.7]) )

yeY J

© (@, )(s,r)". (3.29)
Applying Lemma 3.2 to the value function, we obtain

inf {F(y) @ @' ©(G(y) Ogn [s,5) ® 0" © (H(y) Sgnr [r,7])} = V(s,7)

or, ;IGl)f; {F(y) D u' © (G(y) OgH [S’ S]) 57 ol © (H<y) SgH [T’ T])} b (ﬂT7@T)(S7T)T
<V(s,r)@ (@ ,o")(s,r)"
or, V(0,0) < V(s,r) @ (a',0")(s,7)" by (3.29)

or, V(0,0) O, (@",9")(s,7)" 2 V(s,r) forall s € R™, r € RF.
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O

Theorem 3.8 (Characterization of gH-subdifferential of interval-valued value func-

tion). Let Y be a nonempty subset of R" and F, G; : Y — I(R), i = 1,2,...,m
are extended convex [VFs. Let V be the interval-valued value function given in (3.22).
Assume that Fog and Deg are the set of efficient points of (3.20) and (3.4), respectively,

which is nonempty and coincides. Then, (u,v) is an efficient solution of (5.4) if and

only if —(u,v) € 0V(0,0).

Proof: Let (u,v) be an efficient solution of the dual IOP (3.4).
Note that V(0,0) = Feg. Thus,

V(0,0) = Feg = Dog = D(u,v) = inf L(w, u,v) < L(y,u,v) for all y € V.

wey

Therefore, for any feasible point y € C(s,7),s € R™,r € RP, we have

=Fy)ou ©(Gy)®(—s) @t © H(y)® (—r)) from (iii) of Lemma 1.4

=< F(y) from (iv) of Lemma 1.4.

Thus, we obtain a bound of F, i.e.,

V(0,0)® (—a's) @ (—v'r) X F(y) for all y € C(s, 7).

Since infimum of F over C(s,r) is V(s,r), then

V(0,0) @ (—a's) @ (=0"r) < V(s,7)
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(—a",—=o")(s,7)" 2 V(s,r) oy V(0,0).

Hence, —(u,v) € 0V(0,0).
In order to prove the reverse inequality, we assume that —(@,v) € 9V(0,0). Then, for

(s,r) € R™ x RP, we have
(=", —0")(s,7)" = V(s,7) Oy V(0,0). (3.30)

Fory € Y, take s = max{g(y),g(y)} and r = max{h(y), h(y)}. Then, C(0,0) € C(s,7).

Therefore,

V(s,7) 2 V(0,0) = Fog < F(y) from Lemma 3.1
V(s,r) 2 F(y)

V(s,7) g1 V(0,0) < F(y) S,1 V(0,0)
—i's—0'r X F(y) Oy V(0,0) by (3.30)
0=<F(y)o,u V(0,0)@a' sdv'r

0 < L(y,u,v) &4 V(0,0) from (iii) of Lemma 1.4
V(0,0) < L(y, u, )

V(0,0) < in)f}L(y,ﬂ, v) since y is arbitrary
ye

e

Fer < D(u, ). (3.31)

For any j € {1,2,...,m}, taking s = ¢; = (0,...,0,1,0,...,0)" with 1 at jth place

and r = 0 in (3.30). We obtain

—u; = V(e;,0) Sy V(0,0) and V(e;,0) = V(0,0) from Lemma 3.1,

which is true for any j. Therefore, u > 0 and (u,v) is a feasible solution of D. Thus,
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from (3.31) we get
Det = Feg = V(0,0) < D(@,7) < Deg.

This shows that (u,v) is an efficient solution of (3.4) and D(@,v) = Deg. O]

Definition 3.5 (Stability of a solution to an IOP). Let Y be a nonempty subset of
R™ and (3.20) and (3.22) be corresponding IOP and interval-valued value function,

respectively. Then, the IOP (3.20) is said to be stable if O V(0,0) is nonempty.

Example 3.4 In this ezample, we calculate the interval-valued value function of the

IOP (3.32). After that, we check the stability of the solution to this IOP. Consider the

10P
\
inf Fly) = [-2,-1]© 7
subject to  [1,2]®y X 0, (3.32)

Y={yeR:y>0} )

The interval-valued value function of (3.32) is given by

-2, =1l ®+/s, ifs>0
Vis) = inf{[-2,—1]0Vy: [1, 0y < s} = | v

+o00, if s < 0.
The functions v(s) = —2+/s and T(s) = —/s are depicted in Figure 3.4. It is evident
from Figure 3.4 that the IVF 'V is not gH-subdifferentiable at s = 0. To show this,

assume contrarily that there exists G € I(R) such that G € 0V(0). Then, for any

s>0

(s =0)© G = V(s) Sgu V(0)
= sOGX[-2,-106s

= [Sga S?] = [_2\/57 _\/g]
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— 59 < —2V/s and 55 < —/s.
It can be observed that for s > 0, we have
g <0andg <0 (ie., in particular G < 0).
Also, in particular, for any G < 0, take s = % > 0, we get
1 1 1 1
TNV = mimp = iy

which is not possible. Therefore, the O V(0) is empty. Thus, the solution of the IOP
(3.52) is not stable at s = 0.

Figure 3.4: The IVF V of Example 3.4

Theorem 3.9 (Characterization of stability of a solution to an IOP). Let Y be a

nonempty subset of R™ and F, G;(y): Y — I(R), i =1,2,...,m are extended convex
IVFs. Let V be an interval-valued value function in (3.22) which is finite at (8,7). If



90 3.5. Application of gH-Subdifferential of Interval-Valued Value Function

0V(s,T) is nonempty, then there exists an M > 0 such that

1

(s, 7) = (5,7

© (V(5,7) 4 V(s, 1)) < [M, M],

foralls e R™ r € RP, (s,7) # (§,7).

Proof: Let 0V(s,7) is nonempty and assume K e OV (s,7). Then, from Definition

1.24, for all s € R™, r € RP,

Let ||K|| = M. Then,

1 B . B o
o) =G © Ve Qo V) = ey © (G~ ) oK)

IR 7) — (sl
e P B Fa o1

which is the required result. Il

3.5 Application of gH-Subdifferential of Interval-Valued Value

Function

In this section, we consider an interval-valued optimization problem (3.20) which satisfy
certain condition given in (3.33). After that, we apply Theorem 3.8 to it to observe
the efficiency of a solution to the modified IOP. Furthermore, an example to show an

application of interval-valued value function in a practical phenomenon is discussed.

Theorem 3.10 Let Y be a nonempty subset of R" and F, G; and H; : Y — I(R), i =

1,2,....m, 7 =1,2,...,p are extended convex IVFs. Let V be the interval-valued value
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function given in (3.22). Let Feg and Deg are the set of efficient points of (3.1) and

(5.4), respectively. Let (u,v) be an efficient solution of (3.4) and for an g € Y,
M(y) = F(9) Ogu Feu © pr|| G(@)[| @ p2l| H@G) || = [0, 0], (3.33)
where 6 > 0 and py, pa satisfy p1 < 2||al|, pa < 2||8]]. Then,

F(ﬂ) @gH Feﬁ j [57 5]7 (334)

- 2 . 2
I1G(@H) < —0 and [[H(7)| < —o0. (3.35)
P1 P2

Proof: Since p; > 2||al| and py > 2||7|| are nonnegative in (3.33), it can be observed
that

F(@) @gH Feg = [5’ 6]

As (u,v) is an efficient solution of (3.4), from Theorem 3.8, for any (s,r) € dom(V),

we get
(—a"s) @ (—0'r) X V(s,7) ©yn V(0,0). (3.36)

In particular, take s = § = max{|g(9)|, [§(7)|} and r = 7 = max{|h(7)], [2(7)|}. Then,
C(0,0) C C(5,7). Therefore, from Lemma 3.1, we have

V<§7 f) = V(07 0) = Feff = F(Zj) (337)
Now we consider the following expression

(or = ll@)lisll + (o2 = [l

= —lallllsll = el + pullsll + p2li7]

IN

—1'5— 7' 7+ p1||3|| + p2||7| from inner product of real variables
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PN

V(5,7) ©gu V(0,0) & pi 15[ @ p27[| by (3.36)
= F(9) O Fer ® p1|3]| @ pol|7]| by (3.37)

< [6,6] by (3.33).

Since both the expressions (p; — ||a|)||5]| and (pa — ||o|])||7|| are nonnegative, it follows

that

(o1 = llalDls]] < & and (ps — [|o[})|[7]] < o.

Using the assumption p; > 2||ul|, po > 2||v]|, we have

o

pr— ||l

2
) 25

IG@)I= 3] < — <
p2 — ||9]] P2

2 N _

< —d and |[H(y)| = [I7] <
P1

which is the required result. 0

Remark 3.1 From Theorem 3.10, it can be noted that the expressions F(§) Squ F(y)
as well as || G(9)|| and || H(g)|| need not be too small such that & is dominated by (3.33).
However, if p1, py are chosen to be large enough, then with the help of Theorem 3.8

such conclusion can be drawn.

Example 3.5 In this example, we exemplify Theorem 3.10. For this, we consider an
IOP which satisfies the conditions given in Theorem 3.10. Let us consider the IOP
(3.5) in Example 3.1:

)
in Fiy) = 1] 042
subject to  G(y) =[y —5,4y] < 0 (3.38)
—3<y<0

It can be seen that y = 0 is an efficient point of the IOP (3.38), and F.4 = F(y) = 0.
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The dual IOP of (3.38) is given by (refer to Example 3.1)

sup D(u) = [—u? — bu, —4u?
(3.39)
subject to 0 <wu <1,

which has an efficient solution at u = 0.
Next, we aim to find possible values of § and p for which the IOP (3.38) satisfies the
relation (3.33):

M(y.p) = [3:1] © y* ©gu [0,0] @ pllly — 5,4y]l| < [6,6] and p = 2|al|
= [ oy erlly - 5.4yl < [6,6] and p >0
— L2+ p(max{|y — 5|, [4y]}) < 6,5% + p(max{|y — 5|, [4y|}) <6, and p >0

(3.40)

6 — 1y? 5 —?

—p< < dp>0. 3.41
e P R e L (3.41)

From (3.40) and (3.41), we observe that

p>0 =9> max{iyz,yQ} =42 for any y € [—%,0}

:62%f0ranyy€ [—%,O].

Also, for any y € [—%,0}, we get

[ V)
(=)
|
NI
<

INA
[S1e0)

il
=l
T
@

Therefore, for any § > i, we can choose p < g such that the relation (3.33) holds. Now,

we show that these values of 6 and p satisfies the relations (3.34) and (3.35). To this,
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observe that

F(y) Ogn Fey = [%,1] ©y* =< [6,6] (for any 6 > 1)

|<5—y2 < % < %5 (from (3.41)).

y=5|

=

and || G(y)l| = llly =5, 4]l = ly = 5] <

Thus, we can conclude that for suitable values of § and p which satisfies relation (3.33),

the relations (3.34) and (3.35) holds.

Example 3.6 (An application of interval-valued value function in estimating the range
of changes in profit in a firm due to variation in utilizing resources).

To show an application of interval-valued value functions in a practical phenomenon,
we consider an IOP to mazximizing the profit (—F(y)) of a firm subject to the constraint
A Oy =0 (a constant), where F:Y — I(R) is a gH-differentiable IVF on Y C R".

We suppose that an optimal solution y* to this problem exists.

The constant b in the constraint reflects that the firm has utilized the resources of quan-
tity [b,b]. The firm is interested in determining the optimal profit change due to a slight
alteration of the resource-utilization level from [b,b] to [b+r,b+7r|. Thus, the firm needs

to determine the change in F(y*) resulting from a small change r in b.

Towards this, let us consider the following interval-valued value function IOP:

inf F
yey v (3.42)

subject to A Qy=[b+rb+7r].

Suppose y*(r) = y*+Ay* be an optimal solution to this problem. Notice that y*(0) = y*.
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The change in the value of F(y*) is given by

AF(y") (3.43)
= F(y"(r)) ©4m F(y)
= [min{f(y"(r)) — fW"), FW* () — F" )} max{f(y"(r)) — f(u*), Fy"(r)) — F(y")}]

= min{Af(y*), Af(y*)}, max{Af(y"), Af(y*)}]. (3.44)

To find the possible candidates for efficient solutions to (3.42), according to Theorem

1.2, we must solve the following inclusion relation:
0 € VL(y,v),
where L(y,v) = F(y) ®v ® ((A®y) Sgu [b+ r,b+r]). Therefore, we have
0eVFy)dve (A) = —vo A e VEy). (3.45)
Since A©y* = [b,b] and A O y*(r) = [b+r,b+ ], therefore
AOAYy " =A0O (Y (r)—y") =1 (3.46)
First order approximation for real-valued functions gives
Af(y") = Vi) Ay +o([|Ay|). (3.47)
Thus, in view of relation (3.47) in (3.43), we get

AF(y*) = [min{Af(y*), Af(y*)}, max{Af(y*), Af(y")}]

= min{Vf(y")Ay*, V(") Ay*}, max{V f (y*) Ay*, Vf(y*) Ay*}]
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= min{Vf(y*), Vf(y*)}, max{V f(y*), V(y*)}] © Ay". (3.48)
Therefore, from (3.45) and (3.48), we obtain the possible range of AF as
{(—v© AG AY") :v e R}

Thus, the range of the rate of change in optimal value corresponding to the change in

level b is given by
(—vO AOAY)r=(—v) € (AF(y") @r) by (3.46).

Therefore, it is observed that the problem that we have considered in this example can
be modeled by a new function, namely, interval-valued value function. The efficient
solutions of this interval-valued value function, further, gives information on the change

in the optimal solution to (3.42).

3.6 Conclusion

In this chapter, the concept of interval-valued value function (Definition 3.3) has been
studied. Also, an interrelation of saddle point efficiency of interval-valued value func-
tion has been derived (Theorem 3.7). Further, we have proposed the characterization
of gH-subdifferential of interval-valued value function (Theorem 3.8). To develop these
concepts, we have first proposed the concept of a Lagrangian IVFs (Definition 3.1)
followed by a weak duality theorem of IVFs (Theorem 3.2) and a saddle point char-
acterization for Lagrangian IVF (Theorem 3.3). We have further defined the stability
criterion for an IOP (Definition 3.5) and presented a characterization of stability of a
solution to an IOP (Theorem 3.9). Moreover, the stability characterization have been

applied to an IOP with certain restrictions to observe the efficiency of a solution to an
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IOP (Theorem 3.10). In the last, we have discussed an example to show an application

of interval-valued value function in a practical phenomenon (Example 3.6).

kKoK okokokook ok ko k
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