Chapter 4

Synchronization of hypercomplex
neural networks with mixed

time-varying delays

4.1 Introduction

This chapter delves into the fixed-time synchronization (FTS) concept applied to
HCNNs featuring mixed time-varying delays. Unlike finite-time synchronization
(FNTS), which depends on initial conditions, FT'S offers the advantage of adjustable
settling times tailored to specific requirements. In HCNNs, where state vectors,
weight matrices, activation functions, and input vectors are all represented as hy-
percomplex numbers, traditional techniques used in CVNNs and QVNNs cannot be
directly applied due to their limitation to dimensions of eight or fewer. The ap-
proach begins with a decomposition method to divide HCNNs into (n 4+ 1) RVNNS,

utilizing the distributive law to address non-commutativity and non-associativity. A
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nonlinear controller is then developed to synchronize the master-response systems
of HCNNs, with the stability of the error system proven using the Lyapunov-based
method. FTS of mixed time-varying delayed HCNNs is achieved through apply-
ing a suitable lemma, the Lipschitz condition, the construction of an appropriate
Lyapunov functional, and the design of suitable controllers. T'wo distinct algebraic
criteria for settling time are derived using two separate lemmas, with empirical ev-
idence indicating that the settling time derived from Lemma 1 yields more precise
results than that from Lemma 2. Furthermore, three numerical examples of CVNNs,
QVNNs and OVNNSs illustrate the efficacy and effectiveness of the proposed theo-

retical framework.

4.2 The mathematical model

In this chapter, the following HCNN model with mixed time-varying delays is con-

sidered as

wu(t) = — Cuwu(t) + Z auugu(wy(t)) + Z buugu(wu(t - ¢(t)>)

v=1

+ ; yu /t_w(t) Gu(wy(r)) dr + R, (t), (4.1)

where N corresponds to the number of neurons, w,(t) € H represents the state of
the pth neuron at time ¢ and w = (wy,wa, ..., wy)" € HY, ¢, € R with ¢, > 0
is diagonal matrix. The connection weight matrix without time-varying delay is
denoted by A = (au)nxn € HVN. Again B = (b, )nwn, D = (bu)nvxy € HVY
are the connection weight matrices with discrete and distributed time-varying delays,

respectively. ¢(.) = (g1(.),g2(.),..., gn())T : HY — HY is the hypercomplex
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valued activation function. The external input vector is given by R, € H, and

o(t),1(t) are discrete and distributed time-varying delays, respectively.

Assumption 4.2.1. The activation function is defined as

where v =1,2,..., N.

Assumption 4.2.2. For y;,ys € R, there exists [, € R s.t. the activation functions

g )() satisfy the following inequalities.

199 (1) — % ()| < Tlyr — v, (4.3)

where p=0,1,2,...,nand v=1,2,..., N.

Y

Remark 4.2.1. The key elements those affect the dynamic properties of the con-
structed NNs are the activation functions. Since the activation functions are con-
tinuous, therefore the existence and uniqueness of the system (4.1) can be ensured
based on Assumption 4.2.2 [98]. The following activation functions such as piecewise
linear function, Logistic sigmoid function, and hyperbolic tangent function satisfy

the requirements of the assumption of the Lipschitz condition.

Now, by using (1.65) and Assumption 4.2.1, the system (4.1) can be seprated into

(n + 1) real-valued systems of equations with following expressions.

N n

Ot) = — @) + 3 (a0 (w0 (6) + D ol (P (8)aso)

v=1 a,f=1
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Z(b(o (w®(t £ 3 H0P 0t = 6(8)rano)

a,B=1
+Zd<o>( [ eae Y [ e
a,B8=1 t—1(t)

a,f=1
N t t
(A [ W wPe)drrdl [ 0wl m)ar
V=1 t—(t) t—1(t)
n t
# YA [ @O0 ks dr) + B (),
a,f=1 t—1(t)
N N
2 () = — e () + 3 (D@ (P (1) + 3 algl¥ (w(t))

a,f=1 v=1
+ 820 (@(6 = 6(t) + D bl w6 — H(t))) s )
a,B=1
N t t
(A [ PP edd [ 0
v=1 t—1(t) p(t)
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t
+ ) dy) / o 9D (WP (1)) Kapm dr) + R (t). (4.4)
a,f=1

The response system corresponding to the master system (4.1) is illustrated as

N N
£(6) = = uzu(®) + 3 g (2 (6) + 3 bz (6 — 6(4))
v=1 v=1
t
i Z 0y / gu(zu(r)) dr + Ry(t) + L(t), (4.5)
P(t)
where 2z = (21, 29,...,2ny)T € HY | is the state vector of NNs with N neurons and

L(t) is the controller.

The (n + 1) real components of (4.5) are as follows.

N

200 = - 200 + 3 (6P ) + 3 af2gP I (0) kano)
v=1 a,f=1
+Z(Wgy (=0t £ 3 UG — 6(6)ana)
a,B=1
LN 4o ( / OO dr+ Y d / 0P (P ()
Z ¥(t) a;l v(t

X Kagodr) + RO (6) + LO(6),

£0(6) = — ¢! +Z( g (= +Zaugy A0(t))
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N
3 A O ) + 3 (B L o)

a,pf=1 v=1
+ Ulel (20t + 3 YD I~ 9(6) o)
a,B=1
N t t
+> (e / s drrdl) [ GO dr
v=1 t—(t) t—(t)
n t
+ Z dfff,)/ gl(,ﬂ)(zf)(r))ﬁa@l dr) + R/(})(t) + Lf})(t),
a,B=1 t—1(t)

N
00 == 70+ Y (ae? (e +Za£?39u ()

N
+ Y e )+Z(Wgy 2~ 6(1)

a,f=1 v=1
+ B0 (A0 (= 6(8) + D B9 (0 ( — 6(6)) ka2
a,B=1
N t t
+ 30 (a / o2 (-2 (1)) dr +d / o (-0 () dr
1 - t—1h(t)
n t
#3040 [ Pk dr) + BP () + LD
a,B=1 t—1(t)
N
H0(8) = — ua(6) + 3 (gl (= +Z afi) g (:0(¢))
v=1
+ Z ,LLI/ gu Zz(/ﬂ RO&B TL) + Z ( /,Ll/glj Z ) t - ¢(t)))
a,f=1
+ b g (0t £ 3 YD — 6(6) )

a,B=1

N t t
+ 3 (4 / o) i dy) [ O
t—(t) t—(t)

+ Z d / ggﬂ)(zﬁﬁ)(r))/@a@n dT) + RL") (t) + L;(f) (t). (4.6)
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Now defining the error function as e(t) = z(t) —w(t), where €(t) = (€1(t), e2(t), . ..

en(t))? € HY, and using the equations (4.4) and (4.6), we obtain

N

E0E) = - cueD(6) + 3 (ADgOEOE) + 3 a g (o)
v=1 a,f=1
N
£ 37 (B0t S+ 3 DA Dt — (6 rano)
v=1 a,pf=1
N t
S [ @ enars Y g / ()
v=1 t_d}(t) a,f=1 t=1(t)
x /ialgodr> + LO(t),
N
(0(6) == el (1) + > (alDgD (et +Z agV(e(¢))
v=1
n N
+ 3 g (€D (8)kana ) + D (B0 (€Dt o(t)))
a,f=1 v=1
+ DO — 6(6) + D BDg (P (6 — 6(6)))rap)
a,B=1
N t t
(a0 [ el [ ) ar
=1 t—1(t) t—1(t)
n t
£ ) / 90 (0 (1) o dr) + LD (8),
a,B=1 t—1(t)
N N
(D) == cue@(6) + Y (gD (2 (1) + 3 ag V(e (¢))
v=1 v=1
N
IO NS ( g2 (2 (6 - 6(t)))
a,B=1 v=1
+ b2 g0 (Ot £ 3 UG e - 6(6)ans)
a,f=1
t
d(o/ 61(/2 ))dr—i—dfl,)/ g(o)(eyo)(r))dr
t—y(t t—1(t)
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N
(0 (t) = = cuel (t) + > (alDgl (e +Za,wg,, (e (t))
v=1
N
+ Z aul/ gV ‘51(/ﬁ "ia,@ n) Z ( uugy 6 &) t - ¢(t)))
a,f=1 v=1
80 (D6 — 6(6) + D b gl (e(t — 0(8))) ks )
a,B=1

+
/N
S
ie
—
| -+
<
=
&
S
—~
™M
t/_\

t
™) (1)) dr + d) / P ACOINT

B)(r)) g dr) + L (t), (4.7)

_|_
SN
B0
r\
| -+
<
G
b/-\
=
—~
(@)
<~

where i (e (1)) = g () (t)) — g (w (1)), 97 (e (8)) = " (=27 (8)

=g @ (1)), g () (6 — 6(8)) = gl (2 (8 — B(1)) — gl (wi” (¢ — 6(£))).

and g,gp)(e(y)( ) = gﬁp)( (p)(?")) — gl(,p)(wz(,p)(r)), p=0,1,2,...,n

Remark 4.2.2. After reducing the error system using the decomposition method in
the (n+1) system of equations, we will aim to synchronize the systems (4.1) and (4.5)
within a fixed-time by constructing appropriate Lyapunov functional and designing

controllers, and then using two different Lemmas stated in the next section.

4.2.1 Definition and lemmas

In this subsection, some key definitions and lemmas are discussed which will be

needed to derive the main findings of the chapter.

Definition 4.2.1. [31] Let y, is the initial value of system (4.7), then the origin of
the system (4.7) is stated to have finite-time stability (FNTS*) if 3 settling time

function 7 : RY — R s.t.  lim [jy(t)]| =0 and y(t) =0V t > T ().
t—=T (o)
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Definition 4.2.2. [31] If the origin of the system (4.7) is FNTS* and the settling
time function is bounded, i.e. 3 B > 0s.t. T(yo) < BY yo € HY, then the origin of

the system (4.7) is said to be fixed-time stable (FTS*).

Remark 4.2.3. The settling time in FNTS* is dependent on the initial conditions,
i.e., we will have various settling time expressions for each change in initial condi-
tions, as can be observed from the definitions of FNTS* and FTS*. The settling time
is invariant of initial conditions in FTS*, which means the settling time expression

is independent of initial conditions.

Lemma 4.2.1. [99] Supoose V(.) : RY — R, U0 be a radially unbounded function,
which is continuous. Then the system’s origin is FTS* if €(t) is any solution of

equation (4.7), s.t

(i) V(e(t)) = 0 iff e(t) = 0;

(ii) for ay,as, a3z > 0,

V(t) < —a VM (e(t)) — asV 2 (e(t)) — asV(e(t)), 0 < Ay < 1and Ay > 1,

The expression for the settling time is 7;&) = (1 3y In <1 + % ) + 50D (/\ iy In (1 + a3>

Lemma 4.2.2. [100] Supoose V(.) : R — R, be a radially unbounded function
that is continuous. Then the system’s origin is FTS* if €(t) is any solution of

equation (4.7), s.t

(i) V(e(t)) = 0 iff (t) = 0,

(ii) for ay,as >0,

V(t) < —a1VM(e(t)) — aaV™2(e(t)), 0 < A\ < Land Ay > 1,
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The expression for the settling time is 7;&? = a1(117,\1) + @&rl).

Lemma 4.2.3. [101] Suppose s, > 0 for p=1,2,..., N, then

N N N N
A M A 1-A A2
1 2 —A2
ESMZ(gsu) ,ESMZN <ES#) ,
p=1 p=1 p=1 p=1

where 0 < Ay <1, Ay > 1.

4.3 Lyapunov functional method to achieve FTS

To achieve FTS of the master-response systems (4.1) and (4.5), some sufficient crite-
ria are derived in this section through designing suitable controllers. The controllers

listed below are designed to achieve FTS of the master-response systems.

t
LY = = muucl§(0) — sgn(ey () [l — o)+ [ ()1
t—y(t

Ml (61 + msule?(6)]). (4.8)

where 0 < Ay < 1, Ay > 1, and the parameters my,, ms, > 0, mq,, Moy, ms, for p =
1,2,..., N are designed later. The controller given in (4.8) is nonlinear, involving the
signum function, absolute values, integrals, and power-law dependencies. The first
term directly counters the current error, providing immediate corrective action. The
signum function is used to apply the appropriate direction of correction regardless
of the error’s sign. The terms involving the absolute values of the delayed error
and its integral account for the history and accumulation of errors, ensuring that
the controller can correct both recent and past deviations. The power-law terms,

allow the controller to adapt to varying magnitudes of errors, providing more robust



Chapter 4. Synchronization of hypercomplex neural networks... 113

and precise control. This combination of features makes the controller versatile and

effective in managing different error dynamics to achieve the desired stability.

Remark 4.3.1. The controller is developed to include both linear and nonlinear
terms. The rate of synchronization is influenced by the nonlinear term. In addition,
the settling time achieved is unaffected by delays. In this thesis, the Lyapunov-
based method is used to achieve FTS. The Lyapunov-based approach focuses on the
construction of the Lyapunov function that proves the stability of a system. We
can obtain less conservative stability results by carefully choosing these functions
compared to the algebraic method. Lyapunov functions can capture the system’s

dynamics more accurately and may lead to less conservative stability conditions.

Theorem 4.3.1. If the system (4.7) with Assumption 4.2.2 and controllers (4.8)

meets the following criteria, then it achieves FTS*,

N
e =c,+my— Y ([a9] + [al)| + a2 + ... + [al)])1, > 0,
v=1
N
(1) =Cp + M1y — Z <(|a(1)||’<¢11 of + |a(2)||/<¢21,0’ +..+ |G£Z)\|/‘fn1,0’) + (|G(V(B|
v=1

+ |a k1] + |a Nkora| + ...+ |G(VZ)||/‘6n1,1|) (|a(1)||f€11,2| + |a£2,2|
x |rorg| + - 4 [l |knr2l) + -+ (lal)[|E11n] + 108 | K210] + -

- ]a,(,z)HF;nLn\))l# >0,

N
e =¢u+ muu = 3 [ ((almnol + a2 Ikanol + - + [a% amol) + (Jaf})

v=1

|/”v1n1|+|a |K2nl + - Jr|fl ||’inn1|) (|a ||/<1n2|+|%u||/f2n2|

+ oo al | kan2l) + -+ (182]+ 1@l k] + 62| |Kanal + .
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+ Ll annl) ) > 0,
N
m) = (169 + bS] + 2] + ...+ b)), > 0,

v=1

N
1 n
mly) = 3= (0 manol + 162 R0l + .+ 1652 s ol) + (B + B2l

v=1

+ b2 ka1l + -+ 08 [kra]) + (165 1K1n2] + (62 |[K212] + - - -+ [B0 ][ .2])

o (Al 4 ol 4+ 10 R ) ) > 0
N

ml) = S [ ((B2Nkanol + 02 szl + -+ B o) + (B
v=1

+ (B2 |k2nal + - A B | Knnal) + (105 Kinzl + (B Kanzl + -+ (65| Kun.2|)

o (105 18 Hmu\b@)unznm\+...+\b£’,?unm,nr>)zu>o,
N

mig) = (148} + 1450+ 13+ + 14521, > o,
v=1
N

1 n

mb) =3 (ol + a2 ol + .+ 15 o) + (1452 + 1S3
v=1

k| + A2 Karal + -+ A5 Enral) + (15 K1n2] + |52 2]

+ o A0 |knral) 4 -4 (15 Errn] + 1A | Karn] + - +|dz(/z)||f<én1,n|))lu>0,
N

mly) = 7 [ (5 1kanol + a2 Ranol + - -+ a5 nnol) + (185 101
v=1

+ldD kznal + - A |d5) K al) + (15 Kn2] + |dED [ Ranal + - .. + |d5)]

X knnal) + -+ (A + d ] + 12 K2l + -+ 1A na]) ) > O,

The predicted settling time is calculated using T8 = In(1+ —%—)+
set e(1— )\ miny, (m4y)

e : 1 n
(A2 nIn (1+ minu(msm(N(nH))Hz)a where e = mmlSMSN{eM e, el )}-
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Proof. Set the Lyapunov functional as
Vit) =) VO(t), (4.9)
p=0

where V) (t) = Zgil|ef¢p)(t)|, p=0,1,....n

Then, along the trajectories of the proposed system, the dinni derivative of V() (t)

is given by

=3 sgn((0) | - cue(t +Z(Wg,, CRIG)E T

N
X (D () kazo ) + D (B9 (D6~ 6(8) + D s

r=1 a,f=1
N t
<A = o0)wes) + D[ a0 i
=1 t—yY(t
n t
N w()g%f)( Do dr) + L >}
t—(t

pn=1 pn=1 v=1 a,f=1
+ (B |l e Z 0611 [eS7 (6 = & (6))[Kapol + |d)
a,f=1
t
></ €O ()| dr + Z |dW|l |/€a50|/ |dr>
t—ap(t) o1 t—(t

+ > sgn(e?(6) (= muuel(6) — sgn(el? (6)) (mf) e (6 - 6(t))

t
el [ 0 O+ s 00
t—Y(t
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N N N
-2 (e —Z\aw!l )l (8 \+ZZ( a1l (2))
pn=1 =

p=1 rv=1 =1
X [apol + [b5) |Lulef” t)| + Z 1055 Ll (6 = 6 (t))as.l
a,B=1
t
+ 14911, / )| dr + Z |1, |WO|/ 9| dr)
Pt aﬁ 1

Z m(O) Zm?w / " r)ldr - Z <m4u

x el (e) + m5u|e§?><t>|h).

Similarly,

v(t) < Z ¢ _Z|a(0)|l ) e |+ZZ< |l |e (t)]

pn=1 v=1

+ Z a5 1Lulef” (©)lkag,i] + 165 Ll el (6 = ()] + 05 1Ll ef (2

a,B=1
n t
)+ D B 1ulelP (& — ¢(t))]|Kapal + |51, / (t)\ﬁf})(r)\dr
a,f=1 -
+1dD, / €O ()] dr + Z|dwll |,Ml|/ 7 ()] dr)
t—i(t oeﬁ 1
N N
1 1
S e - g Zm( >/ )y )|dr—Z(m4“

XD ) + e <)P2)
VO (g) < - Z zm bt ) @)1+ >0 (Il (0)

p=1 v=1

+ > lal1le? (6) [ mapal + DGR (6 — o(t)] + 6511l (¢

a,f=1

n t
NI+ D 10l (& = d(8)[Kap2l + 145211 /tw(t)kff)(r)ldr

a,B=1
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t
+1dC |z/ ) dr + Z|d 1 |Ha52|/ €9 (r)] dr
P(t

a,B=1
N
_Zméi)kfb |—Zm3#/ o ’dT_Z(mM
pn=1

X 2 (6) 1 4 sy €2 (£)2).

Finally,

V() < Z ¢ —Z|a |+ ma) el |+Z (Ia 1l (t)]

p=1 v=1

+ Zlawll e (&) Kagnl + D5 L€l (6 — o(8)] + 15 |1l e (8

a,B=1
n t
)1+ D B2~ 0O ksl + DI [ e 0]
a,f=1 t—1(t)
t
clagln, [ L+ S el [ 0 0ar)
t—1(t) aﬁ 1
N t N
-3 I o) = Y- [ 1wl =3 (m,
pn=1 pn=1 t—(t) pn=1

XD ()P + ms e (£)2).

Therefore,
Vit)=) VO(t)
p=0
N N
<=3 (et mu = (a9l + [afl + 102l .. + 1l (®)])
pn=1 v=1
N
0 n
=7 (m) =7 (S + 6+ B2+ NG (¢ — o(t))])
p=1 v=1
N N

t
=37 () = S (A + AR+ a2 ) [ el
t—(t)

/lzl v=1
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N N
=3 [t mu = 3 ((aPlminol + la@llmzrol + . + |l ol

=1 r=1

o
+ (I (0)\+|a H/ﬁn\ﬂa Nkaral + ...+ |al, Hf%n\)+(!@£ﬂ\\ﬁm|

Ha |ka12] + .. +|G£Z)|\/€n12’) (’a \|/€11n’+|a(2)||f<¢21,n|
N N

o Jal al) ) ) €0 (®)]] - ZK%# > (B2l
pn=1 v=1

+ 162 K21 0] + - - -+ 65 5n10]) 4+ (16 + 165 [[11,1] + (652|211 ]

oA B al) + (165112l + (65 K212l + - A+ (B0 [ 2])
o (BN + 02 szl + -+ |b£’,z>||mn1,n|>)zu)|e,<}><t — ()]
N N
-2 [(m§2—2(<|d<”||m|+|d Imarol + - + 5 I sarol)
pn=1 v=1
+ (1d0)] + 10 k112 ] + 1 kol + - -+ 1S |Kn1a]) + (1d5)]511 2]
H1d2 |[kare] + -+ 1S [5nl) + - -+ (Id5 | K1nn] + A2 521,0)

t
bt el 1) [ w(t)ks)(mdr}

N

N
= > (e muw = 3 [((alrnol + a2 lanol + - + a2 ol

=1 v=1

w
+ (lallminal + lalllkznal + ...+ af | funa]) + (Jafy) ka2l + )]

X |’f2n,2|+--~+|G£Z)’|Rnn2’) (’a |+|auy’|’flnn|+’auu”’€2nn‘
o Ll ) Y € UES %S [((B11mol + 2o
p=1 v=1

+ oA 1 [Ranol) + (105 Kl + (5 F2nal + -+ 165 K ])
+ (165 k2] + b5 [R2n2l + - - 4 05 | Kanal) + -+ (6] + (5]

X Ftnnl + 102zl + -+ [0 ) )]l 2 = 9(8))]

+ZZ[( lrinol + 1d2kanol + - - + 145 o) + (1) 11

p=1v=1
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i Rzna| + -+ 1A Knna]) + (d52 [ Rin2] + [d) | lkzn2] +

1A mel) + -+ (2] + 01l + 1]+ 4152
t

< aal) )] / |dr—2m4u(\e<°> OF + (D)
t—1(t

HEDE) + .+ D)) - Zma—m(k OP + e ()

@)+ e () (4.10)
From Lemma 4.2.1, we obtain
V(t) < - eVt me(k O + 16O + 2O+ e

- me(re (O + 1O + 62O + ..+ e (1))

A1
<—eV(t Zm4“(|eo )|+ DO+ 1D ®)] + .+ [ (®)])

N
A2
B Z( 1 )‘2m5u<|60 ) + |€(1 (t)] + |€;(¢2)<t)| +...+ |elgn)(t)|>
pn=1

A1

< — eV(t) — min(my,) (| (O] + (O] + [2 ()] + ... + € (1)])
— min(ms, ) (N + 1)) (|60 ()] + € (6)] + |e2(0)] + ..+ e (0)])

= — min(ma,)V (£) = min(ms,) (N (0 + 1)'2V2(8) = eV (6).

Hence, using Lemma 4.2.1 and the controllers given in (4.8), the FTS between

the master-response systems (4.1) and (4.5) can be achieved. Furthermore, the

; : (1) e 1
settling time can be evaluated as Ty, = T )\ ) ln( + min“(m%)) + oD In (1 +

]

miny, (ms,,) (N (n+1))1 =2 ) ’
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Corollary 4.3.1. The system (4.7) achieves FTS* if the controllers (4.8) meet same

criteria as in Theorem 4.3.1, under Assumption 4.2.1 with settling time

1 1
T = . 411
C T i) (1= ) | min Gy Ve D 0e - M

Proof. Choose the Lyapunov functional as
V(t) =) V().
p=0

The derivative of V' (t) along a system’s trajectories as computed in equation (4.10),

and with the use of Lemma 4.2.2 and Lemma 4.2.3, we get
V(t) < — min(my,, )V (t) — min(ms,) (N (n + 1)) 72V22(t),
Iz n

and expression for the corresponding settling time is given in (4.11). O

4.4 Numerical results

In this section, the effectiveness of the derived findings is explained through following

numerical examples.

Example 4.4.1. Let n = 1, then equation (4.1) becomes CVNNs with mixed time-

varying delays and multiplication is defined in Table 1.2. For N = 2, the param-

eters of equation (4.1) are given by C' = , A= ,
0.2—-0.3 0.1-0.3 0.540.1 1+0.5

B = o Mo = o "R =2+
08402y, 1.3—0.7% 0.8~ 0.3y, 0.6+ 0.3

0.571,0.2 + 0.671)T, ¢(t) = ¥(t) = sin?(t). The activation function is given by
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FIGURE 4.1: Plots of trajectories of wgo) (t) and z%o) (t), w%l)(t) and z%l) (t), for
the master-response systems (4.1) and (4.5) without controllers.

gu(w) = tanh(w’) and we obtain [, = 1 for = 1,2 and p = 0,1 with the initial

conditions wy(0) = 1.5 — 2791, wa(0) = 2 — 171, 21(0) = =2+ 571, 22(0) = 0.5+ 2.57;.

Now, choosing mi; = 1, myy = 2, mg’{) =2, mgg) =3, mé’i) =2, még) =3, my, = 20,

ms, = 10 for 4 =1,2 and p = 0,1, the controller functions become

LP(6) = = (6) — sgn(el (©)[21el (¢ — sin*(e))] +2 | s

t—sin2(t)

+20[el” (£)°2 + 10/ (£)[ ],
(») (») (») (») ‘ (0)
LY (t) = — 2¢” (t) — sgn(ey” (t))[3ley” (t — sin®(t))]| + 3/ ey (s)|ds

t—sin2(t)

+20[e¥” (£)[*2 + 10]e” (£)[ ).

In this case, Figure 4.1 and Figure 4.2 depict the systems’ non-synchronized and

synchronized trajectories without and with controllers, respectively. The settling
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FIGURE 4.2: Plots of trajectories of wgo) (t) and z§0) (t), wg)(t) and 251) (t), for
the master-response systems (4.1) and (4.5) with controllers.
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FIGURE 4.3: Plots of synchronization errors of CVNNs.

time is evaluated as 7;(6? = 0.1634 and 7;(;) = 0.4625. As a result, the settling time
produced by Lemma 4.2.1 yields a more accurate result than that derived by Lemma

4.2.2. The synchronization of the error system for CVNNs is shown through Figure
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4.3.

Example 4.4.2. Let n = 3, then equation (4.1) becomes QVNNs with mixed time-

varying delays and multiplication is defined in Table 1.5. For N = 2, the parameters

2 0
of equation (4.1) are given by C' = ,

0 3

FIGURE 4.4: Plots of trajectories of wgo) (t) and zgo)(t), w%l)(t) and zgl)(t), w§2)(t)

and z§2) (t), wgs) (t) and z%g) (t) for the master-response systems

without controllers.

A 1.504+02y 4+ 2y — 1.5y3 —2.5—2v + 37 — 1.573
—05+ 2y + 157 4+ 27 1.5 — 0.5 + 1.5y — 273 7

B_ 1423y +2.5v —1vs 0.5+ 1.5y — 292 — 1.573
2—=157 427 — 1573 3 —1v1 + 257 — 1vs 7

D 044157 +27% 4+ 0.3y —2—0.27 + 2.5y, — 1.5
—0.5 =037 + 3.1 —0.5y3 1.5+ 0.5y — 1.5 + 273

R=(1.3—14v 4127+ 1573, 1.2+ L4y, + 1575 — 1.3v3)7, o(t)
(p)

(4.1) and (4.5)

= (t) = sin?(t).

The activation function is given by g, (w,’) = tanh(w,(f )) and we obtain [, = 1 for
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FIGURE 4.5: Plots of trajectories of wgo) (t) and z§0) (t), wg)(t) and zg) (t), wf) (t)
and 252) (t), w§3) (t) and 253) (t) for the master-response systems (4.1) and (4.5) with

controllers.
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FIGURE 4.6: Plots of synchronization errors of QVNNs.
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p=1,2and p =0, 1,2,3 with the initial conditions w;(0) = 50+ 607, + 7072 + 803,
w2(0) = 104207, 4+ 3072 +4073, 21(0) = 8047071 4+ 6072 + 5073, 22(0) = 40+ 307y, +
2072 + 1073.

Now, choosing my; = 10, mys = 12, mé’{) = 14, még) = 13.5, mé’{) =9, mgg) = 11,

my, = 20, ms, = 10 for p = 1,2 and p = 0,1,2,3, the controller functions are

obtained as

mWw:—uﬁ%w—wm$%mu%@@—m#@m+9/t e (s)lds

t—sin2(t)

+20[el” (£)[%2 + 10 (£) ),
t
LY (6) = — 12 () — sgn (el (£))[13.5]¢X (¢ — sin®(t))| + 11 / € (s)|ds

t—sin2(t)

+20[e¥” (£)[%2 + 10 (£) 9],

In this case, Figure 4.4 and Figure 4.5 show the systems’ non-synchronized and
synchronized trajectories without and with controllers, respectively. The settling
time is evaluated as T(];) = 0.5893 and Ts(ft) = 0.6281. Also the synchronization of

S€e

the error system for QVNNs is shown through Figure 4.6.

Example 4.4.3. Let n =7, then equation (4.1) becomes OVNNs with mixed time-

varying delays and multiplication is defined in Table 1.6. For N = 2, the parameters

5 0 ar a b1 b
of equation (4.1) are given by C' = LA = 1 e . B = 112 :
0 4 Q21 G22 ba1 Do
di1 dio
dar  da

R2 = 1.3+1.2’71—|—1.5’72—1.2’73+1.6’Y4+1.5’75+1.776—1.3’77, gb(t) = 1p(t) = COSQ(t),
and aj; = 1.5+ 29 + 1yo + 1.4ys + 2.5y, + 0.57v5 + 29 + 1.37
12 = -2 — 15’}/1 - 25’)/2 - 3’}/3 - 1’74 - 32’75 - 23’76 - 18’}/7

a1 = 1+ 1.371 + 2.2”)/2 + 3’73 + 0.5”}/4 + 1.8’}/5 + 2.5’)/6 + 3.2’)/7
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FIGURE 4.7: Plots of trajectories of wgp)(t) and z§p)(t where p =
(

)
0,1,2,3,4,5,6,7, for the master-response systems (4.1) and (4.5) without con-

trollers.

a9 — 0.3 + 04’)/1 + 05’}/2 + 06’73 + 07’)/4 + 08’75 + 0976 + 13*77
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Ficure 4.8: Plots of trajectories of wgp) (t) and z%p) (t) where p =
0,1,2,3,4,5,6,7, for the master-response systems (4.1) and (4.5) with controllers.

b12 =3 + 32’)/1 — 2’}’2 + 1’)/3 + 18’)/4 + 22’}/5 — 1’)/6 — 1’)/7
b21 =09 - 08’}/1 + 03"}/2 + 05"}/3 + 32")/4 — 1")/5 + 05’}/6 + 03")/7
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FIGURE 4.9: Plots of synchronization errors of OVNNs.

d12 = —1 — ]_’}/1 — 23’}/2 — 32’}/3 — 1’}/4 — 45’}/5 — 23’}/6 — 32’}/7
doy =1+ 1.7y + 1.4ye + 1.67v3 + 1y4 + 1795 + 176 + 0.677
dos = 0.8+ 0.9 + 0.6 + 0.573 + 0.8v4 + 0.9v5 + 0.6v6 + 0.577.

The activation function is given by gu(w,(f )) = tanh(w,(f )) and we obtain [, = 1 for
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p=12and p=0,1,2,3,4,5,6,7 with the initial conditions
w1(0) = =0.5 4 1.4y + 1.0 + 0.3y3 — 2.094 + 1.1795 + 0.1 + 0.9,
wa(0) = —0.5 4 0.67; — 0.572 — 0.193 4+ 0.3v4 + 0.875 + 0.5 + 0.1+,
21(0) = =14 1.571 + 0.372 + 0.5y3 — 0.674 — 0.97v5 + 0.4v5 + 0.5,

(0)
22(0) =05+ 05’)/1 - 01’)/2 + 02’}/3 + 04’74 + 06’)/5 + 02’}/6 - 05’77

Now, choose mi; = 23, mi» = 19, m$¥ = 16, m{) = 20, , mépl) = 16, mg';) = 21,

my,, = 10, ms, = 20 for p = 1,2 and p = 0,1,2,3,4,5,6,7, the controller functions

become
t

L (6) = — 23¢\)(8) — sgn(el” (6))[16]€” (¢ — cos?(t))] + 16 / ) )]egp)(s)|ds

t—cos*(t
+10[el” (£)°2 + 201 (£)] ],
(°) (°) (0) (») ¢ (°)

Ly (t) = — 19¢” (t) — sgn(ey” (£))[20|e5” (t — cos?(t))| + 21/ ! )]62’0 (s)|ds

t—cos*(t

+10[e” (£)°2 + 20[ e ()],

In this case, Figure 4.7 and Figure 4.8 depict the systems’ non-synchronized and
synchronized trajectories without and with controllers, respectively. The settling
time is evaluated as ’Ts(e? = 0.7123 and 7;(62,5) = 0.8625. The synchronization of the

error system of OVNNs shown through Figure 4.9.

Remark 4.4.1. The stability of the hypercomplex recurrent correlation NNs using
synchronous and asynchronous update modes has been addressed in [102]. The first
theorem in [102] demonstrates that if the activation function in the output layer is
a B-function, the hypercomplex recurrent correlation NNs will always reach equilib-
rium through synchronous or asynchronous update modes. While in this chapter,
the FTS and FNTS of HCNNs have been investigated with mixed time-varying de-
lays. In FTS, the HCNN state variables reach a synchronized state within a set

amount of time, called the settling time, that doesn’t depend on initial conditions.
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For HCNNs to reach FTS, the controller is designed to ensure convergence within
a specific time frame. Examples of complex, quaternion and octonion-valued HC-
NNs are provided to demonstrate the theoretical findings. As a result, our proposed

model and derived results are more general as compared to [102].

4.5 Conclusion

The present chapter focuses on the FTS of master-response systems with time-
varying delays, marking the first exploration of FTS in HCNNs with such delays.
Here, the state vector is represented using hypercomplex numbers. A set of sufficient
conditions is derived to achieve the desired synchronization through the development
of a novel controller and careful selection of the appropriate Lyapunov functional.
Two distinct settling time formulations are obtained by employing two different
lemmas, which demonstrate that the settling time produced by Lemma 1 yields a
more accurate result than that has been derived by Lemma 2. To address the non-
commutativity and non-associativity inherent in hypercomplex numbers, HCNNs
are decomposed into (n + 1) equivalent RVNNs, which guide the investigation into
HCNNs akin to RVNNs. Finally, numerical simulations corroborate the accuracy of

the theoretical findings, extending to CVNNs, QVNNs, and OVNNs.

Kokokokok skookok ko kok



