CHAPTER b

A NEW DIFFERENCE SCHEME FOR TIME

FRACTIONAL TELEGRAPH EQUATION

In this chapter, we developed a new difference scheme for the time-fractional tele-
graph equation. This chapter is structured as follows: In section 5.2, approximation
of Caputo derivatives of order « € (0,1) and (1,2) by the L123 approximation and
the L3 approximation respectively is given. In order to solve the TFWE, a new
difference method is proposed in Section 5.3. Four numerical examples is given in
Section 5.4 to validate the accuracy of the scheme. Finally, the chapter is concluded

in Section 5.5.
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5.1 Introduction

In this manuscript, we consider the following time-fractional telegraph equation [174]

.

OCD(tX‘u(X7 t) + ’7100D[5u(xv t) + 721’[(}{7 t) = 73uxx<x7 t) + f(Xv t)) (X7 t) €= [le Xr] X [07 T]?

I1.C.:U(x,0) = d1(x), 9gh(x,0) = da(x);

kB.C’. cU(x, ) = Pi(x), U(xe, t) = a(x).

(5.1)

where, 1 < ¢ < 2 and 0 < 3 < 1 and the Caputo fractional derivatives is defined as

t

CDPY(,t) = F(ll— 3 / é‘lf’j))ﬁds, B e (0,1), (5.2)
CDY(-, t) = F(Ql_a)/(fjt’)j)lds, ae (1,2). (5.3)

0

5.1.1 Our contribution

The following points explains the main contributions of this chapter:

e We have applied two numerical approximations for the Caputo derivative of
order o i.e. L3 approximation [175] for &« € (1,2) and L123 approximation
[106] for f € (0,1) .

e A difference scheme is proposed by using these two approximation in combi-
nation with central difference approximation for space derivatives. In order
to validate the accuracy of our scheme, four test examples of the TFWEs are

provided.
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e In comparison to the preceding scheme given in [3], it is found that the pre-

sented scheme performs significantly improved in terms of accuracy and order.

e In a computational framework, the order of convergence of the proposed dif-

ference scheme is O(7?, h?).

To the best of our knowledge, this is the first time the proposed approach has been
implemented for any TFTE. Stability and convergence of the proposed scheme is

under investigation.

5.2 Time discretization

This section includes the L3 and L123 approximation of order o« € (1,2) and § €

(0,1) of the Caputo derivative, respectively.

5.2.1 L3 approximation of the Caputo derivative of order

x € (1,2)

The Caputo fractional derivative of order o € (1,2) is defined as:

t

1 [ (s
CTya _

to

We have applied the newly developed L3 approximation [175] of discretizing the
Caputo time fractional derivative of order « € (1,2). Let {t, = kt, k =0,1,2,..., N; }

with step length T = T'/N; where, N; denotes the temporal discretization parameter,
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then the L3 approximation is defined as:
T - (k,x) 2
oDyel(te) = rB-o) D6l AMG .
=0

The coefficients aj(o‘), bj(“) and cj(k"x) for 0 < j < k —1 is defined as,

b = g U+ D" I+ G ) T
for k =1,
el = 1,
for k = 2,
o )R 0 =0,
C. ’ =

aé“) + 2a§“) — b(()“) — b&‘”, j=1,

for k = 3,
¢
by j=0,
) = £l — o~ b b+ 6, o,
a9 20—, 2

(5.4)

(5.7)

(5.8)
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for k > 4,
4
by i=0,
@ pl@) | () .
a® — b\ + b 1<j<k-3,
oo ) 7t T (5.9)

aﬁoi):a - al(:i)l - bﬁoi)3 + [’ﬁoi)z + bﬁoi)la j=k—-2,

\aﬁoi)2+2a(koi)l_bl(<oi)2_bl(<oi)1’ j=k-1

Theorem 5.2.1. The truncation error in L3 approximation is given by,
CDE()] iy, —o DIL(E) = O(72). (5.10)

Proof. The proof follows [175]. O

5.2.2 L123 approximation of the Caputo derivative of order
pe(0,1)

The Caputo fractional derivative of order 3 € (0, 1) is defined as:

Cyb _ 1 / (s) s
SOOIy = 5 |

to

The L123 approximation [106] of the Caputo derivative of order 3 € (0, 1) is defined

as:
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The coefficients ﬁj(ﬁ), [_Jj(m and Ej(k’ﬁ) is defined for j € [0,k — 1] as,

a® = (j+ 1) F B (5.12)
60 = L {4+ 1)2P Py (1) R (5.13)
! (2-B) 2 ’
_(|3) o 1 . 3—p -3—B 1 2B 1 . 1-B 1B
¢ {G+1)7P =P = PG+ D) TP 2R
= eopeop oty ot el0ry )
(5.14)
where, for k =1, eg =1;
fork =2, ¢l =al + b8 € (1,1.5),¢f = af — b8 € (—0.5,1);
for k = 3,
(
~(B) | (B (B _
H ok A j=0,
B _ ) _ _ _ _ .
g =qal + o ol —2e® j=1, (5.15)
~(B) _(a) , (B
( J'( - bJ(—)l - cj(—)2’ j=2
Here, ¢ € (1,11/6), ¢{® € (=7/6,1), and ¢’ € (0,1).
For k > 4,
)
~(B) | (B | =(B) _
_(B) (B _ (B . =(B) _ o=(B) C
b b g - 260, =1L
B) — d—(B) | £(B) _7(B) | =(B) _ o=(B) , (B :
g =9a® 1o —p®) 4 e® 2t 1P 2<j<k-3, (5.16)
() |, 7B £(B) _ o=(B) , (B
P o — o) —2c®) 1 &P, j=k—2,
_(B) (B , (B
\J'()_bj(—?l+c()2> j=k=1
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5.3 Numerical scheme for TFTE

Let {x; =x +ih, i=0,1,2,..., M, } and {t, = kT, k=0,1,2,..., N;} be the uniform
meshes with step lengths h = (x, — x1) /M, and T = T'/N, where M, and N, are the
discretization parameters in x and t, respectively. The TFTE at each discrete point

(xi, &) can be written as:

SDEU(xs, b) + vlochil(xi, t) + Yell(x;, t) = 73% +f(xi, ),  (5.17)
with initial conditions

U(x3,0) = d1(xi), Fdl(x3,0) = Pa(xi), (5.18)
and boundary conditions

U(xy, ) = W1 (t), U(xp, te) = Pa(te). (5.19)

For the first time level t;, applying .3 an 123 approximation in fractional time

derivative and central difference scheme for space derivative in (5.17), we have

. 028U (x;, t
DE(xi, ) + DL, ) + 7ell(xi, ) = 73%1) + f(xi, 1), (5.20)
T 1 0 1 T 1 0 1 V31 1 1 1
[ s — 28 : JE— S — 3 c= — (sl — 241 ! -
1‘\(3 _ OC) (ul Ll1 + ul ) + M F(2 — B) (ul ul) + ’}/21’[1 h2 (uz—i-l L[1 + L(z—l> + fz

(5.21)
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Since, Ol(x;,0) = P2 (x;) therefore,

sl — gt
-1 = i), 5.22
= al) (5.22)
U = U — 2T (x;). (5.23)
T« TP
Let p® = m and p®) = m Now, rearranging the terms, we get

« - gt 27 x gt
pO (=240 + 47 + P () — ff = Sl — (h23+u()+%u”+’yz)ﬂ3+h2ﬂ}1

(5.24)

From the boundary conditions, we can get 4 = Uy (t;) and L}, = Py (). Therefore,

the discrete form of TFWE at time level ¢, for k > 2 is

a B aQH(Xi, fk)
DU, i) + 7DEt(a, t) + 928, 6) = 1= 5 +F(xi ), (5.25)
k—1 k—1 '
[Z Oy 1A2ilJ oy Bk — Z(eE’_j_l — eE_j)il{ — eE_lﬂ? + YUK
j=0 =1
_
= (U — 285+ L)+, (5.26)
on simplifying, we have,
u(® CS(—’T)”;l + ( 2ck 1) Llo + Z ckk jx—&)-l - 2Ck J) + Ck—J 1)uJ L + (g o) — QCE)k’a))ﬂ:(fl
k—1 2
+yu® Ca -j-1 — e ) )8 — e 8| = h2u5+1 (h_23 + (e g uPlefe) + 72) iy
=1
73

h2 1, 1+f (527)
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The matrix form of the scheme (5.27) is given by

(

AU =20+ U - F' + G, for k=1,
AT =p™ [Ck 1 U+ (Cﬁ 2) —QC(M)UOJFZJ 2<Ck JJ)rl _2Cl(< J) +ck —i- 1)@ 1
k
+71H(ﬁ) [— ZJ 11(95 -1 ek J)UJ - ek 1U0]

+nl® [(fo - 260 - P+ 6K, for k > 2.

Where the matrix Ay, k=1,2,...,(N; — 1) is of order (IV; — 1)

2
Ay = tridiag [E — (ﬂ + p.(“)cék’“) + 7Py + ’yz) , %] , fork >1,

h2’ h2
(5.28)
and the vector U = [Uf, 85, ... 45, ;]7 be the numerical solution at t,
3 (M.
F* = [f, 5, ..., 5,17 and G* = thf, .50, hzuM

The algorithm for solving TFTE by scheme (5.27) is
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Algorithm 5: To evaluate the numerical solution of TFTE (5.1)
Input: The rectangular domain Q = [0, L] x [0,T], M,, h = L/M,, Ny,

T = T/ Ny, initial conditions ¢;(x), ¢2(x), boundary conditions P, (x),
Po(x) and x € (1,2), B € (0,1).
Output: The discrete solutions at each grid point (x;, t)

for Numerical solution of TFTE by the difference scheme do
Step-1.1 Divide the rectangular domain in uniform step size

xi=ih, i=0,1,...M, and t, =kt k =0,1,... N;.

Step-1.2 Apply L123 and L3 approximation (5.4) to discretize the Caputo
fractional derivative in time of order (0,1) and (1,2) respectively and
central difference scheme to discretise the spatial derivatives term.

Step-1.3 Use initial condition $(x;,0) = ¢y (x;) and Jih(xi, 0) = Pa(x;) to
calculate 0 and L', respectively.

Step-1.4 Use the boundary conditions $(0,t) = 1, (x;) and
(0, L) =P (x;) to calculate the values of U4 and LY, respectively.

Step-1.5 The difference scheme for the numerical solution at first time level
Ul is given in (5.24).

Step-1.6 Use this solution ! to get the numerical solution U¥ at time level
tx for k > 2 by the difference scheme (5.27).

Step-1.7 Repeat Step 1.6 and use all the values of ¢ at each previous time

levels till we get the discrete solution of TFWE at each discritised points

(Xi7 fk>

end
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5.4 Numerical examples

FEzample 5.4.1. Consider the following TFTE [3] with homogeneous boundary con-

ditions

( 824(x, t)
ox?

I.C.: $8(x,0) = 0l(x,0) = 0, x € [0, 1],

CDXU(x, t) + §DPSU(x, t) + U(x, t) = +§(x,1), (x,t) €[0,1] x [0,1]

B.C.:4(l,t) =0, [ =0,1,
\

(5.29)
with source function
63— 6t3—B _
f(x,t) = (F(4 — ) + T1-p) + t3) (sinx)? — 2t® cos 2x. (5.30)

Exact solution of Ex. 5.4.1 is l(x, t) = t3(sinx)?.

Let N; = 100 and M, = 100 then the findings of Ex. 5.4.1 are given as follows:

e Fig. 5.1, 5.2 and 5.3 shows maximum absolute error for « = {1.1,1.5,1.9}
respectively. It shows that, the numerical solutions attains good accuracy at

every time step for all o.

e Fig. 5.4,5.5 depicts the absolute error at 7' =1 for « = 1.75 in two extended
spatial domain, when M, = 100 and N; = 100. It confirms that the proposed

method can be credible in the large scale problems.

e The absolute error at T' = 1 for various « is demonstrated in Fig. 5.6.
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e The order of convergence (CO) in time w.r.t. Ly error and L..-error for o =
{1.1,1.5,1.9}, at T = 1 is provided in Table 5.1 by taking N, = 10 x 2™,

m=20,1,...,5 and M, = 1000 grid points.

e Table 5.1 provides the comparative study of the maximum absolute error
(MAE) with the results obtained in [3] for &« = 1.5,1.9 at 7" = 1 by tak-
ing M, = 1000. Tt is found that the scheme (5.28) are highly accurate with

higher CO for all « in comparison to [3].

e The CO in space w.r.t. Ly error and Ly-error for o« = {1.1,1.5,1.9}, at T' =1
is provided in Table 5.2 by taking M, =5 x 2™, m =0,1,...5 and N, = 1000
temporal grid points. From both the tables, it can be concluded that the CO

of the numerical scheme is O(7?, h?) for all o.
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FiGURE 5.1: Graph of the absolute error of Ex. 5.4.1 at « = 1.1, Ny = 100,
M, = 100.



Chapter 5. A new difference scheme for TFTE... 189

Absolute Errorat o =1.5
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FIGURE 5.2: Graph of the absolute error of Ex. 5.4.1 at o« = 1.5, Ny = 100,
M, = 100.
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Absolute Error at o =1.75
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%10 Absolute Error at different o

Absolute Error

—*—a=1.1

FIGURE 5.6: absolute error of Ex. 5.4.1 at T = 1 for different «, N; = 100,

M, = 100.
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Scheme (5.27) Kumar et. al.[3]

x T Lo error order MAE CO Ly error MAE CO

1.1 1/10 9.326E-05 - 1.329E-04 - - - -
1/20 2.416E-05 1.949 3.459E-05 1.942 - - -
1/40 6.037E-06 2.001 8.645E-06 2.000 - - -
1/80 1.486E-06 2.022 2.127E-06 2.023 - - -
1/160 3.565E-07 2.060 5.134E-07 2.051 - - -
1/320 2.635E-08 2.223 1.145E-07 2.165 - - -

1.5 1/10 3.243E-05 5.879E-05 - 1.6759E-03 2.3879E-03 -
1/20 5.084E-06 2.673 9.509E-06 2.628 6.0373E-04 8.6047E-04 1.47
1/40 1.558E-06 1.707 2.632E-06 1.853 2.1632E-04 3.0834E-04 1.48
1/80 4.861E-07 1.680 7.620E-07 1.788 7.7184E-05 1.1004E-04 1.49
1/160 1.343E-07 1.856 2.079E-07 1.874 2.7439E-05 3.9131E-05 1.50
1/320 2.929E-08 2.197 4.892E-08 2.088 - - -

1.9 1/10 7.553E-04 1.315E-03 - 9.8112E-03 1.3760E-02 -
1/20 3.703E-05 4.350 6.203E-05 4.406 4.7162E-03 6.5907E-03 1.06
1/40 2.987E-05 0.310 4.974E-05 0.319 2.2348E-03 3.1163E-03 1.08
1/80 9.336E-06 1.678 1.579E-05 1.655 1.0508E-03 1.4634E-03 1.09
1/160 2.412E-06 1.953 4.116E-06 1.923 4.9209E-04 6.8491E-04 1.09
1/320 5.970E-07 2.014 1.035E-06 2.008 - - -

TABLE 5.1: Lo error, MAE with CO in Ex. 5.4.1 for o« = {1.1,1.5,1.9} at T =1,
M, = 500.
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Lo error MAE
« b Scheme (5.27)  CO  Scheme (5.27) CO
1.1 1/5 7.780E-04 0 1.134E-03 0
1/10 1.955E-04 1.992 2.846E-04 1.995
1/20 4.893E-05 1.999 7.181E-05 1.987
1/40 1.223E-05 2.000 1.795E-05 2.000
1/80 3.051E-06 2.003 4.483E-06 2.001
1/160 7.565E-07 2.012 1.114E-06 2.009
1.5 1/5  6.469E-04 0 0.465E-04 0
1/10  1.633E-04  1.986  2.397E-04  1.982
1/20 4.092E-05 1.997 6.081E-05 1.979
1/40 1.023E-05 2.000 1.521E-05 2.000
1/80 2.555E-06 2.001 3.779E-06 2.001
1/160 6.358E-07  2.007 9.467E-07 2.005
1.9 1/5 4.753E-04 0 6.972E-04 0
1/10 1.209E-04 1.975 1.850E-04 1.914
1/20 3.039E-05 1.993 4.649E-05 1.992
1/40 7.644E-06 1.991 1.170E-05 1.990
1/80 1.952E-06 1.969 2.993E-06 1.967
1/160 5.287E-07 1.884 8.131E-07 1.880

TABLE 5.2: Lg error and MAE with CO in Ex. 5.4.1 for « = {1.1,1.5,1.9} at

T =1 with N; = 1000.
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Ezxample 5.4.2. [125] Consider the TFTE

(

024U(x, t)
ox?

I.C.: U(x,0) = 0l(x,0) = 0, x € [0, 7],

CDXU(x, t) + §DPLU(x, £) + U(x, t) = +§(x,1), (x,t) €[0,1] x [0, 7]

B.C.:4(l,t) =0, | =0,,
\

(5.31)
with the source function
I'4 T4
f(x,t) = ( ( ;B)H— ( ;ﬁ) +2tl+ﬁ) t?sin x. (5.32)

The exact solution of Ex. 5.4.2 is 4(x, t) = t®+P) sinx. In this example, the absolute
error in Ex. 5.4.2, for « = 1.2,1.5 and 1.99 are shown in Fig. 5.7, 5.8, 5.9. The
absolute error for distinct values of @ at T" = 1 is displayed in Fig. 5.10. The Ly and
L, error with CO for different values of & are provided in Table 5.3-5.4 respectively.

The example validates the proposed scheme effectiveness.
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Absolute Errorat o =1.2
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FIGURE 5.7: Graph of the absolute error of Ex. 5.4.2 at o« = 1.2, N; = 100,
M, = 100.
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Absolute Error at oo =1.99
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Lo error L, error

« T Scheme (5.27) CO Scheme (5.27) CO

1.2 1/8 9.117E-03 - 7.275E-03 -
1/16 2.432E-03 1.905 1.941E-03 1.906
1/32 6.552E-04 1.892 5.228E-04 1.892
1/64 1.756E-04 1.900 1.401E-04 1.900
1/128 4.672E-05 1.910 3.728E-05 1.910
1/256 1.239E-05 1.915 9.883E-06 1.915
1/512  3.325E-06  1.897  2.653E-06  1.897

1.5 1/8  2.675E-02 ; 2.134E-02 -
1/16  6.600E-03  2.019  5.266E-03  2.019
1/32 1.647E-03 2.003 1.314E-03 2.003
1/64 4.129E-04 1.996 3.294E-04 1.996
1/128 1.036E-04 1.994 8.268E-05 1.994
1/256 2.604E-05 1.992 2.078E-05 1.992
1/512 6.584E-06 1.984 2.253E-06 1.984

1.99 1/8  1.156E-01 . 0.223E-02 -
1/16  3.085E-02  1.905 2462E-02  1.905
1/32  T7.930E-03 1.960  6.327E-03  1.960
1/64 2.004E-03 1.985 1.599E-03 1.985
1/128 5.024E-04 1.996 4.008E-04 1.996
1/256 1.255E-04 2.001 1.001E-04 2.001
1/512 3.132E-05 2.003 2.499E-05 2.003

TABLE 5.3: Lo error and Ly, error with CO at T'= 1, M, = 1000 for Ex. 5.4.2.
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L4 error L, error

& b Scheme (5.27)  CO  Scheme (5.27) CO

1.2 7/5 4.814E-03 - 3.653E-03 -
/10 1.213E-03 1.989 9.674E-04 1.917
/20 3.038E-04 1.997 2.424E-04 1.997
7/40 7.605E-05  1.998  6.068E-05  1.998
/80 1.909E-05 1.994 1.523E-05 1.994
/160 4.849E-06 1.994 3.869E-06 1.977

1.5 /5  3.016E-03 ; 9.289E-03 ]
7/10  7.606E-04 1.987  6.069E-04  1.915
7/20  1.907E-04  1.996  1522E-04  1.996
/40 4.784E-05 1.995 3.817E-05 1.995
7/80 1.120E-05 1.983 9.658E-06 1.983
/160 3.169E-06 1.933 2.529E-06 1.933

1.99 7/5 1.200E-03 - 8.895E-04 -
7/10 2.965E-04 1.983 2.366E-04 1.911
7/20 7.498E-05 1.984 5.982E-05 1.984
7/40 1.943E-05 1.948 1.551E-05 1.948
/80 5.536E-06 1.812 4.417E-06 1.812
/160 2.061E-06 1.425 1.645E-06 1.425

TABLE 5.4: Lo error, L, error with CO at T'= 1 with N; = 3000 for Ex. 5.4.2 .

Example 5.4.3. Consider the TFTE

.

024U(x, t)
0x2

I1.C.: U(x,0) = 0l(x,0) =0, x € [-1,1],

CDXU(x, t) + §DPSU(x, £) + U(x, t) = +§(x,1), (x,t) €[-1,1] x [0,1]

B.C.:U(l,t) =0, | =—1,1,
\

(5.33)
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with the source function

24t 24448

f(x,t) = 6w TGP (5.34)

+t + 7%t ) sin(7x).

The exact solution of Ex. 5.4.3 is given by 4(x,t) = t*sin(rx). The absolute error
in Ex. 5.4.3, for « = 1.1,1.5,1.9 are illustrated in Fig. 5.11, 5.12 and 5.13. The
absolute error for distinct values of o« at 7' = 1 can be seen in Fig. 5.14. The CO

of the numerical scheme w.r.t. x and t for distinct values of « are provided in Table

5.5-5.6 respectively.
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FiGURE 5.11: Graph of the absolute error of Ex. 5.4.3 at o« = 1.1, N; = 100,
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Absolute Errorat o =1.5
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- x10™ Absolute Error at different o
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FI1GURE 5.14: Graph of the absolute error of Ex. 5.4.3 for different «, N; = 100,
M, = 100.
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Lo error L, error
& T Scheme (5.27) CO  Scheme (5.27) CO
1.1 1/10 5.636E-03 - 5.636E-03 -
1/20 1.518E-03 1.893 1.518E-03 1.893
1/40 3.941E-04 1.945 3.941E-04 1.945
1/80 1.016E-04 1.956 1.016E-04 1.956
1/160 2.703E-05 1.910 2.703E-05 1.910
1/320 8.214E-06 1.718 8.214E-06 1.718
1/640  3.488E-06  1.236  3.488E-06  1.236
1.5 1/10 9.018E-03 - 9.018E-03 -
1/20 2.193E-03 2.040 2.193E-03 2.040
1/40 5.357E-04 2.033 5.357E-04 2.033
1/80 1.322E-04 2.019 1.322E-04 2.019
1/160 3.357E-05 1.977 3.357E-05 1.977
1/320 9.364E-06 1.842 9.364E-06 1.842
1/640  3.398E-06  1.462  3.398E-06  1.462
1.9 1/10  2.383E-02 ; 2.383E-02 .
1/20 5.762E-03 2.048 5.762E-03 2.048
1/40 1.380E-03 2.062 1.380E-03 2.062
1/80 3.323E-04 2.054 3.323E-04 2.054
1/160 8.083E-05 2.040 8.083E-05 2.040
1/320 2.023E-05 1.998 2.023E-05 1.998
1/640 5.592E-06 1.855 5.592E-06 1.855

TABLE 5.5: Ly error and L, error with CO for Ex. 5.4.3 at T' = 1 with M, =
1000.
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Lo error L, error
« b Scheme (5.27)  CO  Scheme (5.27) CO
1.1 2/5 7.792E-02 - 7.410E-02 -
2/10 1.919E-02 2.021 1.825E-02 2.021
2/20 4.779E-03 2.006 4.779E-03 1.933
2/40 1.194E-03 2.001 1.194E-03 2.001
2/80 2.985E-04 2.000 2.989E-04 2.000
2/160 7.473E-05 1.998 7.473E-05 1.998
2/320  1.880E-05  1.991  1.880E-05  1.991
1.5 2/5 5.721E-02 - 5.441E-02 -
2/10 1.435E-02 1.995 1.365E-02 1.995
2/20 3.590E-03 1.999 3.590E-03 1.927
2/40 8.978E-04 2.000 8.978E-04 2.000
2/80 2.246E-04 1.999 2.246E-04 1.999
2/160 5.630E-05 1.996 5.630E-05 1.996
2/320 1.422E-05 1.985 1.422E-05 1.985
1.9 2/5 3.550E-02 - 3.377E-02 -
2/10 9.071E-03 1.969 8.627E-03 1.969
2/20 2.280E-03 1.992 2.280E-03 1.920
2/40 5.711E-04 1.997 5.711E-04 1.997
2/80 1.432E-04 1.996 1.432E-04 1.996
2/160 3.613E-05 1.936 3.613E-05 1.986
2/320 9.376E-06 1.946 9.376E-06 1.946

TABLE 5.6: Lo error, Ly, error with CO for Ex. 5.4.3 at T'= 1 with N; = 2000.
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Ezample 5.4.4. Consider the TFTE

CDXU(x, t) + §DPS(x, t) + U(x, t) = % +f(x, 1), (x,t) €[-1,1] x [0,1]

I.C.: U(x,0) = 04U(x,0) =0, x€[-1,1],

B.C.: Ul t)=—, | =—1,1,

(5.35)

with the source function

o (2T 2
O =\r6-w "TG-p

- (4P -2t ) e, (5.36)

The exact solution of Ex. 5.4.4 is $i(x,t) = t¢™*". The absolute error in Ex. 5.4.4,
for o« = {1.1,1.5,1.9} are shown in Fig. 5.15, 5.16 and 5.17. The absolute error
for different value of « are shown in Fig. 5.18. Table 5.7-5.8 shows the CO of the

numerical scheme for distinct values of o.
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FIGURE 5.15: Graph of the absolute error of Ex. 5.4.4 at o« = 1.1, Ny = 100,
M, = 100.
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Absolute Errorat o =1.5
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5 X 10 Absolute Error at different o
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FiGURE 5.18: Graph of the absolute error of Ex. 5.4.4 for different «, Ny = 100,
M, = 100.
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Lo error L, error
& T Scheme (5.27) CO  Scheme (5.27) CO
1.1 1/10 1.314E-02 - 1.285E-02 -
1/20 3.614E-03 1.863 3.534E-03 1.862
1/40 9.440E-04 1.937 9.223E-04 1.936
1/80 2.411E-04 1.969 2.359E-04 1.969
1/160 6.102E-05 1.982 5.987E-05 1.981
1/320 1.548E-05 1.979 1.522E-05 1.973
1/640 4.028E-06 1.942 4.022E-06 1.920
1.5 1/10 2.091E-02 - 2.048E-02 -
1/20 5.300E-03 1.980 5.194E-03 1.979
1/40 1.312E-03 2.014 1.286E-03 2.014
1/80 3.228E-04 2.023 3.165E-04 2.023
1/160 7.948E-05 2.022 7.797E-05 2.021
1/320 1.968E-05 2.014 1.936E-05 2.010
1/640 4.954E-06 1.990 4.924E-06 1.975
1.9 1/10  4.725E-02 . 4.618E-02 -
1/20  1.203E-02 1.974 1.182E-02  1.966
1/40 2.971E-03 2.018 2.930E-03 2.013
1/80 7.252E-04 2.034 7.160E-04 2.033
1/160 1.762E-04 2.041 1.741E-04 2.040
1/320 4.279E-05 2.042 4.231E-05 2.041
1/640 1.042E-05 2.037 1.034E-05 2.032

TABLE 5.7: Ly error and L, error with CO for Ex. 5.4.4 at T = 1 with M, =
1000.
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Lo error L, error
x b Scheme (5.27)  CO  Scheme (5.27) CO
1.1 2/5 1.020E-02 - 1.118E-02 -
2/10 2.505E-03 2.025 3.148E-03 1.828
2/20 6.232E-04 2.007 7.824E-04 2.008
2/40 1.556E-04 2.002 1.953E-04 2.002
2/80 3.891E-05 2.000 4.884E-05 2.000
2/160 9.784E-06 1.997 1.223E-05 1.998
2/320  2.458E-06  1.988  3.080E-06  1.990
1.5 2/5  T7.114E-03 ; 7.916E-03 :
2/10  1.766E-03 2011  2.297E-03  1.785
2/20 4.400E-04 2.005 5.720E-04 2.005
2/40 1.099E-04 2.001 1.429E-04 2.001
2/80 2.749E-05 1.999 3.574E-05 1.999
2/160 6.896E-06 1.995 8.959E-06 1.996
2/320 1.747E-05 1.981 2.265E-06 1.984
1.9 2/5  4.524E-03 . 5.054E-03 ;
2/10  1.153E-03 1972  1.532E-03  1.722
2/20  2.800E-04 1.996  3.838E-04  1.997
2/40 7.224E-05 1.996 9.620E-05 1.996
2/80 1.828E-05 1.987 2.427E-05 1.987
2/160 4.741E-06 1.947 6.280E-06 1.950
2/320 1.362E-06 1.800 1.784E-06 1.816

TABLE 5.8: Lo error, Ly, error with CO for Ex. 5.4.4 at T'= 1 with N; = 2000.
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5.5 Conclusion

In summary, we have proposed a novel difference scheme to solve TFTE. The Caputo
fractional derivatives of order & € (1,2) and € (0,1) have been approximated
by L3 and L123 approximation respectively, whereas spatial derivatives have been
approximated by central difference scheme. The numerical scheme is validated on
four numerical examples and the obtained results are highly accurate and of second
order w.r.t. x and t. The comparative study of the numerical results with [3] in
Table 5.1 proves the effectiveness of our scheme. The proposed approach can be

extended for the nonlinear and higher dimensional TFWE in future.

Soskoskokok skokokskokok
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