Chapter 5

Exponential and adaptive chaotic
lag synchronization of inertial
Cohen-Grossberg neural networks
with discrete and unbounded

distributed delays

5.1 Introduction

The Cohen-Grossberg neural networks (CGNNs), introduced by M.A. Cohen and S.
Grossberg in 1983 [82], encompass the traditional Hopfield neural networks. These
neural networks have been effectively used in neuroscience, population ecology and

evolutionary theory [83, 84, 85, 86, 87]. Therefore, the researchers are keen to
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look into the dynamical properties of CGNNs. In most of the previous works con-
cerned with the synchronization and stabilization of inertial neural networks (INNs),
sufficient conditions are obtained by using the variable substitution method. This
approach involves transforming the original INNs into two first-order systems, which
can lead to an increase in system dimensions and complicate theoretical analysis.
However, in the study by Li et al. [88], a novel Lyapunov functional is constructed
to directly investigate the asymptotic stability and synchronization of INNs. Con-
sequently, this non-reduced-order methodology has been employed to explore the
stability and synchronization of various INNs [89, 90]. Nonetheless, these findings
primarily concentrate on aspects like stability and synchronization. In contrast, the
present chapter looks into the lag synchronization of inertial CGNNs. In reality, it is
unrealistic that the neural system gets completely synchronized without time lag due
to finite signal transmission speed. The transmission of signals from the transmitter
to the receiver side often takes a definite time. For example, in the communication
systems, the voice heard on the receiver side at time ¢ + § corresponds to the voice
on the transmitter side at time ¢. In recent years, the study of lag synchronization
has been of great importance, and several results have been published in this field
by different researchers [91, 92, 93, 94, 95]. However, the above-mentioned results
on lag synchronization are mainly based on first-order NNs. Also, to the best of the

knowledge the lag synchronization of CGNNs has not been studied in the literature.
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5.2 Preliminaries

Consider a class of CGINNs with unbounded distributed delay as

n

§(0) = — Bidi() (Sz(t))[hi(si(t))—zawf] o Zbufg (s5(t — 75(1))

J=1

= [ ROttt = 0] 61)

fori e I ={1,2,3,...,n}, where s;(t) denotes the state variable of the i—th neuron at
time ¢, §;(t) is called an inertial term of (5.1), f; > 0 is the damping coefficient, «,(.)
denotes the amplification function, h,(.) is the behaved function, a;;, b;; and ¢;; are
the connection weights from jth neuron to i-th neuron; f;(.) denotes the activation
function of the j-th neuron at time #; 7;(¢) is the discrete time delay of the j-th
neuron at time ¢, the delay kernel I;(.): [0,00) — [0,00) is continuous function
which satisfies [;* K;(0)df = 1 and [;° K;(0)e*'d§ < 400 for some positive value
of \.

The response system corresponding to the master system (5.1) is given by
0) == A1) = (0 [0 0) = Y 0) = D = ()
J= Jj=
=3 e [ ROt~ 0] ), 52
=
where u;(t) is the feedback controller defined by
ui(t) = =0;(w;(t) — s;(t — 1)), 7€ 1. (5.3)

Let e;(t) = w;(t) — s;(t — 74). be the lag synchronization error where 7, > 0, for

1 € I. The error system corresponding to the master-slave systems is obtained by
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subtracting (5.2) from (5.1) as

Eit) = — diei(t) — Biei(t) — [ai(wi(t))hi(wi(t)) — cilsi((t — 7a))) hi(si((t — 7a)))]

n

+ai(wi(f))zaijfj(eg( + i (wi(t wafj ej(t —7;(t)))

J=1

+ a;(w;(t)) Z Cij /000 K;(0)f;(e;(t —0))df + (a,;(wi(t)) — a;(si(t — Td))>

(Zawfj<53(t_7'd +quf] s;(t (t)(t) — 74))

7j=1

+ Z Cij fi(si(t —0 — Td))de), (5.4)

where f;(e;(t)) = fi(w;(t)) — fi(s;j(t — 14)), fi(ej(t — 75(t))) = fi(w;(t — 7;(t)) —
filsi(t = 73(t) = 7a) and fi(es(t = 0)) = f(w;(t = 0) = f(s;(t = 0 — 7).

In this chapter, the following assumptions are made.

Assumption 8. «;(s;(t)) is differentiable and satisfies |&;(s;(t))| < A; and 0 < ¢

—_ 1

<

a;(s;i(t)) < @;.

Assumption 9. Let ¢;(s;(t)) = a;(si(t))hi(s:(t)), where g;(s;(t)) is a differentiable

function such that there are constants L;, L; > 0 satisfying 0 < L, < gi(si(t)) < L;.

Assumption 10. The time varying delays 7;(t) are bounded, differentiable and satisfy

7;(t) <7 and 7;(t) < 79 < 1, where 7 is a positive constant.

Assumption 11. The activation fuctions f; satisfy Lipschitz condition and are bounded,

i.e., there exist constants M;, f; > 0such that | f;(si)—f;(s:)] < Mj|sp—s;|, and |f;(s;)] <

fj. for i,j,kel.

Lemma 5.1. [96] If the function f(x) is uniformly continuous and lim fo s)ds

T—r00

exists and is bounded, then f(x) converges to zero whenever © — 0o.
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5.3 Main results

Theorem 5.2. Under the Assumptions 8-11 the considered system is exponentially

lag synchronized under the feedback controller (5.3) if

3 6 B - 3—— _ L
— 51 Lz + '5 -+ 5 - 5 + Z (|a,-j| + |b”| + |Cij|) <§Alfj + Oélj\fj) + 5
j=1
+ Z (|aﬂ\ + | ) + \cM)]\I@j < 0,and
3 0 B 1— 1_
2— B+ ’ +5 -3 + -+ Z [ais] + [big| + leig) (FAif; + @) < 0.

Proof. Let us consider the following Lyapunav functional

T, |bij v M. ez
V0 = 3160 + () +0) ”td+§3§35_m [ s

i=1 j=1

+ZZM oz,|c,]]/ / K A=) g (5.5)

=1 j=1

Calculating the time derivative of V() along the solutions of equation (5.4), we

obtain

V(t) = _ (@(t)&(t) +(ei(t) + éi() () + é (t))) 2A1=7)

i=1
n n
|bij| @i M; - O R :
£2.0 Gy (SO = (e = ()T - (1)
i=1 j=1

+ Z Z |Ci]‘|§iMj (/ K]- (9)6?(15)62)‘9(19 — / KJ(Q)ei (t _ 9)d0> 62)\(t—7d)
- 0 0
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E/\ t) 4 é(t))?) e +Z (e5(t)és(t) + (e5(t) + &;(£))é;(t)) M)

+ Z(ei(t) + é(t)) e t_”){—5i€z‘(t) + (1 = Bi)éi(t) — [ovi(w;(t)) hi(wi(t))

= ai(si((t = ) hisi ((t = 7)))] + i(wi(t)) Y @iz fi(es (1))

J=1

—i—()zz wl Zb“fJ GJ +OQ U)Z Zcz]/ K fJ ej t_ ))
+ (ai(wi(t)) i(si(t — 74 ) (Zauf] si(t —1a)) + szjfj s;(t —1;(t) — 1a))
+ Z Cij /oo K;5(0) f(s;(t = 6 = Td))dg) }

n n ’bq |Oé7 — s T .
220 )T — G — 7y ()P (1= (1)

231

+ZZ|%|% (/ K;(0)e3(t)e™do — /K > Alt=rs).

=1 j=1

(5.6)

Under the Assumption (8), and using the differential mean value theorem, we get

n

V(t) = { (e (t)éi(t) + (ei(t) + cﬁ(t))c@(t)) T LN (€2() + (es(t) + éi(t))?) M)

=1

T (elt) + ex(t))e >[ Sieat) + (1= BYEx(t) — guluws + (s — 5)ex(t)

+ a;(wi(t)) Z ai; f(e;(1)) + o (wi(t Z bij fi(e(t — 7;(1)))
+ a(wi(t)) Z e /O K50 f;(e5(t — 6))dB + s (w; + oy — 52))

O S ashieste =) + Y bt = (0 = 1)
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* Z ij /Ooo K;(0)f(e;(t — 6 — Td))de)]

bij|ai M T—T, —7; T—T, .
+ Ibis @i M; ]|_a L( e2(1)eM T — e2(t — 7;(1)) eI (1 — 7 (t))
(1 7'0)
j=1
+Z|cij|aiMj( / K;(0)€3 (t)e*df — / K;( t—H)dQ) Ww)},
j=1 0

where 0 < 61,05 < 1.

Using Assumptions (8)-(11), we have

<ePMi=7a) Z{ <2>\ —0i =L+ A ( D laglFi+ D bl F;
i=1 j=1 j=1
+ 3 leylf; /oo Kj(ﬁ)d9> > () + (A +2 = B)eE(t) + (20 + 3+ 6; — Byea(t)é(t)
i=1 0

(A Shaalf + S 0lF,+ S lealF, [ K000 ) + T el
=1 =1 i=1

+ a0 Y | Mylea(t)]le; (1) + a0 [bi| M;lei () le; (t — 75(1)))]

j=1 =1
+@Z|Cij|Mj/o K;(0)|ex(t)lle;(t — 0)|d6 +a; > las| Mjleé(1)]|e;(1)]
j=1 j=1
+5iZ!bij|M'|éz‘( )|H€j(t—Tj(f))+aiZCz’j|Mj/0 Kj(0)éi(t)]le;(t — 0)|do
j=1

byl M, -
Z| ]’Oé J 2 QAT—Z‘bijla'AfjeJQ( - ](t))

1—7'0

+Z|cijyaiMj< / K;(0)eX(t)e*dg — / K;( )d9>}
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Now by using mean inequality, i.e., uv <

(u? 4+ v?%), we have

N

i=1

Vi s Sl o a - Lo A Skl + S lF, + S leolF, [ K008 )]
j=1 j=1 J=1 0

><e?(t)+(A+2—ﬁi)é?(t)+‘)\+§+§_%

Zi n .
(@ +ét) + |5 (X,
£ lT,+ S lelTy [ K00 ) + 2] )+ 200+ T X lawlariete
j=1 j=1 J=1

)+ G D M0 + e~ () + 5 DIl [ KO

al mn . az n .
+e3(t—0))do + 5 > lalM;|(e3(8) + €3(1) + 5 > bl M1 (E3 ()
j=1 j=1
i — >~ " by @i M .
=)+ 5 Llalil [ @0+ -0+ > e
j=1 0 =1 7o)
=Y IbglEmMel(t — (1) + Y leilai; (/ K;(0)e2(t)edb
j=1 j=1 0
- / K,(0)¢2(t — 6)d0>}
0
V(t) <e2*(tﬂ>§n: IN—Gi— L+ A+ G _5 +zn: |ai;| + |bij]
> = I 7 2 2 2 P 1] 2]
> 3—— . L - ’b,7‘71| 27
+ |czj/o KJ(H)d0> (§Azfj + ozzj\[j> + 5 + ; (!aﬂ\ + - 7_0)6
- 220 _ 1 3 0 B
0

L < o 1— 1_ ,
j=1 0

(5.7)
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As, [[TK;(0)d0 =1 and  [° K;(0)e***df < co. Therefore, we can choose a small

A > 0 such that

3 51 ﬁz
2/\—5,@—L7;+‘)\+§+§——

+Z(lau|+rbu+|cu|/ 000 (347, + w01

+—+Z(| ]’L|+ ]Zl) 2AT+|J1|/ K QAGdQ)Maj<0and
Zi "
7+Z(|aijl+|b¢j|

j=1

> 1— 1
+ ’Cij‘ / KJ(H)dG) (iAzf] + 5@1]\13) S O7 for 4 = 1, 2, N

3 0 B
A+2-Bi+ A+ + -2
- 6+‘+2+2 5

Then from equation (5.7), V(t) < 0, which implies that V' (¢) < V/(0), for all ¢ > 0.

Now, from the equation (5.4), we get

Z 2/\ t—74) (5.8)

Now
bij|a; _
v (0) =—Z 0) + (o)) e 4 303 Lalmdy = / | GO
i=1 j=1 T
+ZZM0@|CW|/ / K 0T g4
i=1 j=1
Slzn: sup  [€2(0) + (e;(0) + &(0 +zz|bu|0éz sup e?(@)
i1 0€(=00, 0] P 1 —7) 9e(—c0, 0]
YOS Ml / K08 s 0 (5.9)
i=1 j=1 00,
£2e,, (0)]7, (5.10)

It follows from (5.8) and (5.10) that >, (w;(t) — si(t — 74)) < Elle,, (0)[|e "0, ¢ >

Td-
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This completes the proof. O

Corollary 5.3. Under the Assumptions 8-9 and 11, the systems (5.1) and (5.2)
with constant discrete delay 7; and unbounded distributed delay are exponentially lag

synchronized via control law (5.3) if

3 0 fi
-5 — L Z_=
0; _+’2+2

5. T,

+) (!ajz' + [bjal + |Cji|)Mz'5j <0,

=1

2_/Bz

n
i

1— . 1
t5+ D (| + [bis| + e ) (5A4:f; + 5@M;) <0,

+___

3 5&' ﬁL
2 2

j=1
foriel.
Corollary 5.4. It follows from the Assumptions 8-11 that the systems (5.1) and

(5.2) are globally lag synchronized via control law (5.3) for small value of \ with

discrete time delays 7;(t) and without distributed delay if the following are satisfied:

3 0 57 3= _
j=1
Li | biil  orr\ 1y =
+ ? + Z <|(Iji| + mfﬁ MZ'Ozj < O,
7=1
3 6 B - 1— 1_
2— 0+ 5—5—5—5 +—+Z |CLZ]|—|—|b”|)(§Aifj—|—§OéiMj) < 0,

for each i € 1.

Remark 5.3.1. When the control gains become excessively large in a feedback con-
troller, it can lead to a high control cost, making the control strategy expensive to
implement. To address this issue and design a more cost-effective controller from a
practical standpoint, we will utilize the following adaptive controller in the subse-

quent sections, formulated and based on the given results in Theorem 5.5
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Theorem 5.5. Under the Assumptions 8-11, the systems (5.1) and (5.2) acheive

global lag synchronization under the adaptive control scheme given by

(

ui(t) = —mi(t)es(t) — vi(t)éi(t),

() = mies(8) (e5(t) + é:(1)), where n;, ¥; >0 foriel (5.11)

i) = wiei(t)(€(t) + eilt)).

Proof. Consider the following Lyapunov functional as

0 :%Z[pi 2(0) + (exlt) + (1 +Zz|bf|_o"m /t_7.<t>e§(9)d9+ZZMj

i=1 j=1 i=1 j=1

<aleol [ [ m@cmarar 130 [Tt -+ ¢ 0 -7
i=1 v .

(5.12)

where p;,7;, 1, are positive constants, which will be given later.
Now, calculating the time derivative of V/(¢) along the solutions of equation (5.4),
we obtain

n

V()= [pie(t)éult) + (es(t) + eu(t)) (&lt) + éult *ZZMQM ©

i=1 i=1 j=1 (1 =70)

—ei(t—m(t)(1 +ZZM%|CU|/ K — 2(t — 0))df
"1 o1 — .

0y [Em(t) — W (60 - B

i=1
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or,

n n

)= 3 e 0600) it + 0] + Y (et + 0 -0
= i(t)éi(t) — Biéi(t) — [ai(wi(t))hi(wi(t)) — ci(si((t — 7a)))hi(si((t — 7a)))]

n

+ a; (w;(t Z a;; fi(e;(t)) + ay(w;(t Z biifile 7;()))

+ oy (wy(t ZCU / (0) f;(e;(t — 0))do + <ai(wi(t)) — (st — Td)>

x (Z ai; f(s;(t — 7a)) + Z bij f(s3(t = 75(t) = 7a))

j=1 j=1
|bU|on
+Z%/ K;(0)f;(s5(t — 0 — 14) d9>} 2; 0=
(t—Tj(t—Td (1—75(t) +ZZM0¢Z|CU|/ K,( e?(t—@))d@

+Z{m 7:)(€7 (1) + ei(t)e(t)) + (1ilt) — ¥y) (€] ()+6z()z(t))]

(5.13)

By using the Assumption 8 and the differential mean value theorem, we get

n

V) = 3 06 ) 00+ 0] + 3 (e0)+ ) { i

n

— giw; + 01 (w; — 51))es(t) + ci(wi(t)) D i fi(e;(#)

j=1

+ a; (w;(t Zb”j] e;(t )+ ay(w;(t ch/ K;(0)f;(e;(t—0))do

+ dy (w; 4 Oz(w; — s;)) et )(Z a;; fi(s;(t — 7)) + Z bij f(s;(t — 7;(t) — 7))

7j=1

+Zcu/ K;(0)f;(s5(t — 0 — ) d9>} ZZ'?'?’TO

i=1 j=1
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n n

e2(t — 73(t — 1a) (1 — 75(2) +ZZM@42]%]/ K — (t - 0))dd
" Z [ T2 (t) — Tres(ét) — B (t) — %ext)éi(t))} , (5.14)

for 0 < 01,02 < 1.

Using Assumptions (8)-(11), we have

sé{(Lﬁzi(?am?ﬁim+i|cm7j [ ) )
1= B0 + (o +1 - Ba(06) + |2 (D%HDW

+ Z el /000 Kj(9)d9> +Zz‘] lei(t)[1€:(2)] +®-Z |aij| Mjlei(t)]|e;(2)]

J=1

@ Y b Mle(t)]]e; (¢ — 75(1)))] +@Z |eij| M; /000 K;(0)]es(t)|le;(t — 6)|do

Jj=1

Y fag| Myl ()] le; (8)] + @i Y b M;lé()]le; (¢ = 5(2)]

j=1 J=1
B n 00 . _ n |bm|AIj ,
Y el M G O)elle; (¢ = 6)ldo + > TSR
=1 j=1

g il by | Me2(t — 75(2)) + il eyl ( /OOO K, (6)2(1)do
_ /OOO K;(0)e3(t — 9)d0> }+ i [ — 7,2(t) — Trei(t)é;(t) — ;2 (t)

i=1

~Teu0)].
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Now by the use of mean inequality, we get

vy <3 (L nﬁA(§}%m+§;%m+§;%mlm&@w»ﬁw
0BT + o+ =T el + [ 5 (Sl

+ jz: |bii| £ + zn: el £ / ) Kj(ﬁ)d9> + %] (€t +€e) + %g |as;]

X My(e3(1) +—Zwm1 <7wm+%iqﬂa
xAwkx@«éu»+%a—9»w+f§§;MMMM@ﬂw+%u»

# 5 D IO + e~ + G D sl [0+ e o)

b;:| M
‘@ 23’”’2 EJ%MMJ (1))

+;|cijyaiMj(/0 K;(0)e2(t)do — /K )da)}
e
Ll

n

§g@m+

=T+ (1= 5= B 23 (] + I

j=1

a,;]\/jj)]éf(t)}. (5.15)

n 3__ 1_
165l

+|cﬂ|/ Ki(0 d&)MQJ W+ (175

M| —

Hleol [ Ky (0)a6) (AT, +
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For each ¢ € I, choose
7=3 (laal + ol el [ mo0a0) (347, + g ) + &
i 2 J J j i )
bji
+Z <aﬂ| s | jl +|cﬂ\/ Ki(f d@)Ma] L;+1, (5.16)
¥, =1 — B + z + zn: (|aij| + |bis] + |c”\ K dﬁ)(ﬁf lmMj), (5.17)
= 2 2
pi =Bi + ¢, +7; — L. (5.18)
From equation (5.15), it can be easily verified that p; > 0. Therefore,
V()< =) e, (5.19)
i=1
which shows that
t n
lim Z (s)ds < V(0) < 400 (5.20)

Hence, V(t) < V(0) for t > 0.

Then by the definition of V(¢), both e;(t) and é;(t) are bounded for each i € I

and ¢ > 0. This means that the derivative of > ", e?(t) is bounded and hence

Sor, €2(t) is uniformly continuous.

By applying the lemma 5.1, we have

. 2 .
tlggo 2 e;(t) =0.

Hence, the master-slave systems (5.1) and (5.2) are globally asymptotically synchro-

nized, which shows that proof of the theorem is completed.

O
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Corollary 5.3.1. Under the Assumption 8-9, and Assumption 11 system (5.1) and
(5.2) with constant discrete 7, and unbounded distributed delay is exponentially lag

synchronized via control law (5.11).

Corollary 5.3.2. Under the Assumption 8-11, system (5.1) and (5.2) with discrete
delays 7,(t) without unbounded distributed delay is exponentially lag synchronized

via control law (5.11).

Remark 5.3.2. Indeed, the Lyapunov functional method is a well-known approach
for pursuing the synchronization of NNs. In many Lyapunov functionals, the state
variables of the model in question are utilized. In the case of Eq. (5.1), treated as
a second-order differential system for studying its lag synchronization, the authors
have introduced a newly developed Lyapunov functional (5.5) and (5.12). This
particular Lyapunov functional includes the state variables and their derivatives,
which distinguishes it from the traditional Lyapunov functional. This novel approach
likely allows for a more comprehensive analysis and potentially different insights into

the synchronizations of the system.

Remark 5.3.3. Up to this point, research on synchronization and stability for ICGNNs
using the non-reduced order approach has yielded a limited number of results, as
cited in [97, 98, 99, 100]. However, it’s noteworthy that these research authors have
focused on scenarios involving either constant or bounded discrete delays. In prac-
tical terms, the functioning of a neuron indeed relies on its entire previous state
history. Therefore, considering infinite delays in NNs would represent real-world
behavior and dynamics more. Addressing these infinite delays in ICGNNs presents

an interesting avenue for further research.
Remark 5.3.4. If we opt for the behavior function as h,(v,(t)) = h,v,(t) and set the
amplification factor as «,(v,(t)) = 1, then the system described in Eq. (5.1) trans-

forms into Hopfield-type Neural Networks (NNs). In this context, the outcomes
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related to lag synchronization, synchronization and stability that have been pre-
sented in works [101, 102, 103, 46, 88] become specific instances of the more general
results obtained for a broader class of NNs. This demonstrates the versatility and
applicability of the proposed framework to a wide range of neural network models

beyond just the Hopfield-type.

Remark 5.3.5. If you select the lag factor 7; = 0, and there is no presence of an
unbounded distributed delay term, then the results presented in the work would
indeed encompass the synchronization of ICGNNs, as mentioned in the article [99].
In such a scenario, it’s reasonable to conclude that the results that have derived are
more general and applicable to a broader range of NNs model, thereby extending

the scope and relevance of your findings.

Remark 5.3.6. Tt’s notable that, up until now, there have been no results regarding
the adaptive lag synchronization of ICGNNs using the non-reduced order approach.
To address this research gap, this article has successfully introduced an adaptive
control scheme as presented in Equation (5.11). This scheme has been designed to
explore the global lag synchronization of ICGNNs; and this result has been substan-
tiated in Theorem 5.5. This contribution fills an important void in the field and
provides valuable insights into the lag synchronization of ICGNNs with an adaptive

control approach.
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5.4 Examples

Example 5.1. Let us consider the two-dimensional ICGNNs with discrete and un-

bounded distributed delays

n

0,(t) = = B0u(t) — au(ui(t)) |:h1(Uz(t)) - Zaljfj U, (t Zbljf] vt = 75(t))

J=1

—~ ; ¢y /OOO K,(0)f,(v,(t — 9))d9], i=1,2, (5.21)

and the corresponding response system is

n

(0) = = Bai0) — 0w (0) [ (0) ~ 2 mef] wlt— (1)

j=

—ch/ K,(6)f,(w,(t — ))d@% (), i=1,2, (5.22)

where ﬁl = 8762 = 1047 az(/Uz(t)) =1+ Mw;hz(vz(t)) = %Ul(t))fl(vl(t)) =

1+ tanh(v, (1)), 7,(t) = 15@“

KJ(G) = Mfﬁg) fOT’ ] = 1,2 ay; — 0.5,0,12 = 07, a91 — —04, a9y — —0.2,b11 =
0.4, blg = 06, bgl = —0.3, bzg = —0.2, C11 — —0.2, Cig = —0.4, Co1 — 03, Cog — —0.6
Also control scheme is defined as, ui(t) = —10e,(t), us(t) = —12es(2)

Clearly, 1 < a,(v,(t)) < 2.]d(v,(t))] < 0.65, g(v,(t)) = a,(v(t))h(vi(t)) =

1+v2(t

1 <v,(t) 4 o) )> 0.5 < g(v,) < 1 Select @, = 1,@, = 2,4, = 0.65,L, = 0.5, L, =
L= 3 M= grm=1m=§<0fori=12

By some simple calculations, we get
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Phase Diagram
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FIGURE 5.1: Phase diagram of the system (5.21)
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FIGURE 5.2: Lag synchronization curve of v1(¢) and wy(¢) for 74 = 4
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2
bA
+y (Iaﬂl + (1——710) + ch2|>M2a] _ 7427 <0,
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FIGURE 5.3: Lag synchronization curve of va(t) and wa(t) for 74 = 4.
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FIGURE 5.4: Time response of ej(t),e2(t) via feedback controller (5.3).

2

3 & A Ly 3— - 1_
201+ ‘§+5——2 += +j§_1 lagj| + bl +feiy| || 5 AL, + 5, ) = =2.5726 <0,
3 6 B Lo < 3 - 1_
2—524—‘5—%5—? +7+]21 |a2j|+|b2j|+|czj| §A2f]—0—5042l%] =—-4713<0

The phase behavior of the considered system (5.21)is depicted in Fig. 5.1, with initial

values as 1 = —0.2, x5 = 0.6,y; = 0.7,and ,y, = —0.1

Firstly, let’s consider the lag synchronization between the systems (5.21) and (5.22),
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FIGURE 5.5: Lag synchronization curve of vy (¢t) and wa(t) for 74 = 4.

FIGURE 5.6: Lag synchronization curve of vy (t) and wq(t) for 7y = 4.

which are depicted through Fig. 5.2 and 5.3 for lag 74 = 4. The error curve via the
feedback control 5.3 is depicted in Fig. 5.4. Next, verify the adaptive lag synchro-
nization between systems (5.21) and (5.22). Select n,, ¥, = 1 for v = 1,2 in the
adaptive control scheme (5.11), and The error curve via the adaptive control 5.11 is

depicted in Fig. 5.7.

Remark 5.6. A comparison of Figs. 5.4, and 5.7 shows that the synchronization speed

between systems (5.21) and (5.22) is notably faster in Fig. 5.4. This observation



Chapter 5. Exponential and chaotic lag synchronization of neural networks...

108

FIGURE 5.7: Time response of e1(t), ea(t) via adaptive controller (5.11).
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FIGURE 5.8: Time response for the control parameters n;(t), n2(t),%1(t), and

Pa(t).

50

validates the notion that exponential synchronization exhibits a faster convergence

rate when compared to asymptotic synchronization.
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5.5 Conclusion

In this chapter, two kinds of lag synchronization for inertial CGNNs have been
investigated. Different from the traditional order reduction approach for INNs,
two different kinds of Lyapunov functional are constructed, and two different kinds
of controllers have been designed on the considered inertial CGNNs to ensure lag
synchronization. In the first theorem, the feedback controller is used whereas an
adaptive controller is designed in second. The two sufficient criteria are feasible,
efficiently verified and maintain the originality of the proposed systems as compared
to the variable substitution approach for INNs. In the near future, the drive can
be made to investigate the global dissipativity and finite time stability for ICGNNs

with hybrid unbounded and non-differentiable delays.
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