Chapter 5

Variational Approach for Solving
Regular N-dimensional Fractional
Sturm-Liouville Problems of Order

Between (0, 1]

In this chapter, we study higher dimensional FSLPs. We presents our problem and
give the introduction about FLPs, in Section 5.1. In Section 5.2, we develop the main
results and demonstrate the existence of orthogonal solutions to the N-dimensional
FSLP. An example is provided in Subsection 5.2.1 to explain the results. Section

5.3 concludes the chapter.
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5.1 Introduction

In this chapter, we study the variational approach for solving the regular N-dimensional
FSLPs (N-DFSLPs) of order o = (aq, ag, ...,an) € (0,1]. Consider the N-DFSLP
defined in terms of the fractional version of the gradient operator involving the left

and right CFDs with mixed boundary conditions (BCs)

= (Vi - (PO “VEY)) (1) + Q)y(t) = Mw(t)y(t), (5.1)

by, _,, + 05 (P oy ()

Zd;

=0, i=1,2,.,N
= (5.2)

U (P3) O =0 5120

4 “g-

t;=d;

where t = (t1,t,...,tx) € I, (c;,d;)) = © C RY. P, Q and w are continuous
functions on © and w is weight function. Also, P(t) > 0 and w(t) >0V t € ©, and
A € R is the eigenvalue for which there exists non-trivial solution of the problem
(5.1), and “” represents the scalar product between two vectors in RY. Here, CV?
and CVg_ denote the left and right Caputo fractional gradient operator of order

a = (a1, as, ...,ay) and defined as,

N N
Ve =) "% and 9V =D %07, j=12.N, (5.3)

j=1 j=1

where C@?j and 9% are left and right partial CFDs with respect to variable ¢; of
j i
order o; € (0,1], e;, 7 =1,2..., N and I;:O‘i denote the standard unit vector in the
direction of ¢; and right Riemann-Liouville (R-L) fractional integral with respect to

t; respectively.
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The above problem (5.1-5.2) is a generalization in the fractional order of the integer-
order eigenvalue problem in higher dimension. Recently, FSLPs have evolved into
the most interesting topic for researchers. The emerging interest of several mathe-
maticians in FSLPs is because of the orthogonal eigenfunctions of FSLP, which are
used to solve fractional partial differential equations [83]. Furthermore, using the
variational technique, the main properties of the EFs and the EVs of the associated
one-dimensional FSLPs have been studied in [50, 39, 51, 99, 98]. Later, in 2021,
Ferreira et al. [101], presented the fractional variational approach for solving the
higher dimensions FSLP and proved the main result of the existence of EVs and
corresponding EFs for fractional order p € (1/2,1]. Moreover, they also showed

that the eigenfunctions are orthogonal and the eigenvalues are real and simple.

This chapter discusses a regular higher dimensional FSLPs (5.1) of order « € (0, 1]
under the BCs (5.2). Ferreira et al. [101] discussed the variational method for solv-
ing the regular higher dimensional FSLPs represented in terms of fractional gradient
operator concerning the left and right RLFDs and established the properties of EVs
and EF's for a specific range of fractional order a € (1/2,1]. In this chapter, we ex-
tend the fractional variational technique for N-dimensional FSLPs of fractional order
a € (0, 1] and prove EVs existence and the corresponding EFs form an orthonormal

set.

5.2 Existence of Eigenvalues for Regular N-Dimensional

Fractional Sturm-Liouville Problem

In this section, we will demonstrate the vital result presented here using fractional

variational calculus. We show the existence of EVs of N-dimensional FSLP (5.1-5.2)
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and corresponding EFs. First, we prove some lemmas which are required to establish

the main results.

Lemma 5.1. Let a = (aq, 9, ...,ay) with each a; € (0,1] and function r(t) =

(r1(t), ro(t), ...,rn(t)) € C(O) such that

N
COTN Ity =0, j=1,2,..,N. (5.4)
i =G
iy
If
/ r(t) - OV f(8) dt = 0, (5.5)
(S

for f € CHO) such that OV f(t) € C(O) and f fulfills the BCs

f(t)

oL, ., =0, OO, g, =0 i =L Ny i G (5.6)

ti=c;

=0, I O]y, =0

J

then for every j = 1,2,..., N there exist real constants ag and a{, we have r;(t) =

Proof. Let us take a function f(t) as pursues

N N
f) =13 (Z ei (ri(t) — af — aﬁtﬂ) = I (ri(t) — af — alty)

(1
i=1 =1

with fixed by the 2N conditions

If;r (r(t) — al — a{tj) ‘t]:dj =0, (5.7)
[if (rj(t) —al — a{tj) ‘tj:dj =0, (5.8)

LI (i) —ah —ait) |, =0, i=1,2,.,N and i#j, (59)
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CONIT (ri(t) —ah —aits) |, _, =0, i=1,2,..,N and i#j. (5.10)
We observe that function f(¢) is continuous and satisfies the BCs (5.6). Now, using

the definitions of FDs and integrals, we have for i,5 =1, ..., N,

N
e = 2L (i) — ap — aiti) [, =0,

=1

f(t)

N
©0° ®), ., = D GO I (rit) — af — diti) |, _, = 0.
J i—1 g7 7
Now, from Egs. (5.7-5.10), we have

1 Oéjf Zjl 04]]1"‘041 Tz( ) 0 . alti) ’t],:d]_
1#]
+ [2+ (T'(t) — aé — a{t) |tj:dj =0,

CaO‘J Z C’aaj [1+az rz ) 0 aitz) |t._d.
=
%#J
+ Iij (r;(t) — al — alt; |tj = 0.

In addition, for j =1,2,..., N

Oy, f( Z a, fi““ ri(t) — aiy — ait;) + 1:_;‘ (r;(t) — af) — ait;)
Z#J
N . .
=> 1{};% By, (ri(t)) + Ii (r;(t) — af) — alt;) € C(O).
=1
i#]

Moreover, using the Eqs. (1.5) and (5.4) we have

R SR )
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N N N
=> ¢ Z 1M][HC“ (rit) — ajy — aits) + > e; (r;(t) — af — alty)

j=1 =1 J=1

2

N N
— Z e 1+a3 Z IH‘“TZ )+ Z e — aj) — ajt;)

j=1 J=1

zséj

N . .
= Z ej (r;(t) — a) — ajt;) € C(O). (5.11)

j=1

Now from Eqs. (5.5) and (5.6), we obtain for © = H%l(ci, d;)
i#]

N
/ <Z e; (r;(t — alt; )) LOVIEf(t) at
7j=1
N

:/@ (1) OV /(ZGJ aj + alt; )-CVifo‘f(t)dt

J=1

:_Z// (af + alt; Ca‘” (t)dt; dt

:—Z/

= 0. (5.12)

ao + al Caaj (t )‘Z;i; — ajl/ 80; (t)dtj] dt
c J

J

Here t =ty ...,t;_1,tit1, ..., tx. Thus, from the Egs. (5.11) and (5.12) we get

-1
L5

Eq. (5.13) implies that for every j =1,2,..., N, we have

e; (r;(t — dlt, )) LV f(t) dt

Mz EMZ

2
—a) — alt; )) dt. (5.13)

J=1

r;(t) = a} + alt;
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]

Lemma 5.2. Let a = (oq, @, ..., an) with each oy € (0,1], and r(t) is a continuous

scalar function in ©. Let ro(t) = (T%Q), 7"52), ey 7‘1(3)), forevery 7 =1,.... N andp > 1,

1y = I34; € 17(0) with v; € 17(©). If

[ (00920 + (0.1 (0) at =

for every f € CN(®) such that & f € L*(©),j = 1,..,N, and °V I*f(t) € C(O)
satisfying the BCs (5.6) we have

OV F(t) (1) +ri(t) = 0.

Proof. Since, rj(?) €2 (LP) for j =1,..,N and p > 1, we have
i

/ (ra(t) - OV f (1)) dt = / S P o f(t) dt

N d; _
:Z[/ ]jj_@z)jcaj_j (t) dt; dt.

O Jc;

Now using the Eq. (1.11), we obtain

N d; ' _
/ (rat) - OV (1)) dt =) /~ / Ly 1L.C0% f(t) dt; di
S} j=1 S cj J J J

N d;
=> /~ / I €O f(t) dt; di
j=170Je 7 !

— / Ip(t) - Cote f(t) dt, (5.14)
©
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N
where, I} 9)(t) = E e;1;1p;. Meanwhile, we have
— j

/@Tl(t)f(t)dt:%/@ ﬁ: %Ca%

Now, from the Eqs. (1.11), (5.6) and using the formula integration by parts, we

obtain

/@M Z// Iy (095 f () diy dF
/ / 101 £ (t) diy

- / LFor(t) - OV f(t) dt. (5.15)

Since r1(t) and v (t) are continuous in © and

L1en (1) € C(O) € IX(6).

I () -

Now from Lemma (5.1) there exist real constants ag and o] for j = 1,...,N such

that
I ap(t) — I”“ Z e;(al + alt; (5.16)

Applying both side operator CV};IO‘ in Eq. (5.16) and using the Eq. (1.5), we have

N

1 ) A
Cv(li-l-a . (I;_w(t) — NI;—FO[Tl(t)) = Cvcll-l—oc . (Z 6]‘(&% + CL‘{%))

Jj=1

— an”%ll £) +ri(t ZCaH“J a) + dlt;)
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= OV {t) () + () = 0.

[]

Theorem 5.3. If a = (o, ...,an) € (0,1] and P(t) is continuously differentiable
in domain © and \/w(t) satisfies the Holder inequality, then the FSLP (5.1-5.2),
has an countably infinite monotonically increasing sequence of EVs X\, \®) _and
to every eigenvalue (EV) AN there correspond unique (up to a constant factor)

eigenfunction (EF) y\N). In addition, the set of EFs y™N) forms an orthogonal set.

Proof. The steps of the proof is on the pattern of [39, 101]. The proof consists of

the following steps.

Step 1. The variational formulation of Eq. (5.1) can be observed as the minimization

problem of the quadratic functional,

J(y) = /@ [P(t) (“Very(®) - ((Vay(t) + Q) ()] dt, (5.17)
with respect to the BCs (5.2) and the integral constraint
Fly) = /@ w(t)y () dt = 1. (5.18)

Since, w(t) > 0, P(t) > 0 and P(t) (“V%y(t))- (“V%y(t)) > 0, we will demonstrate

that functional J(y) is bounded below.

J(y) = / P(t) OV u(1) - (CV2 (1)) + Qt)y2(1)] dt

> [ oo
Q1) 201\ df — min 20 _
> min o) /@w(t)y (t)dt = min o) M > —oo. (5.19)
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Now, we approximate the solution of Egs. (5.2), (5.17) and (5.18) by using Rayleigh-
Ritz method. Let {&}ieny be an orthonormal basis in L?*(0©) and it satisfies the
BCs (5.2). Using Rayleigh-Ritz method, we approximate the solution in form of

orthonormal basis function

yaw=:;%ﬁj§jm@u» (5.20)

where p; € R, Vi = 1,...,k, and y(t) satisfies the BCs (5.2). Now, putting Eq.
(5.20) into Egs. (5.17) and (5.18), and we obtain the problem of minimizing the

functional

Torop e = 30 = [ [P0

+% (Z pifgi(w) dt, (5.21)

subject to the integral constraint

R R k 2 k k
L(p1; p2; s pi) = I([p]) = /@ (Z Pifz’(t)) dt = Zpi2/®§¢2(t> dt = pr =1
(5.22)

~

Now the problem is to minimize the functional J([p]) on the surface of k—dimensional

~

unit sphere with Eq. (5.22). Due to J|[p] being continuous and Eq. (5.22) is com-

pact, so j([p]) reaches its minimum, say /\,(;) at some point p) = (,051), ...,,0,(:)).
If we continue this procedure for £ = 1,2,3,..., we get a sequence of real num-

bers )\(11), /\gl), .... Since we have the relation /\1(;21 < /\,(61) and the functional J(y) is
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bounded from below, we can obtain the limit

lim A =AM,

k—00

Step 2. In this step we will show that {y,gl)}keN has a subsequence {yg, };en which is

uniformly convergent. Let

e

v (¢

We(t) (5.23)

be the linear combination (5.20) and attaining the minimum )\1(61)‘ For simplicity, we

write y; rather than y, ’. (1) Since, the sequence )\ given by

ALY :/@ [P(#) (“VEu(t) - (“VEu(t) + QH)yi(t)] dt,

is convergent, then it is bounded and 3 constant Cy such that Vk € N,

PO V) - (Ven) + Q)] dt < G

So, Vk € N, and from Eq. (5.18), it holds

0< /@ [P() (CV%p(®) - (V2 (1)) dt

<o+ | [ ot af

Q(t)
w(t)

< Cp + max
te®

/wmw@fwsa
C]

In addition, since P(t) > 0, we have

mmP@yL[@vﬁya>)<Cvﬁm4»}dug/ﬁ?@)@V$yaw)«Cvamu»]ﬁ
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Sclv

which give us

Ci

— < (. 5.24
mingee P(t) — (5:24)

/@ [(Cvc+yk( ) - (CV?+yk(t))] dt <

Now using the property that 1% - “V% y,(t) = Nyk(t), we get the following

[Ny ()]l 2(0) = || 1 - C+yk(t)HL2(@)
N 1 t;
=S | 6= (o) @
j=1 J ¢ 2
N
1 aj— 1 (C
= t;’ " yk( )) )
; I(oy) |7 g L2
where t = (4, ..., ti—1,2,tjt1,....tx) and “x” denotes the convolution of the integral.

Now, using Eq. (5.24) and Young’s inequality [[110], Theorem 3.1], we get

N
VuOller < X s 167 (Cozno)
j=1 L
N
SZF %H 4y — ). (5.25)

=1

.

Hence from Eq. (5.25), we can say that sequence (yy(t))ren is uniformly bounded.

We have, for j =1,...,N, ¢ <t§) <t2 <d;

|Nyk(x2) — Nyg(z1)] ‘ 'Cvc+yk (x2) — I} 'Cvc+yk($1)|
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. O(]'—l
<t§]) - x) d

()

/t2
y

J

“o +yk( ) T

1
sup
a ) tze@

j=1
= (G G+G),
< — ;)™ 5.26
- Z I'aj +1) )™ (5.26)
j=1
where sup, g C(?jjyk(t;) = O} and supjcq Cajﬁyk(tl) = C}. Hence from Eq.

(5.26), yx(t) is equicontinuous. So, by the Arzala-Ascoli theorem there exist a uni-

formly convergent subsequence {y, hien such that

lim y, =y
l—00

Step 3. In this step, we will demonstrate that y(!) is the solution of the problem.

From the Lagrange multipliers rule at [p] = [p], we have

0
Ip;

Tlol = 2OTal| =0 =1,k (5.27)

Multiplying Eq. (5.27) by an arbitrary constants A; and summing over ¢ from 1 (1) k,

we get

>4 aapi - A5 =0 (5.28)

By considering
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Eq. (5.28) can be rewritten as

/@ [P( ) (V% yi(t)) - (O Filt)) + yi(t) f(8) (Q(t)-A,Q“w(t)ﬂ dt = 0. (5.29)

Now, using the properties of fractional differentiation and integrating by parts the

first term of Eq. (5.29), we obtain

N d;
[P0 Czn0) - (Vefue) de= 3 [ [P0 0,15 w000 1) dty i
t=d;

:XN:{ /@ {P(t)caj_j k(t)fj;“fyk(o] i

t=c;

J

[ d {atj (P(t))°0% fi(t)
P(1)o, <Ca:+j k(f))] ]j;“jyk(t) dt; df},

J

(5.30)

where, di = dt,...dt; dt;,...dty and 6 =1 1(¢j,d;). Using Eq. (5.30), we can
i#j
rewrite (5.29) in following manner

/ / [at Caiﬂ k(1) + P(1)0,, (ca:;’ k(t))}[i;r_ajyk(t)dtjdf

+Z / { caaﬂ )[j;‘“fyk(t)}t:di

=TI, (5.31)

di + /@ u(£) £ () (Q(t)-A,g“w(t)) dt

t=c;

For a convergent subsequence {yx, }1eny, we can obtain in the limit the relation

Z// {@ 1)) f(t) + P(t)dy, (Ca% ())]Ij Gy (t) dt; di

.7 J J
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+ Zl/~ [P(t)cajg (t)fcl.:ajy(l)(t)];; dt + /@y(l)(t)f(t) (Q(t) — A(l)w@)) dt

o J J

=TI (5.32)

Now, we investigate the convergence of integrals (5.31) and (5.32) directly

=112 32 [ |-, POIELROIE " m0) 0, PO IO10 0
+i [|-pwa, (<o k@) 1o+ P, (L0 ) 10
+i Ll[porammnown] - |Pocazsan o] |
-3 [[Pocoazaoun] - [pecamogmoe] |
+ / () () (Q() - Aé”w(t)) — VO f(1) (QW) — AVw(®))] d.

(5.33)

For the first term in Eq. (5.33), we obtain

i [|esporezamnmmo + o, porcezon o] a
=i [ P o s o) + 0, (PN OIS it
=0, (PO L (0 + 0, (PO FOL " 0

< i o, (P ( I w0 (0 = @)

wcorm] [ o - o) )
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+ |99 £ (1)

J

I (e(t) = yV(8)

J

)
L2

(dj—c;)' ™
I'(—aj)

L2

where, M = Supl;:egl lyx ()] and Ko, =
€

Continuing in the same way, we get the second term

J J J J

sz;n(m))u (m o, (o ) - )

For the third and fourth terms, we have, for j =1,.... N

00, (SO 0) 1m0 + P00, (CO210)) 1500

L2

+

1 (l®) )

L2

I %y(a) — Ty W(a), 17 y(b) — ]1 Sy (b), and 1% fiu(t) — IV f(t),

J J J J J

because the sequence ||yk —y(l)H -0 and |fe — fll = O converges as k& — oc.

Further, we have

L% fi(t) = 12 f(t) = lim =0

k—o0

O (£(8) ~ ilt)

L2

=0.

— lim
L2

k—o00

0, (%0 (70 - 7o) )

Therefore

|:Caagfk( )] N atj |:(1an ( ):| ’
o, o] o, ||
tj=d tj=d

J c—d.
I
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Hence, due to the above pointwise convergence, the third and fourth terms converge

to zero when k — oo. For the last term in (5.33), we get

[ [m10) (200 = Xwit)) =y (011 0) (@) = AVl a
< [ 100 ®A® =50 O)] dt+ [ fute (OO0 250010 a
< Yall M 1(8) = SO+ 170 e(t) =y @) ] + ] B (O [t) — 70

IO et = sV @) + [y @@ 1A = A

where M; = SUPkeN llyk(t)|| and R = supgen ’)‘/(:)|-

We conclude that
0 = limk_mo Ik = I,

and Eq. (5.32) is satisfied for y™)(¢) being the limit of subsequence yj, of sequence
{yr}ren.

The remaining part of the proof can be done similarly to [101]. We demonstrate
that ¢ (t) is also solution of the N-dimensional FSLP (5.1)-(5.2) in domain © and
{yr(t) }ren converges to y(t). Further, we find EF y®(t) and corresponding EV

A® guch that
NOFS

Eventually, if we continue the above process, we can find EVs A® \®_ . and cor-
responding EFs 3@ (¢),y™®(t),.... We can see that if N = 1, the presented result

reduces to the case studied in [39]. O
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5.2.1 Example

Let us consider the following fractional Laplace eigenvalue problem
— (OV5 - (OV5y)) (1) = My(t) in ©, (5.34)
with boundary conditions
y =0, on 00, (5.35)

where @ = (ag,0a2) € (0,1] and t = (t1,t2) € © = (0,1) x (0,1) and 9O is the
boundary of the domain ©. The problem (5.34) becomes a special case of N-DFSLP
(5.1-5.2) with N =2, p=1, ¢ =0 and w = 1. Hence, Eq. (5.34) can be re-written

as

To) = [ [(OV50(0) - (et zncagz Ol ey (5:30

with respect to integral constraint

/ y?(t)dt = 1. (5.37)

Let us assume that oY) = (agl),ag)) and a® = (04§2),04§2)) satisfy the conditions

with 0 < o < a® < 1, then for functionals .J,a), J,, we obtain

2 2 2

(1)

O y(t)

‘Mm

Jo (y) =
1 L2 e L2

<.
|

a@ oM 1_o®
Ip 1 dyy(t)

WE

L2

j=1

< Ko _qm Jo@ (Y), (5.38)
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where K _ @) _ 1) = L + ! . Since, we have J ) <
a « (F(a§2>—agl)+1)>2 (F(af)—aél)+1)>2 a (y)

K, 2 _,0 J,2 (y), therefore in terms of eigenvalues A,gj) for every 7, k € N, we obtain

)\,(cj)(a(l)) <K

a® —q

(1))\](€j) (Oé(z)).

In particular, If we compare the EVs for classical and fractional Laplace eigenvalue
problems, we see that the EVs of the integer-order case are greater than the corre-

sponding fractional problem, for each j, k € N

MW (@) < Kao_aw M (1) = Kyw_ao 752 + k). (5.39)

5.2.2 Numerical Validation

Here, we also present the numerical simulation of the given problem (5.34) to validate
our theoretical results. We choose & (t) = tith(1 —t,)(1 —t3),k = 1,2,...,n as basis
function and approximate y,(t) = i ApUg(t) with the BCs y,, = 0 on 00, where
Uy(t),k = 1,...,n are orthonormaf:l;asis of & (t). We evaluate EVs numerically

for n = 4. From Table (5.1), we observe that eigenvalues increases wih o € (0,1)

monotonically. For o = 1, the first exact eigenvalue is 19.7392.

o 0.1 0.3 0.5 0.7 0.9 0.99
A 21924 27971 4.1504 7.3213 14.1426  19.1922

TABLE 5.1: Lowest (First) eigenvalues A1) for fixed n = 4 and various a.
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5.3 Conclusions

We proposed a variational approach to solve the regular N-DFSLP of order o =
(a1, ...,an) € (0,1] defined in terms of the fractional gradient operator of the left and
right Caputo fractional derivatives. We demonstrated that N-DFSLP has countably
many EVs, and every EV corresponds to an EF. Ferreira et al. [101] showed similar
results for the N-DFSLP defined with RLFDs of fractional order a = (ay, ..., ay) €
(1/2,1]. Here, we extended the result for N-DFSLP defined with CFDs of order
a € (0,1]. Similarly, the similar result can also be proved for the N-DFSLPs defined
with RLFDs or the combination of RLFD and CFD. Furthermore, Using an example,
we implemented our theoretical results and computed eigenvalue for different values
of a. Numerically, we demonstrate that approximated results validate our analytical

predictions.

Rokookoskokok kokokok ok



