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A R T I C L E  I N F O

Communicated by L Huang
 A B S T R A C T

Quantifying the entanglement between two continuous bosonic modes, such as magnons and photons, is not 
trivial. The state-of-the-art for today is the logarithmic negativity, calculated through the quantum Langevin 
equations subjected to thermal noise. However, due to its complexity, this method requires further approx-
imation. Namely, after the linearization procedure, quantum operators are replaced by their semiclassical 
expectation values calculated near the steady state. However, the phase space of a generic nonlinear system 
contains topologically different regions, and the steady state may correspond to the different types of fixed 
points, such as Saddle Points, Stable or unstable Spirals, and Nodes. Through the conventional linearization 
procedure, one obtains equations for the photon and magnon number operators, but the character of the fixed 
point is unexplored. In the present work, we propose a new procedure. Namely, we derived the complete set 
of nonlinear equations, which includes equations for the magnon and photon number operators and phases. 
We show that not only number operators but also phases are important for exploring the character of the 
fixed point, and the character of the fixed point influences the magnon–photon entanglement. We showed 
that methods of the qualitative theory of nonlinear differential equations are also relevant for photon–magnon 
entanglement problems. Our main finding is that entanglement is not defined in the Saddle Point region. On the 
other hand, the maximum of the entanglement corresponds to the region near the border between the Stable 
node and Stable spiral regions. Our approach is quite general. However, we did calculations for a particular 
system: photon–magnon crystal based on the yttrium iron garnet (YIG) film with the periodic air holes drilled 
in the film. Our interest focuses on magnons with a particular wavelength and frequency corresponding to 
the magnon condensate. Those magnons couple strongly with the photons of similar frequency. We discuss 
in detail the interaction between magnons and photons originating from the magneto-electric coupling and 
the effective Dzyaloshinskii–Moriya interaction. We show that this interaction is responsible for the robust 
photon–magnon entanglement in the system.
1. Introduction

Entangled photon–magnon systems is the research topic formed 
during the last decade where fundamental quantum physics and tech-
nological applications met and have been developing together, mu-
tually enriching each other with new ideas and novel technological 
solutions [1–8]. Quantum computation and functionality tasks on the 
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nanoscale level raised specific requirements for the systems. Typi-
cally, platforms designed for quantum information protocols are binary, 
constituent of two different subsystems, and incorporate different pa-
rameters. While nanomechanical systems joint mainly mechanical and 
spin excitations [9–11], constituent parts of optomagnon systems are 
photons and magnons. The study of entangled photon–magnon sys-
tems follows the spirit of nanomechanics and nanomechanical systems, 
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merging quantum optics and solid-state physics. Photon–phonon inter-
action in photonic crystals plays a crucial role in the entanglement 
properties [12–16]. Interest in photon–magnon entanglement concerns 
the enhanced interactions between magnons and photons. Previous 
studies showed that entanglement between two continuous bosonic 
modes requires interactions beyond the bilinear form [17,18]. The 
paradigmatic photonic–magnonic setup is an optical cavity and a yt-
trium iron garnet (YIG) sphere. Magnetocrystalline anisotropy in the 
YIG sphere leads to the nonlinear magnon interaction and Magnon Kerr 
Effect (MKE) [19–24]. The interaction term 𝐾0𝑚̂+𝑚̂𝑚̂+𝑚̂, (where 𝑚̂+, 
𝑚̂ are magnon creation and annihilation operators) is usually small, 
characterized by the interaction constant 𝐾0 = 𝜇0𝐾0𝑎𝑛𝛾𝑒∕𝑀2𝑉𝑚, with 
𝜇0, being the magnetic permeability, 𝐾0𝑎𝑛 the anisotropy constant, 𝛾𝑒
the gyromagnetic ratio 𝑀 the saturation magnetization, and 𝑉𝑚 is the 
volume of the YIG sphere. The smaller the volume of the YIG sphere, 
the stronger the MKE is.  In the recent work [25] was proposed a coher-
ent feedback loop scheme for enhancing the magnon–photon–phonon 
entanglement in cavity magnomechanics. It was shown that the steady 
state and dynamical state of the system form a tripartite entanglement 
state. The feedback control of quantum correlations in the context of 
magnon squeezing was studied in [26]. The robust magnon–photon en-
tanglement in the systems with Dzyaloshinskii–Moriya (DM) interaction 
can be exploited in quantum sensors [27,28]. 

In the present work, we propose the model of photon–magnon 
crystal and study magnon–photon entanglement based on the magnon 
condensation effect. We consider a YIG film with a periodic array of 
holes in the YIG film To quantify entanglement between two continuous 
bosonic modes [29–31] (photonic and magnonic), we exploit measures 
of the entanglement such as logarithmic negativity [32,33]. Instead of 
the YIG sphere and weak Kerr effect, we propose to exploit the magnon 
condensation effect and intraband magnon–magnon interaction origi-
nated from the perpendicular magnetocrystalline anisotropy (PMA) and 
bismuth doping on the YIG film. The magnon–magnon interband inter-
action term in the magnon condensate mimics the effective Kerr effect. 
We propose to control of the effective Kerr nonlinearity through the 
doping of the YIG film by bismuth impurities. Utilizing the multiferroic 
properties of YIG [34] and magnetoelectric effect (ME) [35,36], we 
derive photon–magnon coupling in terms of the effective DM interac-
tion [37–40]. The effective DM interaction and magnon condensation 
effect allow us to control nonlinearity in the system through two pa-
rameters: external electric field and concentration of the doped bismuth 
impurities.  We note that the DM interaction term is a product of three 
operators (see Section 3). Therefore, the DM interaction term has a 
bilinear operator contribution in a quantum Langevin equation. After 
semi-classical approximation, the DM term leads to nonlinear effects, 
which are in the scope of interest of our work. 

While the magnon spectrum of YIG film is broad, we are interested 
in the magnon mode corresponding to the magnon condensate. It is 
a specific mode characterized by the deep minimum in the dispersion 
curve. This deep minimum stabilizes the magnon condensate. To have 
a strong effect, we consider resonant or near resonant photons with 
frequencies close to condensate magnons. In large detuning cases, pho-
tons and magnons are disentangled. Thus in the focus of our discussion 
are those selected modes. The study of magnon–photon entanglement 
at finite temperatures requires the method of the quantum Langevin 
equation [17]. Due to the complexity of this approach, a certain approx-
imation is needed. Namely, general quantum operator 𝑄̂ is replaced 
by 𝑄̂ = ⟨𝑄̂⟩ + 𝛿𝑄̂, where 𝛿𝑄̂ is the deviation of operators from its 
steady state expectation value ⟨𝑄̂⟩. In particular, magnon creation 
and annihilation operators are replaced by canonical momentum and 
coordinate operators [17]: 𝑞𝑚 =

(

𝑚̂† + 𝑚̂
)

∕
√

2, 𝑝̂𝑚 = 𝑖
(

𝑚̂† − 𝑚̂
)

∕
√

2, 
𝑞𝑎 =

(

𝑎̂† + 𝑎̂
)

∕
√

2, 𝑝̂𝑎 = 𝑖
(

𝑎̂† − 𝑎̂
)

∕
√

2, where 𝑚̂† 𝑚̂, 𝑎̂† 𝑎̂ are magnon 
(photon) creation (annihilation) operators. The canonical momentum 
and coordinate operators are linearized in the vicinity of the steady 
state [17].  The expectation values of the magnon ⟨𝑚̂†𝑚̂⟩ = |𝛽|2 and 
photon ⟨𝑎̂†𝑎̂⟩ = |𝛼|2 number operators and phases 𝜙, 𝜑, ⟨𝑚̂⟩ = 𝛽𝑒𝑖𝜑, 
2 
⟨𝑎̂⟩ = 𝛼𝑒𝑖𝜙 usually are determined in the vicinity of the steady state 
via the semiclassical approximation [18]. However, the information 
about the character of the steady state is not explored in detail. In 
essence, the steady state is a fixed point of the dynamical system, and 
fixed points of the nonlinear dynamical system have different topolog-
ical characteristics and properties. Therefore, in the present work, we 
propose an alternative approach. At first, we derive a nonlinear set of 
equations for the variables 𝜙, 𝜑, 𝛼, 𝛽 and explore the phase diagram 
of the fixed points. We show that the phases 𝜙, 𝜑, which are not paid 
enough attention in the linear approach, play a crucial role in nonlinear 
cases, leading to the instability and transitions between the different 
dynamical regimes and influence magnon–photon entanglement. We 
apply methods of the dynamical system’s theory and find bifurcation 
points and different dynamical regions in the system’s phase space. We 
show that separatrix lines separate those regions, and magnon–photon 
entanglement differs in the topologically distinct regions of the phase 
space. The manuscript is organized as follows: Section 2 describes the 
magnetic subsystem. In Section 3, we derive coupling term between 
magnons and photons based on the ME effect. In Section 4, we study 
photon modes. In Section 5, we consider the system’s semiclassical 
approach and nonlinear dynamical aspect. In Section 6, we analyze 
magnon–photon entanglement in the system and conclude the work.

2. Magnetic subsystem

The effect of magnon condensation was discovered about twenty 
years ago [41]. Afterward, magnon condensation was observed in 
YIG [42]. The interaction between magnons is weak at low densities 
of the condensate but becomes significant at higher magnon densities. 
Magnon condensate is stable when magnons repel each other. The sta-
bility of the magnon condensate is granted by dipole–dipole interaction 
between magnetic moments and is associated with the enhancement of 
the band depth [43]. We consider the YIG sample in the 𝑋𝑂𝑌  plane 
with the characteristic geometry 𝐿𝑦 ≫ 𝐿𝑥,𝑧. Equilibrium magnetization 
is oriented along 𝐱 axis, parallel to the applied constant magnetic field 
𝐻0𝐱 as shown in Fig.  1.

The Hamiltonian of the system magnetic subsystem reads: 
𝐻̂𝑀 = 𝐻̂𝑒𝑥 +𝐻𝑧 + 𝐻̂𝑑𝑖𝑝 + 𝐻̂𝑎𝑛. (1)

Here 𝐻𝑧 is the Zeeman interaction term, PMA is oriented in the 𝐳 di-
rection 𝐻𝑎𝑛 = −𝐾𝑎𝑛

∑

𝑖(𝐒𝑖𝐳)2, 𝐻̂𝑑𝑖𝑝 is the dipole–dipole interaction term, 
𝐒𝑖 is the vector of spin operator at site 𝑖. The Hamiltonian Eq. (1) was 
studied in details in the recent work [44]. Using the Holstein–Primakoff 
spin–boson transformation authors obtained the effective Hamiltonian. 
Here we present part of this effective Hamiltonian corresponding to the 
intraband processes: 
𝐻̂𝑚 =

∑

𝑞
𝜔𝑞𝑚̂

†
𝑞𝑚̂𝑞 +𝐾

∑

𝑞
𝑚̂†
𝑞𝑚̂𝑞𝑚̂

†
𝑞𝑚̂𝑞 . (2)

Here, 𝜔𝑞 =
√

𝜂21 − 𝜂22 −𝐾, with 𝜂1 = 𝐽𝑞2 + 𝛾𝑒(𝐻0𝑥 +2𝜋𝑀𝑠𝑓𝑞) −𝐾𝑎𝑛𝑆 and 
𝜂2 = 2𝜋𝑀𝑠𝑓𝑠 −𝐾𝑎𝑛𝑆 is the magnon frequency, which is in the order of 
several GHz, the amplitude of the effective spin per unit cell in YIG 𝑆 =
14, 𝐽 is the exchange constant, 𝑀𝑠 saturation magnetization, 𝑓𝑞 form 
factor, 𝛾𝑒 is gyromagnetic ratio, 𝑚̂†, 𝑚̂ are magnon creation annihilation 
operators, 𝑞 is the magnon wave vector. We are not interested in the 
whole magnon spectrum but particular magnons from the magnon 
condensate. Therefore we chose a particular magnon mode with wave 
vector 𝑞 ≈ 25 μm−1 corresponding to the concave shape of the magnon 
band (a deep stable minimum) in the magnon condensate [44]. For 
the applied magnetic field 𝐻0 = 1 kOe and 𝐾𝑎𝑛 = 0.8 μeV, the 
frequency of magnons in the condensate is equal to 𝜔𝑐 = 2 GHz. 
We set dimensionless parameters by introducing the dimensionless 
time 𝑡 = 𝜏𝜔𝑐 . The dimensionless Hamiltonian is given by 𝐻̂∕ℏ𝜔𝑐 . 
The second term in Eq. (2) describes the intraband magnon–magnon 
interaction. The interaction constant 𝐾 in Eq. (2) has the form [44]: 
𝐾 = − 𝛾𝑒𝜋𝑀𝑠

[

(𝛼 + 𝛼 )𝑓 − 2𝛼 (1 − 𝑓 )
]

− 𝐽𝑄2
(𝛼 − 4𝛼 ) + 𝐾𝑎𝑛 (𝛼 + 𝛼 ). 
𝑆𝑁 1 3 𝑄 2 2𝑄 2𝑆𝑁 1 2 2𝑁 1 3
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Fig. 1. The photon–magnon crystal is based on the YIG sample, with the periodic chain composed of the air holes having a radius 𝑎 = 0.46 h (ℎ is the period of the structure). 
The perpendicular magnetocrystalline anisotropy (PMA) oriented in the 𝐳 direction 𝐻𝑎𝑛 = −𝐾𝑎𝑛

∑

𝑛(𝐒𝑛𝐳)2, and constant magnetic field 𝐇 = 𝐱𝐻𝑥 applied along the 𝐱 axis lead to the 
ground state magnetization along the 𝐱 axis.
Here 𝑁 is the total number of spin sites, 𝑄 is the wave vector of the 
condensate magnons, 𝛼1,2 are Bogoliubov transformation coefficients. 
The last term is the PMA 𝐻𝑎𝑛 = −𝐾𝑎𝑛

∑

𝑖(𝐒𝑖𝐳)2. The value of 𝐾𝑎𝑛
can be controlled by bismuth doping. For more details about magnon 
spectrum and intraband magnon–magnon interaction term we refer 
to the work [44]. We note that PMA and, consequently, nonlinearity 
constant 𝐾 can be controlled not only through bismuth doping but also 
using straintronics methods, i.e., by applying mechanical stress. For 
more details we refer to the review paper [45] and references therein.

3. Magnon–photon coupling

YIG is a material characterized by magneto-electric (ME) coupling. 
This fact is proved experimentally [46] and by density functional 
calculations [34]. The ME term for YIG has the form [46]: 
𝐻𝐷𝑀 = 𝐏𝐄. (3)

Here 𝐸 is the cavity electric field and 

𝐏 = −𝐽
𝑒𝑎0
𝐸𝑆𝑂

∑

𝑖
𝐞𝑖,𝑖+1 ×

(

𝐒𝑖 × 𝐒𝑖+1
)

, (4)

is the ferroelectric polarization, with 𝑎0 being the distance the magnetic 
ions, which in dimensionless units we set to 𝑎0 = 1, 𝐽 is the exchange 
interaction constant, 𝐞𝑖,𝑖+1 is the unit vector connecting adjacent spins 
𝐒𝑖 and 𝐒𝑖+1, 𝐸𝑆𝑂 is the spin orbit constant, 𝑒 is the electron charge. To 
shorten notations in what follows we introduce the magneto-electric 
coupling constant 𝑔𝑀𝐸 = −𝐽 𝑒𝑞

𝐸𝑆𝑂
. The essence of our photon–magnon 

crystal is the coupling between photons and magnons through the 
effective DM term [40,47–50]. Taking into account ME effect in YIG, 
we couple quantized cavity field 𝐄 = i𝐔

∑

𝑘

(

𝑎̂𝑘 − 𝑎̂†𝑘
)

 where 𝑎̂†𝑘, 𝑎̂𝑘
are the photon creation and annihilation operators corresponding to 
the particular 𝑘 mode. The cavity mode function 𝐔(𝐫) is the solution 
3 
of the Helmholtz equation ▵ 𝑈𝑥,𝑦,𝑧 + 𝑘2𝑈𝑥,𝑦,𝑧 = 0. In the experiment 
one drills the cylindrical holes in the YIG film along 𝐲 axis as shown 
in Fig.  1. Due to the Coulomb gauge 𝛁 ⋅ 𝐔 = 0 and elongated along 
the 𝐲 axis structure of the photon–magnon crystal, i.e., 𝐿𝑦 ≫ 𝐿𝑥,𝑧, 
𝑘𝑥,𝑦,𝑧 = 𝜋∕𝐿𝑥,𝑦,𝑧, 𝑘𝑦𝑦 ≈ 0 the leading mode is 𝑈𝑦 = 𝑈0 sin(𝑘𝑥𝑥) sin(𝑘𝑧𝑧). 
Taking into account that only 𝑈𝑦 mode survives, in the scalar product 
Eq. (3) 𝐏𝐄 = 𝑔𝑀𝐸𝐸𝑦

∑

𝑖[𝐞𝑖,𝑖+1×
(

𝐒𝑖 × 𝐒𝑖+1
)

]𝑦. According to the definition 
of the polarization vector Eq. (4) this implies two possibilities in the 
choice of the vector components: 𝐞𝑥𝑖,𝑖+1

(

𝐒𝑖 × 𝐒𝑖+1
)

𝑧 or 𝐞𝑧𝑖,𝑖+1
(

𝐒𝑖 × 𝐒𝑖+1
)

𝑥. 
Taking into account that magnetization direction in our case is 𝐱
axis, relevant in our case is 𝐱 component of chirality [51]: 𝐏𝐄 =
𝑔𝑀𝐸𝐸𝑦

∑

𝑖
(

𝐒𝑖 × 𝐒𝑖+1
)

𝑥. Therefore the ME Hamiltonian 𝐻𝐷𝑀  simplifies 
and takes the form: 

𝐻𝐷𝑀 =
𝐷0
2

∑

𝑖,𝑘

(

𝐒𝑖 × 𝐒𝑖+1
)

𝑧

(

𝑎̂𝑘 − 𝑎̂†𝑘
)

. (5)

Here we introduced the effective DMI constant 𝐷0 = 𝑈𝑦𝑔𝑀𝐸 . Because 
quantization axis is along 𝐱 we perform the standard rotation [52]: 
𝑆𝑗
𝑖 = 𝑒𝑗 (1∕2 − 𝑚̂†

𝑖 𝑚̂𝑖) + 𝐴𝑗 𝑚̂𝑖 + 𝐴∗
𝑗 𝑚̂

†
𝑖 , where 𝑒𝑗 , 𝑗 = 𝑥, 𝑦, 𝑧 is the 𝑗

component of the unit vector 𝐞 directed along the quantization axis, 
and coefficients have the form: 𝐴𝑥 = 𝑒−𝑖𝛩(1 − 𝑒𝑧)∕4 − 𝑒𝑖𝛩(1 + 𝑒𝑧)∕4, 
𝐴𝑦 = 𝑖𝑒𝑖𝛩(1 + 𝑒𝑧)∕4 + 𝑒−𝑖𝛩(1 − 𝑒𝑧)∕4, 𝐴𝑧 =

√

1 − 𝑒2𝑧∕2, tan𝛩 = 𝑒𝑦∕𝑒𝑥. 
After performing the Fourier transform into the momentum space we 
deduce: 
𝐻̂𝐷𝑀 = 𝐷0

∑

𝑞,𝑘
sin(𝑞𝑎0)𝑚̂†

𝑞𝑚̂𝑞

(

𝑎̂𝑘 − 𝑎̂†𝑘
)

, (6)

where in what follows we set 𝑎0 = 1.

4. Photonic cavity

The geometry of the problem is shown as inset in Fig.  2. The 
structure composed of periodically distributed air-holes with circular 
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Fig. 2. Brillouin diagram of the fundamental TM mode of the periodic chain composed 
of the air-holes having a radius 𝑎 = 0.46 h (ℎ is period of the structure) and situated in 
the background medium with the relative dielectric permittivity 𝜖𝑏 = 5. The thickness 
of the film is 𝑤 = ℎ, and 𝜆0 is the wavelength in the free space. The dashed line 
defines the light line. To control the frequency of the photons, we tune the wavelength 
at the fixed period of the structure ℎ. We are interested in the GHz frequency range 
and the desired frequency can be easily determined from the dispersion diagram that 
is shown in non-dimensional parameters. For ℎ = 10 mm, photon frequency is the order 
of 𝜔𝑓 = 5 GHz.

section and radius 𝑎 and relative dielectric permittivity 𝜖𝑐 (𝜖𝑐 = 1) is 
geometrically invariant along the 𝑦-axis and infinite and periodic with 
a period ℎ along the 𝑥-axis. The surrounding medium is material with 
a relative dielectric permittivity 𝜖𝑏 and permeability 𝜇0. The structure 
is located in the free space. Applying the addition theorem for the 
cylindrical functions and using the boundary condition on the surfaces 
of the circular rod at the global origin, a simple dispersion equation for 
the eigenmodes is obtained in the following form: 
det[𝐈 − 𝐓(𝑘𝑐𝑎, 𝑘𝑏𝑎)𝐋(𝑘𝑏ℎ, 𝑘𝑥0ℎ)] = 0, (7)

where 𝐈 is the unit matrix. The transition matrix 𝐓(𝑘𝑐𝑎, 𝑘𝑏𝑎) (T-matrix), 
which describes the nature of this particular scatterer, can be written 
in a compact form in terms of a diagonal matrix. It is given for the TM 
wave (𝐸𝑦,𝐻𝑥,𝐻𝑧) and the TE wave (𝐻𝑦, 𝐸𝑥, 𝐸𝑧) in the closed form: 

𝑇 TE
𝑚 =

−
√

𝜖𝑏𝐽𝑚𝐽 ′
𝑚 +

√

𝜖𝑐𝐽 ′
𝑚𝐽𝑚

√

𝜖𝑏𝐻
(1)
𝑚 𝐽 ′

𝑚 −
√

𝜖𝑐𝐻
(1)
𝑚

′
𝐽𝑚

(8)

𝑇 TM
𝑚 =

−
√

𝜖𝑏𝐽𝑚𝐽 ′
𝑚 +

√

𝜖𝑐𝐽𝑚𝐽 ′
𝑚

√

𝜖𝑏𝐻
(1)
𝑚

′
𝐽𝑚 −

√

𝜖𝑐𝐻
(1)
𝑚 𝐽 ′

𝑚

(9)

Here 𝐽𝑚(𝑘𝑏𝑎), 𝐽𝑚(𝑘𝑐𝑎), and 𝐻 (1)
𝑚 (𝑘𝑏𝑎) are Bessel and Hankel functions of 

the 𝑚th order, respectively, the prime notation denotes their derivatives 
concerning the arguments, 𝑘𝑏 = 𝜔

√

𝜇0𝜖0𝜖𝑏 and 𝑘𝑐 = 𝜔
√

𝜇0𝜖0𝜖𝑐 are the 
wavenumbers in the background medium and air-hole respectively, 𝜔 is 
the angular frequency. Note that the Fresnel matrices are the diagonal 
matrices implemented in the analysis on the upper (𝑤 = ℎ) and lower 
(𝑤 = 0) boundaries of the structure (see inset in Fig.  2). The modal 
field in a periodic chain can be expressed in terms of an infinite series 
of space harmonics, each having a complex propagation wavenumber 
𝑘𝑥𝑛 = 𝛽𝑛 + 𝑖𝛼, with 𝛽𝑛 = 𝑘𝑥0 + 2𝜋𝑛∕ℎ and 𝑛 = 0,±1,±2, ⋅ ⋅ ⋅. The 𝑛th 
space-harmonic along the transverse 𝑧-axis behaves as 𝑒𝑗𝑘𝑧𝑛|𝑧|, where 
𝑘𝑧𝑛 =

√

𝑘20 − 𝑘2𝑥𝑛 is the relevant wavenumber. The formalism presented 
in the paper allows for the appropriate choice of the proper or im-
proper spectral determination (positive or negative sign for Im(𝑘𝑦𝑛), 
respectively) for each space harmonic [53,54].
Lattice-Sums. Lattice Sums that appear in the dispersion equation for 
the eigenmodes play a crucial role in our formalism. It is expressed 
4 
through the infinite series of the Hankel functions. It does not depend 
on the polarization of the incident field, the location of the observation 
points, and the material properties of the scatterers. Hence, it represents 
a very efficient technique for solving periodic structures’ electromag-
netic scattering problems. The 𝑚th component of the Lattice Sums is 
given in the following form [53–55]:

𝐿𝑚 =
∞
∑

𝑛=1
𝐻 (1)

𝑚 (𝑘𝑏𝑛ℎ)[exp(𝑖𝑛𝑘𝑥0ℎ) +

(−1)𝑚 exp(−𝑖𝑛𝑘𝑥0ℎ)]. (10)

The series converges very slowly for the real 𝑘𝑥0 and diverges for the 
complex 𝑘𝑥0. In order to speed up the calculation, applying the Ewald 
transformation, the Lattice Sums can be calculated as a sum of the 
spectral and the spatial series [53,54]. The details of derivation are 
omitted in the work, we give here the final expressions for each term 
of the Lattice Sums:
𝐿𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙
𝑚 = 1

𝑘𝑧𝑛
×

∞
∑

𝑛=−∞

(

𝑘𝑥𝑛
𝑘𝑏

)𝑚 [𝑚∕2]
∑

𝑞=0
(−1)𝑞

(

𝑚
2𝑞

) (

𝑘𝑧𝑛
𝑘𝑥𝑛

)2𝑞
𝐶𝑞,𝑛, (11)

with

𝐶𝑞,𝑛 =
1
𝑘𝑧𝑛

×

erfc
(

−𝑖
ℎ𝑘𝑧𝑛
2𝐸𝑠𝑝𝑙

)

𝑒
ℎ2𝑘2𝑧𝑛
4𝐸𝑠𝑝𝑙

2

𝑘𝑧𝑛

𝑞
∑

𝑠=1

(

−𝑖 ℎ𝑘𝑧𝑛2𝐸𝑠𝑝𝑙

)1−2𝑠

𝛤 (1.5 − 𝑠)
, (12)

and

𝐿𝑠𝑝𝑎𝑡𝑖𝑎𝑙
𝑚 = 𝛿𝑚0

[

−1 − 𝑖
𝜋
𝐸𝑖

(

𝑘2𝑏ℎ
2

4𝐸2
𝑠𝑝𝑙

)]

+ 2𝑚+1
𝑖𝜋

∞
∑

𝑛=1
[exp(𝑖𝑛𝑘𝑥0ℎ) (13)

+(−1)𝑚𝑒𝑥𝑝(−𝑖𝑛𝑘𝑥0ℎ)]
(

𝑛
𝑘0ℎ

)𝑚

∫

∞

𝐸𝑠𝑝𝑙

𝑑𝜂
exp

(

−𝑛2𝜂2 +
ℎ2𝑘2𝑏
4𝜂2

)

𝜂−2𝑚+1
. (14)

Here erfc(...) is the error function. In the numerical results that follow, 
the Ewald splitting parameter 𝐸𝑠𝑝𝑙 =

√

𝜋. The proposed formalism 
gives Gaussian convergence even in the case of complex and leaky 
waves [53–55]. Yasumoto presented another efficient method based on 
a simple trapezoidal integration formulae [55]. Although the authors 
mention that their method works only for the real propagation constant 
𝑘𝑥0, the identity theorem in the complex analysis allows us to calculate 
the Lattice Sums for the complex 𝑘𝑥0. However, the main advantage of 
the formalism in this work is that it allows for the appropriate choice of 
the spectral determination for each space harmonic (choice of a sign for 
𝑘𝑧𝑛), which is not the case in [55]. Although for the mode analysis, we 
calculate only the bound modes (𝑘𝑥0 is a real value), the determination 
of each space-harmonic is essential for a flexible design of Fabry–Perot 
cavities, EBG-based resonators, open waveguides or plasmonic guiding 
devices with intrinsic losses.

5. The total Hamiltonian

The total Hamiltonian of the system consists of the Hamiltonian 
magnetic subsystem 𝐻̂𝑚 Eq. (2), Hamiltonian of the photonic subsystem 
𝐻̂𝑓 =

∑

𝑘 𝜔(𝑘)𝑎̂
†
𝑘𝑎̂𝑘 and interaction Hamiltonian between photons and 

magnons 𝐻̂𝐷𝑀  Eq. (6). While the magnon spectrum is broad, we are 
interested only in the magnons from the magnon condensate. As was 
shown in the recent work [44] those magnons have a particular wave 
vector 𝑞𝑐 ≈ 25 μm−1 which corresponds to the deep stable minimum 
in the magnon spectrum. For the applied magnetic field 𝐻0 = 1 kOe 
and 𝐾𝑎𝑛 = 0.8 μeV, the frequency of magnons in the condensate is 
equal to 𝜔𝑐 ≈ 2 GHz. Dispersion of the cavity photons was studied 
in Section 4. We are interested only in the resonant photons, which are 
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Fig. 3. Dependence of expectation values of the mean magnon and photon operators 𝛽 (blue), 𝛼 (orange), and phases 𝜑 (red), 𝜙 (cyan) on time. The result is obtained via the 
numerical integration of Eq. (17). The values of the parameters read: 𝐷 = 2.0, 𝐵 = 3.5, 𝐾 = 1.6, 𝜔 = 1.5, 𝜔0 = 1.5, 𝜔𝑓 = 5.0, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.02. As we can see, mean magnon and 
photon numbers change irregularly over time, which is a signature of complex nonlinear dynamics.
strongly coupled with the magnons from the magnon condensate and 
have similar frequency 𝜔𝑓 (𝑘𝑐 ) ≈ 𝜔𝑐 (𝑞𝑐 ). The resonant photons, together 
with the magnons from the magnon condensate, form the photonic–
magnonic crystal. The Hamiltonian of the system of interest takes the 
form:

𝐻̂𝑡𝑜𝑡 = 𝜔𝑓 𝑎̂
†𝑎̂ + 𝜔𝑚̂†𝑚̂ +𝐾𝑚̂†𝑚̂𝑚̂†𝑚̂ +

i𝐵
(

𝑚̂†𝑒−i𝜔0𝑡 − 𝑚̂𝑒i𝜔0𝑡
)

+ i𝐷𝑚̂+𝑚̂
(

𝑎̂ − 𝑎̂†
)

. (15)

Here 𝐵, 𝜔0 are the amplitude and frequency of the time-dependent 
magnetic field applied along 𝑦 axis, 𝐷 = 𝐷0 sin(𝑞𝑐 ). All constants in 
Eq. (15) are dimensionless and are related to the dimensional constants 
via 𝐾 → 𝐾 ′∕ℏ𝜔𝑐 , 𝐷 → 𝐷′∕ℏ𝜔𝑐 , 𝜔𝑓 → 𝜔′

𝑓∕𝜔𝑐 , 𝜔 → 𝜔′∕𝜔𝑐 , 𝐵 → 𝛾𝑒𝐵′∕𝜔𝑐 .

6. Nonlinear dynamics

Nonlinearity can substantially influence the dynamic properties of 
the system [56–58]. Following [17,18], we derive the set of quantum 
Langevin equations (QLEs) describing the system:
𝑑𝑎̂(𝑡)
𝑑𝑡

= −𝑖
[

𝑎̂(𝑡), 𝐻̂𝑡𝑜𝑡
]

− 𝛾𝑓 𝑎̂(𝑡) +
√

2𝛾𝑓 𝑎̂𝑖𝑛(𝑡), (16)

𝑑𝑚̂(𝑡)
𝑑𝑡

= −𝑖
[

𝑚̂(𝑡), 𝐻̂𝑡𝑜𝑡
]

− 𝛾𝑚𝑚̂(𝑡) +
√

2𝛾𝑚𝑚̂𝑖𝑛(𝑡).

Here, 𝛾𝑓  and 𝛾𝑚 are damping constants for cavity photons and 
magnons, respectively. For a high fineness photon–magnon crystal, 
damping constants are small. Here 𝑎𝑖𝑛(𝑡), 𝑚𝑖𝑛(𝑡) are input noise bosonic 
operators for the photonic and magnonic subsystems respectively, char-
acterized by the correlation functions ⟨𝑎†𝑖𝑛(𝑡)𝑎𝑖𝑛(𝑡′)⟩ = 𝑁𝑎(𝜔𝑓 )𝛿(𝑡 − 𝑡′), 
and ⟨𝑚†

𝑖𝑛(𝑡)𝑚𝑖𝑛(𝑡′)⟩ = 𝑁𝑚(𝜔)𝛿(𝑡 − 𝑡′), where 𝑁(𝜔) =
[

exp[ℏ𝜔∕𝑘𝐵𝑇 ] − 1
]−1

is the Bose–Einstein distribution function. In Eq. (16) we implement 
semi-classical and rotating wave approximations through the transfor-
mations 𝑂 = ⟨𝑂̂⟩, (𝑎̂ − 𝑎̂+)𝑚̂ = (𝑎 − 𝑎∗)𝑚, ⟨𝑚̂+𝑚̂⟩ = |𝑚|2, 𝑚̂ → 𝑚̂𝑒−𝑖𝜔0𝑡, 
𝑚̂𝑖𝑛 → 𝑚𝑖𝑛𝑒−𝑖𝜔0𝑡 and 𝑎 ≡ |𝑎|𝑒𝑖𝜙 = 𝛼𝑒𝑖𝜙, 𝑚 ≡ |𝑚|𝑒𝑖𝜑 = 𝛽𝑒𝑖𝜑 and deduce:
𝛼̇ = −𝐷𝛽2 cos𝜙 − 𝛾𝑓𝛼,

𝜙̇ = −𝜔𝑓 +
𝐷𝛽2

𝛼
sin𝜙,

𝛽̇ = −𝛾 𝛽 + 𝐵 cos𝜑,
𝑚

5 
𝜑̇ = 𝜔 − 𝜔0 + 2𝐷𝛼 sin𝜙 − 2𝐾𝛽2 −
𝐵 sin𝜑

𝛽
. (17)

In what follows, our main concern is the nonlinear set of equations 
Eq. (17). We note that there is correspondence between variables in 
Eq. (17) and momentum coordinate variables used in the standard 
approach [17,18] (𝑞𝑚 =

√

2𝛽 cos𝜑, 𝑝𝑚 =
√

2𝛽 sin𝜑), (𝑞𝑎 = −
√

2𝐷𝛾𝑓
𝜔2
𝑓+𝛾

2
𝑓
𝛽2, 

𝑝𝑎 = −
√

2𝐷𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
𝛽2).  When studying entanglement properties, most of the 

authors linearize Eq. (16), see e.g., [17,18] and references therein. In 
the first step, one implements the following ansatz to the magnon and 
photon operators: ⟨𝑚̂+𝑚̂⟩ = ⟨𝑚̂+

⟩⟨𝑚̂⟩, 𝑚̂ = ⟨𝑚̂⟩ + 𝛿𝑚̂, 𝑚̂+ = ⟨𝑚̂+
⟩ + 𝛿𝑚̂+, 

𝑎̂ = ⟨𝑎̂⟩ + 𝛿𝑎̂, 𝑎̂+ = ⟨𝑎̂+⟩ + 𝛿𝑎̂+. The second step is the transition 
to the canonical variables: 𝑥̂𝑚 = (𝑚̂+ + 𝑚̂)∕2, 𝑝̂𝑚 = 𝑖(𝑚̂+ − 𝑚̂)∕2, 
𝑥̂𝑎 = (𝑎̂+ + 𝑎̂)∕2, 𝑝̂𝑎 = 𝑖(𝑎̂+ − 𝑎̂)∕2. The expectation values ⟨𝑚̂⟩, ⟨𝑎̂⟩
are replaced by their semi-classical mean values, and the system of 
equations Eq. (16) is linearized in terms of 𝛿𝑥̂𝑚, 𝛿𝑥̂𝑝, 𝛿𝑥̂𝑎, 𝛿𝑝̂𝑎 in the 
vicinity of the steady state. The steady state after linearization defines 
the mean magnon and photon numbers. However, the steady state, 
in essence, corresponds to the fixed point of the nonlinear dynamical 
system, and fixed points can be of different types, such as Saddle Points, 
Stable or unstable Spirals, and Nodes. The same we expect for Eq. (17). 
Typically, nonlinear systems have different types of fixed points, and 
the different regions in the phase space are divided by those fixed 
points. In what follows, we explore the phase space of the fixed points 
and show that magnon–photon entanglement depends on the region of 
the phase space, i.e., on the character of the fixed point. We proceed 
with nonlinear system Eq. (17) and implement methods of the theory 
of Dynamical system [59].  Due to its nonlinearity, we expect the 
general solution of Eq. (17) to be irregular, far beyond the steady state. 
In Fig.  3, we see such irregular behavior. The finite broadening of 
the Fourier transform signal shown in Fig.  4 confirms the presence 
of chaos in the system. In Fig.  5, we see the anharmonic character 
of the dynamics and abrupt changes in the phases. The description of 
the entanglement of bosonic modes is based on the covariance matrix 
(either time-dependent or steady) obtained through the linearization 
of equations of motion in the vicinity of the steady state. However, 
we note that fixed points of the nonlinear dynamical system can be 
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Fig. 4.  Plots of the fast Fourier transform for 𝛼(𝑡), 𝜙(𝑡), 𝛽(𝑡) and 𝜑(𝑡) calculated based on Eq. (A.23). The values of the parameters read: 𝐷 = 2.0, 𝐵 = 3.5, 𝐾 = 1.6, 𝜔 = 1.5, 𝜔0 =
1.5𝜔𝑓 = 5.0, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.02. .

Fig. 5. Dependence of expectation values of the mean magnon and photon operators 𝛽 (blue), 𝛼 (orange), and phases 𝜙 (red), 𝜑 (cyan) on time plotted for a shorter time interval. 
The result is obtained via the numerical integration of Eq. (17). The values of the parameters read: 𝐷 = 0.4, 𝐵 = 3.5, 𝐾 = 0.06, 𝜔 = 1.5, 𝜔0 = 1.5𝜔𝑓 = 5.0, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.1. As we 
can see, mean magnon and photon numbers change irregularly over time, and that is a signature of complex nonlinear dynamics. The phases change in time abruptly.
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unstable, e.g., unstable spiral characterized by positive large Lyapunov 
exponents of the phase trajectories. Linearization of dynamics near 
such unstable fixed points is an invalid procedure since it leads to the 
exponential growth of initial infinitesimal errors. The long-term time 
behavior of the system becomes unpredictable since any two-phase 
trajectories starting from almost similar initial conditions diverge in 
time. Therefore, before deriving the covariance matrix, we need to 
explore the phase space of the system and explore the character of the 
fixed points in detail.  The fixed point of the dynamical system Eq. (17) 
is given by:

𝛼2 =
𝐷𝛽4

𝜔2
𝑓 + 𝛾2𝑓

,

𝜙 = −arctan(𝜔𝑓∕𝛾𝑓 ),

𝛥𝑚
[

𝛾2𝑚 + (𝜔0 − 𝜔 + 𝛥𝑚)2
]

=

(

2𝐷2𝜔𝑓

𝜔2
𝑓 + 𝛾2𝑓

− 2𝐾

)

𝐵2,

tan𝜑 =
𝜔0 − 𝜔 + 2𝐷𝛼 sin𝜙 − 2𝐾𝛽2

𝛾𝑚
. (18)

Here 𝛥𝑚 = 𝛽2𝛿𝐾 , 𝛿𝐾 =
(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

. Eq. (18) is the essence of a 
nonlinear set of equations with respect to the variables: 𝛼(𝐷,𝐵,𝐾), 
𝛽(𝐷,𝐵,𝐾), 𝜙(𝐷,𝐵,𝐾), 𝜑(𝐷,𝐵,𝐾). The amplitude–frequency character-
istics of the nonlinear resonance follow the singular points where the 
derivative with respect to the detuning 𝛿𝜔 = 𝜔0−𝜔 turns to be zero [60] 

𝑑
𝑑𝛿𝜔

{

𝛥𝑚
[

𝛾2𝑚 + (𝛥𝑚 + 𝛿𝜔)2
]}

= 0. (19)

From Eq. (19), we derive the equation of the amplitude–frequency 
characteristics. 
𝑑𝛽2

𝑑𝛿𝜔
= −

2𝛽(𝛿𝑘𝛽2 + 𝛿𝜔)
3(𝛿𝑘𝛽2)2 + 4𝛿𝑘𝛽2𝛿𝜔 + 𝛾2𝑚 + 𝛿𝜔2

. (20)

The singular points correspond to the case 3(𝛿𝑘𝛽2)2+4𝛿𝑘𝛽2𝛿𝜔+𝛾2𝑚+𝛿𝜔2 =
0. i.e., frequencies: 

𝛿𝜔1,2 = −2𝛿𝑘𝛽2 ∓
√

(𝛿𝑘𝛽2)2 − 𝛾2𝑚. (21)

It is easy to see that in the limit of small 𝛿𝑘 ≪ 1 in the fixed point 

𝛽201 =
𝐵2

𝛿𝜔2 + 𝛾2𝑚
. (22)

Then the set of parameters [𝛼201 = 𝐷𝛽401∕(𝜔
2
𝑓 + 𝛾2𝑓 ), 𝜙 = −𝜋∕2, 𝜑01 =

arctan((𝛿𝜔 − 2𝐷𝛼01 − 2𝐾𝛽201)∕𝛾𝑚)], we easily find from Eq. (18). In the 
nonlinear case our interest concerns two driving frequencies of the 
external magnetic field 

𝜔(1,2)
0 = 𝜔 − 2𝛿𝑘𝛽2 ∓

√

(𝛿𝑘𝛽2)2 − 𝛾2𝑚. (23)

In the nonlinear case, the set of the amplitude–frequency characteristic 
equations

𝛿𝜔1,2 = −2𝛿𝑘𝛽2 ∓
√

(𝛿𝑘𝛽2)2 − 𝛾2𝑚,

𝛽2
[

𝛾2𝑚 +
(

𝛽2𝛿𝑘 + 𝛿𝜔
)]

= 𝐵2, (24)

has two different solutions 𝛽±1,2(𝛿𝜔) for each 𝛿𝜔 = 𝜔(1,2)
0 − 𝜔 as it is 

shown in the 𝛽(𝛿𝜔) plot below. The dependence of the steady-state 
mean magnon number on the detuning 𝑛𝑚 = 𝛽2(𝛿𝜔) is plotted in Fig.  6. 
For 

𝛿𝐾 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓 + 𝛾2𝑓

− 2𝐾

)

= 0, (25)

we have a linear regime in the system. All three solid lines show that 
the steady-state mean magnon number depends on the magnetic field 
𝐵 and increases with 𝐵. Condition 𝛿𝑘 = 0 defines the specific values 
of the external electric field 𝐸 = 𝐷∕𝑔ME when the dynamic in the 
system is linear. For nonzero values of 𝛿 , dynamic in the system is 
𝑘

7 
non-linear, and for every single value of detuning 𝛿𝜔, we have two 
specific values of the steady-state mean magnon numbers [𝛽±1,2(𝛿𝜔)]2 =
𝑛±𝑚(1, 2) = ⟨𝑚̂+𝑚̂⟩(±)1,2 . Indexes 1,2 here correspond to the negative and 
positive detuning cases. The jumps between magnon numbers 𝛥𝛽2 =
[𝛽+1,2(𝛿𝜔)]

2 − [𝛽−1,2(𝛿𝜔)]
2 = 𝛥𝑛𝑚(1, 2) depend on the values of detuning. 

Besides, we clearly see the mirror symmetry 𝛿𝑘 → −𝛿𝑘 between dashed 
and dotted lines. In what follows, we explore the magnon–photon 
entanglement in the vicinity of both bifurcation points 𝛽±1,2(𝛿𝜔). We note 
that the fixed point value is related to the mean magnon number in the 
system [𝛽±1,2(𝛿𝜔)]2 = 𝑛±𝑚(1, 2) = ⟨𝑚̂+𝑚̂⟩(±)1,2 . Therefore, bifurcation jumps 
𝛥𝛽2 = [𝛽+1,2(𝛿𝜔)]

2 − [𝛽−1,2(𝛿𝜔)]
2 = 𝛥𝑛𝑚(1, 2) define the mean magnon 

number jumps in the system near the bifurcation points. Bifurcations 
in the system and jumps in the steady-state mean magnon numbers 
exert a certain impact on the magnon–photon entanglement. Our next 
aim is to explore steady state mean magnon number as a function of 
the magnetic field. Taking into account Eq. (18) we deduce the closed 
polynomial equation for the equilibrium magnon number
𝑃 (𝛽) = 𝛿2𝑘𝛽

6 + 2𝛿𝜔𝛿𝑘𝛽4 +

(𝛾2𝑚 + 𝛿𝜔2)𝛽2 − 𝐵2 = 0. (26)

Analyses of the roots of 𝑃 (𝛽) and derivatives 𝜕𝑥𝑃 (𝑥) = 0, 𝜕𝑥𝑥𝑃 (𝑥) = 0, 
𝑥 ≡ 𝛽2 show the magnon number instability interval as a function of 
the magnetic field 𝐵. Namely, the equation 
𝑑𝑃 (𝛽2)
𝑑𝛽2

= 3𝛿2𝑘𝛽
4 + 4𝛿𝜔𝛿𝑘𝛽2 + (𝛾2𝑚 + 𝛿𝜔2) = 0, (27)

for 𝛿𝜔2 ⩾ 3𝛾2𝑚 has two roots 

𝛽21,2 = −2𝛿𝜔
3𝛿𝑘

± 1
3𝛿𝑘

√

𝛿𝜔2 − 3𝛾2𝑚. (28)

The equations

𝑃
(

𝛽21,2
)

= − 2
27𝛿𝑘

𝛿𝜔(𝛿𝜔2 + 9𝛾2𝑚) ±

2
27𝛿𝑘

(

𝛿𝜔2 − 3𝛾2𝑚
)3∕2 − 𝐵2 = 0, (29)

define constraints between parameters in the vicinity of the fixed point: 

𝐵2
1,2 =

2
(

−𝛿𝜔(𝛿𝜔2 + 9𝛾2𝑚) ± (𝛿𝜔2 − 3𝛾2𝑚)
3∕2)

27𝛿𝑘
. (30)

After solving Eq. (30) with respect to the detuning 𝛿𝜔 we obtain an 
equation for the boundary of the instability region in the parametric 
space 

(

𝛿𝜔,𝐷∕
√

𝜔2
𝑓 + 𝛾2𝑓

)

 as it follows:

𝛴(𝛿𝜔) = 𝛿𝜔4 +
𝐵2𝛿𝑘
𝛾2𝑚

𝛿𝜔3 + 2𝛾2𝑚𝛿𝜔
2 + 9𝐵2𝛿𝑘𝛿𝜔 +

27
4𝛾2𝑚

(𝐵2𝛿𝑘)2 + 𝛾4𝑚. (31)

Eq. (31) has two real roots for 2𝐷
2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾 ⩽ 8

√

3𝛾3𝑚
9𝐵2  and complex roots 

otherwise. The jump in the mean magnon number calculated along the 
borderline of the instability region reads: 

𝛥𝑛𝑚 = 𝛥𝛽2 =

√

𝛿𝜔2 − 3𝛾2𝑚
2(𝐷2𝜔𝑓∕(𝜔2

𝑓 + 𝛾2𝑓 ) −𝐾)
. (32)

The steady-state mean magnon number as a function of the external 
magnetic field 𝑛𝑚(𝐵) = 𝛽2(𝐵) is plotted in Fig.  7. The red line corre-
sponds to the border of linear regime 𝛿𝑘 = 0 meaning the particular 
value of the external electric field 𝐸 =

√

𝑘(𝜔2
𝑓 + 𝛾2𝑓 )∕(𝜔𝑓 𝑔ME). The 

green lines correspond to the nonlinear regime. We clearly see the 
region where two or more values of magnon number 𝛽2 correspond 
to the single value of the magnetic field. We note that the equation 
Eq. (26) possesses certain symmetry with respect to the simultaneous 
transformations 𝛿𝜔 → −𝛿𝜔 and 𝛿 → −𝛿 . Therefore, linear and 
𝑘 𝑘
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Fig. 6. Dependence of the steady-state mean magnon number 𝑛𝑚 = 𝛽2 on the detuning 𝛿𝜔 = 𝜔0 − 𝜔 for the different values of the dimensionless magnetic field 𝐵 ≡ 𝛾𝑒𝐵∕𝜔 and 
𝛿𝐾 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

. In particular, solid lines correspond to 𝛿𝑘 = 0, while dashed lines to 𝛿𝑘 = 0.03 and the dot lines to 𝛿𝑘 = −0.03. The red color corresponds to the dimensionless 
magnetic field 𝐵 ≡ 𝛾𝑒𝐵∕ℏ𝜔, 𝐵2 = 0.1, the green color to 𝐵2 = 0.2, and the blue color to 𝐵2 = 0.3.
nonlinear regimes plotted in Fig.  7 by blue and green lines for the 
positive 𝛿𝜔 = 0.5, mutually exchange for the negative detuning 𝛿𝜔 =
−0.5 case. In Fig.  8 we plot mean magnon number as a function of the 
applied external electric field. As we see from Fig.  8 by proper tuning 
of the electric field magnon number can be increased drastically.

In essence, results shown in Figs.  6–8 define the borderlines be-
tween stability and instability regions. Maps of those regions in the 
parametric space of applied external fields (𝐷𝑓 , 𝐵), 𝐸 = 𝐷𝑓∕𝑔ME, 𝐷𝑓 =
𝐷∕

√

𝜔2
𝑓 + 𝛾2 are plotted in Fig.  9. Same regions in the parametric space 

(𝛿𝜔, 𝐷𝑓 ) of the detuning 𝛿𝜔 = 𝜔 − 𝜔0 and the electric field are plotted 
in Fig.  10. The change of the sign of the detuning leads to the mirror 
reflection with respect to the line 𝛿𝑘 = 0.

For visual control and better clarity finally we plot instability re-
gions in 3D plots Figs.  11 and 12. The inset lines correspond to the 
instability and stability regions respectively.

The fixed point of the nonlinear system defines the system’s steady 
state. However, one can pump an arbitrary number of magnons into 
the system through the nanoantenna and prepare a non-equilibrium 
state. Non-equilibrium effects are also in the scope of our interest, and 
therefore, when analyzing nonlinear effects, we exploit more general 
formalism and study the system’s dynamics not only in the vicinity of 
the steady state fixed point but also in the vicinity of non-equilibrium 
states.

We proceed with the analysis of the phase space of the dynamical 
system Eq. (17). We linearize Eq. (17) in the vicinity of the equilibrium 
point and write down the system of linearized equations:
𝐱̇ = 𝐅,
𝐱 = 𝛼, 𝜙, 𝛽, 𝜑 , 𝐅 =

{

𝑓 (𝐱)...𝑓 (𝐱)
}

. (33)
{ } 1 4

8 
While the dimension of set Eq. (33) is 𝑛 = 4, it is characterized by 𝑛+2
topologically different types of trajectories. One of them corresponds to 
the trajectory with a regular fixed point, and the rest 𝑛 + 1 trajectories 
are characterized by exceptional fixed points (e.g. Saddles, Nodes, 
Stable spiral, and Unstable spiral) which following Petrovsky [59] we 
denote by 𝑝,𝑞 , where 𝑝 = 0, 1,… , 𝑛 and 𝑝 + 𝑞 = 𝑛. The points 𝑝,𝑞

with 𝑝 ≠ 𝑛 are saddle fixed points. The fixed points are found from 
the condition 𝐱̇ = 0, i.e., 𝐅(𝐱∗) = 0. The corresponding characteristic 
equation in the vicinity of 𝐱∗ point reads: 

𝜒(𝜆) = Det||
|

|

|

|

𝐀 − 𝐈𝜆||
|

|

|

|

= Det
‖

‖

‖

‖

𝜕𝑓𝑖
𝜕𝑥𝑗

− 𝛿𝑖𝑗𝜆
‖

‖

‖

‖

= 0. (34)

Here 𝐈 is the (4⊗ 4) identity matrix. The equilibrium state 𝐱∗[𝐵,𝐷,𝐾]
is the root of the equation 
𝐅(𝐱∗[𝐵,𝐷,𝐾]) = 0. (35)

The type of the exceptional point is defined from the equation 
𝜒(𝐱∗[𝐵,𝐷,𝐾]) = 0. (36)

The border of the equilibrium domain is given by 
Im(𝜆 = 𝑖𝛺) = 0. (37)

In essence Eq. (37) defines a hypersurface 𝛺. We also define the 
hypersurface 𝛺=0 = 0 and analyze what happens with the system 
when phase trajectory crosses hypersurface. Crossing of 0 when 
steering the parameters of the system demolishes the saddle fixed 
point 𝑝,𝑞 due to the merging with the states 𝑝+1,𝑞−1 or 𝑝−1,𝑞+1. 
On the other hand, 𝑝,𝑞 is stable when crossing 𝛺. We implement 
this theoretical scheme to our system. After linearization of Eq. (17)
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Fig. 7. Dependence of the steady-state mean magnon number 𝑛𝑚 = 𝛽2 on the external dimensionless magnetic field 𝐵 ≡ 𝛾𝑒𝐵∕𝜔 for the fixed detuning 𝛿𝜔 = 𝜔0 − 𝜔 = 0.5 and the 
different values of 𝛿𝐾 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

. In particular, the red solid lines corresponds to 𝛿𝑘 = 0, while the green solid and green dashed lines to 𝛿𝑘 = −0.1 and 𝛿𝑘 = −0.2 respectively. 
The blue solid line corresponds to 𝛿𝑘 = 0.1 and the blue dashed line to 𝛿𝑘 = 0.2. Because of the 𝑛𝑚(𝐵2 ,−𝛿𝑘 , 𝛿𝜔) = 𝑛𝑚(𝐵2 , 𝛿𝐾 ,−𝛿𝜔), the plot for the negative detuning 𝛿𝜔 = −0.5 is 
the same upon the exchange of green and blue colors.
𝐗 = (𝛿𝛼, 𝛿𝜙, 𝛿𝛽, 𝛿𝜑)𝑇 , where 𝛿𝛼 = 𝛼 − 𝛼1, 𝛿𝜙 = 𝜙 − 𝜙1, 𝛿𝛽 = 𝛽 − 𝛽1, 
𝛿𝜑 = 𝜑 − 𝜑1, in the vicinity of arbitrary fixed point (𝛼1, 𝜙1, 𝛽1, 𝜑1) we 
obtain matrix equation: 
𝑑𝐗
𝑑𝑡

= 1 ⋅ 𝐗, (38)

where matrix 1 in the explicit form reads: 

⎛

⎜

⎜

⎜

⎜

⎝

𝛿𝛼̇
𝛿𝜙̇
𝛿𝛽̇
𝛿𝜑̇

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝛾𝑓 𝐷𝛽21 sin𝜙1 −2𝐷𝛽1 cos𝜙1 0

−
𝐷𝛽21
𝛼21

sin𝜙1
𝐷𝛽21
𝛼1

cos𝜙1 2𝐷𝛽1
𝛼1

sin𝜙1 0

0 0 −𝛾𝑚 −𝐵 sin𝜑1
2𝐷 sin𝜙1 2𝐷𝛼1 cos𝜙1

𝐵
𝛽21

sin𝜑1 − 4𝐾𝛽1 − 𝐵
𝛽1

cos𝜑1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝛿𝛼
𝛿𝜙
𝛿𝛽
𝛿𝜑

⎞

⎟

⎟

⎟

⎟

⎠

.

(39)

In Fig.  13, we plot phase portraits based on the Eq. (38) and 
corresponding to the different regions of the phase space and the 
various sets of parameters given in Table  2. Below, magnon–photon 
entanglement is shown to be maximal in the region near the border 
between the stable node (a) and the stable spiral regions (b) and (c). 
The characteristic roots of the Eq. (39) can be obtained analytically for 
the equal damping case 𝛾𝑚 = 𝛾𝑓 = 𝛾0 which is a physically reasonable 
assumption: 
𝜆±,± = (𝑝 ±

√

𝛥±)∕2, (40)

where 𝛥± = 𝑝2 − 4𝑞±, 𝑝 = −2𝛾0 and 𝑞± = 𝛾20 − (𝜒1 ±
√

𝜒2
1 + 𝜒2)∕2, 𝜒1 =

−𝜔2
𝑓 −[𝛿𝜔+(𝛿𝐾 −4𝐾)𝑛𝑚](𝛿𝜔+ 𝛿𝐾𝑛𝑚), 𝜒2 = −4𝜔𝑓 [4𝐷2𝑛𝑚 +𝜔𝑓 (𝛿𝜔+(𝛿𝐾 −

4𝐾)𝑛𝑚)](𝛿𝜔 + 𝛿𝐾𝑛𝑚), with 𝛿𝑘 =
(

2𝐷2𝜔𝑓
2 2 − 2𝐾

)

 and equilibrium mean 

𝜔𝑓+𝛾𝑓

9 
Table 1
The phase space of the system. As we see, depending on the values of the parameters 
the system is characterized by Saddle point, Stable node or Stable spiral fixed points. 
 Conditions Phase type  
 𝑝 < 0 𝛥± > 4𝛾20 𝑞± < 0 Saddle point 
 𝑝 < 0 2𝛾20 < 𝛥± < 4𝛾20 0 < 𝑞± < 𝛾20 ∕2 Stable node  
 𝑝 < 0 0 < 𝛥± < 2𝛾20 𝛾20 ∕2 < 𝑞± < 𝛾20 Stable node  
 𝑝 < 0 𝛥± < 0 𝑞± > 𝛾20 Stable spiral 

magnon number 𝑛𝑚 = 𝛽21 . Taking into account explicit expressions of 
the roots we identify the following three cases relevant to our problem:

I. Saddle point. 𝑝 < 0, 𝛥± > 0, 𝑞± < 0, and 𝜒1 ±
√

𝜒2
1 + 𝜒2 > 𝛾20 .

II. Stable node. 𝑝 < 0, 𝛥± > 0, 𝑞± > 0, and 𝛾20 > 𝜒1 ±
√

𝜒2
1 + 𝜒2 > 0.

III. Stable spiral. 𝑝 < 0, 𝛥± < 0, 𝑞± > 0, and 𝜒1 ±
√

𝜒2
1 + 𝜒2 < 0.

Taking into account definitions below Eq. (40) the cases above can 
be presented in their reduced form as shown in Table  1.

Thus, depending on the values of the parameters, we can have dif-
ferent types of dynamics specified in Table  1. For illustrative purposes, 
the phase spaces of the system for the different sets of parameters are 
plotted in Figs.  14 and 15. We clearly see that the most significant 
part of the parameter space belongs to the stable spiral points. The 
change of the sign of detuning from negative 𝛿𝜔 = 𝜔0 − 𝜔 = −0.2 to 
positive 𝛿𝜔 = 0.2 shifts the region of stable node and stable spiral points 
from the small positive 𝛿𝑘 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

 to the slight negative 𝛿𝑘. 
The effect observed in Fig.  14 means that the system’s dynamic can be 
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Fig. 8. Dependence of the steady-state mean magnon number 𝑛𝑚 = 𝛽2 on the external electric field 𝐸 = 𝐷𝑓 ∕𝑔ME, 𝐷𝑓 = 𝐷∕
√

𝜔2
𝑓 + 𝛾2 for the constant magnetic field 𝐵2 = 0.1 and 

the different values of the detuning: 𝛿𝜔 = 0 (red solid), 𝛿𝜔 = −0.6 (green solid), 𝛿𝜔 = −0.3 (green dashed), 𝛿𝜔 = 0.6 (blue solid).
Fig. 9. The map of the steady-state mean magnon number 𝑛𝑚 = 𝛽2 in the parameter space of the external electric 𝐸 = 𝐷𝑓 ∕𝑔ME, 𝐷𝑓 = 𝐷∕
√

𝜔2
𝑓 + 𝛾2 and magnetic fields 𝐵. The 

grayscale defines the value of the mean magnon number. Black corresponds to 𝑛𝑚 = 0 and white corresponds to 𝑛𝑚 = max. Yellow lines define the boundaries of the bistability 
region for the detuning 𝛿𝜔. The values of detuning are: (a) 𝛿𝜔 = 1.0, (b) 𝛿𝜔 = −1.0.
controlled through the frequency of the time-dependent magnetic field 
𝜔0 and amplitude of the external electric field 𝐸 = 𝐷∕𝑔ME. With the 
increase of the detuning 𝛿𝜔, Fig.  15, the saddle point’s region becomes 
larger. Nevertheless, the symmetry upon simultaneous flips of signs 
𝛿𝜔 → −𝛿𝜔 and 𝛿𝐾 → −𝛿𝐾 still holds.

Further interest concerns the case 𝜒2
1 + 𝜒2 < 0. Then

𝜆±,± = Re(𝜆±,±) + iIm(𝜆±,±),

Re(𝜆±,±) =
1
(

𝑝2 ±
√

|𝛥′
±|

2 + |𝛥′′
±| cos 𝜉

)

,

2

10 
Im(𝜆±,±) =
1
2

√

|𝛥′
±|

2 + |𝛥′′
±| sin 𝜉, (41)

where

𝛥′
± = 𝜒1∕2, 𝛥′′

± =
√

|𝜒2
1 + 𝜒2|∕2,

𝜉 = arctan
(

𝛥′′
±∕𝛥

′
±
)

. (42)

IV. Hopf Bifurcation. Hopf bifurcation occurs when Re(𝜆±,±) changes 
the sign from negative to positive and characteristic root crosses the 
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Fig. 10. The map of the steady-state mean magnon number 𝑛𝑚 = 𝛽2 in the parameter space of the external electric field 𝐸 = 𝐷𝑓 ∕𝑔ME, 𝐷𝑓 = 𝐷∕
√

𝜔2
𝑓 + 𝛾2 and the detuning 

𝛿𝜔 = 𝜔0 − 𝜔 between magnon frequency 𝜔 and the frequency of the time-dependent magnetic field 𝜔0. The grayscale defines the value of the mean magnon number. Black 
corresponds to 𝑛𝑚 = 0 and white corresponds to 𝑛𝑚 = max. Yellow lines define the boundaries of the bistability region for the value of magnetic field 𝐵2 = 0.2.
Fig. 11. (a) The mean magnon number 𝛽2 in the steady-state, as a function of applied external magnetic and electric fields 𝐵, 𝐷. (b) The inset line shows the dependence of 𝛽2
on 𝐵 for the fixed value of 𝐷 = 0.7. As we can see, dependence is monotonic, corresponding to the linear regime. The values of the parameters read: 𝐾 = 0.06, 𝛿𝜔 = 1.0, 𝜔𝑓 =
5.0, 𝛾𝑓 = 𝛾𝑚 = 0.1.
imaginary axis. The values of the parameters 𝐷, 𝐾, 𝜔, 𝜔0, 𝜔𝑓 , 𝐵, 𝛾0, 
𝑛𝑚 = 𝛽21  for each four cases is shown in the Table  2. Considering the 
case 𝐷 =

√

3𝐾(𝜔2
𝑓 + 𝛾2𝑓 )∕𝜔𝑓  from 𝜒2

1 + 𝜒2 < 0 we deduce: 

𝐷2 >
𝜔4
𝑓 + 𝛿𝜔2(𝛿𝜔 + 𝛿𝐾𝑛𝑚)2

−
𝜔2
𝑓 𝛿𝜔 . (43)
16𝑛𝑚𝜔𝑓 (𝛿𝜔 + 𝛿𝐾𝑛𝑚) 8𝑛𝑚

11 
Or in the resonant case 𝛿𝜔 = 0: 

𝐷 >
𝜔𝑓

√

𝜔𝑓

4𝑛𝑚
√

𝛿𝐾
. (44)

Together with 𝐷 =
√

3𝐾(𝜔2
𝑓 + 𝛾2𝑓 )∕𝜔𝑓 , Eqs.  (43) and (44) define bifur-

cation values of DMI constant. The particular values of the parameters 
for Hopf bifurcation for the general case are shown in the Table  2. The 
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Fig. 12. (a) The mean magnon number 𝛽2 in the steady-state, as a function of applied external magnetic and electric fields 𝐵, 𝐷. The inset line shows the dependence of 𝛽2 on 
𝐵 for the fixed value of 𝐷 = 0.4. We can see that dependence is not monotonic, corresponding to the linear regime. (b) The bistability region appears in the interval 0.3 < 𝐵 < 1.6. 
The values of the parameters read: 𝐾 = 0.06, 𝛿𝜔 = 1.0, 𝜔𝑓 = 5.0, 𝛾𝑓 = 𝛾𝑚 = 0.1.
analytic solution of the system Eq. (38) reads:
𝛿𝛼(𝑡) =

∑

𝑚=𝛼,𝜙,𝛽,𝜑
𝐶𝑚𝛾𝑚𝛼 exp[𝜆𝑚𝑡],

𝛿𝜙(𝑡) =
∑

𝑚=𝛼,𝜙,𝛽,𝜑
𝐶𝑚𝛾𝑚𝜙 exp[𝜆𝑚𝑡],

𝛿𝛽(𝑡) =
∑

𝑚=𝛼,𝜙,𝛽,𝜑
𝐶𝑚𝛾𝑚𝛽 exp[𝜆𝑚𝑡],

𝛿𝜑(𝑡) =
∑

𝑚=𝛼,𝜙,𝛽,𝜑
𝐶𝑚𝛾𝑚𝜑 exp[𝜆𝑚𝑡]. (45)

Here 𝛾𝑛𝑚 = (−1)1+𝑚1,𝑚
{

‖ − 𝐈𝜆𝑛‖
} is the co-factor of the minor 

of matrix Eq. (39) and coefficients 𝐶𝑚 are defined from the initial 
conditions.

7. Entanglement

To find steady state robust magnon–photon entanglement in the 
system we follow the recent work [18]. Entanglement is quantified 
through the logarithmic negativity [29,32]: 
𝐸𝑁 = max

[

0,− ln[2𝜂−]
]

, (46)

where 
𝜂− = 2−1∕2{𝛴(𝑉1) − [𝛴(𝑉1)2 − 4 det 𝑉1]1∕2}1∕2, (47)

𝛴(𝑉1) = det 𝐺1 + det 𝐵1 − 2 det 𝐶1, (48)

and the matrix 𝐕1 is defined as follows:
1𝐕1 + 𝐕1𝑇

1 = 𝐖,

𝐕1 =
(

𝐆1 𝐂1
𝐂𝑇
1 𝐁1

)

. (49)

The explicit form of the matrix 1 is given in Eq. (39), and 𝐖 =
−diag[𝛾𝑓 (2𝑁𝑓 (𝜔𝑓 )+1), 𝛾𝑓 (2𝑁𝑓 (𝜔𝑓 )+1), 𝛾𝑚(2𝑁𝑚(𝜔)+1), 𝛾𝑚(2𝑁𝑚(𝜔)+1)], 
where 𝑁(𝜔) = [exp(ℏ𝜔∕𝑘𝐵𝑇 ) − 1]−1 is the boson distribution function. 
We note that the equation for the steady covariance matrix Eq. (49) 
is linear, and one should not expect nonlinear effects governed by 
the covariance matrix. On the other hand, 1 contains information 
about different regions of the phase space of the nonlinear system 
and the corresponding fixed points. The value of 1 is different in 
the different regions of the phase space. Thus, nonlinearity influences 
12 
Table 2
Parameters for which specific states of phase space exist.
 𝛽2 𝐷 𝐾 𝜔𝑓 𝜔0 𝜔 𝛾0 = 𝛾𝑚 = 𝛾𝑓  
 I. Saddle point 30 0.32 0.06 1.0 0.2 5.0 10  
 30 0.33 0.06 1.0 0.2 5.0 10  
 30 0.34 0.06 1.0 0.2 5.0 10  
 25 0.30 0.06 1.0 0.2 5.0 10  
 25 0.31 0.06 1.0 0.2 5.0 10  
 II. Stable node 30 0.16 0.06 0.5 2.5 5.5 0.1  
 30 0.20 0.06 0.5 2.5 5.5 0.1  
 30 0.23 0.06 0.5 2.5 5.5 0.1  
 30 0.18 0.06 0.5 2.0 2.5 0.1  
 30 0.20 0.06 0.5 2.0 2.5 0.1  
 30 0.25 0.06 0.5 2.0 2.5 0.1  
 25 0.18 0.06 0.5 2.0 2.5 0.1  
 25 0.20 0.06 0.5 2.0 2.5 0.1  
 25 0.25 0.06 0.5 2.0 2.5 0.1  
 10 0.20 0.06 0.5 1.5 5.0 0.1  
 III. Stable spiral 25 0.60 0.06 5.0 1.0 1.5 0.1  
 25 0.55 0.06 5.0 1.0 1.5 0.1  
 25 0.20 0.06 5.0 1.0 1.5 0.1  
 30 0.20 0.06 5.0 1.0 1.5 0.1  
 30 0.40 0.06 5.0 1.0 1.5 0.1  
 30 0.55 0.06 5.0 1.0 1.5 0.1  
 30 0.20 0.06 5.0 0.5 1.5 0.1  
 30 0.40 0.06 5.0 0.5 1.5 0.1  
 30 0.55 0.06 5.0 0.5 1.5 0.1  
 IV. Hopf bifurcation 20 0.9489 0.06 5.0 1.0 2.0 0.1  
 25 0.9489 0.06 5.0 1.0 2.0 0.1  
 30 0.9489 0.06 5.0 1.0 2.0 0.1  
 30 0.8488 0.06 4.0 1.0 2.0 0.1  
 25 0.8488 0.06 4.0 1.0 2.0 0.1  
 20 0.8488 0.06 4.0 1.0 2.0 0.1  

magnon–photon entanglement directly. Results of numerical calcula-
tions for the entanglement are plotted in Fig.  16. In Fig.  16 we see 
two drop-shaped regions of nonzero entanglement. Surprisingly, we 
see the symmetry breaking concerning the mutual flip of the signs 
(𝛿𝜔, 𝛿𝑘) → (−𝛿𝜔,−𝛿𝑘). The sizes of two nonzero entanglement regions 
are different. The reason for the observed asymmetry is the fact that not 
only the difference between magnon frequency 𝜔 and the frequency of 
the external magnetic field 𝜔0 is essential but the value of the magnon 
frequency 𝜔 as well. Hence, the determination of the entanglement 
cannot be reduced solely to the value of detuning 𝛿𝜔 = 𝜔 − 𝜔. As 
0
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Fig. 13. Phase portraits for various types of phase trajectories. The arrows show the directions of the trajectories: (a) The stable node for (𝛼̇, 𝛼) for the parameters: 𝐷 = 0.2, 
𝛽2 = 10, 𝐾 = 0.06, 𝜔 = 35, 𝜔0 = 1.5, 𝜔𝑓 = 0.5, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.1, (b) The stable spiral for (𝜙̇, 𝜙) and the parameters: 𝐷 = 0.4, 𝛽2 = 25, 𝐾 = 0.06, 𝜔 = 1.5, 𝜔0 = 1, 𝜔𝑓 = 5, 
𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.1, (c) The stable spiral for (𝛽̇, 𝛽) obtained for the parameters: 𝐷 = 0.4, 𝛽2 = 25, 𝐾 = 0.06, 𝜔 = 1.5, 𝜔0 = 1, 𝜔𝑓 = 5, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 0.1, (d) The saddle point for (𝜑̇, 
𝜑) obtained for the parameters: 𝐷 = 0.3, 𝛽2 = 30, 𝐾 = 0.06, 𝜔 = 5, 𝜔0 = 0.2, 𝜔𝑓 = 1, 𝛾𝑓 = 𝛾𝑚 = 𝛾0 = 10.

Fig. 14. The map of exceptional fixed points plotted for the value of detuning 𝛿𝜔. The region of saddle points is highlighted in red. The map of the region of stable node points 
is highlighted in yellow. The map of the region of stable spiral points is highlighted in blue. On the x axis 𝛿𝑘 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

 and on the y axis mean magnon number 𝑛𝑚 = 𝛽2. 
The values of detuning are: (a) 𝛿𝜔 = −0.2, (b) 𝛿𝜔 = 0.2.
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Fig. 15.  The map of exceptional fixed points. The region of saddle points is highlighted in red. The map of the region of stable node points is highlighted in yellow. The map 
of the region of stable spiral points is highlighted in blue. On the x axis is shown detuning 𝛿𝜔 = 𝜔0 − 𝜔 between the frequency of time dependent magnetic field 𝜔0 and magnon 
frequency 𝜔. On the y axis, mean magnon number 𝑛𝑚 = 𝛽2. The values of 𝛿𝑘 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

 are: (a) 𝛿𝑘 = −0.5, (b) 𝛿𝑘 = 0.5.
Fig. 16. Dependence of entanglement on the detuning 𝛿𝜔 = 𝜔0 − 𝜔 and parameter 𝛿𝑘[𝐷𝑓 ] = 2𝐷2
𝑓𝜔𝑓 − 2𝐾, where 𝐷𝑓 = 𝐷∕

√

𝜔2
𝑓 + 𝛾2𝑓 . The white color corresponds to the nonzero 

entanglement region. The temperature in the system 𝑇 = 0.1 Kelvin, meaning that 𝑘𝐵𝑇 = ℏ𝜔∕2. The values of the dimensionless magnetic field 𝐵 ≡ 𝛾𝑒𝐵∕𝜔 are: (a) 𝐵2 = 0.2, (b) 
𝐵2 = 0.5.
a consequence, the quantum properties of the system are characterized 
by symmetry lower than in the classical case Eq. (26). The green lines 
plotted in Fig.  17 correspond to the 𝛿𝑘 = −0.03 section (Fig.  17a) 
and the 𝛿𝑘 = 0.03 section (Fig.  17b) of central part of Fig.  16a. The 
central broad maximum of the entanglement is associated with the 
small detuning case |𝛿𝜔| < 0, 2, while the side sharp maximum in the 
vicinity of 𝛿𝜔 = ±0.4 is counter intuitive. Upon flipping the sign of the 
detuning the maximal value of the entanglement associated with the 
sizeable detuning case is almost the same. Comparing the results for 
the entanglement plotted in Figs.  16 and 17 with the phase portrait of 
the system Figs.  14 and 15, we conclude that the most significant values 
of the entanglement are linked with the border between Stable spiral 
and Stable node fixed point regions. In the red region (the Saddle fixed 
point region), the logarithmic negativity becomes imaginary, meaning 
that the entanglement is not defined in the Saddle fixed point region.

In Fig.  18, we plot the magnon–photon entanglement as a function 
of the applied external magnetic and electric fields 𝐵,𝐷 = 𝑔ME𝐸. The 
white region corresponds to the nonzero entanglement. As we see, 
entanglement in the system is zero for a weak electric field case. Com-
paring Fig.  18 with Fig.  9, we see that the sign of the detuning between 
magnon frequency and the frequency of time-dependent magnetic field 
𝛿𝜔 = 𝜔 −𝜔 influences the region of nonzero entanglement. Moreover, 
0

14 
the sharp maxima of the entanglement are aligned along one of the 
boundary lines of the bistability region. Also in Fig.  16 one can see the 
trace of bistability border line presented in Fig.  10. The yellow lines 
in Fig.  19 correspond to the border between Stable spiral and Stable 
node regions in Fig.  15 (the blue and yellow regions). As we see in Fig. 
19, the entanglement disappears after crossing the bottom border of the 
Stable node region and becomes nonzero only after crossing the upper 
yellow line. A very interesting fact is that the black region between 
yellow lines with zero entanglement is characterized by singularities of 
the covariance matrix Eq. (49), and on the other hand, it corresponds 
to the Saddle point region of the dynamical system Fig.  15.

The temperature dependence of the entanglement we infer from Fig. 
19. Namely, the zero temperature case 𝑘𝐵𝑇 = 0 is plotted in Fig.  19a 
and b correspond for 𝛿𝐾 = −0.5 and 𝛿𝐾 = 0.5 respectively. Fig.  19c and 
d correspond to the nonzero temperature case for 𝛿𝐾 = −0.5 (Fig.  19c) 
and 𝛿𝐾 = 0.5 (Fig.  19d)

As we can see, the nonzero magnon–photon entanglement region 
shrinks with the increase of temperature.

8. Conclusions

In the present project, we studied the photon–magnon crystal sys-
tem based on the YIG film with the periodic air holes drilled in the 
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Fig. 17. The dependence of the entanglement on the detuning between the frequency of external time-dependent magnetic field and the magnon frequency 𝛿𝜔 = 𝜔0 − 𝜔 for the 
different values of magnetic fields: 𝐵2 = 0.1 the red line, 𝐵2 = 0.2 the green line, 𝐵2 = 0.3 the blue line. The first maximum in the entanglement is associated with the small 
detuning case |𝛿𝜔| < 0.2, while the second maximum occurs in the vicinity of (a) 𝛿𝜔 = 0.4 and (b) 𝛿𝜔 = −0.4. With the increase of the amplitude of the time dependent magnetic 
field, the maximum of the entanglement moves towards the higher values of the detuning. This result is straightforward because the weak field in the sizeable detuning limit does 
not compensate for the thermal decay of magnons. The value of the temperature 𝑇 = 0.1 Kelvin meaning that 𝑘𝐵𝑇 = ℏ𝜔∕2. The values of parameter 𝛿𝑘 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

 are: (a) 
𝛿𝐾 = −0.03 (b) 𝛿𝐾 = 0.03.
Fig. 18. Dependence of entanglement on the magnetic and electric fields 𝐵, 𝐷𝑓  and parameter 𝛿𝑘 = 2𝐷2
𝑓𝜔𝑓 − 2𝐾, where 𝐷𝑓 = 𝐷∕

√

𝜔2
𝑓 + 𝛾2𝑓 . The white color corresponds to 

the nonzero entanglement region. The temperature in the system 𝑇 = 0.1 Kelvin, meaning that 𝑘𝐵𝑇 = ℏ𝜔∕2. Detuning between magnon frequency 𝜔 and the frequency of the 
time-dependent magnetic field 𝜔0 is equal to 𝛿𝜔 = 𝜔0 − 𝜔. The values of 𝛿𝜔 are: (a) 𝛿𝜔 = −1 GHz, (b) 𝛿𝜔 = 1 GHz.
film. The periodic air hols lead to the optical crystal properties, and for 
the confinement of the magnonic excitations, we proposed to exploit 
the magnon condensation effect and intraband magnon–magnon inter-
action originated from the perpendicular magnetocrystalline anisotropy 
(PMA) and bismuth doping on the YIG film. Then, the magnon–magnon 
interband interaction term in the magnon condensate mimics the effec-
tive Kerr effect. The magnonic spectrum has a profound minimum that 
grants a magnon confinement effect. Overall, confined magnons and 
photons in the photon–magnon crystal interact through the magneto-
electric effect observed for YIG earlier. To quantify the entanglement 
between two continuous bosonic modes, such as magnons and photons, 
we followed the state-of-the-art method for today. Using the quantum 
Langevin equations subjected to thermal noise, we calculated the log-
arithmic negativity. When using this method in previous studies, the 
standard recipe was a linearization procedure, i.e., replacing quantum 
operators by their semiclassical expectation values calculated near the 
steady state. The cost of this approximation is the loss of information 
about the character of the fixed points. Namely, in the standard semi-
classical approximation, a general quantum operator 𝑄̂ is replaced 
by 𝑄̂ = ⟨𝑄̂⟩ + 𝛿𝑄̂, where 𝛿𝑄̂ is the deviation of operators from its 
steady state expectation value ⟨𝑄̂⟩. In particular, magnon creation and 
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annihilation operators are replaced by ⟨𝑚̂†
⟩ = 𝛽∗𝑒−𝑖𝜑, ⟨𝑚̂⟩ = 𝛽𝑒𝑖𝜑. 

The present work showed that phase plays a crucial role in nonlinear 
cases, leading to the instability and transitions between the different 
dynamical regimes. Before analyzing the quantum entanglement, we 
explored the nonlinear semiclassical dynamics in detail and precisely 
defined the phase space. It is well known that the typical nonlinear 
dynamical system holds bifurcation points and fixed points of different 
characters in its phase space: Saddle points, Stable and unstable spiral, 
and Stable node points. We showed that methods of the qualitative 
theory of nonlinear differential equations are also relevant for photon–
magnon entanglement problems.  We found that the entanglement is 
not defined in the Saddle fixed point region (see red region in Fig.  20). 
The reason is the singularity in the covariance matrix that occurs in 
this region. On the other hand, we proved that the maximum of the 
entanglement corresponds to the region near the border between the 
Stable node and Stable spiral fixed point regions (the border between 
yellow and blue regions in Fig.  20)). Besides, we calculated photon 
modes for a particular geometry of the photon–magnon crystal. We 
have analyzed the amplitude–frequency characteristics of the photon–
magnon crystal and showed that due to the instability region, one 
could efficiently switch the mean magnon numbers in the system and 
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Fig. 19. Dependence of entanglement on the detuning 𝛿𝜔 = 𝜔0 − 𝜔 and magnon mean number 𝑛𝑚 = 𝛽2. The white color corresponds to the nonzero entanglement region. The 
yellow lines correspond to the border between Stable spiral and Stable node regions in Fig.  15 (the blue and yellow regions). The values of the magnetic field 𝐵2, parameter 
𝛿𝑘 =

(

2𝐷2𝜔𝑓

𝜔2
𝑓+𝛾

2
𝑓
− 2𝐾

)

 and temperature 𝑇  in the system are: (a) 𝐵2 = 0.5, 𝛿𝑘 = 0.5, 𝑇 = 0 Kelvin meaning that 𝑘𝐵𝑇 = 0, (b) 𝐵2 = 0.5, 𝛿𝑘 = −0.5, 𝑇 = 0 Kelvin meaning that 𝑘𝐵𝑇 = 0, 
(c) 𝐵2 = 0.5, 𝛿𝑘 = 0.5, 𝑇 = 0.1 Kelvin meaning that 𝑘𝐵𝑇 = ℏ𝜔∕2, (d) 𝐵2 = 0.5, 𝛿𝑘 = −0.5, 𝑇 = 0.1 Kelvin meaning that 𝑘𝐵𝑇 = ℏ𝜔∕2.
control entanglement. We also studied the dependence of magnon–
photon entanglement on the temperature and showed that the region 
of the nonzero entanglement shrinks at higher temperatures. We found 
that the entanglement is nonzero in the Stable spiral fixed point region 
as it is shown schematically in Fig.  20.
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Appendix. Derivation of dynamical equations

Let us consider the total Hamiltonian Eq. (15)
𝐻̂𝑡𝑜𝑡 = 𝜔𝑓 𝑎̂

†𝑎̂ + 𝜔𝑚̂†𝑚̂ +𝐾𝑚̂†𝑚̂𝑚̂†𝑚̂ +

i𝐵
(

𝑚̂†𝑒−i𝜔0𝑡 − 𝑚̂𝑒i𝜔0𝑡
)

+ i𝐷𝑚̂+𝑚̂
(

𝑎̂ − 𝑎̂†
)

. (A.1)

Corresponding equations of motion read: 
𝑑𝑎̂(𝑡)
𝑑𝑡

= −𝑖
[

𝑎̂(𝑡), 𝐻̂𝑒𝑓𝑓
]

− 𝛾𝑓 𝑎̂(𝑡) +
√

2𝛾𝑓 𝑎̂𝑖𝑛(𝑡), (A.2)

and 
𝑑𝑚̂(𝑡)
𝑑𝑡

= −𝑖
[

𝑚̂(𝑡), 𝐻̂
]

− 𝛾𝑚𝑚̂(𝑡) +
√

2𝛾𝑚𝑚̂𝑖𝑛(𝑡). (A.3)

Taking into account bosonic commutation relations:
[𝑚̂, 𝑚̂+] = 1, 𝑛̂ = 𝑚̂+𝑚̂,

[𝑛̂, 𝑚̂] = [𝑚̂+𝑚̂, 𝑚̂] = 𝑚̂[𝑚̂+, 𝑚̂] = −𝑚̂, (A.4)

and 
[𝑛̂, 𝑚̂+] = [𝑚̂+𝑚̂, 𝑚̂+] = 𝑚̂+[𝑚̂, 𝑚̂+] = 𝑚̂+, (A.5)
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Fig. 20. Schematic dependence of phase spaces on the magnetic field 𝐵 and the mean magnon number 𝛽2. The dashed line indicates the dependence of 𝛽2 on 𝐵. The region of 
saddle points is highlighted in red. The map of the region of stable node points is highlighted in yellow. The map of the region of stable spiral points is highlighted in blue. The 
values of the parameters read: 𝐷 = 0.16, 𝐾 = 0.06, 𝜔𝑓 = 0.5, 𝜔0 = 2.5, 𝜔 = 5.5, 𝛾𝑓 = 𝛾𝑚 = 0.5.
and commutation relations for the photon number operators:

[𝑎̂, 𝑎̂+] = 1, 𝑛̂𝑓 = 𝑎̂+𝑎̂, (A.6)
[𝑛̂𝑓 , 𝑎̂] = [𝑎̂+𝑎̂, 𝑎̂] = 𝑎̂+𝑎̂𝑎̂ − 𝑎̂𝑎̂+𝑎̂ =

[𝑎̂+, 𝑎̂]𝑎̂ = −𝑎̂, (A.7)
[𝑛̂𝑓 , 𝑎̂+] = [𝑎̂+𝑎̂, 𝑎̂+] = 𝑎̂+𝑎̂𝑎̂+ − 𝑎̂+𝑎̂+𝑎̂ =

𝑎̂+[𝑎̂, 𝑎̂+] = 𝑎̂+, (A.8)

we obtain equations
[𝑎̂(𝑡), 𝐻̂] = 𝜔𝑓 [𝑎̂, 𝑎̂+𝑎̂] + 𝑖𝐷[𝑎̂, (𝑎̂ − 𝑎̂+)]𝑚̂+𝑚̂ =

𝜔𝑓 𝑎̂ − 𝑖𝐷𝑚̂+𝑚̂, (A.9)
[𝑚̂(𝑡), 𝐻̂] = 𝜔

[

𝑚̂, 𝑚̂+𝑚̂
]

+ 𝑖𝐷(𝑎̂ − 𝑎̂+)[𝑚̂, 𝑚̂+𝑚̂] +

𝑖𝐵[𝑚̂, 𝑚̂+]𝑒−𝑖𝜔0𝑡 +𝐾[𝑚̂, 𝑚̂+𝑚̂𝑚̂+𝑚̂] =

𝜔𝑚̂ + 𝑖𝐷(𝑎̂ − 𝑎̂+)𝑚̂ + 𝑖𝐵𝑒−𝑖𝜔0𝑡 +𝐾(𝑚̂+𝑚̂𝑚̂ + 𝑚̂𝑚̂+𝑚̂), (A.10)
[𝑚̂, 𝑚̂+𝑚̂𝑚̂+𝑚̂] = 𝑚̂+𝑚̂[𝑚̂, 𝑚̂+𝑚̂] + [𝑚̂, 𝑚̂+𝑚̂]𝑚̂+𝑚̂ =

𝑚̂+𝑚̂𝑚̂ + 𝑚̂𝑚̂+𝑚̂. (A.11)

Taking into account the identity
[𝐴,𝐵𝐶] = 𝐴𝐵𝐶 − 𝐵𝐶𝐴 = 𝐴𝐵𝐶 − 𝐵𝐴𝐶 + 𝐵𝐴𝐶 − 𝐵𝐶𝐴 =

[𝐴,𝐵]𝐶 + 𝐵[𝐴,𝐶], (A.12)

we obtain the set of equations:
𝑑𝑎̂(𝑡)
𝑑𝑡

= −𝑖𝜔𝑓 𝑎̂ −𝐷𝑚̂+𝑚̂ − 𝛾𝑓 𝑎̂(𝑡) +
√

2𝛾𝑓 𝑎̂𝑖𝑛(𝑡), (A.13)

𝑑𝑚̂(𝑡)
𝑑𝑡

= −𝑖𝜔𝑚̂ +𝐷(𝑎̂ − 𝑎̂+)𝑚̂ + 𝐵𝑒−𝑖𝜔0𝑡 −

𝑖𝐾(𝑚̂+𝑚̂𝑚̂ + 𝑚̂𝑚̂+𝑚̂) − 𝛾𝑚𝑚̂(𝑡) +
√

2𝛾𝑚𝑚̂𝑖𝑛(𝑡), (A.14)
𝑑𝑚̂(𝑡)
𝑑𝑡

= −𝑖𝜔𝑚̂ +𝐷(𝑎̂ − 𝑎̂+)𝑚̂ + 𝐵𝑒−𝑖𝜔0𝑡 −

𝑖𝐾(2𝑚̂+𝑚̂ − 1)𝑚̂ − 𝛾𝑚𝑚̂(𝑡) +
√

2𝛾𝑚𝑚̂𝑖𝑛(𝑡). (A.15)

After the standard transformation: 
𝑚̂ → 𝑚̂𝑒−𝑖𝜔0𝑡, 𝑚̂ → 𝑚̂ 𝑒−𝑖𝜔0𝑡, (A.16)
𝑖𝑛 𝑖𝑛

17 
the set of equations takes the form:
𝑑𝑎̂(𝑡)
𝑑𝑡

= −𝑖𝜔𝑓 𝑎̂ −𝐷𝑚̂+𝑚̂ − 𝛾𝑓 𝑎̂(𝑡) +
√

2𝛾𝑓 𝑎̂𝑖𝑛(𝑡),

𝛥 = 𝜔0 − 𝜔, (A.17)
𝑑𝑚̂(𝑡)
𝑑𝑡

= −𝑖𝛥𝑚̂ +𝐷(𝑎̂ − 𝑎̂+)𝑚̂ −

𝑖𝐾(𝑚̂+𝑚̂𝑚̂ + 𝑚̂𝑚̂+𝑚̂) − 𝛾𝑚𝑚̂(𝑡) +
√

2𝛾𝑚𝑚̂𝑖𝑛(𝑡) + 𝐵. (A.18)

When performing the averaging procedure we take into account the 
standard approach [17]:
⟨𝑎̂𝑖𝑛(𝑡)⟩ =

⟨

𝑎̂+𝑖𝑛(𝑡)
⟩

= ⟨𝑚̂𝑖𝑛(𝑡)⟩ = ⟨𝑚̂+
𝑖𝑛(𝑡)⟩ = 0,

𝑑 ⟨𝑎̂⟩
𝑑𝑡

= −𝑖𝜔𝑓 ⟨𝑎̂⟩ −𝐷
⟨

𝑚̂+𝑚̂
⟩

− 𝛾𝑓 ⟨𝑎̂⟩ , (A.19)

and obtain:
𝑑 ⟨𝑚̂⟩
𝑑𝑡

= −𝑖𝛥 ⟨𝑚̂⟩ +𝐷
⟨

(𝑎̂ − 𝑎̂+)𝑚̂
⟩

−

𝑖𝐾
(⟨

𝑚̂+𝑚̂𝑚̂
⟩

+
⟨

𝑚̂𝑚̂+𝑚̂
⟩)

− 𝛾𝑚 ⟨𝑚̂⟩ + 𝐵
⟨

𝑄̂
⟩

. (A.20)

Here 𝑄 =
⟨

𝑄̂
⟩ is the quantum-mechanical average of operator and 

𝑄 is the expectation value. We adopt the semi-classical averaging 
procedure [17]:
⟨

(𝑎̂ − 𝑎̂+)𝑚̂
⟩

=
⟨

(𝑎̂ − 𝑎̂+)
⟩

⟨𝑚̂⟩ = (𝑎 − 𝑎+)𝑚,
⟨

𝑚̂+𝑚̂
⟩

= |𝑚|2 , (A.21)
⟨

𝑚̂+𝑚̂𝑚̂
⟩

=
⟨

𝑚̂𝑚̂+𝑚̂
⟩

= |𝑚|2 𝑚. (A.22)

Then the dynamical equations take the form:
𝑑𝑎
𝑑𝑡

= −𝑖𝜔𝑓 𝑎 −𝐷 |𝑚|2 − 𝛾𝑓 𝑎, (A.23)
𝑑𝑚
𝑑𝑡

=
(

−𝑖𝛥 +𝐷(𝑎 − 𝑎+) − 2𝑖𝐾 |𝑚|2 − 𝛾𝑚
)

𝑚 + 𝐵.

Introducing phases and amplitudes of the averaged quantities 𝑎 =
|𝑎| 𝑒𝑖𝜙 = 𝛼𝑒𝑖𝜙, 𝑚 = |𝑚| 𝑒𝑖𝜑 = 𝛽𝑒𝑖𝜑 we deduce:
𝑑𝑎
𝑑𝑡

= 𝛼̇𝑒𝑖𝜙 + 𝑖𝜙̇𝛼𝑒𝑖𝜙 = −𝑖𝜔𝑓𝛼𝑒
𝑖𝜙 −𝐷𝛽2 − 𝛾𝑓 𝑎𝑒

𝑖𝜙,

𝛼̇ + 𝑖𝜙̇𝛼 = −𝑖𝜔 𝛼 −𝐷𝛽2𝑒−𝑖𝜙 − 𝛾 𝑎, (A.24)
𝑓 𝑓
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𝛼̇ = −𝐷𝛽2 cos𝜙 − 𝛾𝑓 𝑎,

𝛼𝜙̇ = −𝜔𝑓𝛼 −𝐷𝛽2 sin𝜙.

Taking into account that:
𝑑𝑚
𝑑𝑡

= 𝛽̇𝑒𝑖𝜑 + 𝑖𝜑̇𝛽𝑒𝑖𝜑

=
(

−𝑖𝛥 + 2𝑖𝐷𝛼 sin𝜙 − 2𝑖𝐾𝛽2 − 𝛾𝑚
)

𝛽𝑒𝑖𝜑 + 𝐵, (A.25)

𝛽̇ + 𝑖𝜑̇𝛽 =
(

−𝑖𝛥 + 2𝑖𝐷𝛼 sin𝜙 − 2𝑖𝐾𝛽2 − 𝛾𝑚
)

𝛽 + 𝐵𝑒−𝑖𝜑, (A.26)

𝛽𝜑̇ =
(

−𝛥 + 2𝐷𝛼 sin𝜙 − 2𝐾𝛽2
)

𝛽 − 𝐵 sin𝜑, (A.27)

𝛽̇ = −𝛾𝑚𝛽 + 𝐵 cos𝜑, (A.28)

we obtain the set of equations:
𝛼̇ = −𝐷𝛽2 cos𝜙 − 𝛾𝑓 𝑎, (A.29)

𝛼𝜙̇ = −𝜔𝑓𝛼 +𝐷𝛽2 sin𝜙, (A.30)

𝛽̇ = −𝛾𝑚𝛽 + 𝐵 cos𝜑, (A.31)
𝛽𝜑̇ =

(

−𝛥 + 2𝐷𝛼 sin𝜙 − 2𝐾𝛽2
)

𝛽 −

𝐵 sin𝜑, (A.32)

which we rewrite in the final form:
𝛼̇ = −𝐷𝛽2 cos𝜙 − 𝛾𝑓𝛼,

𝜙̇ = −𝜔𝑓 +
𝐷𝛽2

𝛼
sin𝜙,

𝛽̇ = −𝛾𝑚𝛽 + 𝐵 cos𝜑,

𝜑̇ = 𝜔 − 𝜔0 + 2𝐷𝛼 sin𝜙 − 2𝐾𝛽2 −
𝐵 sin𝜑

𝛽
. (A.33)

Data availability

Data will be made available on request.
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