Chapter 6

The Continuous Bessel Wavelet
Transform of Distributions in

5L—Space

6.1 Introduction

The conventional Hankel transformation to distributions belonging to H L—spaco was
extended by Zemanian [63] and discussed many properties of H;,—space. Taking the
Zemanian theory of conventional Hankel transform, various properties were found
by Dube [18] on different functional spaces and their duals. With help of concepts of
Hankel convolution and Hankel transform, many problems were solved by Betancor
et al. [3, 4, 6-9, 11] and Arteaga and Marrero [1] on functional spaces and their
duals. In the n—dimensional Hankel transformation case for pu = (g, po, .. -, ftn),
important observations were made by Molina [34, 35] on n—dimensional Zemanian

space H,, and its dual H l'l—space. Using the results of [34], recently Liouville theorem
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for some generalized operators was obtained by Galli et al. [20] by exploiting the

theory of n—dimensional Hankel transform.

The theory of Hankel transform and its important results were given by Haimo [21],
Hirschman [24] and Cholewinski [15]. Exploiting the results of [15, 21, 24], the theory
of the Bessel wavelet transform was discussed by Pathak and Dixit [42] and found
the Parseval formula, other properties and applications. Later on, by considering
the Zemanian theory of Hankel transform, the continuous Bessel wavelet transform
and its various properties were found by Upadhyay et al. [56]. Many results of the
continuous Bessel wavelet transform are obtained by Upadhyay and Singh [51-54]

by using the Zemanian Hankel transform tool.

The characterizations of the inversion formula of the continuous Bessel wavelet trans-
form in H L(Rﬂ were discussed by author in the previous chapter and found appli-
cations in Heat equation and Calderén reproducing formula in H (R*). Our main
objective in the present chapter is to find the inversion formula of the continuous
Bessel wavelet transform on 3, -space because the inversion formula and its proper-
ties in B; are more general than the characterizations of the inversion formula of the

continuous Bessel wavelet transform of distributions in H/,(R") .

Contents of the manuscript are organized in the following way:

Section 6.1 is introductory. It gives motivation and a brief history of the continuous
Bessel wavelet transform and its inversion formula. In Section 6.2, various definitions
and useful results which are related to other sections are provided. The continuous
Bessel wavelet transform and its properties in 3] -space are discussed. In Section
6.3, useful lemmas and theorems related to the inversion formula of the continuous
Bessel wavelet transform are given, and the main theorem of inversion formula of the

continuous Bessel wavelet transform of distributions in BL p-space is investigated.
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6.2 The continuous Bessel wavelet transform and

its properties

In this section, the various properties of the continuous Bessel wavelet transform
on the Zemanian spaces 3, and [ﬁL are obtained by exploiting the theory of Hankel

transform.
Lemma 6.2.1. Let ¢ € B, with ¢(x) =0 forxz >c, ¢ >0 and p> —%. Then, 1

1s a basic Bessel wavelet if and only if fooo x/”%@b(:z;)dw = 0.

Proof. Let ¢ € 3, be the basic Bessel wavelet which satisfies the admissibility

condition (1.5.1). Since w‘“_%(huw)(w) continuous on R, therefore

N|=

13 () (w) = w /OOO(M u(zw)p(w)de

= [ o)t o),

If we take w — 0 then (zw) *J,(2w) — and from (1.5.1) it is clear that

1
26T (u+1)

“—%(huw)(w) must go to zero. Then, we have

1 o0 1
= aig(n)de = 0.
ST ), s

Hence

/Oo 2"t (z)dx = 0. (6.2.1)
0

Conversely, for ¢ € 8, . C L*(RT), we can write

00 = (] w 9
/0 |( w2u+2 / | w2,u,+2 +/1 %dﬁd (622)
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The second integral of the R.H.S. of (6.2.2) is estimated as

/106 %W < /1 ) | () (w)]dw

< [ ihw)ew)Pa.
0
Using the Parseval formula of the Hankel transform, we get

/°° wdw < /OO ()| da.

Therefore,

[T < i (623

Next, we find the bound of the first integral of the R.H.S. of (6.2.2). Since w™+"2 (hu)(w) —

0 as w — 0, then

2 () (w

e—0

hm/ —y_“ 2 (hu)(y dy‘

0
—H— 2 /‘""2— —H— 2
< liny |/ gy )y ‘dy
AN, () (9) | dy
< sup |y 1IN, (ha) (y) | lim / ydy
yER“’ e—0 €
2
e A UROICH|
neC
2
< 70&“+1( ( M¢))

So that

3

) )] < 5ol (N, ().
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Therefore,

1

/ o )@ o < s Nuh)) ) /0 W dw.

This implies that

/\

[ IO < Sl ) (6:2.4)

for ¢ € 5, and N,(h, ) € D1

From (6.2.3) and (6.2.4), the bound of (6.2.2) is

J I,

w2nt2

O

Definition 6.2.2. Let ¢ € 3, be the Bessel wavelet and f € f3,, then the Bessel

wavelet transform of f is defined by

(Buf) (b.) = () 0) = (F(0), 0 2o (L, 2)), (625

where a > 0,b> 0 and 1 > —1.

Remark 6.2.3. From [61, p. 681}, 5, is a subspace of H, and the topology of 3, is
stronger than the topology induced on it by H,. Therefore, the restrictions of the
elements of H), to 3, comprise a subspace of 3. So we observed that zhts belongs

to H),, then this implies that A= 3.

Theorem 6.2.4. Let v € (3, be the Bessel wavelet, then the continuous Bessel

wavelet transform of distributions Catt2 is zero for C' > 0 which is a constant.
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Proof. From Definition 6.2.2, the continuous Bessel wavelet transform of the dis-

. . 1.
tribution C.x*"2 is

a a

(B¢Cx“+%) (b,a) :<Cx“+%, a2 (f, é) >

By Fubuni’s theorem, we have
1 1 & o 1 b
(BwC:c’“ri)(b, a) = C’a“2/ w(z)/ x“*iDu(f,—,z)d:cdz.
0 0 a’ a
Taking £ = u, then and using (1.4.8), we find

(Bwa“Jr%)(b, a) :C'a“é/o w(z)/o (au)“*éD#(u,s,z)adudz

1
A
a

— - 2p+1
/0 Ca w(z)—QMF(M m 1)dz

Lo @) o
—Cm/o Z‘LH_ w(Z)dZ

=0.

That is

(Bq/,Ca:”’*'%) (b,a) = 0.

Lemma 6.2.5. Let p > —%, a>0,b>0andc>0. Let ¢ € 5;1,5, then (2,

belongs to B ctp -

0

2)
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Proof. From Refs. [9, 50], for ¢» € 8, C L*(R*) and a > 0, b > 0, the following

relations hold

(02, D0H0) = bbb, 00) () at), € R (6.2.6)

Tz b el 1 1
P (s =)} = a2 (bn) 2 S (bn) (hytp) (am), - € C. (6.2.7)
Since z7"J,(z) is an even entire function therefore there exists M (u) > 0 such that
el b) =17, (bm)| < M(p), € C. (6.2.8)

For proving Lemma 6.2.5, we take h,1) € &, =, using from [9, p. 285] n_“_%hﬂ{w(f, 5} (n)

is even entire function, then we have

b 1 b
s (g 1) = suplemOIRIRAR 0, (2, 5} o)

In view of (6.2.7), we get

o {0 S, ) m)

(e D U G | 1
— sup |~ MMl 2k =3 i (b)3 ], (by) (Bytd) (am))|
n

— sup |e~CHOMml 2= o=t 3 03 (b)) =+ 7, (b)) (hy)) (am)|
n

= 03 sup [e Ul () =47, (b e 23 =045 () (am).
n

Using (6.2.8), the last expression yields

b 1 1 1
b Y0 < B30 () sup e~ M3 () )
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Now, substituting an = z, we get

b 1 c 1 1
L L H0D) S BEM ) sup fe A1 )40 30 04 ) )|

< b”+%a_2k+1M(H) sup |€_§|Imz|22k_#_%(hlﬂvb)(z)|

z

< a0 ().

Thus h,{¢(£,2)} € @, c1s. Then by [61, Theorem 1, p.683], it follows that ¢ (£, ) €

Bp,c-i—b' O

Theorem 6.2.6. Let y > —%, a>0andc>0. Let ¢ € 6#75 be a Bessel wavelet

and f € B4, then the function
(Byf)(b,a) = (f#ta)(b), b>0 (6.2.9)
belongs to B d+e-

Proof. By Betancor et al. [9, Proposition 3.4, p. 286],

h{(Byf)(b,a)}(0) = hy(F#0a) () = 17" 2 (B f) () (Rutha) ()

= 02 (b /) ) (hu)(an).  (6.2.10)

Now, for k € Ny

sy A (Buf)(b,a)) ()} = sup [e~@lmaly2=u=3p (B, £)(b,a))(n)].

n

Using (6.2.10), we find

0l es{u((Byf)(b,a)) ()} = sup e~ MM 21507075 (, £) () () (an)|

n
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< sup [e Ml 2k=r=2 (1, 1) ()] sup [e=My =03 (b, ) (an)|
n n

< oy (B f) sup e~ Mmly=n=3 () (an)|.
n

Taking an = z, we get

Ol (Bu) (b)) ()} < () sup o2 () () 2)

< a0k, (hf) sup [e” s 715 (n,) (2)]

< a*2alyy (b ol o (),

for every k € Nj.

Since f € B4 and ¢ € B, ¢, then by Zemanian [61, Theoreml, p. 683], (h,.f) € Z}.4
and (h,1) € ), <, then we obtain hy,((By f)(b,a)) € #,a+c. Thus by Zemanian [61,

Theoreml, p. 683] (Byf)(b,a) = (f#4)() € Bare. 0

Theorem 6.2.7. Let f € & (RY), p > —% and a >0, ¢ > 0. Let ¢ € B, ¢ be a

Bessel wavelet, then
(Byf)(b,a) = (f#a)(b), b>0
belongs to [, n+c for suitable n € Ny.

Proof. From Betancor et al. [9, Proposition 4.7, p. 293],

hu (B f) (b)) () = hu(f#0a) () = 072 (B, £) () (hutba) (1)
=0 "3 (W F) () (h) (an).
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The above expression becomes

e~ rallmaly2h=n=3p (B, f)(b,a))(n)|
= |e~(mralmal2kmu=3p=u=3 (! 1) (1) () (an)|

< Jem My R () ) e I () (o)

From Betancor et al. [9, Proposition 4.5], for some n,r € Ny and all n € C, using

the result |77_“_%h;t(f)(77)| < B(1+|n|*)erMmnl where B is constant then, we obtain

—(n—+c 7 v— l,—l
e~ (el 2k=n=3p (B, f)(b,a))(n)|
< Bletml(1 4 |2y enttmal||e=ellmaly2k=n=z(p_y)(an)|

—-C —p—3 —c r)—p—=
< B{|e=Mmalp2k=i=3 (b ) (am)| + e~ MM20+0=0=3 (b0 ()| }.
So that

—(ntec 1
sup|e (nrolmaly2k=n=3p (B, f) (b, a))(n)]
n

e a1
< Bsup |e~ MMy () )|
ne

e ML
+ sup [l 20 == () (an)| ).

neC

Next step will be obtained by substituting an = z, then

Wy e (B f)(b, @) () }
< B{suple~ i <§)2k“2(hu¢)(z)|

Ceml 2\ 2kt =g
+ sup |6 “‘Im | (a) ’ (h#@/J)(ZM}
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< Ba_2k+“+%{8up |6_§‘Imz|22k_ﬂ_%(hu¢)<z)|

a7 sup [e s MM 2ET () ()] )

z

< Ba ok ()] + a0k ()}

for every k € No. Since ¢ € f, ¢ by Zemanian [61, Theoreml, p. 683], (h,¥) €
%.,<, therefore by, ((Byf)(b,a)) € Znic. Thus by Zemanian [61, Theoreml1, p. 683],
(Bwf)(b, a’) = (f#wa)(b) € /B/A,n—i-o U

6.3 Inversion formula of the continuous Bessel wavelet

transform of the distributions

In this section, the inversion formula of the Bessel wavelet transform of distributions

in 3, and associated results are studied by exploiting the theory of Hankel transform.

From Theorem 6.2.4, we find that the continuous Bessel wavelet transform of the
distribution of type Cz*2 will be zero. Therefore, the inversion formula of the
Bessel wavelet transform in 3], can not be defined. This implies that the inversion
formula of the continuous Bessel wavelet transform will be valid for modulo a C'z#+2

distributions.

For investigating the inversion formula of the continuous Bessel wavelet transform

of distributions, our result will be based on the following considerations:

(I) Inversion formula of the continuous Bessel wavelet transform of distributions
will be found on /)’L > wWhich can be obtained by filtering of /3; This filtering

can be done by the following way:
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i) removing all the non-zero Cz#*z distributions from & .
g i

(i) removing all non-zero Cz#*= that appear with a distribution as a union.

5 1
3 ptd
For example in the distribution $— e zhts — 1427, we would omit ohts
. s
and retain only —3——.

(IT) The Bessel wavelet kernels under consideration for determining the Bessel
wavelet transform are those Bessel wavelets whose all the moments weighted

by 2"*3 are non-zero. Let Bﬁm be a collection of such Bessel wavelet kernel.

Lemma 6.3.1. Let p > —5 and ¢( Z) be Hankel translation and dilation of
Y € B,(RT), then

5uab () =5 (52).

Proof. From (1.4.4), we have

ml/) / P(z -, = z)dz.

Using (1.4.5), we get

Setr(2.7) |
o [ [ HE ) B
[l [ e R ot

From (1.7.6) and (1.7.7), we find that

t t
Spatt (5 ) = a D D, (1)
’ a

a

t xt
= x_“_%Dx:UQ’“Ll ( )x BTt ( )
a a
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Similarily,

Su,beJuCZL) - —(3) b2JM(bt). (6.3.1)

( ) )J(zt)dt)dz

() (>} (et

I
c\
8

<

—~

N

N—
/N TN
c\
8

7

~ =

I

)ﬂ
A
v
/_\
\_/

tk
/‘\

IS

\_/
/—\
v

AL / <“> G Yo
s [ () () () () ot
= Sup Ooow(z)DN(E b z)dz
S
Therefore

O

Theorem 6.3.2. Let i € 5, be a Bessel wavelet with ¢(x) =0, > ¢, ¢ > 0. Then
for f € B, the continuous Bessel wavelet transform (B, f)(b,a) is a continuous

function of a,b in a compact neighbourhood of the point (b,a),a > 0,b > 0.
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Proof. For ¢ € B, is a Bessel wavelet and f € 3, then

t b

)>, a>0,b>0.
aa

(Buf)(b,a) = ( F(),a" 30~
To check the continuity of (B, f)(b,a), we have

(ByJ)(b+ Ab,a+ Aa) — (By [)(b, a)
= (J(t), (a+ Do)~

= (J(0), (a+ Aay—hy

M\»—A

(a + Aa’ 2122>> B <f(t)’ au—éw(é §)>
o(

a+ Aa’ 2122) au§¢(£7 é>>

Therefore, we have to show the expression

e

in the topology of 3, as Aa, Ab — 0.

Using (1.4.4) and [56, p. 318], we obtain

e e IR Ch)
= (t71D,)ktr3 [(a + A" (a + Aa) i
< b {y ™73 (t)3 1 (ty) () (a + Sa)y) | (b -+ 3b)
i {y T ()R () () (ay) 0)]
= by {y 7 DY () () (@ + da)y) (b + 6b)
=y D) (ty) () )  (0)
= by (=) i) () (@ + 6a)y) (b + 6b)

= by () e (8) () (a) } )
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= (=52 () Tusrlty) () (@ + da)y) } (b + 6b)
= h{ (gD D) () () ay) f0)
= b ) i (t) (i (S50)) (@ + Ga)y).(a + 80)*(=1)* } (b + ob)

= {08 T (ty) (i (S6)) () (—a?) ).

Since

() T t) O (SE0) (0 + D)) (o + 6 (1)) } 0+ 60)

= b { ) T (t) (u(S0) ) (—a®)* 1)

converges to zero as Aa, Ab — 0.

Therefore,

s (Dot (o 2t (e ) et (G D) o

as Aa, Ab — 0.

Thus,

s EE) b (L)

in the topology of 3, as Aa, Ab — 0. O
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Theorem 6.3.3. Let f € 3, p and ¢ € B,. For p > —%, assume that ¥ is a basic

Bessel wavelet belonging to (3, then

I LS O s M o Ky
{0 [ [t anian. ws

To prove the Theorem 6.3.3, we required the following lemmas:

Lemma 6.3.4. Let Fy 5. (t) be the function which is defined by

1 oA B r b dbdadx
FA,B,C,V(t) = Cuﬂp\/o /l/ /0 ¢(a,a>¢(5’g>¢(w) a3 ) a, b,x,t>0

(6.3.3)

then Fapc,(t) #0 fort e (0,C+ 2C), where ¢, € 5, with ¢(x) =0, forx > C
and Y(x) =0, for x > C}.

Proof. For showing Fupc.(t) # 0 for t € (0,C + 2C,), we have to need the

following steps:
Step 1: For showing the support of w<§, g) in terms of ¢, we have to prove that
v(Lt) #0.

In view of Betancor [5, p. 58], we take

¢(§2) _ /Oocw(z)Du(é,g,z)dz, (6.3.4)
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where
t b
Dl 2)
"\a’ a
1 e\ 2 M 2 i\ 1Az )2 2 o T t+b
s () [P (2) ] () -2 e
0, z < |22 or z > Hb
(6.3.5)

Then ¢(2), D, (é, b z) can be non-zero under the following condtions:

(i) 0<z<Cy; as € B, so € B¢ for Cp >0,

(i)

%‘ <2< B as D, (4,4 2) £ 0 from(6.3.5)
From (i), we get
(iii) —Cy < —2 <0,

Now, adding (ii) and (iii), we find

t—0b t+b
‘ )—01<Z—Z< + s
a a
so that
t—0b t+b
‘ ‘<Cl and + > 0,
a a

Hence @/J(i Z) is non-zero for —C; < % <Cy, t>0.

a’

Step 2. Like step 1, we can prove 1/)(%,%) # 0 for —C; < "’(—:b < Cyor —C] <

=b - (.
a
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Step 3. As ¢ € 5,50 ¢(x) #0for 0 <z < C, C > 0.

Now, from step 1, step 2 and step 3, we conclude that F4 p ¢, (t) is non-zero for
(1) —C; < % < (.
(2) - < b_TI < (.

3) 0<x<C.
Adding (1) and (2), we get

t—b b
—201 < — + ——

< 2C,.
a

This implies that

‘t—x
a

‘< 2C.

For dilation parameter a, we found the following cases:

Case I: If a < 1,

‘t—x

a

‘ < 201

This implies that

This shows that Fu g, (t) # 0if |t — x| < 2C).
Case II: If a > 1, then

)t—x

a

‘ZQCL
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This gives

Hence, we find that F4 g ¢, (t) =0 for |t — 2| > 2C.

From the aforesaid steps and cases, we find the support of Fiy g ¢, ()
1.€. t=t—x+uz,
which implies
t<|t—zx|+|z| <2C, +C.
Then, the support of Fu g ¢, (t) is contained in (0,C + 2Ch). O

After showing the support of F4 ¢, (t), with help of following Lemma we shall
prove that Fa pc.(t) € B,
Lemma 6.3.5. Let Fapc.,(t) be the function which is defined by

1 (S8 st z b dbdadx
FA,Bvc,V(t) = Cp]ﬂ[}/ov /V A w(aaa)¢<aaa)¢($) CL3 ) a, b?‘r7t> 0

(6.3.6)

then Fu pc.(t) belongs to B,.

Proof. From Lemma 6.2.5, we have w(z g) is an element of §,, so 1p<§, g) be a

a’

smooth function of variable t. Hence Fy4 g ¢, (t) be smooth.
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From (6.3.6) and [56, p.318], we find

‘(t—lpt)'ft—ﬂ—%FA,B,ay(t)‘

Sl [ GG e
e [ ] e moree i (e e ) 0

X h (g HE ()2, (w6)( ﬂzz;)(af))(bw(x)%

‘}o,w / / / (D), () () (ay) ) (0)

(5 @) @) ) ) ) () () |

Applying (t7'Do)* ", (yt) = (—y)* t " *Jupw(yt), we get

‘(le) T 2FABCV ‘

_ ‘Cw / / / V() () (a) ) (0)

(5 @) ) () @) ) () S|

/ / / F(ty) " T (ty) (b M/f)(ay))(b)

. xwm(@g) wms)(wxa@)<b>¢<w>%\-

;H/)

From (1.7.8) taking formula h,(S,.¢(x))(y) = —y*(h,¢)(y), we have

(t™ D)t“2FABCV ’

gk (ty) (b (S 0) (ay)a ™) ()

. u(us) Wf)(hm(aé))<b>x“+%¢<x>]%

w
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<

e ((49) 7 e (ty) (S} ) (a) ) 1)

() I ) ) ) 0y 2

1 o A B
WZJ/O /u /0

dbdadzx.

Since the integrand in the above integral

()

b (1)~ T (t) (s (S0)) (@) ) (O ((2) ™ (08) () (06) ) (0) gy
is uniformly continuous in the compact set
A={(a,b,z2,t) : v <a<A0<b<B0<z<C,s1<t<ss},

and it is bounded over A.

Thus

sup [(t' D)t 2 Fyp o (t)] < oo (6.3.7)
teR*

From aforesaid facts and Lemma 6.3.4, (6.3.7) it follows that Fy4 g ¢, () is smooth

function with Fa g ¢, (t) =0 for t > C' + 2C} such that

Ve (Fapcy) = sup (t_lDt)kt’”_%FA,BC,V(t) <00,V k € Np.

teR+
This implies that Fa p.c.(t) € Bucroc, C Bu- O

Lemma 6.3.6. For 1 € f3,, a Bessel wavelet and ¢ € B3, 1 > —1 we take

27

a’ a a3

F(t) :/OC/VA /()Bq/j(é,g);b(f é)gb(az)@dx, abz,t>0  (6.3.8)
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then

Al / / / )y () ay) ) 1)
hu((&)%(5@(@@(@))(b)xﬂ*ésﬁ,m)cfi—af-

Proof. From (6.3.8), we have

f”%<f“ﬂ/// )t
/ / / st (5,20 (5 2) o0 5,

From Lemma 6.3.1, we find the relation

Using aforesaid relation, we get

st et [ [ sl Dhe(2 et

By integrating by parts, we get

syt [ [T e

Note that in the integration by parts with respect to b the boundary terms when

evaluated at 0 and B will vanish in the limiting process as B — 0o. So, we omit the

remainder terms when evaluated at points 0 and B.
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Again we take

st () =5 (5 g)

So that

1hsSk Rt =t “—/ // xgp(g,g)}(b(x)dbiidx
] [ el Gy

By exploiting distributional derivative, we get

= H*?Sk / / t M*w -2 w(g,g)d?a,s}’jw( )>

/ / / b (500 (2 ) st PET . (639)

In view of [56, p.318], we find
L C A B L L
cistro = [ [ e (b, entee ) o)
dbdadx

<y (677 (E0) I (E0) (1) (0) ) 1)) o ) 25

= [ [ motr o) o
(60 ) ()0 (55 )

N
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Lemma 6.3.7. Let Fu pc.(t) be a function which is defined in Lemma 6.3.4, then

[ el o Dot

in the topology of B, where
Di,j,l = (CLZ‘ — ai_l)(b]' — bj_l)(ﬂfl - xl—l) =AaAbA Z,

is volume of the elementary cuboid of the partition of the region {(a,b,z):v < a <

A0<b<B,0<z<CY.

Proof. We have from (6.3.3)

Punett =g [ [* [ oG 2)u(E Dot s

From the R.H.S. of the above integral, we denote

F(a,b, 1) —w(f é)zb(g 9)¢(x)l.

) ) 3
a a a a a

From [56, p.318], we have

[SIES

Flab,a,t) = a5, (5= ) 1 (yt) () (a) ) ()
< iy (67 (En) L En) (1) (08) ) (Do)
— I () () () @) ) B ((€2) 7T (E2) () (08) ) ()

x () 2¢(x)

a2p,+2 :
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Since from Lemma 6.3.5, we get Fa p.c,(t) € Bucr20, C By Then it clearly shows
that F'(a,b, x,t) is a continuous function of a, b, z and t over a compact set in R+4(=

RT x Rt x Rt x R™) which is not intersecting the axis a = 0.

Let A = {(a,b,z,t) : v <a < A0<b<B0<z<C s <t< s} Then
F(a,b, z,t) is uniformly continuous over the compact set A as a function of a, b, x
and t. Hence for a given ¢ > 0, there exists dp > 0 (independent of a,b,z and t)

such that

F(a+ A a,b+ A byx+ A xt+ At)— F(a, bz, t)| <e, (6.3.10)

whenever ||(A a,A b,A x,A t)||1 < 0. Using the technique of [36, Lemma 4.3,

p.2018], the topology generated by ||(a, b, z, t)||; = maz{|al, |b|, |z|, |t|} and ||(a, b, z,1)|]

= Va2 + b2 + 22 + {2 is the same over RT* (= Rt x RT x Rt x Rt) as

||((l, b7x>t)||1 < ”(CL,Z),ZL‘,t)” < 2||(a,b,x,t)||1.

To avoid the singularity at a = 0, we shall consider m—partitions on each of the

axes B, X and m + 1-partitions are taken on A axis equal in length, that is

Qi1 — Ay = Qi1 — Aj41 = ...
bjt1 = bj = bjra =bjp1 = ...

!I?l+1 — X = l’l_;,_g — xl—&-l = ...
such that

V:CL()<CL1<"'<CLm+1:A, 02b0<b1<"'<bm:B

and O=zxo<t1 < - <z, =C.
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Taking m is sufficiently large partitions, the length of each of the sides of the sub-

rectangles of the partitioning is less than 9.

We shall use Lemma 6.3.6, we get

st [ GG e
/ / / e 2‘” P -)@D(E,S)S{i@ (ﬂ:)dbf;dx. (6.3.11)

From [56, p.318], we find

tuégkt/C/A/Bw E)é w(§’§)¢(m)dbizdx
/ / / ) ulyt) ( W)(ay))(b)
dbdadx

hu((fx)—/%z,(fx)(h;ﬂﬁ)(af))(b)IWr%Sﬁ,qu(x) - (6312)

Now, the integrand of the above integral becomes

t_“_%Sﬁth(a, b, z,t)

1 Sk' T
= (0 ) ) ) (01 (6) P (E) ) a)) 0) 22)

The above expression is uniformly continuous over any compact subset A as men-
tioned earliar(6.3.10). If we put A t = 0 in (6.3.10), then after using (1.7.9), we

get
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t‘“—%S,]jth(aJr A a, b+ Aba+ Az, t) — t—”_%SﬁvtF(a, bz, t)‘

i O\
= ‘ ZAjt J<t_ a) t""2F(a+ A a,b+ A b,x+ A x,t)
=0
k ) O\ k+i 1
=AY (t71§> f“_5F(a,b,a:,t)‘ <€ (6.3.13)
=0

whenever |[(A a, A b, A x,0)||1 <k, 51 <t <9, k=0,1,2,....

The volume of the elementary cuboid of the partition for the Riemann sum is
Di,j,l = (CLZ‘ — ai_l)(bj — bj_1)<$l — xl—l) =AaAbA Z,

where ¢ = 0,1,...,m+1, 5 = 0,1,...,m and [ = 0,1,2,...,m. Therefore, the
volume of the region {(a,b,z) : v <a < A,0<b< B,0 <z <} can be written

as qu’j’lljj,’j’l = (A — l/)BO
Now we have to prove that

o [ G DG D st

m+1 m m

SY S (o2 ) (o)

=1 j=1 [=1

1

— Ui
z=z; A;

— 0,

as m — Q.

Using the concept of (6.3.11), (6.3.12) and [56, p.318], the last expression yields

S NNRCORCHICRRIE =

m+1 m

—ZZIXm;t (2 (2 2) ko))

i=1 j=1

Ui g

r= xla?
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/U . hu((yt)‘“Ju(yt)(hw)(ay)) (b)hu((fx)_”Ju(fx)(huw)(a§)> (b)

1 dbdadx
+1ak dbdadx
x 2t T2 SE o(x) g
m+1 m m
=30 20 D () ) () 0a) ) 0)
i=1 j=1 I=1
_ ) .
hu((§xl) NJM(fxl)(hu¢)(aif)> (bj)xéﬁ_ {S}’jg@(@} . a2u+2Di,j,l '
From (6.3.13), we get
E fﬁ b dbdadz
G / / / Jo(E.2){st 0@} 25
i B et K Gl < _
I < i)w(aiva){su,ﬂ(x)} _ xla?’D”l eBO(A — v),
i=1 j=1 [=1
(6.3.14)
whenever [[(a; — a;—1,b; — bj—1, @ — 221, 0)[[1 < O, Vi =1,2,....om+1, j =

L,2,....om, l=1,2,....mand k= 0,1,2,... and as € > 0 is an arbitrarily small
number. It follows that the last expression (6.3.14) converges to zero uniformly for

all t € Rt as m — oo, for each £k =0,1,2,... .
Then we get

[ o0 o

m+1 m m

=;@m{zz;w<z ) (2ot 8]

a.
i=1 j=1 @i t

in the topology of 3,,. O

Proof of the main Theorem 6.3.3:
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Proof. By definition of the distributions, we again write

o [ (o < et (2 1) o)
/ A | e T (b)Y b (L) B e, (6319

where ¢ € 8, C B, for C' > 0.

M\»—‘

Taking the partition of the region {(a,b,z) : v <a < A,0<b< B,0<z<C}, we

denote as

Di,j,l = (ai — CLi_l)(bj — bj_l)(ycl — .5131_1) =AaAbAuz,

where : =0,1,.... m+1,5=0,l,....,mand [ =0,1,2,...,m

Therefore, using the concept of Riemann integral as a sum we find

[ [ oo et () oo
1 SLuks =t (L0 et T by o)
= G i [ D 0T (G 0 )k (G ) D]
=i (100 5= S S (222 2 )
i=1 j=1 I=1
m+1 m m
(100 i S5 S (2 )2

[ [ ool e o) ton
(g [ [ G ot ),
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Employing the definition of distributions, we find

(o / M(f DY yartu(2. 3)531“2@@
O [ [ oD Do ),

O

Lemma 6.3.8. Let ¢ € 3, be a Bessel wavelet with ¢(x) =0 for > Cy, Cy >0
and let ¢ € p, with ¢(xz) =0, > C,C > 0. Then

ca [ [ e s

converges uniformly to t*”_%Sﬁ7t¢(t) forallt e R as A, B,C — oo and v — 0.

1
=1 Gk
th2S  Fapow(t)

Proof. Invoking Lemma 6.3.6, we have

—u—1t ak _ p-t (10 T b\ dbdadx
t SiFapoy(t) uw/ / /t ¢ >¢<a a)S +0(T) .

(6.3.16)

Now, we have to prove that the expression in (6.3.16) converges to t_“_%S’;tqﬁ(t)

uniformly for all t € Rt as A, B,C — oo and v — 0 for each k =0,1,2,....

If we take B — oo in the following expression, then

[yl D [Toll D)oz )
(DD
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Using the Parseval relation of the Hankel transform (1.4.12), we get
B
t b x b b (T b\ L, /T b
/0 o L ) R U G R G )
= [ ary ) ) () )
0

X a ey (ay) 2 (ay) (b)) (ay)dy

—a [ aa ey ) ) ) )

NI

X |(hu) (ay)|Pdy.  (6.3.17)

Using (6.3.17), then we have

N
W=

[ aa ) b ) e
0

oo
S / aa72u71y72,u71
0

< A,B, / a2y () (ay)Pdy.
0

Julwy) () (ay) Py

(ty) (2| | o) 5 x| () () Py

Putting ay = u, we find

NI

}/ooo aa_%_ly_Q“_l(ty)%J (ty)(xy)? Ju(xy) | (hyt)) (ay)|*dy
(u)rdu

1
(14 u?)?

}2 /Ooo mdu.

(14 w2 () ()| du

< AuBM{ sup | (14 u?)u "2 (hya)) (u)

u€ERT

From [61, p.684], the last expression yields

[y ) ) ) e ) P

< A, B, { sup O (1 4 22)271 () (2)

zeC

27
b
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e M5 () (2)

IN

o

zeC

_ S 9 1
+51é1(xc) e~ Cillmz| 2 — 2(h,)(2)

!

IN

2
%AuBu{aél,o(w) + O‘él,l(w)} < 0.
Hence the right hand side of (6.3.17)
| @yt () (an) et o) () @)y < o
0

Therefore, we conclude that (6.3.17) i.e.

/Ow(t DG 2)dr = [ {aa ety i)

< (ay) 8 u(ay)| () (ay)

2}dy

uniformly for all z,¢ € RT when B — oc.

In view of (6.3.16) and the above expression, we find that

lim t_‘u_%Sﬁ,tFA’B,CW(t)

A,B,C—o
v—0+
1 : “ A R P P 3
" o a0 e A e I ERACICERACY
o g 0 0

< () ) Py ) 5 0() 57

Using the Fubini’s theorem, in the right hand side of the aforesaid integral we can

make
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NI

1 1
lim ¢t #728% Fypc,(t) = lim / / L 2 (ty)2 Ju(ty)(zy)
wtl'AB,Cu
A’f’—%+oo Chuw Ai?f

A h 2
X (/V %da)é’iﬂ(m)dydm.

Ju(xy)

Using the concept of convergence, the last expression becomes

1. tiﬂi%SkF v e ] tIJ 2t % t %J
2 gt SaFamen) Mgr;o (ty)* Ju(ty) () Ju(xy)

4 ’(h“w) (ay )’ k
1/—>0+

Y (1), (1) (o) (o)

’L/) C—oo

X (/OOC Mda) Sl]j,wqb(x)dydx.

a2,u+2y2u+1

Using the admissibility condition (1.5.1), f - —ngi (213+|12 fo hui+2 Sdu = Ch
we get

) el

lm  t7#728% Fapou(t)

A,B,C—
v—0+

t n
Clp lim / / ty% (ty)( xy)%Ju(xy)Sﬁ_/mgz')(x)dxdy

C—o0
=t 2 / / (ty)2 Ju(ty) (2y) 2 T (2y) Sk, 6(x)dxdy

— {H3 Sl’j,tgzb(t).

By Weierstrass M-test, the above implies that t_“_%SﬁvtF 4.B,0.(t) converges to
’”’%S/’j,@(t) uniformly for all ¢t € RT as A, B,C — oo and v — 0+ for each
E=0,1,2,.... O
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Lemma 6.3.9. Let ¢ € 5, with ¢(z) =0, > C, C >0 and ¢ € 5, be a Bessel

wavelet with Y(x) =0 for x > Cy, Cy > 0. Then the sequence {gbn(t)}oo defined

by

=g [ [ [ e e( ) T (6:3.15)

is i By, and ¢, (t) — ¢(t) as n — oo in the topology of B,,.

Proof. 1f we use Lemma 6.3.5 then, we get ¢,,(t) € 3, for each n =1,2,3,.... It
follows that the sequence {gbn(t)}oc is in G,

In (6.3.18), applying (6.3.9) we obtain

st =g [ L e (OGO

With help of Lemma 6.3.8, we observe that t_“_%Sﬁvtqﬁn(t) converges uniformly to

_“_%Sﬁ7t¢( ) for all t € R* and for each k =0,1,2,... as n — oo.
Therefore, the sequence ¢, (t) — ¢(t) in the topology of 5, as n — oc. O

Remark 6.3.10. In view of Theorem 6.3.2, the Bessel wavelet transform B, f(b, a) is

a continuous function of a,b > 0. Therefore the integral

/1nn /On(Bwf)(b, a)a“—%¢(§’ 2)%

is meaningful. Our main aim is to prove that

_1 sz b\ dbda
//BM )(b, a)a” ¢( —)W%fasn%oo

uw

in the weak topology of .
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Or in other words

/n/ (Byf)(b,a)a"™ le(a E)jzbii,@( )>—><f,¢> as n — 00.

u P
Main result of the inversion formula of the continuous Bessel wavelet transform of
distributions is:

Theorem 6.3.11. Let f € B,  and ¢ be a Bessel wavelet in Bﬁm C By. Then the

following inversion formula of the Bessel wavelet transform holds

z b\ dbda

uw/n/ Ja iy (5’5»““ 1/’(5 5>a2u+2,¢( )>—><f,¢>, (6.3.19)

asn — 00, for all ¢ € B,.

Proof. Taking n sufficiently large, the support of ¢(z) is contained in [0, n].

Therefore, from (6.3.19)

o S ) 0t (D)o () )
~o L St G2 G Do
e [ [ GG e ™t eam)

By Theorem 6.3.3, the above yields

[ (0o 2 Dot it
O | ] LG s)en Tt

= (f(t), on(t)), (6.3.21)
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where
1 n n n t b x b dbda
(1) = ALAWER .
ol C;mﬂ/o /1n/0 ¢<a a>¢(a a)ﬁb(x) e T
Exploiting Lemma 6.3.5, the sequence {¢n (t)}oo which belongs in 3, and its each
n=1

term being zero outside the interval (0, C' 4 2C). Hence
¢n(t) = ¢(t) in B, as n — oo.
With help of (6.3.20) and (6.3.21), we find that

i (o [ [ (oo 2) oo (2 2) 5 o)

= lim (f(t), on(t)) = (f (1), &(1))-

n—00

This implies that

(o [ (oL D) b (2. 2) B o60) — (1.0,

as n — oo. O

Theorem 6.3.12. Let f € 5, and ¢ be a Bessel wavelet belonging to 55”” C Bu.

Then

<Ci,¢ /1;; /O” <f(t)’¢(f_z’ 2) >¢(§ S)%’ ¢($)> = (f — K2'*7,¢), (6.3.22)

as n — 0o, where K is non-zero constant.
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Proof. If we take f € 3], then
f(z) = g(z) + K.a"*2, where g€ Bk (6.3.23)

Using Theorem 6.2.4, we have found that

<K.t“+%, ;/J(f, 9)> - /OOC K.W%w(%, g)dt —0. (6.3.24)

a a

Then with the help of (6.3.23), we get

o e(L )

<g(t) + K.tﬂ*i,@b(f, é)>

a a

(o010 (5.2 + (om0 (5.2))

<g(1t),»¢(E 9)> [from(6.3.24), <K.tﬂ+§,¢(f 9>> :o]

) )
a a a a

Therefore, from Theorem 6.3.11, we finally find that

(G J (002G D) 5 000)

= (g(x),0) = (f — Ka""3,9), as n — oo.

: . . 1o
From above arguement, the inversion formula is true for modulo K.z#"2 distribu-

tions. But if f € 8, r and ¢ € 53’" C B, the uniqueness theorem holds. O

Example 6.1. For validation of the inversion formula of continuous Bessel wavelet

transform in (3,,-space, consider

efz(llfﬂﬂ), for 0<z<1
o(z) =

0, for x <0, x>1
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¢ € D(RT) C B, for every pu. We take i(x) = M,¢(x), represents a Bessel wavelet

in B, and containing non-vanishing moments of all even orders weighted by Ay
Proof. For ¢(x) = M,¢(z),

0 1
/ a:‘”;;b(:c)dx—/ x“Jr%Mﬂ(b(z)dx
0 0
! 1 1 1 1
:/ phtEigThTE Dot e 200 d
0

1
1 1 11
:/ Dxxu+§e z(l—x) dx — {x”+§e z(l—z)}
0

By Lemma 6.2.1, we conclude that ¢(z) € 5, is a Bessel wavelet.

Now, the moment of 1(x) of even order weighted by 273 be

00 1
1 1 11
/ r* Mtz (z)da ——/ 2t D gt T re T 50w dy
0 0

1
11
:/ M Dyt e 0w g
0

1

1
1 1 1 _ 1
— {mex‘”ie Z<1*z>} —/ 2maPm Tttt T w0-w) dy
0 0

=

1
el 1
= —2m/ ?m gt TR e - d £ ().
0

This implies that moments of even orders weighted by 23 of Y (x) are non-zero.

O

6.4 Conclusions

Due to wide acceptability and applicability of continuous wavelet transform and its

inversion formula in the classical sense, Holschneider [25], Pathak [46] and others
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studied the characterization of wavelet transform of Schwartz tempered distribu-
tions. Later on, Pandey et al. [36, 38] discussed the inversion formula of Schwartz
tempered distributions in S’(R") and D’(R"™). For the Bessel wavelet transform of
Zemanian distributions concern, author investigated Bessel wavelet transform of dis-
tributions in H ;(RJF) and found its inversion formula in previous chapters. Keeping
the views of these researches and seeing the vision of the development of future re-
search works, in the present chapter, author developed the inversion formula of the
continuous Bessel wavelet transform on 8, 5 distributions and discussed their aux-
iliary results by exploiting the theory of Hankel transform and Hankel convolution
where 3/, . is the dual of 3, which is filtered by C.xhts type distribution. Hankel
transform is frequently applied in the problems of image processing, signal process-
ing. It can be seen from papers of [23, 26, 27, 48]. These applications of Hankel
transform in image processing and signal processing can be extended in the problems

of the Bessel wavelet transform and the Bessel wavelet transform of distributions.

Kokck



