Chapter 3

Skew Cyclic Codes over

Fq[ul, ug, ..., uﬂ/(u? — Uy, uin — ujui>1

In this chapter, we study skew cyclic codes over a finite non-chain ring F[uy, us, . . .,
u,)/{ud — u;, uju; — uju;) denoted as R. Initially, we examine some key properties
of R. Further, we define a Gray map on R and establish its distance-preserving
and orthogonality-preserving properties. Then, we discuss the structural properties
of linear codes over R and provide an explicit form of the generator matrix for the

Gray image of a linear code over R.

In Section 3.4, we delve into essential properties of automorphisms of R, followed by
an investigation into the structural properties of skew cyclic codes over R. Later,
we demonstrate that the Gray image of a skew cyclic code over R is a skew quasi-
cyclic code. In Section 3.5, we provide the construction of quantum codes from
dual-containing skew cyclic codes over R. Finally, in Section 3.6, we study LCD

codes over R.
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3.1 The Ring R

Consider F,[uy, ug, . .., u,]/{(u; — u;, uju; — uju;), which is a finite commutative ring.

Let T) = Fylui[(uf — wy) and Tjyy = Tjlujpa](ul,, — 1) then R = T,. Let

2 2
U — Uj ws + u;
N R R R B
Bj— {Hjl—l uj,K,JQ— B y Rjz = B }
Now let
— T .
€i1i2---ir - szlhjij'
Then, we can verify that
2 —
E’iliQ...iT - filiQ--~ir
giliz,..ir€l1lz.,.lr - O (31)
3
E Cirig..ip = 1,
i1i2yenyip=1
3 3 3 o .
where > . =2 1.2 1 Thus, by a decomposition theorem of ring

theory 1.1.48,

3 3
R = @ irig..iy R = EB Sirig..in ¥y

11,02, r=1 11,12, 0r=1

Thus, any v € R can be expressed as

3
V= g fz‘lz'z...zﬂ,. Viriy...ir

i1,82,.ir=1

in a unique way, where v;,;, ;, € Fy and 7; € {1,2,3} for j =1,2,...,7.
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3.2 Gray Map

We define a Gray map ¢ : R — Fgr as
O(V) = (Viig..iy Jir sigsnsin M
= (V1.1 -+ Vllr, V21,05 - - - U33..3) M

forallv = 23 Eirin. i Vigin..i, € C, where M € G L3 (F,) is such that MM* =

7:1a7.’27“',7:7‘:1

Al3r, for some A € Fy. The Lee-weight of an element v € R is defined as

wr,(v) = wi(o(v)),

where wy denotes the Hamming weight.

We can extend ¢ to R" as ¢ : R" — Fgr” as

for all v = (vVO,vi,... ,v*71) € R".

For any word v = (V% v, ... v"™1) € R", we define its Lee-weight as

n—1

wr(v) = Z wr (vP).
k=0

And for any two words v, w € R", their Lee distance is define as
dp(v,w) =wp(v —w).

Theorem 3.2.1. The Gray map ® is a bijective, linear map and it preserves the

distance between (R",dy) and (F3'™", dp).
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Proof. Since ¢ is bijective and linear, ® is also bijective and linear. For the proof of

later part, let r and t € R"™ be such that

where
3 3
r'= Z Eirigeois Thig.ins = Z Eivigenirtiniy..in
i1 izyir=1 i1 jigyeomrip=1
Now,
dp(r, t) = wty(r —t)
=wtp (P =t =t
n—1
= wity(r - t)
-
= Y wtn(o( — )
i=0
n—1
= wtu(6(r') — ¢(t"))
=0
= wtp(p(r) = 6(t°), ¢(r') — o(t), ..., (") = B(t" 1))
= wtp((@(r°), 3(r'), ..., (")) = (o(t%), o(t1), ..., 6(t" 1))
= wty(P(r) — O(t))
= dy(2(r), (t))
Hence, ® is distance preserving between (R",d,) and (]FST”, dp). O

Theorem 3.2.2. For any two words c,d € R", ¢ L d if and only if ®(c) L &(d).

In other words, ® preserves orthogonality.

Proof. Let ¢,d € R" such that ¢ = (%, ct,...,c"!) and d = (d%,d?,...,d"7 1),
where ¢ = 37°

cl o i
11,82,y tp=1 "1112...05 >1102...0r

; 3 i ) —
and d* = > di iy inSivig..ip, fOT 1 =

11,82, 0p=1 "%
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0,1,2,...,n—1. Now, using the definition of Euclidean inner product and properties

of primitive orthogonal idempotents, we get

n—1

n—1 3 3
_ i i
= E cilig...z‘r&liz--.ir . E dzll2...zr5l1,lz,-~-,l,-

1=0 11,020yt =1 l1,l2,..., =1
n—1 3
— 2 0 o
= E Cil’ig...irdilig...i,«ngD---’Lr
i=0 \71,02,...,0r
3 n—1
2122...0p 1112...0p 2122...0p " .

and

I
-
—

n@.
=
o
—

S

(Cil...lv s 7Cé3...3)A1MT(d§1...17 s 7dé3...3)T

n—1 3
_ i i
= A E Ciliz...irdilig...ir

i=0 \i1,i2,....ir=1
3 n—1
. i i
= A § § :Cilig...irdilig...ir (3-3)
11,12,...,0r=1 =0

Since, {&iiy..i, * ij € {1,2,3}} is a linearly independent set and A € F;, from (3.2)
and (3.3), we conclude that c.d = 0 if and only if ®(c).®(d) =0, i.e. ¢ L d if and
only if ®(c) L &(d). O
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3.3 Linear Codes over R

An R-submodule of R" is called a linear code over R of length n.

For a linear code C C R" and for (iy,4s,...,4,) € {1,2,3}", we define

Cilig...ir = { Wilis.. iy c F:; = Wiika.. .k € FZ, (kla k27 ) kr) € {17 27 3}T and

3
(k‘l, k’g, C. ,]{IT) 7& (il, ig, Ce ,ir) SUCh that Z €i1i2-<<irwi1i2---i’r‘ < C } .

01,82, ir=1

Then, Cyi,..5, € Fy is a linear code, V i; € {1,2,3}, j = 1,2,...,r. Moreover,

3 3
C = ®i1,i2 ir=1 £i1i2~~~i'r'c7;li2~--i7- a’nd |C| - Hil,ig,...,’iT:]_|Ci1i2--~i7'

.....

Definition 3.3.1. For a linear code C of length n over R, its dual code C* is defined
as

Ct={wecR":(w,v)=0,¥v e}

where (w, v) denotes the usual Euclidean inner product on R™ defined as
n—1
(WO, wh, o owm ), (VO vt = Zcidi.
i=0
Definition 3.3.2. A linear code C C R"™ is called

(i) self-orthogonal if C*+ C C,
(ii) dual-containing if C C Ct and
(iii) self-dual if C+ = C.
Theorem 3.3.3. Let C = @?hiz """" i —1&irin.i,Cirig..i, be an (n,¢*,dy) linear code

over R. Then,

(i) ®(C) is a [3"n, k, dy] linear code over [F,, where dy = dy;
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(i) ®(C)* = @(CH);
(iif) Ct =B} 4y i —1 EiriginCiriy i
(iv) C is a self-orthogonal code if and only if ®(C) is a self-orthogonal code over F;

(v) C is a dual-containing code if and only if ®(C) is a dual-containing code over

F

@

(vi) C is a self-dual code if and only if ®(C) is a self-dual code over F,.

Proof. (i) Clearly, length of ®(C) is 3"n as it is a subset of F . Furthermore, as ®
is bijective, we have |®(C)| = |C| = ¢*. Therefore, dimg,®(C) = log, |®(C)| =
log, ¢" = k. By Theorem 3.2.1, dy = dr. Hence, ®(C) is a [3"n, k, dy] lincar

code over [F,, where dy = dp,.

(ii) Let w € ®(C)*. Then, (w,v) =0, V v € ®(C). Since ® is bijective, we have
(w,®(u)) =0, VueC.Letz=d!(w) € R". Thus, (®(z),P(u)) =0, Vue
C. Therefore, by Theorem 3.2.2, we have (z,u) =0, V u € C. This shows that
z € C* and so w = ®(z) € ®(Ct). Therefore, (C)*+ C ®(CL).

Conversely, let w € ®(C*). Then, 3! z € C* such that w = ®(z). Since ® is
bijective, we have (z, ®~!(v)) =0, V v € ®(C). Therefore, by Theorem 3.2.2,
we have (®(z),v) = (w,v) = 0, V v € ®(C). This shows that w € ®(C)*.
Therefore, ®(C*+) C ®(C)* as well. Hence, ®(Ct) = &(C)*

(iii) Let D = C*. Then,
D:{ we R :(w,v):O,VVEC} .

3
= {W & Rn . <W, Z gilig...irvi1i2.4.1r> - 07
=1

11,8250y ir

v V’i]ig...iT S Ci1i2...iMZ.j € {17 27 3}7 ,] = 17 27 s 7T} .
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Now,

Dilig...ir = { Wiiio. . in - IFZ = Wkiks.. .k, € FZ) (]{31, k27 SR kr) € {17 27 3}7‘ and

3
(kl, kg, ceey k‘r) 7é (il, Z.Q, P ,ir) SUCh that Z §i1i2---irwili2---ir € D } .

11,825+, =1

— { Wi i, € IE‘Z = Wik ky € ]FZ, (]{31, ]{127 cey kr) - {1, 2, 3}7‘ and

(K1, kay ..oy ky) # (1,49, .. .,1,) such that

3 3
E ivio..ir Wiin..ins E ivi.iy Vivio.iy ) = 0} )

11,8250 050p =1 11,02yt =1

:{ Wiinoi, € F1 13 Wi i, € F2, (ky ks, k) € {1,2,3)" and

(l{fl,kz, .. .,]{?r) 7£ (il,ig, e ,ir) such that

3
D Gt Wik Viriaa) = 0} :

01,02, 0r =1

= { Wiiig..in € ]FZ = Wk ko.. ke € FZ, (kla k27 R kr) € {]—7 2a 3}7’ and

(k’l, k‘g, ceey kr) 7£ (il, iQ, . ,7;7«) SUCh that <Wi1i2...i,,-7 Vi1i24..i7‘> = 0

3
A (kl, kg, e ,kr> € {1, 2, 3}7”, fOI' any Z Eiliz...irvilig...ir € C } .

11,2,.050r =1

=CL

21%2...9,"
HenCe, CJ_ - ®?1-,i2 77777 ir=1 gilig...iTDiliz..ir = @?hiQ 77777 ir=1 5717277"C7,J]_7,27,r
(iv) and (v) directly follow from the fact that for a bijective map &, A C
B = ®(A) C ®(B). Finally, (vi) follows by combining (iv).

O

Theorem 3.3.4. Let C = @f’l inir—1 Siria..i-Civin.i, e a linear code of length n
over R. Furthermore, let G;,4, ;. be a generator matrix of [n, k;;, .| g-ary linear

code Ci,i,..i., 4 € {1,2,3}, 5 =1,2,...,7 and M be the matrix used in Gray map
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¢ such that
i1i9...ir i1i9..0r i1i2.ip
) Qo1 e Ao(n—1)
i189...ir i1ig...ip i1i2..ip
Ay ayy A1 (n—1)
Girigip =
1122...0p 112...0p 11%9...9p
(kigig...ip—=1)0  “(Kijig.a.—1)1 -~ °° (kiyig...ip—1)(n—1) Kiyig.ip X7
mii.11,11...11 - -+ T11..11,33...33
and M = : : : € GL3 (F,).
m33.33,11..11 .- 1133.3333..33|
L 4 37 x3r
Then,

Gi1.11 @ Mg, 4,
G112 @ Mgy, 1,

G33---33 ® MR33..433

2

is a generator matrix of ®(C), where Mg, , , denotes the iyiy.. i, row of M,

i;e{1,2,3}, j=1,2,...,r.

Proof. Let w € ®(C) be an arbitrary element. Since, ® is bijective, there exists

. 3
a unique codeword v = Eim%m?ir:l Eirin..ivVivis..in € C such that ®(v) = w and
— (Y9 1 n—1 L ; L3 .
Viiig.ip = (vili2___ir,vi1i2___ir, o ,vim.m) € Ciyiy..i,- Since, Gy i, i, 1S a generator ma-

trix of Cﬁig.l.ira there exist Qjrin.ir,05 Xgpin.ip, 1y - - - 7Oéilizn-ir,kili?“ir*l such that

Kijig...ip—1
B irig. e i1i2.dr 01920y
Vijig..ip — § Xiyig..ip,l (alo » A et ’al(nfl) )
=0
Kijig..ip—1 kijig...ip—1

_ irig.d i162..0
= E Qiig.in, 1Oy E Qigig.ip 1O ey

=0 =0
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Kiqig...ip—1
Z O ijigeiy
azlzg...zr,,lal(n 1)
1=0
Then,
3
V= E Sivia...ir Vivio..ir
11,82, ,0r=1
3 kijig..ip—1 Kijig..ip—1
N i1in..i i1ig..i
= § Eivia...iy E Qiyig.ip 10y s E igig iy 5o
11,02, ir=1 1=0 1=0
Kiqig..ir—1
i1ig..
E Qi ip 101y
1=0
3 kijig...ip—1
_ i1ig..0
= E irig...ir E Qi ip Oy ] s
11,22,..,0r=1 =0
3 kijig...ip—1
i1io..ir
E irig...in g Qigig.ipdQpp ) e ey
11,82,.e0yipr=1 =0
3 Kijig...ip—1
1112...0p
E ivin...i E QXiyiz.ir J Ay (n 1)
01,02, yir=1 1=0
_ 0o .1 n—1
_(V7V7' ;V )(Say)
_ _ 0 1 n—1 _ 0 .1 n—1
Therefore, w = ®(v) = (p(V°), d(v'),...,o(v* 1)) = (w’,w',...,w" ") (say). Then,
3 kiyig..ir—1
i i1in..d
wo=20 E &irig..ir E Qiyig. 10y
i1,i2,ir=1 1=0
k11..11—1 k11..12—1
_ 11...11 11...12
= E Q11...11,10; ) E a11...12,14; Yo
=0 1=0
k33...33—1
33...33 )
E (¥33..33,10y; M
1=0
3 Kijig..ip—1
_ 11%2...7
= E Miin. iy 11,11 E QirigiplQ; ] s
i1,i2,0rir=1 1=0
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3 kiqig..ir—1
irig...
E Miyig..ir,11...12 E Qg in g7 | 5o e ey
11,82, ipr=1 =0
3 Kijig...ip—1
§ § 11%2...7
m’iliz...ir,lllQ...lr Oéhiz‘..ir,la/li "
1,0, yir=1 =0
i
= ag"’ (say).
a= la11..11,0 O11..11,k11. 111 (33...33,0 (033...33 ka3, 33— 1
11...11 11..11
mMi1...11,11...11Qq; M11...11,33...33Qp;
11...11 11..11
mii..11,11...11Q7; m11...11,33...33Q7;
11...11 11..11
Mt a1t Q| 1) M11..11,33..33Q(ky |1y —1)i
G =
33...33 33...33
m3s...33,11...11Q¢; 1m33...33,33...33Q¢;
33...33 33...33
m3s...33,11...11Q7; m33...33,33...33Q7;
33...33 33...33
M33..33,11.. 11 % (kgy 55—1)i M33...33,33...33Q (kg5 55—1)i
G0, ® Mg, ,,
Gll...lQ,Ci ® A]Ru...lz
- 9
G33...33,Ci ® MR33...33
th

_denotes the iyis . . . i,

i

where G, i,.c, denotes the i column of Gy,4, 4, and Mg, ,, .

row of M. Thus,

Hence,

g(]
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GlL..ll,CO ® MRumu s GllmlLCn—l ® ]\'{ann
G11~~~12’CO Y MR11A..12 s Gll...lZ,Cn,l ® MR11M12
G33~~-33100 & MR33.,.33 s G33~~33,Cn71 & ‘]\4}33333

Gi.11 ® Mg,

= | G112 ® Mpg,, ,,| 1 a generator matrix of ®(C).

Gi33.33 ® MRy, .,

3.4 Skew Cyclic Codes over R

Let © : R — R be an automorphism. Then G|, , the restriction map over F,

is an F, -automorphism. Therefore, ®|Fq =0, : a — a” for some t such that

3
0102, ir=1

0 <t<m-—1, where ¢ =p™ and a € F,. Thus, for ) EivigoinVitin.in € R,

we have

3 3
t
@< Z filig...irvilig‘..ir> = Z @(filig...ir)?)ﬁizmir-

11,82, ir=1 1,825 ir=1

From eq. 3.1, we conclude that the set {&,4, 4, 1 4; € {1,2,3}, j=1,2,...,r}isa
complete set in R. Therefore, the set {O(&4,..,) 1 45 € {1,2,3} for j=1,2,...,r}
is permutation of the set {&,i,.4. 4, € {1,2,3}, 7 = 1,2,...,r}. Hence, 3 v, €
Sy, the permutation group of {1,2,3}, for j = 1,2,...,r such that ©(&,:,. i) =

571(1'1)72(1'2)---%(%)' Therefore,

3 3
t
@< Z Sz'lig...irvm...ir>= Z (i )2 in) e (i) Uiy i

11,8250 0yr=1 11,82, 0ytr =1
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If v; = id (the identity permutation), for all j = 1,2,...,r and Olg, = 0;, then ©

will be denoted as ©;.

Definition 3.4.1. Let © € Aut(R) and 0o : R" — R" be defined as
v=_0Vv v e (v, (), ... e ?).
A linear code C C R" such that og(v) € C, whenever v € C is called a skew O-cyclic

code of length n over R.

For an automorphism O of R, R[y; ©] is a non-commutative ring (in general) under
the usual addition of polynomials and multiplication defined as y * ay = ©(a)y? and
it is called skew-© polynomial ring. Moreover, for a vector v = (V,v!, ... v*71) €
R, v = S viyl is an isomorphism between R” and R[y; ©]/(y" — 1). Under this
isomorphism, a linear code C' is a skew O-cyclic code of length n if and only if it
(its image) is a left submodule of A,, = R[y;O]/(y™ — 1). If the order of © divides
n then A, is a ring and a linear code C' is a skew O-cyclic code of length n if and

only if it (its image) is a left ideal of A,.

Theorem 3.4.2. Let ©, € Aut(F,) and C = @fwz 77777 i—18irig..irCiyiy.i, De a linear
code of length n over R. Then, C is a skew O;-cyclic code over R if and only if

Civiy..i, 18 & skew @;-cyclic code over F, for all i; € {1,2,3}, j=1,2,...,r.

Proof. Letc = (% c!,c? ...,c" 1) € C be an arbitrary codeword. Forl € {0,1,... ,n—
1}, let ¢! = Z?l,ig,...,irzl Eiria. i Chyiy iy THON, Cpiy 4y = (C(i)ﬂg...iﬂ Chrigips - 70?1;21...”) S
Ciyig..i,- Now,
0e,(c)
= (0¢(c"1),04(c"),04(c"), ..., 0,(c"?))

3 3
-1 0
= ( Z §i1i2.uir6t(cxi2...ir)7 Z §i112mi7~9t(0z’1i2...u)7 R

11,42, 0r=1 11,82,0050p=1
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Z 61112 Sy (2122 z,))

91,82, =1

- ( Z 52112 S (et( 1112 zr)) Z 51122 Sy ( 11@2 1,) )
11,22, ytp=1 21,02, ytp=1
Z 5’0112 Sy (1172 7r)>

91,82,e.yipr=1

= Z 55122 Sy (61( 2112 z,) et( 1112 g ) 9t< 1,112 zT> s 79t<cZ;22...iT))

11,82, 0r=1

_ 0 1 n—1
= § Sivin..ir (UGt(Cilzg...iw Civig.oipr + * ’Cilig...ir))

11402, ir=1

3
= Z Sivia...iv (00,(Ciyiy..i,)) -

11,82, ir=1

By the unique representation of elements of C as a linear combination of elements
of Ciyiy..in, we conclude that og,(c) € C if and only if oy,(¢;iy..i.) € Ciyiy..i, for all

i; € {1,2,3}, j=1,2,...7. Hence, C is a skew O;-cyclic code over R if and only if

Civiy..i, 18 a skew @;-cyclic code over Fy, for all i; € {1,2,3}, j=1,2,...7. O
Theorem 3.4.3. Let C = Gail,iz,..‘,ir:l ivio..inCivir..i, be a skew O;-cyclic code of

length n over R. Let C;,iy..i, = (firin..i (¥)), where fi i, i (y) are monic right divisors
of y*—1and i; € {1,2,3}, for j = 1,2,...,r. Then, 3 a polynomial f(y) in R[y; O

such that

(ii) f(y) is right divisor of y™ — 1 and

(i) |C] = g Ehisrm sl ),
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PTOOf Slnce C = @?l ,ig,...,i7~:1 gilig...irciliz..ir and Ci1i2-~~i7‘ = <fi17;2-~i7‘ (y)>’ Z] 6 {17 27 3}7

Jj=1,2,...,r, we have

3
C= {C(y) = Y i W) faiss W) Tii. (y) € Fq[y;et]} :

7:177:27"'77:7‘:1

Hence, C C (11,1 f11..1(y), - - -, E33..3f33..3(y)). Conversely, for any
3
Z EivionnivKirio.in (U) firio.in (Y) € (E11afir1(y), - -1 €335 33..3(Y)),

i1 82, ir=1

where ki iy 4 (y) € Foly; 0] /(y™ — 1), there exist r;, 4 (y) € Fyly; 6] such that
Sivia.iKiviaiv (Y) = Girig.iy Tinin..i (Y)-

Thus, (¢11.1f11.1(1Y), - -+, E&33..3f33..3(y)) C C. Hence
(Ginafia(y), -+, E33.3933.3(y)) = C.

NOW7 let f(y) = 2?172'2 _____ ir=1 §i1i2---i7<fi1i2---ir (y) then <f(y)> - C. Alsosince §i1i2---irfi1i2---i7‘ =
Eivig...iy firia..ir, for all i; € {1,2,3} so C C (f(y)). Hence C C (f(y)). Further as
firig.ir(y) divides y* — 1 € F,[y : 6] and are monic as well for all i; € {1,2,3}.

Thus, y" — 1 = Giiy...i, (Y) firin..i, (y) for some @i i, . (y) € Fyly; 6:]. Therefore,

( Z gil";Qmirg’ili}“ir (y)> f(y)

i1,i2,0rir=1

3 3
_( Z €i1i2...irgi1i2..‘n(y)>( Z filiz...irfilig...ir(y)>

01,82, ir=1 81462, ir=1

3
- Z €i1i2-~.i7«gi1i2mir (y)f'hlémir (y)

11,82,y =1
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3
= Z £i1i2~-~ir (yn - 1)

11,82, 0y0r =1

=y" —1 € Rly; 6.
Hence, f(y) divides y™ — 1 from right. Since |C| = I1;,4,..i.|Ciyi..in |, We get

r 3 o .
|C| — q3 ”—Zz‘l,iQ ..... ip=1 deg(fL“Q.,‘@T(y))

O

Example 3.4.4. Let ¢ = 5% then F, = GF[5]/(X? 4+ 4X + 2) and let s be a root of
X? +4X + 2. Consider the ring F,/(u$ — uy, ud — ug, uyug — uguy). Let 6 = 61 be
the Frobenius map i.e.

a+— a’.

Then the order of 6 is 2. Now consider the factorization of z* — 1 in F,[z; 6].

yr—1=(y+2s+1)(y+25+2)(y+4s+4)(y +4s+2)
=y +4)y+1Dy+2)(y+3)
= (y+25s+1)(y+25+2)(y + 3)(y + 2)

=W+2s+1)(y+2s+2)(y+s+1)(y+s+3)

Let f(y) = (y +4s+4)(y +4s+2) = y* + (s + 1)y + 1 which is a right divisor
of y* — 1. Then for all 4; € {1,2,3}, let Ciyi, s, = (f(2)) is a skew cyclic code. A

generator matrix of C;;, ;. is given as:

1 s+1 1 0
0 1 4s2+2 1
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Civip..i, are [4,2,3] skew cyclic codes over F, which is MDS. Hence, we have C =
@3 &ivig..i,Ciyiy..i. 18 @ skew cyclic code of length 4 over R with minimum

11,8255 ir=1

Lee distance dy = 3.

Theorem 3.4.5. A skew O-cyclic code C C R™ is a quasi-cyclic code of index v,

where v = o)

Proof. Let ng = (n,0(©)) and n = ngl. By extended Euclidean algorithm, we find
two integers ¢ and d’ satisfying ng = dO(0O) + d'n. If d > 0, find e € N satisfying
O(©®)e —d > 0. Then (¢ + ne)O(©) = ng + (O(O)e — d')n. In this case, take
¢c=c +neand d=0(0)e —d. Otherwise if d' < 0, then simply take ¢ = ¢ and

d = —d'. Thus we have cO(0O) = ng + dn. Let

W = (w0,0a Wo,15 -+, Wong—1,W1,0,W1,1,- -+, Wing—1,- -+, Wi—1,0, Wi—1,1, - - - awlfl,n(_)fl) eC.
Say, w = (wo wh ..., w!™l), where w' = (w;o,w;1, ..., Win,—1). Now since C is a

. - d .
skew cyclic code, oo(W), 03 (W), ..., 062 (W),...,00/ " (w),... € C. Since ne + dn

is divisible by O(©), we have

Og@-l—dn — (@n(_ﬁ»dn(wlfl)’ 671(_)ern(wt))7 @n(_)ern(Wl), e @n,(_)ern (Wl72))
= (Wlil> W07 EERR Wl72)
= Tid,l(W> € C

This shows that V w € C, 7;4;(w) € C. Hence, C is a quasi-cyclic code of index {. In

particular, if ng = 1, then n = [ and so C is cyclic. O

Corollary 3.4.6. Let (n,0(0;)) =1 and y" — 1 =[[;_, fu(y)"™*, where fi(y) are

irreducible factors. Then the number of skew 6;-cyclic codes of length n over R is

HZ:1(nk + 1)3T~
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Example 3.4.7. Let ¢ = 3* then F, = GF[3]/(X* +2X? +2) = F3(8) where (3 is a
root of X*+2X3+2. Further, let r = 3. Then R = Ty = Fg; /(u? — uy, ud — uy, u3 —
Us, U U — Uty , U U3 — UzU, UsUsz — Ugla). Let O be an automorphism of R such that
O1(&ivizis) = Eni(i)naliaystis) Where 71 = (23),72 = (123) and 73 = (132) € S the
permutation group of {1,2,3} and ©|r,, = #; the Frobenius map i.e. 6; : a — a®.
Then the order of 0, is 4 and that of ©1, O(©,) = lem(2,3,3,4) = 12. Now
let n = 24 and then from the factorization of y** — 1 in Fgi[x;6,] we observe that
u(y) = Yy T+ (B2 +B+1)y 04293+ (28242842 y 2+ + (B2 + B+ 1)yt +2y+232+25+2
is a right divisor of y** — 1. Let Cj,i,i, = (u(y)) for all i; € {1,2,3}. Thus C;,4i, is a
skew 6;-cyclic code of length 24 and minimum distance 6. Since gcd(24,12) =12 > 1.
Hence by Theorem 3.4 skew ©;-cyclic code C = ®i1 inis SininisCirinis 18 @ quasi-cyclic
code of index 2(= 24/12) and d;, = 6.

Again Let O, be another automorphism of R such that ©2(&iizis) = &viir)ve(i2)vs(is)
where 71 = 75 = 73 = id, the identity permutation and Os|r,, = #; the Frobenius
map i.e. 01 : a — a®. Then O(0,) = lem(1,1,1,4) = 4. Suppose that n = 15 then
gcd(15,4) = 1 and hence by Theorem 3.4 any skew ©,-cyclic code is cyclic. Thus

y™ — 1 has a unique factorization as:

v 1=+ P+ +y+ 1) (v +2)%

Hence by Corollary 3.4.6, there are (3 + 1)*7 x (3 + 1)?" = 45 skew O,-cyclic codes

over R in total.

Finally Let ©3 be an automorphism of R where v, = (12), 72 = (13) and 3 = (23) €
Sy and Oylp,, = 0y ie. Oy :a— a® = a. Now o(11) = 0o(72) = o(3) = 0(6) = 2
and so O(O3) = lem(2,2,2,2) = 2. If we take n = 8 then by Theorem 3.4, any skew
O3-cyclic code is a quasi-cyclic code of index 4 and any skew ©3-cyclic code over R

of odd length is cyclic.
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Example 3.4.8. Let ¢ = 5% then F, = GF[5]/(X?+3X+3) = F3(d) where § is aroot
of X3+3X+3. Further, let r = 2. Then R = Ty = Fyo5/(ud —uy, us—us, uyus—ustiy).
Let ©; be an automorphism of R such that ©1(&,i,i,) = &, (i1 )v2(in)ys (i) Where 71 =
(123),7, = (132) and 3 = (123) € S3 the permutation group of {1,2,3} and
O1|r,,, = 01 the Frobenius map i.e. 6; : a — a®. Then the order of 6; is 3 and that
of ©1, O(01) =1em(3,3,3,3) = 3. Now let n = 18 and then from the factorization
of y'® — 1 in Fygs]x; 61] we observe that u(y) = y'% +3° + 4y> + 4 is a right divisor of
y'® — 1. Let Cjipiy = (u(y)) for all i; € {1,2,3}. Thus C; 4y, is a skew 6;-cyclic code
of length 18 and minimum distance 4. Since ged(18,3) = 3 > 1. Hence by Theorem
3.4, the skew ©;-cyclic code C = €D, ;,;, &iririsCirinis 15 & quasi-cyclic code of index
6(= 18/3) and d;, = 4.

Let ©9 be another automorphism of R such that ©2(&;,4mi5) = &, (i1)ma(ia)s(is) Where
Y1 = Y2 = 73 = id, the identity permutation and Os|,,. = 0 i.e. 0 : a — a'®.
Then O(02) = lem(1,1,1,3) = 3. Suppose that n = 20 then ged(20,3) = 1 and
hence by Theorem 3.4, any skew O,-cyclic code is cyclic. Thus y™ — 1 has a unique

factorization as:

v —1=(y+4°(y+2)°@y+3)°y+1)"

Hence by Corollary 3.4.6, there are (5+ 1) x (5+1)? x (5+1)? x (5 +1)? = 63¢

skew ©,-cyclic codes over R in total.
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3.5 Construction of Quantum Codes from Skew

Cyclic Codes over R

The focus of this section is on building quantum codes from skew cyclic codes over
R. We begin by revisiting the definition of quantum codes and the CSS construction.
We also revisit a criterion for identifying dual-containing skew cyclic codes over F,,
which we leverage to characterize dual-containing skew cyclic codes over R. We then
present an approach to generate quantum codes from dual-containing skew cyclic

codes over R, and we use this method to construct a novel quantum code.

Theorem 3.5.1. Let © € Aut(R) and n be a multiple of 0(©). Then, the dual

code of a skew O-cyclic code C, denoted as C* is also a skew ©-cyclic code.

Proof. Let ¢ = (% ct,...,c" 1) € Cand d = (d°,d%,...,d" 1) € C! be arbitrary

elements. Since, C is given to be a skew O-cyclic code, we have ag_l(c) e C.

Therefore,

0= (og '(c),d)

n—1
_ Z @nfl(ci)difl + @n71<co>dn71.
=1

Applying © on both sides and using the assumption that n is a multiple of 0(©), we

get

n—1

0=> co(d ) +ced )
i=1

={(" ..., h, O, 0(d),...,0d"?))

= (¢, 00(d)).
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Since, ¢ € C is arbitrary, we have og(d) € C*. Thus, og(d) € C* whenever d € C*.

Hence, C* is a skew O-cyclic code. O

Definition 3.5.2. The left monic skew reciprocal polynomial of g(y) = Zﬁ:o g;y’ €

Fyly: 6], o # 0 is defined as g (y) = 7= (3 67 (9-5)v").

Lemma 3.5.3. ([31, Corollary 5.7]) Let C be skew #-cyclic code of length n over F,
such that ord(0) | n. If f(y) is the generator polynomial of C' such that ¢g(y)f(y) =
y" — 1. Then, C contains its dual if and only if g'(y)g(y) is divisible by y™ — 1 from

the right.

Theorem 3.5.4. Let C = @?1,’i2 ..... i1 ivin..irCiriy..i, be a skew Oy-cyclic code of
length n over R such that ord(©,) | n and f; ;,. s (y) is the generator polynomial of

Cirig.ip a0 Giriy i, (Y) firigan (y) =y — 1L,V i; € {1,2,3}, 1 =1,2,...,7.

(i) C contains its dual if and only if gjmmir(y)giliz__,ir (y) is divisible by y™ — 1 from

right, V i; € {1,2,3}, j=1,2,...,r.

(i) If gg-l’iz...ir (Y)Giris. 4, (y) is divisible by y™ — 1 from right, V ¢; € {1,2,3}, then
there exists an [[N, K, D]], quantum code, where N = 3™n, K = 3'n —

2 Zg’l’izmiv:l deg(fiyiy. i (y)), and D > dy, the Lee distance of C.

Proof. (i) Let us suppose that C* C C. Then, by Theorem 3.3.3 (iii), we get

3 3
1
P G0niliniS P GuiniCiisi

01,82, ir=1 11402, ir=1

L

11120y g Cili2<--7;'r7 for au

Now, taking modulo &;,;,. ;. both sides, we get C
i; € {1,2,3}, 7 = 1,2,...,r. Then, by Lemma 3.5.3, 9211'2...ir(?J)giliz...iy-(?/)
is divisible by y™ — 1 from right, V i; € {1,2,3}, j = 1,2,...,r. Conversely,

if gjliz.“iw(y)giliz..,“(y) is divisible by y™ — 1 from right, V i; € {1,2,3}, j =
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1,2,...,r then, again by Lemma 3.5.3, Ci5, ;. C Ciiy.,, foralli; € {1,2,3}, j =

11120

3 1 3
17 27 s, T Thu57 @ §i1’iz...’irc‘ C 1402, ir=1 £i1i2~-vircili2~-~7;r and

1,825 ir=1 i1ig. iy =

hence by Theorem 3.3.3 (iii), C*+ C C.

(ii) Let ggli%“(y)gil,ig..,ir(y) be divisible by y™* — 1 from right, V i; € {1,2,3},
j =1,2,...,r. Then, by part (i), we have C* C C. Therefore, by Theorem
3.3.3 (ii), we have ®(C)* = ®(C+) C ®(C). Then, by Theorems 3.2.1 and (i)
and 4.2.8, ®(C) is a [3"n, 31””_231,@,.4.,@;:1 deg(fiyis..ir (), dr] dual-containing

skew quasi-cyclic code over F,. Hence, by Lemma 1.3.6, there exists an

[V, K, D]], quantum code, where N = 3"n, K = 3'n—2 Eg’l?ig 77777 i =1 deg(fivig..ir(y)),

and D > dj, the Lee distance of C.

O

Example 3.5.5. Let ¢ = 25 and r = 1 then R = Fo5/(u’ — u;). Let 6; be the
Frobenius automorphism and 7; = ¢d the identity permutation. So ©® : R — R
defined as

w11 + Wals + W3z —> WHET + W& + WiEs

is an automorphism. Let n = 8. Consider two factorisations of y" — 1 € Fos[y; 0]
as:

y*—1 = (y+3w+3) (y+3w+4) (y+w+2)*(y+4w+2) (y+4w+4) (y+4w+1) (y+4w) =
(y+2w+1)(y+2w+2)(y +2w)(y + 2w +3) (y + 4w+ 1) (y +w+1)(y + 2w +4)(y +3),
where w is a primitive of Fos.

Let us take fi(y) =y +4w, fo(y) = 1 and fs(y) = (y+2w+4)(y +3) = y* + (2w +
2)y+w+ 2 and y" — 1 = g;(y) fi(y). Then ¢} (y)g;(y) is divisible by y™ — 1 for all
1=1,2,3. Take

M=11 3 3

2 4 2



Chapter 3. Skew Cyclic Codes over... 7

then MMT = 415. Let C; = (fi(y)) and C = @>_, &,C; then ®(C) is a dual-containing
24,21, 3]95 code. Hence by Theorem 3.5.4, there exists a [[24, 18, 3]]o5 quantum code

which is a new code as per database [9].

Finally, we’ll conclude this section by enlisting some quantum codes in Tables 3.1,

3.2 and 3.3 constructed using Theorem 3.5.4.
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3.6 LCD Codes over R

In this section, our focus is on LCD codes over R. We begin by reviewing essential
criteria established by Boulanour et al. [20] that identify when a skew cyclic code
over a finite field is LCD. We then present a technique for deriving LCD codes from
skew cyclic codes over R, based on these criteria and a decomposition method for

skew cyclic codes. The section concludes with illustrative examples.

Definition 3.6.1. ([69]) A linear code C whose Hull is trivial (zero submodule), is

called a Linear Complementary Dual (LCD) code, where Hull(C):= C N C*.

In [20], Boulanour et al. provided a criterion for skew constacyclic codes to be LCD.

We state a particular case (A = 1) of Theorem 2 from [20].

Lemma 3.6.2. ([20, Theorem 2]) Let 6; be an automorphism of F, and C be a skew
6; cyclic code of length n over I, such that f € F,[y;6;] is generator polynomial
of C. Further assume that g € F,[y; 6, is such that 6}'(¢).f = y* — 1. Then C' is
Euclidean LCD if and only if GCRD(f,g") = 1, where, g' denotes the left monic
skew reciprocal polynomial of g defined as g'(y) = 7~ (32", 67 (g90-;)v7) if g(y) =

0%(go) \ 4~
é .
> =09V € Fyly: 0], g0 # 0.

Theorem 3.6.3. Let C = ®?1,i2 ..... - &ivio..i,Ciyio..i, De a linear code of length n
over R. Then, C is an LCD if and only if C;,4,. ;. is an LCD code of length n over
F,, Vi;€{1,2,3}, j=1,2,...,r

- L _m3 L
Proof. Since, C~ = &B;, ;, i =1 &inis..irCijiy..,» We have

3 3
cnct =( @ Guilin)N( B Gnilin.a)

01,02,5050r =1 11,02,...,0r=1

3 3
=< @ filig...irciﬂz...i,«)ﬂ( @ 6@'11’2--‘%0;11'2...%)

11,82, 0r=1 11,82, 00 =1
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3
- @ 67;12'2...7;7 (C’ilig...ir N C'LJ;ZQZT)

01,82,..,0r =1

Thus, Hull(C) = {0} if and only if Hull(C,y4,..4,) = {0} V i; € {1,2,3}. Hence, C is
an LCD if and only if C;,4,. 4, is an LCD code of length n over F,, Vi; € {1,2,3}, j =
1,2,...,m. O

Theorem 3.6.4. Let order of O, divides n and C = EB?N.Q .... i—1 Eivig..inCiyig..i. DC

a skew ©,-cyclic code of length n over R and f; ;, . (y) be the generator polyno-

mial of C; 4, s, for i; € {1,2,3}. Further assume that g;,;, ;. € F,[y; 0] is such that

Givig.in(Y)-firin.i, (y) = y"—1. Then, C'is LCD if and only if GCRD( f;,,. 4. gjmm,ir) =
1.

Proof. Combining Lemma 3.6.2 and Theorem 3.6.3, the proof follows. U

Lemma 3.6.5. For a linear code C of length n over R, ®(Hull(C)) = Hull(®(C)).

Proof. Let w € ®(Hull(C)). Since ® is onto, 3 v € Hull(C) such that &(v) = w).
As v € Hull(C), v € C and v € C*+. Therefore, w € ®(C), and w € ®(C*) and
sow € ®(C)N®(C). Since, w € ®(C NCH) is arbitrary, we have, ®(Hull(C)) C
Hull(®(C)).

Again let w € Hull(®(C)), i.e. w € ®(C), and w € ®(C*). Then I3 u € C and
3 v € C* such that ®(u) = w) and ®(v) = w). Since, ® is one-one as well,
we have, u = v and so u(= v) € CNC*. Therefore, w € ®(C NC1). Since, w €
O(C)N®(CH) is arbitrary, we have, Hull(®(C)) C ®(Hull(C)). Hence, ®(Hull(C)) =
Hull(®(C)).. O

Theorem 3.6.6. A linear code of length n over R is LCD code if and only if its

Gray image is a g-ary LCD code of length 3"n.
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Proof. Suppose that C is an LCD code of length n over the ring R. Then by def-
inition, Hull(C) = {0}. By Lemma 3.6.5, we get Hull(®(C)) = ®(Hull(C)) =
®({0}) = {0} which concludes that ®(C) is an LCD of length 3"n over R. Con-
versely, suppose that ®(C) is an LCD of length 3"n over F, then Hull(®(C)) = {0}.
Therefore, by Lemma 3.6.5, we have ®(Hull(C)) = Hull(®(C)) = {0} which implies

that CNCt = {0}, as @ is one-one. Hence, C is an LCD code of length n over R. O

Now, we utilize the results obtained in this section to provide some examples of
LCD codes over R. For computation purposes, SageMath [90] and MAGMA [23, 17]

software are used.

Example 3.6.7. Let ¢ = 25 and r = 2 then R = Fos/(ud — w1, ud — ua, s — ugus).
Let 0, be the Frobenius automorphism and ~; = id the identity permutation. So

©;: R — R defined as

5
E wi1i2§i1i2 35 wiligfiliz

9112 0112

is an automorphism. Take

M=13 1343 4 4 3 4
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then MMT = Iy. Let n = 4. Factorisation of y™ — 1 € Fy5[y; 01] is given as:

y'—1=(y+1)(y+4)(y+3)(y+2)

Let us take fu(y) = y+ 1 and fi;,(y) = 1if (i1,22) # (L, 1) and y" — 1 =
gi1i2(y)fi1i2(y)' Then GCRD(g;ig(y)af’iliQ(y)) = 1. Let G = <fl(y)> and C =
@le &C; then C is an LCD code of length n = 4 and d;, = 2 over R. Hence
®(C) is a [36,35,2] LCD code over Fo5 which is MDS.

Finally, we’ll conclude this section by enlisting some LCD codes over R in Tables

3.4, 3.5, 3.6.
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