Chapter 5

Numerical Wavelets Scheme for Complex Partial
Differential Equation Arising from Morlet

Continuous Wayvelet Transform

5.1 Introduction

Numerical methods were first put into use as an effective tool for solving partial
differential equations (PDEs) by John Von Neumann in the mid-1940s. In a 1949
letter von Neumann wrote “ the entire computing machine is merely one component
of a greater whole, namely, of the unity formed by the computing machine, the
mathematical problems that go with it, and the type of planning which is called
by both”. The “greater whole” is viewed today as scientific computation: over
the past sixty five years, scientific computation has emerged as the most versatile
tool to complement theory and experiments, and numerical methods for solving
partial differential equations (PDEs) are at the heart of many of today’s advanced
scientific computations. Here we provide a bird’s eye view on the development
of these numerical methods, with a particular emphasis on linear complex partial

differential equation (CPDE) arising from continuous Morlet wavelet transform.

Among the kinds of Integral transform, the continuous wavelet transform is re-
markable as a powerful modern tool for analyzing time series, signal and images

(]199]-[200]). A continuous Morlet wavelet transform analyzed the images obtained
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during the second half of 2004 by Cassini interplanetary spacecraft [201]. The tech-
nique of investigation is based on the original algorithm of a continuous Morlet
wavelet transform that reduces the integral transform to solving CPDE (Cauchy
problem [202]-[203]). A relationship was recognized between PDEs approach and
the real continuous wavelet transform by [204] where continuous wavelet transform
as follows:

wan) = [~ s (204 (5.1)

a a

In [205], the equation

ow Pw . Ow
= 0— — iWy—

da  Ob2 ob’ (5.2)

with initial condition, w(0,b) = wq(b)

was given, which is satisfied by complex continuous wavelet transform FEq.(5.1)
based on Morlet wavelet. The main purpose of this chapter is to construct an
algorithm for complex partial differential equation (CPDE) Fq.(5.2) and demon-
strate its applicability via two dimensional Legendre and Bernoulli wavelets based

on operational and almost operational matrices.

A most efficient method for solving the problem of differentiating the instant period
in signal is the complex continuous wavelet transform. Therefore, in this chapter,
we propose a problem based on the observation that the transformation obtained
by the convolution with the complex continuous Morlet wavelet transform satisfied

the proposed problem Fq.(5.2) can be rewritten as the system

ou 0*u ov

% = G/W + CL)O%, (53)

Ov 0% ou

da Ob2 (5.4)
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where, w(a,b) = u(a,b) + iv(a,b) is wavelet transform, u ans v are the real and
imaginary parts of the complex function respectively. Such an approach has been
proposed for a first time in [202|. Later, it was generalized on the cases of the
exact(admissible) Morlet wavelet [203] and two-dimensional CWT [206]. However,
although PDE-based method provides a better accuracy in comparison with the
conventional methods of CWT calculations (say, FFT-based), the standard numer-

ical techniques for PDE (e.g. via finite differences) are, as a rule, sufficiently slow.

Thus, there emerges the idea to solve Fg¢s.(5.3) — (5.4) via alternative methods, e.g.
by the operational matrix technique (|207],[208]). This system of PDE can be twice
integrated with respect to a that will result in a system of PIDEs. In addition,
this representation allows for exploring of the influence of boundary conditions
on the proposed problem. Finally, the integro-differential approach provides an
opportunity to take into account various kinds of sophisticated boundary conditions

up to nonlocal as follows:

u(l,b):/o Ki(a,b)u(a,b)da, (5.5)

o(1,b) = /0 Ky(a, b)o(a, b)da. (5.6)

Nowadays, Wavelets are powerful tool which have been used in numerical tech-
niques. Wavelets theory are mostly used in the areas of applied engineering and
sciences. Also, this allowed the accurate representation of a variety of functions
and operators. Recently, two dimensional wavelets have been found their location
in many applications (For example: Legendre wavelet|209], Bernoulli wavelet [210],
Chebyshev wavelet [209],[37]). Wavelet transform in two-dimension with Morlet
wavelet introduced almost 34 year ago as an effective tool for image processing [211]
and particularly as a local spectral decomposition [212] has found applications in a

various field of research and classical methods of the wavelet transform numerically
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deals based on Fast Fourier transform as an intermediate step and application of

filter banks [213].

5.1.1 Function approximation

Suppose that f(a,b) is an arbitrary function in complete space L?(2), then it can

be approximated as follows:

!
2k=1 o 2F -1 o

F(a,0) =Y 33" )" Fumwm oo (a,0) = F'®(a,b), (5.7)

n=1m=0 ,/—1 p'=0
and its truncation series as follows

!
ok—=1 pf_192F —1 M’ —1

F(a,0) 2> Y " > Funnim P (a,0) = F®(a, D). (5.8)

n=1 m=0 p,'—1 m'=0

Where, Fnmn'm' =< F(a,b), ®,mn'm’ > and F, ® are =19k 1 N r M % 1, vector

given as follows:

F= [f1,0,1,0, T 7f1,0,1,M'—17 J1020 vf1,0,2,M'—1’ T 7f17072k’71707 B
flyoyzk,—17M’_17 T fl,M—l,l,Oa T f17M_1,17M’_17 fl,M—l,?,O; T 7f1,M_172,M’_1:
f1,M71,2k’71,0 o ’f1,z\471,2k’71,MLl’ f20100 5 Faopar—1s o200 (5.9)
Fopaar -1 s Jygar 100 s Fygan g s S0 s For—naar -1
Jorr—120, f2,M—1,2,M'—17 fQ’M_LQkLLO T va,M—l,Q’v"*l,M’—P B

]T

Jor=10,10, 75 far-r01,00-15 far-1020, - ’f2’“*1,M—1,2’°'*1,M’—1 )
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and

= [Pro10 Propar—1Proz0 Lo P g g
¢17072k/—17M’717 Tty (I)I,Mfl,l,O; Tt (IDLM,LLM',I, (I)I,Mfl,Z,Oa T 7<I)1,M—1,2,M/—1
CI)1,J\,171,2'€’*1,0 o ®1,M71,2k/*1,M'71’ D20100 s Pog 1> P00
(I)Q,O,Z,M'—l’ B Cb270’2k/71’07 B (132,07219’7171\4'_1, s Qo110 7(1)2,M—1,1,M'—17
(I)Q,A/lfl,Z,Ua Ty (I)27M—172,M'—1(1)27M_1,2k/—1’0 e 7¢27M_172k/—111\4’_13 R (1)2’“—1,0,1,07 Tty
(I)2k—1,0,1,M/—1a T (I)zkfl,ogk’fl,()» T (I)Qkflp,gk/fl,oa ) (I)Qk_17M,1,2k’—1,M/,1]T

(5.10)

5.2 Operational matrices
5.2.1 Bernoulli wavelet operational matrix of differentiation with respect
to variable a

Let ®7(a,b) be two-dimensional Bernoulli wavelet defined in Fq.(1.16) then deriva-

tive matrix as follows:

%@B(a, b) = %(@B(a) ® 7 (b))
= (D"9"(a)) ® (19%(D))
= (DP @ I)(®P(a) @ ®P (1))
= D;0%(a,b),
%@B(a,b) = DP®"(a,b), (5.11)

where, D = DP @ I is the matrix of order ok=1ok =1 r )’ (see [38]) and also I is

the identity matrix.
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5.2.2 Bernoulli wavelet operational matrix of differentiation with respect

to variable b

Let ®5(a, b) be two-dimensional Bernoulli wavelet defined in Fq.(1.16) then deriva-

tive matrix as follows:

0 g 0, B B
%Cb (a,b)—%(q) (a) ® &7 (b))
= d5( )®%<I>B(b)

S0,

%@B(a, b) = DP®5(a,b), (5.12)

where, D = T @ DP is a k=19 “1\fAf" % 212K =1 Af M matrix (see [38]) and

also I is the identity matrix.

5.2.3 Legendre wavelet operational matrix of differentiation with respect

to variable a

Let ®%(a,b) be two-dimensional Legendre wavelet defined in Fq.(1.8) then deriva-

tive matrix as follows:

o 0
D gra,) = L (@hr) @ akw)

= (D"®"(a)) & (I2*(b))
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= (D" ® I)(®"(a) © ©*(b))
= DIl (a,b),

%@L(a, b) = DL (a,b), (5.13)

where, DI = D¥ ® I is the matrix of order ok—19k =1 N7\’ (see [112]) and also [ is

the identity matrix.

5.2.4 Legendre wavelet operational matrix of differentiation with respect

to variable b

Let ®%(a,b) be two-dimensional Legendre wavelet defined in Fq.(1.8) then dreiva-

tive matrix as follows:

) 0
55 2 (a,b) = = (5 (a) @ DE (D))
= o4 (a)® %@L(w
= (I®"(a)) ® (D" D" (b))
= (I ® D")(®"(a) @ % (b))
= D}ol(a,b),
QQDL(@ b) = Dy ®*(a,b) (514
o P |

where, DI = I @ D" is a 9k=19K “1 N[ N[ x 28=12K =1 Af N matrix (see [112]) and

also I is the identity matrix.
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5.3 Numerical solution of the problem

Let us consider Fq.(5.3), as follows

0 0? 0

and Eq.(5.4), as follows

0 0?

Multiplying Fq.(5.15) by (% — a%) and Eq.(5.16) by wo(Z) and then adding,

O N[O _ N 2 (P uo
da "oz ) \oa Yoz T\ ) T

we get

this implies,

0*u ) 0*u Pu 0?*u o'u

gaz T~ V5 T "G ~ “aiea T on (5:17)
Since v is continuous then % = % and then Fq.(5.17) become as:

0*u ) 0*u Pu ,0'u

Now, we multiply Eq.(5.15) by wo(2) and Eq.(5.16) by (% - ag—;z) and then after
similar process as finding Fq.(5.18) we get
0*v ) 0*v Pv , 0%

2 ““9a0 T on

—0. (5.19)
Integrating Eq.(5.18) with respect to a, we get

¢ Pu 9 * 0% ¢ 0%
uq(a,b) —uq(0,b) —2/0 rmdr—(u}o—l) i wdr—/o r %dr. (5.20)
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Again, integrating Fq.(5.20) with respect to a, we get
“ S Q% 9
u(a,b) —u(0,b) — auy(0,b) =2 rmdr ds — (wj — 1)
r
82 ’ a s 04 (521)
></0 (/o wdr)ds—/{) (/rwdr)ds,
this implies,
a S 83 N
u(a,b) = u(0,0) + auy(0,0) + 2 Upwer ——dr | ds — (wj — 1)
o 0 . i (5.22)
x/o (/0 8b2dr>ds—/0 (/rwd’r’)ds.
Now, putting @ = 1 in Fq.(5.22) we get
1 a a3u )
u(1,b) = u(0,b) + u,(0,b) + 2 rmdr da — (w5 — 1)
o Or
82 X Iy (5.23)
) da — ——dr | d
Lo ] (550}
this implies,
! “ Pu 9
u,(0,b0) = u(1,b) — u(0,b) — 2 rmdr da + (wi — 1)
o Oor
1 a 62 1 84 (524)
></0 </o Wdr)da—!—/o </r%dr)da
Putting the value of u,(0,b) in Eq.(5.22), we get
u(a,b) = u(0,0) + au(1,b) — au(0,b) — 2a/ (/ arabzdr da
2
+(w§—1)a/ (/ %dr) da+a/ ( udr da
0 0 0 (5.25)

a 5 Bu ) 5 0%
—|—2/0 (/0 rarader) ds — (wy — 1) (/0 wdr) ds
u
—/0 ( r wdr) ds
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or,

u(a,b) = gi1(a,b) + hi(a,b) — 2a /01 (/ " 500 dr) da

+(w§—1)a/0 (/0 %m) da+a/0 ( r a—bi‘dr)

+2 /0 (/ ai;b2dr> ds — (w2 — 1) (/0 a_bgdr> ds
- /0 ( O a—bd> s,

where, g;(a,b) = (1 — a)u(0,b) and hy(a,b) = au(1,D).

(5.26)

Now, we approximate the functions that satisfy Fq.(5.26) using the Bernoulli and

Legendre wavelets given by Fq.(5.8) and Eq.(5.14) as follows:
u(a,b) = Cf ®(a,b) = C &(a)®(b),

L% (CL, b) = Atqu)(aﬁ b) = Aqu)(a)CI)(b),

(a,b) = a/ Ki(a,b)u(a,b)da = CTU,®(a,b) = CTU,®(a)®(b),

. /0 ( / rar—;bgdr) da = CT (Dy)? Dy L ®(a)®(b),
a/ (/O (2; dr) da = CT (Dy)? L1®(a)D(b), (5.27)

a/o (/0 r %dr) da = CT (Dy)* Ly21®(a)D(b),

[ ([ vt ) s = ¢ (i DIQua(a)20),

[ ([ Goar)as=ct (o @aataen),

/oa (/ - gTd) ds = C" (Dy)" Qr2a®(a)D(D),

where, CT,AT and BT are 1 x 2¥=12¥ =1\ M’ matrix. Also, L1, L1, L2, Qra; Qa
and Q,2, (sce in Appendix subsections 6.3.1-6.3.6) are matrices of order 28125~ M M7,

Here, CT is the only unknown matrix and the rest of the matrices are known.
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Representing the Fq.(5.26) via expansion

Table 5.1: List of denotation

General Uses of Use of

symbol LWA BWA

O(t,x) oL (t, z) DB(t,z)
D Dt DB
D, DE D5
D, Df DP
L4 LE LB
Ly Ly Ly
L2 L£21 Lfﬁ
Qa Qs Qg
Qra Fa o

Q"'2“ Q'Il'éa QIB;(L
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So, using approximation Fq.(5.27) in Eq.(5.26), we have:

CTo(a)®(b) = [A] + CTU, — 2CT (D4)* DoLy + (wf + 1)CT (Dy)° Ly
+CT (Dy)" Lyay +2CT (Dy)? Du@ra — (wg + 1)CY (Dy)* Q, (5:28)

_Cf (Db)4 QTQCJCI)(CL)(I)(I)),

and so by Eq.(5.28) we obtained the set of algebraic equations as follows:

CF = AT[—U, 4+ 2(Dy)? DLy — (W2 + 1) (Dy)* Ly — (Dy)* Ly2y

(5.29)
—2 (Db)2 DaQra, + (Wg + 1) (Db)2 Qa, + (Db)4 Q'I“Qa]_lﬂ
and hence from Egs.(5.27) and (5.29),
u(a,b) = AJ[~Uy +2(Dy)* DyLyy — (w§ + 1) (Dy)* Ly — (Dy)" Ly2y 5.0

—2 (Db)2 Da@ra + (Wg + 1) (Db)2 Qa + (Db)4 Qrza]_:l@(aa b)

Now, we use the collocation method for solving FEq.(5.30). For this, we suppose
t={t;}}L, = L and v = {zp}}_, = L are the set of (V) nodes. We substitute
these nodes in Eq.(5.30) and then we find the numerical solution of Eq.(5.30) and

hence real part of w solved numerically.

Now, we are computing imaginary parts of w. For this we are integrate Fq.(5.19)
twice with respect to a and using similar process as we have done for u(a,b), we

get

@ S, 52 9
v(a,b) = v(0,b) + av,(0,b) + 2/0 (/0 raradeT) ds — (w5 — 1)
62 a 04
X/o (/0 @dr)ds—/o (/r%dfr)ds.

Putting @ = 1 in Fq.(5.32),

(5.31)

1 a 83u )
v(1,0) = v(0,b) + v,(0, b) + 2/ (/0 rmdr) da — (w5 — 1)

82 1 84
X/O (/0 8b2dr)da_/0 (/Or%dr)da,
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this implies,
1 a 63’0 )
v,(0,0) = v(1,b) — v(0,b) — 2/0 (/o rmdr) da + (wj — 1)
1 a 02,0 1 a 841]
——dr | d 2Z__dr | da.
<[ (] For) o ([ ) e

Grouping Fgs.(5.31) and (5.32) as follows:

(5.32)

Lo o
v(a,b) = go(a,b) + ho(a,b) —Qa/o (/0 rmdr) da + (Wi — 1)
1 aa2v 1 a (94'1} a s 831)
—dr | d 2Z__dr | da+2 dr ) d
o[ ([ Gpor)anea [ ([ ) aove [ ([ g )
a s 822) a s (940
—2_1/ /—d d—//2—dd
(wph )o(oab2r s i Orab4r s,

(5.33)

where, go(a,b) = v(0,0)(1 — a) and hy(a,b) = av(1,b).
So, for the solution of Eq.(5.33) we starts approximation using operational matrices

as follows:

v(a,b) = CI®(a,b) = CT d(a)®(b),
ga(a,b) = AT ®(a,b) = A ®(a)P(b), (5.34)

ha(a,b) = a/ol K (a,b)v(a,b)da = CTU,®(a,b) = CLUs®(a)®(b),

where, C7, AY and BY are 1 x 212K =1 )M M’ matrix. Here, C7 is the only unknown
matrix and the rest of the matrices are known. So, using approximation Eq.(5.34),

we have:

CTd(a)®(b) = AL®(a)®(b) + CTUL®(a)®(b) — 2CT (Dy)? DyLy ®(a)®(b)
+(wi = 1CY (D) Li®(a)(b) + CF (D) Lyzy () ®(b) (5.35)
+2C5 (Dy)* DaQra®(a)(b) — (wi — 1)CF (Ds)* Qu®(a)®(b)

_OZT (Db)4 QTZa(I)(a)(I)(b)v
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this implies,

CTo(a)d(b) = [ALY + CTU, — 2CT (Dy)? DyLy + (w2 — 1)CT (Dy)? Ly
+C3 (Dy)" Ly2y + 2C5 (Dy)? DaQyra — (w — 1)C5 (Dy)* Q, (5-36)

—CT(Dy)* Qr20) ®(a) B (D),

and so by Eq.(5.37) we obtained the set of algebraic equations as follows:

CF = AT[—Uy 4+ 2(Dy)? DyLyy — (w2 — 1) (Dy)* Ly — (Dy)' L2y

(5.37)
+2CT (DF)? DaQra + (w8 = 1) (Dp)? Qu + (Dy)" Qroa] ™"
Hence, using Eq.(5.34) and Eq.(5.37)as follows:
4T 2 2 2 4
v(a,b) = A5 [~Uz + 2 (Dy)" Dol — (w5 — 1) (Dy)” Ly — (Dp)” Ly2y (5.38)

+2CT (DF)? DaQra + (W = 1) (Dy)? Qu + (Dy)* Qy20) '@ (a, b)

Now, we use the collocation method for solving Fq.(5.38). For this, we suppose
t={t:;}y = % and © = {x;}}.; = & are the set of (N + 1) nodes. We substitute
these nodes in Eq.(5.38) and then we find the numerical solution of Eq.(5.38) and

hence imaginary part of w solved numerically.

Since,

w(a,b) = u(a,b) + iv(a,b) (5.39)

so, the modulus of the wavelet transform required for our analysis can be easily

calculated as follows:

lw(a,b)| = \/u2(a,b) +v2(a,b). (5.40)
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5.4 Convergence analysis

5.4.1 For Legendre wavelet

Theorem 5.4.1 For 7 > 0, let <8ng;’m)> be the LWA of <8 "”)> and as-
N

sume that the mized second derivative of (E)T“—(tf)> 15 bounded by a constant T} .i.e.

% |< T, then we have the following upper bound of error:

O0u(t, x) I"u(t, x) s Tig?
|| r - P ||L2< 18
8;5 ox N 2

where, © s a polygamma function ,p = F3(—3/2+ N).

Proof See [209].

Lemma 5.4.2 Let u(t, x) be the sufficiently smooth function in Q and (u.,)n(t, )
be the LWA of u..(t,x). Assume that the mized second derivative of u(t,x) is
bounded by a constant G.

i.€.
8u6(t, x)

!(Wﬂ < Gy,

then ,we have the following upper bound of error :

Gigp”
218 ’

| Uze — (Ugz) v [|<

where, p = F3(52 + N).

Proof See [209].

Lemma 5.4.3 Let u(t,z) be the sufficiently smooth function in  and (uy)n(t, )
be the LWA of uu(t,x). Assume that the mized second derivative of u(t,z) is

bounded by a constant Go. 1i.e.

oul(t, x)

|(W)| < Gy,
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then ,we have the following upper bound of error :

G2p2
| un — (un)w [|72< ﬁ’

where, p = F3(32 + N).

Proof See [209].

5.4.2 For Bernoulli wavelet

Theorem 5.4.4 Suppose that the function f : [0,1]x[0,1] — R are is N times con-
tinuously differentiable and CT1)(a,b) be Bernoulli wavelet approximation of f(a,b).

Then mean error bound as follows:

1

| f(a,b) = CT(a,b)|| < [W

S)2.

/

Proof Firstly, we divided the interval [0, 1] into subinterval [;,;11, SET ,[;,:[11, 7]

and suppose CT1)(a, ) is a Bernoulli wavelet of degree N (N = max {m,m’'}) that
approximate f(a,b) with minimum mean error. Then, we used the maximum error
estimation for the polynomial which interpolates f(a,b) of order N on [, 572]

!

and [2=4, 4],
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where, K = min {k,k'} , We have,

||f(a,b)—CT¢(a,b)H:/0 /0 | f(a,b) — CT(a,b)|* dadb

2K—1 n 2K—1 ”17,
K—1 K—1
= Z/ Z/ | f(a,b) — CTw(a,b)|” dadb,
n=0 27}(;11 n/—= ;Ki_—ll
2K—1 n 2K—1 ”7-7,
oK -1 oK —1 . )
N Z/ Z/, |/ (a.b) = f*(a,b)|" dadb,
n=0 21(;—11 n/= QnK—_ll
2%1 /riz_l oK -1 2}?/_1[ .
7n:0 ;{%11 = 2”;2__11 (N[)222N(K—1)
0 d
sup a— To)— + b—y -
ae[o,u,be[o,l](( O)Oa ( 0)(9(,)

FE 2o+ (a — 20)0) —n+1)

FEE M yo + (b— yo)8) — 7' + 1)))]*dadb

KT T 1 )
- Z /nl Z /n,l [(N!)222N(K—1) ST dadb
o1 A :

n=0 Y 3K-1 n/=0"Y 3K—
1 2
< [WS] :

1.€.

1

| f(a,b) = CT(a,b)|| < [W

S)2,

Here, f*(a,b) denotes the interpolating polynomial (see [214]) of f(a,b) and we

have used the well known maximum error bound for interpolation and

0

0
S = sup ((a—iﬂo)——|—(b—yo)—)Nf(QK_1($0+(a—xo)g)_n+1)f(2K—1(yO+
a€l0,1],b€[0,1] da Ob

(b—y0)0) —n' +1))), where, 0 < 6 < 1.
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5.5 Error analysis

5.5.1 Error for real part

Theorem 5.5.1 Let uy(a,b) be n'™ approzimation of u(a,b) and Sy = ||ug, — (ues)n||, S

|taty — (tass) N ||, Sa = [|usey — (uees) || be bounded then,
Ss Sy 2
|u(a,b) — (u(a,b))n|| < A1+ By + (1 +a*)Sy + 2(1—1—( —1a )+?(1—|—a).

Proof Let N'* approximation of Eq.(5.26) as follows:

av(a) = gi(a.d) = tot) 20 [ [7r ()
O
L) e[ ([ () )
_/0 <o ' <6b4> dr)ds

Subtracting Fq.(5.41) from Fq.(5.26), we get

u(a,b) —un(a,b) = (g1(a,b) — g1n(a, b)) + (h1(a,b) — hin(a, b))

5 ! /a Pu B Pu p
“f, \J, "\araz ~ \arawz ) "

N

| ).*))
al/o [ (- (5),)

/0 /0 (gm B (ab4)Ndr)) da (542)
( ).“))
| ))

=

+2/0 /0 r (araQ; - <8r862 L
S / </ (5 - (5)
- U G- (), )
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Taking Lo, norm both side, we get

[u(a, b) —un(a,b)[| < [lg1(a,b) = gin(a, b)|| + |[h1(a, b) — han(a, b)|

/ </ (o~ (), )
“Js ( (2b2_<abQ>N ))
/0 / (?%4_(854)Ndr))
),"))
),))

_|_2 da

=
=

+ T a

=

a

=
.
w

r

(O (87’(91;)2_(87862 N
/0(/0 (5 - (),
f O G- () o))

ds

Y

or,

[u(a, b) —un(a,b)|| < [lgi(a,b) — giv(a,b)|| + [h1(a,b) — hin(a,b)|

s2all ([ ), dr) v
v [ ([ - (G#) o)
+||a||/ (/ [l Zbi‘ <8b4>N r)
+2 /0 (/ 8rab2_<87’362>N T)
+(wp —1)/( gbz_<8b2>N dT>dS

o [ - () o)

A B 93
Orob? Orob?

U
QU
IS)

QL
IS

a

U
QU

S

since,

191(a,b) = g1n(a, b)[| = llau(0,b) — aun(0,0)|| <

< Ay(say),
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and,

|hi(a,b) — hin(a,b)|| = a/o Kl(a)u(a,b)da—a/o Kin(an)uyn(a,b)da

<B/O 1K (a) [ [[(u(a,b) = un(a,b))| da

< BK M, (say By),

U L,USU >

or

lu(a, b) — un(a,b)|| < A1 + By + Sy + (wg — 1)93/2 + S4/2 + 292(a*/2)

+(wg — 1)S3(a*/2) + Si(a®/2),

or,

S S
lua,b) = un(a, Il < Ay + By + (1+6%) 8y + (1 + (wg — Da?) + (1 +a?).

5.5.2 Error for imaginary part

Theorem 5.5.2 Let vy(a,b) be n'™ approzimation of v(a,b) and Ss = ||vw, — (vi) ]|, S =

Hvabb — (Uabb)NH y S7 = Hvbbb — (Ubbb)NH be bounded then,

S S
lo(a,b) = (v(a,b)xll < Az + By + (14 a*)S5 + (1 + (w§ — Da’) + 5 (1 +a).
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Proof

wﬂm®=vmﬁxr—@+awlb—2a/ <0r(&@w> )
+a(w§a— 1)5/01 (/% (%)wdr) da+a/0 /O r ((%4)Ndr) da .
[ (), 2oL (] (), )

Subtracting Fq.(5.43) from Fq.(5.33) then taking L, norm and done as theorem

5.5.1, we get

lv(a,b) — vn(a,b)|| < Ay + By + (1 4+ a*)Ss + = S (1+( —1)a?) + %(1—1—@2),

2
(5.44)

where,

l91(a,b) = g1n(a, b)[| = l|au(0,b) — aun(0,0)|| <

< Aq(say),

and,

||ha(a, b) — hon(a,b)|| = a/o KQ(a)v(a,b)da—a/o Kon(an)vn(a,b)da

<B/O 1K (a) |l [|(v(a, b) = vx(a, b))l da

< BM>K'(say Bs),

U=V =V >
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5.5.3 Absolute Error for w(a,b)

Since, we have

w(a,b) = u(a,b) +iv(a,b), (5.45)
taking L, norm both side on Fq.(5.46), we have

[w(a,b) —wy(a,b)|| < |[u(a,b) —un(a,b)[ +[lv(a,b) —on(a, D). (5.46)
Grouping Fg¢s.(5.43), (5.45) and (5.47) we get

H’UJ(CL, b) — UJN(CL, b)” < Al + B + AQ + By + (1 + CLQ)(SQ + 55)

(S5 +5%) (51 + 87)
2 2

(5.47)

(14 (w3 —1a?) + (14 a?).

5.6 Numerical examples

In this section, some test examples are given to demonstrate the applicability and
accuracy of our method. For the accuracy of our method we consider two examples
with known exact solution. The numerical results of these example compared with
exact solution and then findout absolute error (see Table 5.2-5.5), [>-norm error (see
Table 5.6-5.9) and [*°*-norm error (see Table 5.6-5.9) of each examples. We observed
that the solution has good accuracy at k = 1, M = 4 (see Figure 1-12 and Table
5.2-5.9),

where,

Absolute error = |g(z,y) — gn(z,9)|, (z,y) € Q,

@, )lla = | D la(wi vl

i=1 j=1

lg(@, y)|loe = maz {|g(x,y)[,0 <2z <1,0<y < 1}.
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and

|w(a,b)| = \/u2(a,b) +v%(a,b).

Example 5.1 Taking Fgs.(5.26) and (5.33) with the initial condition,
w0?
w(0,b) = (1+i)b%e 2,

Analytical solution of Fg¢s.(5.26) and (5.33) as follows,

_ (wafwo)2

w(a,b) = (1 +i)b’e” 2

Numerical solution of Egs.(5.26) and (5.33) at w = 10pi, w0 = 2pi respectively as

follows:

u(a,b) = CFd(a,b),
and

v(a,b) = CI®(a,b)
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Figure 5.1: Figure 1, represent the absolute errors between the exact solution of example 5.1 for

u(a,b) and its numerical solution to utilising the LWA for k =k =1, M = M’ = 4.
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Figure 5.2: Figure 2, represent the absolute errors between the exact solution of example 5.1 for
v(a,b) and its numerical solution to utilising the LWA for k = k' =1, M = M' = 4.
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Figure 5.3: Figure 3, represent the absolute errors between the exact solution of example 5.1 for
w(a,b) and its numerical solution to utilising the LWA for k = k' =1, M = M’ = 4.
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Figure 5.4: Figure 4, represent the absolute errors between the exact solution of example 5.1 for
u(a,b) and its numerical solution to utilising the BWA for k =k =1, M = M' =4.
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Figure 5.5: Figure 5, represent the absolute errors between the exact solution of example 5.1 for
v(a,b) and its numerical solution to utilising the BWA for k = k' =1,M = M' = 4.
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Figure 5.6: Figure 6, represent the absolute errors between the exact solution of example 5.1 for
w(a,b) and its numerical solution to utilising the BWA for k =k =1, M = M' =4.

Example 2. Taking E¢s.(5.26) and (5.33) with the initial condition,
w0?
w(0,b) = (1 +i)b’e 2,

Analytical solution of Fg¢s.(5.26) and (5.33) as follows,

_ (u.Jafu.JO)2

w(a,b) = (1 +i)bPe™ 2 .

Numerical solution of Egs.(5.26) and (5.33) w = 10pi,w0 = 2pi respectively as

follows:

u(a,b) = C1d(a,b).
and

v(a,b) = CI ®(a,b)



Chapter 5. Numerical Wavelets Scheme for Complex Partial Differential Equation... 158

4
10

Figure 7

AR
S
&
ST,
ettt
S

ret

%
:‘;
%
.
i
i

e

3:

i
5o

K
e
S
S
‘:3':'3:
e
e
A
S
X
%

W

o
o

A
i
o

2
S
X "
e
o
el
:"

i

oo
ST,
ST
S S S e S
oSk

0
5
0'.
(3

A
s

e
o

o

£

s

Kx
A,

ST B
e

o

&

o
e

o
B0
syl
0.:‘
e
o

(&

B
e
L
i
i
B
e
R
e
iy
i

e
SRR
Bt e ] )
RS, o

SIS,
SIS
N
e

= : e S

=2 e e

A
e
I
i £
0
L
0

o

o
X

Error
ANAES
i
R

i’o""‘:o:‘
0
5
%

Figure 5.7: Figure 7, represent the absolute errors between the exact solution of example 5.2 for
u(a,b) and its numerical solution to utilising the LWA for k = k' =1,M = M’ = 4.
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Figure 5.8: Figure 8, represent the absolute errors between the exact solution of example 5.2 for
v(a,b) and its numerical solution to utilising the LWA for k =k =1, M = M' = 4.
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Figure 5.9: Figure 9, represent the absolute errors between the exact solution of example 5.2 for
w(a,b) and its numerical solution to utilising the LWA for k =k =1, M = M' = 4.
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Figure 5.10: Figure 10, represent the absolute errors between the exact solution of example 5.2
for u(a,b) and its numerical solution to utilising the BWA for k = k' = 1, M =
M = 4.
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Figure 5.11: Figure 11, represent the absolute errors between the exact solution of example 5.2
for v(a,b) and its numerical solution to utilising the BWA for k = ¥ = 1, M

M’ = 4.
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Figure 5.12: Figure 12, represent the absolute errors between the exact solution of example 5.2
for w(a,b) and its numerical solution to utilising the BWA for k = k¥ = 1,M =

M = 4.
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Table 5.2: Absolute Error of Example 5.1 via Legendre wavelet at k = k' =1, M = M’ =4

(a,b) u(a, b) v(a,b) w(a,b)
(0.1,0.1) 6.48 x 107 7.14x107%  7.14 x 1077
(0.2,0.2) 2.05 x 1078 6.99 x 10~® 7.00 x 1077
(0.3,0.3) 353 x107%  6.85x 107  6.86 x 1077
(0.4,0.4) 461 x 1078 6.74x 107®  6.76 x 1077
(0.5,0.5) 500 x 1078 6.70 x 107®  6.72 x 1077
(0.6,0.6) 4.61 x 1078 6.74 x 1078 6.76 x 1077
(0.7,0.7) 353x107%  6.85x 107  6.86 x 1077
(0.8,0.8) 2.05 x 1078 6.99 x 107 7.00 x 1077
(0.9,0.9) 6.48 x 1079 7.14x107%  7.01 x 1077
(1.0,1.0) 0.00 x 1078 7.20 x 1078 7.20 x 1077
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Table 5.3: Absolute Error of Example 5.1 via Bernoulli wavelet at k = k' =1, M = M’ =4

(a,b) u(a, b) v(a,b) w(a,b)
(0.1,0.1) 6.48 x 107 6.94 x 1078 6.94 x 1078
(0.2,0.2) 2.05x 107 6.79 x 10®  6.81 x 10~%
(0.3,0.3) 3.53 x 1078 6.65 x 1078 6.66 x 1078
(0.4,04)  461x10%  654x10°%  6.56 x 103
(0.5,0.5) 5.00 x 1078 6.50 x 1078 6.52 x 1078
(0.6,0.6) 4.61 x 1078 6.54 x 1078 6.56 x 108
(0.7,0.7)  353x10°  6.65x10°%  6.66 x 10%
(0.8,0.8) 205 x 107 6.79x 107*  6.81 x 10~*
(0.9,0.9) 648 x 1079 6.94x 1075 6.94 x 10~
(1.0,1.0)  0.00x 108 7.00 x 108 7.00 x 10~




Chapter 5. Numerical Wavelets Scheme for Complex Partial Differential Equation...

163

Table 5.4: Absolute Error of Example 5.2 via Legendre wavelet at k = k' =1, M = M' =4

(a,b) u(a, b) v(a,b) w(a,b)
(0.1,0.1) 1.00 x 10°7  7.00 x 1077 2.00 x 1077
(0.2,0.2) 1.15x 107° 115 x 107  1.62 x 107
(0.3,0.3) 354 x107°  337x107°  5.01x107°
(0.4,0.4) 720 x 1075 6.74x 107> 1.02 x 107*
(0.5,0.5) 1.21 x 107 1.12x107*  1.71 x 10~*
(0.6,0.6) 1.83 x 1074 1.69 x 10~* 2.56 x 10~*
(0.7,0.7) 257 x 107 237x107*  3.64 x 107*
(0.8,0.8) 3.44 x 107 3.16 x 107 4.86 x 1074
(0.9,0.9) 443 x 107* 407 x107*  6.27 x 10~*
(1.0,1.0) 555 x 107 5.09 x 107 7.85x 1074
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Table 5.5: Absolute Error of Example 5.2 via Bernoulli wavelet at k = k' =1, M = M' =4

(a,b) u(a, b) v(a,b) w(a,b)
(0.1,0.1) 2.00 x 1077 2.00 x 1077 3.00 x 1077
(0.2,0.2) 9.70 x 107 9.71 x 107 1.37 x 107°
(0.3,0.3) 296 x 107 297 x 107> 418 x 107°
(0.4,0.4) 594 x 107> 595 x 107 839 x 107°
(0.5,0.5) 9.90 x 107 9.90 x 107>  1.40 x 107°
(0.6,0.6) 1.48 x 1071 1.48 x 10~* 2.19 x 1079
(0.7,0.7) 208 x 107 2.07x107* 294 x 107°
(0.8,0.8) 2.78 x 1074 2.78 x 1074 3.91 x 107°
(0.9,0.9) 356 x 107 356 x107*  5.03 x 107°
(1.0,1.0) 4.45 x 107" 4.44 x 107 6.29 x 107°
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Table 5.6: Iy and lo, — norm error for Example 5.1 via Legendre wavelet at k = k' =
1L,M=M =14

Norm u(a, b) v(a,b) w(a,b)

lo — norm 1.0083 x 1077  2.1934 x 1077  2.1923 x 1076

loo —norm  5.0000 x 107®  7.2000 x 10~*  7.2000 x 107°

Table 5.7: Iy and I, — norm error for Example 5.1 via Bernoulli wavelet at & = k' =
1L,M=M =14

Norm u(a, b) v(a,b) w(a,b)

ly — norm 1.0083 x 1077 2.0187 x 1077 2.1339 x 10~"

lo —norm  5.0000 x 107®  6.9900 x 10~®  7.0000 x 1078
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Table 5.8: Iy and I, — norm error for Example 5.2 via Legendre wavelet at k = k' =
1,M=M =4

Norm u(a,b) v(a,b) w(a,b)

lo —norm  8.6218 x 107*  7.9217 x 10~*  1.2000 x 1073

loo —norm  5.5500 x 10~*  5.0900 x 10~*  7.8500 x 10~*

Table 5.9: Iy and lo, — norm error for Example 5.2 via Bernoulli wavelet at & = k/ =
1L,M=M =4

Norm u(a,b) v(a,b) w(a,b)

lo — norm 6.9391 x 107*  1.2000 x 10=*  1.3612 x 1074

lo —norm  4.4500 x 107*  9.9000 x 10~*  8.3900 x 107°

5.7 Conclusion

In this chapter, we discussed the solution of a complex partial differential equation
(CPDE) which arising from continuous wavelet transform. A most powerful scheme
for solving the problem of distinguishing the instant period in signal is the complex
continuous wavelet transform. We have proposed an efficient numerical technique
via wavelets operational and new almost wavelets operational matrices for solving
a CPDE which is arising by a continuous Morlet wavelet transform. For solving
this CPDE, we transformed the CPDE into system of partial differential equations
(PDEs) and then we have utilized Legendre and Bernoulli wavelets approximation
with its operational matrices to convert system of PDEs into two algebraic equa-
tions and these algebraic equations solved at collocation point. Finally, from conver-
gence analysis (see Theorem (5.4.1)and (5.4.4)) and Lemma (5.4.2)-(5.4.3))of both

wavelets, error analysis (see Theorem (5.5.1)- (5.5.3)), test examples at k = k' = 1,
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M = M'" = 4, absolute error (sce tables 5.2-5.5), Iy —norm crror (see tables 5.6-5.9),
loo — norm error (see tables 5.6-5.9), and error graphs (see 5.1 — 5.12), we may say
that our proposed new numerical technique gives solution of CPDE as accurate
as possible. We may find better result if we increasing the number of basis (see
error analysis which absolute error goes to zero whenever N goes to oo) and also
follow the best approximation theorem. This method can also be applied for higher

dimensional continuous Morlet wavelet transform, which is a topic for future scope.
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