Chapter 4

Quasi-projective synchronization of memristor-based
complex valued recurrent neural network with time-

varying delay and mismatched parameters

The present chapter is concerned with the quasi-projective synchronization of memristor-
based complex valued recurrent neural network in the presence of time-varying de-
lay and mismatched parameters. We have considered two non-identical memristor-
based complex valued recurrent neural networks with time-varying delays as master
and response systems. In main results, we have obtained two results on quasi-
projective synchronization of memristor-based CVRNNs with time-varying delay
and mismatched parameters. One is based on matrix measure approach and second
one is based on Lyapunov stability theory. The optimal synchronization error bound
has been discussed by using fundamental calculus. Two numerical examples to verify

the obtained results are given at the end of the chapter.
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4.1 Preliminaries and Model Formulation

Let us assume the memristor-based CVRNN model with time-varying delay as

10 = — 1) + 3 Pl O i () + 3 () Fon (i — 7(0)))

m=1 m=1

+ L(t),t >0, 1=1,2,..n. (4.1.1)
which can be defined in another form as

Y(t) = —Ry(t) + P(v(t) f(v(t)) + Q(v() f(v(t — 7(2))) + (2),

where v(t) = (11(t),72(t), ..., va(t))T € C™ represents state of n-th neurons at time
t, R = diag(r1,79,...,7n) € R™" rr > 0 represents n-th self-inhibition. P(vy(t)) =
(Pum (Y (£)) ) nxen and Q(Y(£)) = (@ (Y ()))nxn, where P(y(t)), Q(y(t)) € C™,
denote complex-valued connection weight matrix without and with time-varying
delay, respectively. I(t) = (I;(t), I1(t), ..., I,(t))T denotes external input vector.
fO@®) = (itn@®), f2002(8), s fa(m@®)T = € — C™ and g(y(t — 7(1))) =
(91(1(t = 7(1))), g2(2(t = 7(£))), -, Gu(m(t — 7(£))))" : C" — C™ denote complex-
valued activation functions without and with time-varying delay, respectively, where
7(t) represents time-varying delay, which satisfies 0 < 7(¢) < 7, and t — 7(¢) € T,

where 7 > 0 is a known constant.

The initial condition of the system (4.1.1) is given as  (s) = ¢(s), s € [to — 7, to],
where ¢(s) = (¢1(s), §2(s), .., du(s)) € C™.

Assumption 3. Suppose p(t) can be separated into real and imaginary parts as

p(t) = p"(t) + ip'(t),
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where p®(t) and p!(t) satisfy the constraints, and p, pE. pL and p’ are real constants,

with p? < pﬁ, and pL < pT.

Assumption 4. [106] Suppose w = u + iv, where u,v € R. f(w) and g (w) are
described by fi(w) = fff{(u) +ifl(v) and g(w) = gi(u) +igl (v), wherel =1,2,...n
and fE(), f£0), %), 9i () : R — R satisfy the following Lipschitz conditions:

1A @) = £l < rillv = nllw,

1f/ () = Sl < sillv = nllw,

9/ () = g ()l < mully = nllw

lgi (V) = g Ml < ully = nllw:

where 1y, 51, my, and ny, are the Lipschitz constants, v and n € R™.

Furthermore, based on the pinched hysteretic property for memristor, the connection

weights P (wm(t)), qum(wm(t)) become functions of wy, w,, € C, satisfying

Zlma Wy — Wy, > O,
Zlm(wl - wm) = Zlma W, — Wy, < 0,
lims%t* Zlm(wl - U}m>, wl - wm - 07

for some constants 2, and Z,,, with Z,, # Z;,. Besides, for two constants,

p<pt) <p.

Assumption 5. [106] There exist positive constants 1y, s;, m;, and k; such that

W) = K@)l < rilv =),
fi () = )] < silv =,
9" (V) = 9" ()] < milv =,

l9{ (v) — gl (n)| < K} |lv—nl,
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for allv,n € R, with v #n, where l =1,2,...,n

Definition 4.1.1. Suppose that the set F'(u) C R™ is non-empty for any pu € R",

then p to F(p) is said to be a set-valued map.

Definition 4.1.2. Suppose fl—’: = f(n), p € C™ be a right-hand discontinuous

system. Let,

ﬂ ﬂ colf(B(z,9)) E]

§>0 u(F)=

be a set-valued map, where ¢o[(2] denotes closure of €2, which is a convex hull set and
B(z,0) ={y : |ly — z|| < d0}. v(F) denotes Lebesgue measure of the set F. Then,
a solution of this system is an absolutely continuous function u(t),t € [0,7T] with
the initial condition p(0) = po. This solution also satisfies the following so-called

differential inclusion:

Lc p(u), for t € [0,T].

In view of Assumption 4, suppose ¥(t) = v(t) + io(t), where v(t), o(t) € R", then

from equation (4.1.1), we have

OB ) fn(Ym (1))

M=

1(0) = = rn(t) + 3 colpfl, 1) S m(0) -

Il
_

m

(G i) I (It = (1)) + 17 (0),

M:
S

v z colte, 4l )l it — (1) -

3
I

="

a(t) = —roi(t) + 3 oW ) FE(m () + 37 co(pims 1) £ (i (2))
m=1

Il
—

m
n

T3 colgh ) g (it — (1)) + 3 colgl, gl g (vt — 7(8))) + T (1)

m=1 m=1

(4.1.2)
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The initial conditions of equation (4.1.2) will be

v(s) = ¢*(s),

o(s) = ¢'(s), -7 < s <0,

where

Ph O(t) > 0ga(t) Plms 0i(t) > 03 (t)

R R = LT 7
CO(pm’pﬁr) - [pElmaple]a Ul(t> = Dl-l-l (t) 7CO(pfm7plIm> - [ Ilm7pllm]7 Ul(t) = Ol+1 (t)

Pl 0lt) < Oga(t) Pl Ot) < 03a(2),

any 0(t) > 0141 (t) Qs O1(t) > 0141 (1)
R Ry _ A . . I Ty _ o .
O(Gim» Gim) =  [qBim , ¢Fm), 5,(t) = o131(t) 3 €O Gim> Tim) = 9 [gLim, ¢71m), 1(8) = 141(2)

gl]fnu @l (t) < Ql+1(t) quma Ql(t> < @l—l—l (t)a

with pﬁlm = max{ﬁlmaﬁlm}7 pElm = min{ﬁlM7ﬁlm}7 qﬁlm = max{qlm;q/lm}7 qum =

min{q\lma (jlm}-

The real part ¢%(s) and the imaginary part ¢(s) of ¢(s) are continuous in [ty — 7, £

with the norm defined as [|¢™(s)[l; = supto—r<s<io |67 ()1 and [[¢" [ = sups—r<azto |67 () -

Further, the system (4.1.2) can be written as

U(t) € — Ru(t —|—co(PR,PR> v(t)) — co(PL, Pf)ff(v(t))
+co(Q%, Q%) g" (v(t — 7(1))) — co(QL, Q") g" (v(t — (1)) + (1),
ot) € = Ro(t) + co( PL, PT) f(x(t)) + co( PE, PR) 1 (7(1))

+co(QL QT g (1t — (1)) + co(QE, Q) g (1t — 7(1)) + I'(1).  (4.1.3)
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For some constant matrices P® € co(PE, Pﬁ), Pl e CO(PL, PT), QF € co(QE, Qﬁ),

and Q! € co(Ql, Q7>, the system (4.1.3) can be written as

0(t) = — Ru(t) + PER(4(1) — PLF (4(#) + Qg (v(t — 7(1)))
—Q'g' (v(t —7(1) + I"(1),
o(t) = — Ro(t) + P fR(y(t)) + PR (4(1) + Q"g" (v(t — 7(1)))
+ Qg (v(t — 7)) + I'(¢). (4.1.4)

Let us construct the corresponding response system as

(t) = — ri7u(t) + Xn: Pirn (Y () fon (i (£)) + Xn: Qi (T (£)) S (Y (t = 7(2)))

m=1 m=1

+ I/(t) + (1), (4.1.5)

where J(t) = (31(t), Y2(t), ....., Yu(t))T € C™ represents the state of nth neurons at

time ¢t and Z;(t) = (Z1(t),Za(t), .., Z,(t))T € C™ denotes the coupling control.

The initial condition of the response system (4.1.5) is

7(s) = ¢(s), s € [to = 7, o],

where ¢(s) = (¢1(s), d2(5), ..., pn(s)) € C™, ¢B(s) and ¢/ (s) denote continuous func-

tions on interval [ty — T, tg].

By real decomposition method, the equation (4.1.5), is reduced to

n

Ui(t) = —ro(t) Z o, D) FE A () — 3 co(pi, D) £ G (1))
m=1

m=
n

+ il colgE, BV Gt = 7(1) = 3 colgfh, aiL) gk, Gt — (1))

m=1

R —R
+1,7(1) + =,(1),
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@(t) =

—r1a) + 3 cot ) FEGm ) + 3 colpi, piE) FL (G (1))
m=1 m=1

+ 3 colglt, g Vgl Gm(t — (1) + 3 co(q2, ) gl Gm(t — 7(1)))
m=1 m=1

+ I (t) + E[ (1),

and the corresponding initial conditions are

where

~ R

Pims Ou(t) > T (t)

co(pies D) = 3 [p/Bim , pfFin], §,(8) = S04 (2)

co(ph, i) =

(4.1.6)

~ 1

Pims  Oi(t) > Up4a(2)

[T p/Tim] Gy () = 014 (t)

Do 01(t) < T111(2) Pis 01(t) < T (8),

q l]fna gz(t) > §z+1(t) C}/zlma §z<t> > §z+1(t)
(i i) = 3 [qBom, o], 3y(8) = Ga () 50(qP ) = [q'Lim, ¢Tm), 5y(8) = G (8)

qlljna Ez(t) < §z+1<t) QV/lIm7 @(t) < §z+1(t)7
with pTim = maz{p i, Vi PEn = mindp i}y @0 = maz{q iy, i}
C]/Elm = mm{c}/lma qv/lm}-

Further, the system (4.1.6) can be written as

0(t) € = R5(1) + co( P, P'R) fR(5(1)) — co( P2, PT) 11 (1))
+e0(QQF)" Gt = (1)) - co(Q1. Q7)o Gt = 7(0)) + 1"(0) +

=R (),
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3(t) € = R'o(t) + co( P, P") [R5 (1)) + co( PR, PR) 1 (5(1))
+co(QL,QT) g Gt — 7(1)) + co(QE, QT)g (Gt — 7(t))) + I" (1) + E'(¢).
(4.1.7)

For some constant matrices P'® € CO(PE, PE), P e CO(PL, PT), Q' e co(Qﬂ, QE),

and Q7 € co(Ql, QT), the system (4.1.7) can be written as

U(t) =— RO(t) + PRFEAE) — P AER) + Qg (At — (1))
—Q"g"(Ft —7(1))) + I'"(t) + E" (1),
o(t) = — R'o(t) + P"fRFH®) + PRIFE) + Qg™ (3t — 7(t)))

+QMg (3t — 7))+ I"(1) + = (1), (4.1.8)

where Zf(t) and Z!(¢) denote the control input vectors with control inputs are
linear combinations of the difference between the state vectors of the drive-response

systems (4.1.4) and (4.1.8), respectively.

Now, the control coupling vectors are taken as
=Rt = Q0% (1), E(t) = Qo' (1), (4.1.9)

where Z°(t) = [2(t), E5 (1), ... EF ()], B (t) = [E{(1), E3(1), ..., En (D))",

0 (t) = [01'(1), 05'(1), ., 6,/ (D)]", 07 (1) = [61(2), B3(1), ... B, ()"

11 ...

and ) = co represents the controller gain matrix.

App ... Oy
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Assumption 6. Let us consider that the solution of the system is bounded for any
initial function v(t) € C(|—7,0], R"), i.e., 3 positive constant K € R* and time

instant ty s.t. ||v(t)||lo < K, VY t>tp.

Let us define the projective errors as 67(t) = v(t) —rv(t), 87 (t) = o(t) —ro(t). From

equations (4.1.4) and (4.1.8), we can describe the error systems as

07 (t) = — RO%(t) + P FR(0(t) — P F1(0(t) + Qg™ (0(t — 7(¢)))
—Q"g"(0(t — 7(1))) + H(t) + QO"(t),
01(t) = — R'O'(t) + PRFI(0(1) + P fR(0()) + QRg" (0(t — 7(1)))

+Q g (0(t — T(t))) + H'(t) + Q0" (¢), (4.1.10)

where 07(t) = (67'(t), 03°(t)...0;} ()" € R", 07 (t) = (61(t), 05(1)...0,(1))" € R",
FRO@) = fRE@) = RO @), £10(1) = f1 (1) = 1 (v(1)),

g (Ot = 7(1)) = g"((t — 7(1))) — g"((t — (1)),

g' (0t = (1)) = g"(3(t = 7(1))) — g"(v(t — (1)),

and

H(t) = —r(R' = Ryv(t) + r(P" = PH) fR(y(t)) — r(P" = P)) f1(7(1))
+r(Q" = QMg (v(t — 7(1))) = r(Q" — Q")g" (y(t — (1)) + I"'(t) — rI"(t),
H'(t) = —r(R' = R)o(t) +r(P" = P') [ (v(1)) + r(P"™ = PE) f1(y(1))

+r(Q" = QN (y(t — 7(1)) + r(Q" = QM)g" (v(t — (1)) + I'"(t) — rI'(t).
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It is important to show that H(t) and H (t) are bounded before getting to the main

results. Using Assumptions 4 and 6 with w-norm, we get

IH ()]l <[FIR = Rllullo@)le + 1P = PEF ()L
(I[P = Pl A (vl + [r1Q™ = @ llullg™ (v(t = 7()) L
+r(1Q" = Q" lullg" (v(t = Tl + 1T(t) = rI(t) L
<|r[||R" = Rlluh + [r[[|P" — PE|luhLy + [r[[| P = PR Ly
+r(|Q" = QF|lwhLy + [r[|Q" = Q"[|lwh Ly,
1H (1) || <k, (4.1.11)
IH' ()l <IPHIR = Rllullo()llw + 7127 = Pl fH(v(0) ]l
1P = PRIl (v ()l + [P 1Q" = Q[lullg" (v (t = 7(t)))L
Q" = QFlullg’ (v(t — TNl + 177 () = rI'(®)]
<|r[||R = Rlluh + [r[[|P" = P'|lhLy + |r|||P" — PRl R Ly
+rlQ" = QluhLy + [r[|Q — QF|luh Ly,

I1H (8)]]o <ko. (4.1.12)

Let us consider
2(t) = (0% )", (0" (1)")
FR(:(1)) = (FHO0)T. (f7(0(1)")",
FI(2(1) = ((FO@)T. (1 (00))".
GR(=(t — (1)) = (4" (B(t — T())T (g™ (B[t — 7(1))))T)",
G (=(t — (1)) = (4" (Ot — 7)), (4" (B(t — 7())T)".
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R 0 PR 0 -PT 0
with Ry = ., P = . Py=
0 R 0 P! 0 PFE
Q/R 0 _Q/[ 0
Ql - ) QQ -
0 Q/I 0 Q/R
Therefore, from equation (4.1.10), we can get
A(t) = — Riz(t) + PLFR(2(t) + R F' (2(t)) + Qi G"(2(t — 7(t)))
+ QoG (2(t — 7(1)) + S(t) + Qz(1). (4.1.13)

4.2 Main results

For the convenience of the notations, let us consider

P/R

0

v

_ P/I

0

p/l

0

Q@31 =

P41:

) Q32 -

—PT 0
0o PR
Q" 0
0 Q7
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_Q/I 0 _QII 0
Q41 = ) Q42 = )

O Q/R 0 Q/R
p,R = (ﬁ;ﬁ)nxm ﬁ/R = (ﬁgﬁ)nxm pll = (ﬁgfn)nxm pll = (ﬁgn)nxm Q/R = (%g)nxm
Q/R = ((ﬂﬁ>nxm Q/I = (qzyln)nxna Q/I = (lelyln)nxna

so that, we are able to establish the following main result.

Theorem 4.1. Under Assumption 4, if the controller gain matriz ) satisfies the

following inequality

0< maﬂi{(mk + 1) (| Q31w + |Quarllw), (M 4 1) (|| Q2] + ”Q42Hw)} <
- maﬂ?{uw(—Rl + Q) + (1 + s) ([Pl + ([ Paalw)s poo(—Br + Q)

+ (i + 51) (I Pozlles + || Pazlle) }. (4.2.1)

then the drive-response systems (4.1.1) and (4.1.5) will be quasi-projective synchro-

nized under the controllers (4.1.9) with norm w = 1,2, c0.

Proof. Let us construct the Lyapunov function as
Vi(z(8)) = [[2(t)]l.-

In view of the definition of upper-right dini-derivative of V;(z(¢)) and Taylor’s for-

mula, we get
D+V1(Z(t)) —Tim o+ [|2(t + €)||u€) — [[2() |l
— () + e2(t) + Ol — llz(®)]l]

:l’lmeﬁo-k

; (4.2.2)
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Case 1. If 07 (t) > 05(t), 1 (t) > 6L(t), then

12(8) + €2(t) + O() |l = 12(D) |
=[l=(t) + 6( — Ruz(t) + PuFT(2() + PuF! (2(t)) + QG (2(t = 7(1))
+QuG (2(t = 7(1))) + S(t) + QZ@)) + 0]l = [12(8) L
<+ e(—Ru + Qllullz(®)llw + el Pl R (0) ]l + ell Pall| T (2(0)
+ el QallulIGT(2(t = Tl + el QullullG! (2(t = 7(1))) | + el SE) Lo — 12(8)

<N+ e(~R+ Q) = 120 | + €l Pau | FF(2()) | + €l P || F (2(2))].

+ el Qall Gt = T o + ellQuillwIGT (2(¢ = T(E)) o + €l S ()]l

(4.2.3)
From the Assumption 4, we have
IR (=(8)) e < rall=(®)]lo,
I ()l < sell2(8)lo-
Similarly,
IGR(=(t = 7))l < mnllz(t = 7(t))les
IGT (=t = ()l < nell2(t = 7()|o (4.2.4)

Therefore, from equations (4.2.3) and (4.2.4), we get

12(8) + (1) + O() |l = [12(8)
<7+ e(=Ri+ Qllo = L0l + el Por ol FE(2(0) [l + ell Paall| 7 (2(0)

+ e Q|G (=t = Tl + el QuillulIGT (2(t — 7(1))) | + ek
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<N+ e(=Ri + Qlle = 1}12(0) ]l + €ll P lore |2 1 + €l Pallosillz(1)
+ €| Qs llwmllz(t — 7(2)) ko + €l Qarllwnwllz(E — 7(£)) | + €k (4.2.5)
Using the inequality (4.2.5) in the equation (4.2.2), we get

11+ e(—Ry + Q) — 1

€

D Vi(2(t)) <lime o+ 12 o + 1 Psallprll 2 o

+ [[Pallosell2() ko + [|Qs1llwmellz(E — 7(£)) .

+ | Qullwnxl[2(t — ()]l + K. (4.2.6)
Based on Definition 1.4.4 and the equation (4.2.6), we obtain

DFVi(a(1) Spro(=Ra + Q20 + (el Pl + 51| Pat )
[2(0)ll + (mill Qa1 + mellQuillo) 12t = 7(1)) s + K
<{to(=Ri + Q) + (ri| Patllw + el Par ) |
12(0) 1 + (mil| Qslle + mel|Quillo) (¢ = 7(8) [l + K
<{to(=Ri + Q) + (ri| Parllo + el Par ) |

Vi(z(t)) + (ma]|@Qstllw + nel|Qarllp) sup—r<s<oVi(2(s)) + K. (4.2.7)
Case 2. If OF(t) > 05(t),01(t) < 6L(t), then

2(6) + €(8) + O(E) o — [12(8)
=||z(t) + 6( — Ryz(t) + P31FR(Z(t)) + P41]5[(z(t)) + QggéR(z(t —7(1)))
T Qul (=t — (1)) + S(t) + Qz<t>) + 0O~ 120

<+ e(=Ri + Q)llull2(@)ll + ell Pl EF(z(0)) oo + ell Par | E (2(2)) L

+ el Qall[|GF(2(t = 7))l + €| Quzll|GT (2t = (D))o + €l SE) e = 12(2) L
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<[+ e(=R+ D)l — L2l + el PaallullER(2(0)) s + ell Par ol F (2(2))
+ el QualluIGT(2(t — 7))l + ellQuzllul|GT (2(t — 7))l + €SBl
<[ + e(=B1 + Q) = L2l + €l P loril|2 ()l + €l Pt s 2(8)

+ €| Qsallwmal|z(t = 7(8) [l + €| Quzllwnllz(t = 7(8) |l + €K

From Case 1, we get

D*Vi(2(8) <{pp(—Ra + Q) + (ri| Pl + sl Pas 1) VA (=(0))

+ (M| Q2| + 74| Quzl) sup—r<i<oVi(e(s)) + K. (4.2.8)
Case 3. If OF(t) < 05(t), 01 (t) > 6L(t), then

12(8) + €2(t) + O(€) [l = 12Dl

=||2(t) + e( — Ryz(t) + Py FE(2(1)) + P Fl(2(t) + Q51 G (2(t — 7(t)))
- Qub (=t — (1)) + () + ﬂz(t)) £ 0~ 0]

<+ e(=Ri + Q)llull2() o + ell Pz llu|E(2(0)) o + ell Paz | E (2(2)) L

+ el QallullGT(2(t = 7))l + ellQullIGT (2(t = 7))l + el SOl = (D)l
<{IT+ e(=R+ Q) = 1}12(1) e + ell Pl F*(2(0) [l + ell Paa | F (2 (1)) L

+ el Qs |G (2(t = ()l + ellQullulIGT (2(t = 7))l + €l Sl
<{IT + (=R + D)l = LH12(0) o + €l Prallurll= ()]l + ell Paa sl () L

+ €| Qa lomil|z(t = 7(1) o + el Quallonillz(t — 7(1))[lo + €K
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From Case 1, we get

D*Vi(2(t)) <{po(—Ry+ Q) + (k|| Paalls + sil| Pazl) }Va(2(2)

+ (M| Q1] + 1kl | Qur [l ) sUp_r<s<oVa(e(s)) + K. (4.2.9)
Case 4. If OF(t) < 05 (1), 01 (t) < 6L(t), then

12(8) + €2(t) + O() |l = 12(D) |

=||z(t) + 6( — Ryz(t) + ngFR(z(t)) + P42F1(z(t)) + QggéR(z(t —7(1)))
T Qul (=t — (1)) + S(t) + Qz<t>) + 0~ 120

<+ e(=Ri + Q) llull2(@)ll + ell Pz llu|EF(2(0)) o + ell Paz | E (2(2)) L

+ el QaalluIGE(2(t = 7)o + ellQuallullGT (2(t = 7())) | + el SE) Lo — 2(8)
<{IT+ (=R + Q) = 1}12(0) [l + €| Poallul|F™(2()) Lo + ell Paallu | (2(8))

+ el QaalluIGE(2(t = 7))l + €l QuallullGT (2(t — (1))l + €l S(#)]L
<{IT + (=R + D)l = LH12(8) o + | Prallursll= (D)l + ell Paslusil| 2(1) L

+ €| Qszlloml|2(t = 7(8) [l + €llQuzllwrellz(t = 7(8)) | + €K

Therefore,

D*Vi(2(t)) <{po(=Ra + Q) + (re| Poalles + st Prallo) VA (2())

+ (M| Qs2llw + 1| Quzllw) sup—r<scoVile(s)) + K. (4.2.10)

Form the above analyses of the equations (4.2.7)-(4.2.10), and denoting

k= —maz{p,(~Ra + Q) + (el| Pallo + sill Pallo)s (= Ry + Q) + (e Pzl +
st Prall.) }

and ks = maz{(me]|Qalls + 1 Qui o), (mi| Qa2 + nil| Qe ) },
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we obtain

DVi(2(t)) < kyVi(2(t)) + kasupr_r<s<iVi(2(s)) + 4K. (4.2.11)
Then from the condition (4.2.11), we have 0 < ky < k; and using Lemma 3.1, we
get

4K

Vi(2(t)) < sup_r<s<oVi(2(s))e™ + 5 (4.2.12)

As z(t) converges exponentially towards a desirable region v = {z(t) : [|z(¢)|| < £},
therefore from Definition 1.5.2, we can conclude that CVRNNs (4.1.1) and (4.1.5)

exhibit quasi-projective synchronization. Thus proof is completed. O]

Note. Now using Lemma 1.3, we get
/LUJ(—Rl + Q) < /JJW(—R1> + Mw(Q), (4213)
which gives

—max{uw(—Rl + Q) + (r&]| Pau || + skl| Pallw), po(—R1 + Q) + (7| P2 || + Sk”P42Hw)}
< —mal‘{uw(—ﬁ’ﬁ + 1 () + (el Pl + skl Pallw), po(=F1 + Q)

+ (il Poal + Sk||P42||w)}-

Therefore from equation (4.2.13), we have

0 < maz{ (m]| Qalls + 1| Quulle), (MillQs2ll + nkl| Quzll) } <
— max{uw(—Rl) + () 4 (ril| Psrllw + Skl Parllw), peo(—R1) + 1(£2)

+ (rell Psalles + 8¢l Paallo) }- (4.2.14)
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Theorem 4.2. Let us assume the Assumptions 3,4 and 5 hold, then the systems
(4.1.1) and (4.1.5) will be quasi- projective synchronized , if 3 diagonal matrices
R,S,M,K s.t.,

M = mind Amin (P Ps1 + Pl P + Q5 Qs1 + Q1,Qu + RT R + 579),
Amin(Psy P31 + Py Piy + Q5,Q30 + Q1,Qu2 + RTR + 575),
Amin(Psy P32 + Py Pis + Q5,Qs1 + Q1,Qu + RTR + 575),
Amin( PPz + PP + Q5,Qs2 + Q,Qu + RTR + S78)},

with A\; > Ay =maz{M*M + KK} >0, (4.2.15)

R P R | n — 11 1 _ 11 1
where R = diag{ri’,ry,....r}'}, S = diag{si, s3, ..., s, }, M = diag{mi, m3,...,m, }

I

and K\ = diag{k{, k3, ....,kL}.

Proof. Let us assume Lyapunov-Krasovskii functional as

Case 1. If OF(t) > 05(t), 61 (t) > 6L(t), the system (4.1.13) can be rewritten as

() = = Ruz(t) + PuFR(2(t) + PuF' (2(1) + QuGR(z(t = 7(t)) + Qu G (2(t — 7(1)))

+5(t) + Qz(t). (4.2.16)

By taking the upper-right Dini derivative with respect to ¢ and from equation

(4.2.16), we get

DYV (t) =" (1) [~ Riz(t) + Pa FR(2(t)) + PuF'(2(t)) + Qs GE(2(t — 7(1)))

+ QuG (2(t — 7(1)) + S(t) + Qz(1))]. (4.2.17)
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From Assumption 5, we have

1
2L (t) P Py 2(t) + §zT(t)R'TR'z(t) :

l
DO | —
[S—y

1
EZT(t)Pﬁ Pyz(t) + §ZT(t>LTLZ(t) ,

At — 7)) MTMz(t — 7(t)),

[ =D —

T

Tt —T)KTK 2t — 7(t)),

—~

AN
= P~

21S(t) 2L(t)z(t) + ;MS(t)TS(t),

1 1
T o Lo LK
21 S(t) < 2’uz (t)z(t)—l—Z,uK

(4.2.18)

Substituting inequality (4.2.18) in (4.2.17), we obtain

1 1
D'V (t) < 2" (t)[-Dy + 0 + §(P3T1P31 + PPy 4+ QY Qs + QL Qu + RTR
1 1
+ LTL +20))2(t) + 27 (t — T(t))[§<MTM + KTK))z(t — 7(t)) + 5;;[(2
< — Ain(P Po1 + PLPu + Q5 Qs1 + Q1 Qui + RTR + LTL +20) 2" (¢)2(1)
+ Mnax(MEM + KTK )21 (8 — 7(6))2(t — 7(t +1 K?
1 2M

1
<=MV +XV(E—T(t) + 5;4[(2. (4.2.19)
Case 2. If OF(t) > 05(t), 61 (t) < 6L(t), the system (4.1.13) can be rewritten as

() = = Ruz(t) + PuFR(2(t) + PuF' (2(1) + QeGP (2(t — 7(1))) + QuG (2(t — 7(1)))

+ S(t) + Qz(t).
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Similar to Case 1, we have

DYV (t) < 2T (t)[-Ry + ;(P?,Tlpgl + P Pi + Q3Qs + Q1,Qu + RTR' + LTL + 20)]2(t)
4T — T(t))[;(MTM + KR — (1) + ;um
< — Amin(Psy Ps1 + Pfi Py + Q5,Q3 4+ Q1pQuz + R R' + LT L +20)2" () (1)
4+ Mnae (MM + KT K2 (t —7(8)2(t — 7(t)) + ;M@

1
<=MV + XV (E—T7() + iuKQ. (4.2.20)
Case 3. If OF(t) < O5(t), 61 (t) < 0X(t), the system (4.1.13) can be rewritten as

A(t) = = Riz(t) + P F ' (2(t)) + P F' (2(1)) + QG (2(t — 7(1)) + QuG' (2(t = 7(1)))

+5(t) + Qz(1).
Similar to Case 1, we have

DYV (t) < 2T ()[R + ;(P£P32 + PP + Q5Qs + Qf,Qu + RTR + LTL + 20)]2(t)
(= TO)G (MM + KTE]2(t — (1)) + 5K
< — Amin(Pgy Paa + Py Pay + Q3,Q31 + Q1 Qui + RTR + LTL + 2Q)27 (1) 2(t)
4+ Mnae(MTM + KT K27 (t — 7(8)2(t — 7(t)) + ;;LKQ

1
<=MV +XV(E—T7() + §MK2. (4.2.21)
Case 4. If OF(t) < 05(t), 01(t) < 0(t), the system (4.1.13) can be rewritten as

2(t) = — Riz(t) + P FR(2(t) + PF'(2(t) + QG (2(t — 7(1))) + QuG (2(t — 7(t)))

+ 5(t) + Qz(t).
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Similar to Case 1, we have

1
DTV(t) < 2" (1) R + 5 (Psy P + Piy Pro + Q35Qs0 + Q1oQuz + BT R + LT L+ 2Q)](¢)

+ 2T (t — T(t))[;(MTM + K{ K)))z(t — 7(t)) + ;MKZ

< - )\min<P3€P32 + P4T2P42 + Q52Q32 + Q4TQQ42 +RTR+LTL + 2Q)ZT(15)Z(75)
1
A (MM 4 KTE) (1= (1) 200 = (1) + 5k

<=MV +XV(E—T(t) + ;MKQ. (4.2.22)

From the above analyses of the equations (4.2.19)-(4.2.22), and by using Lemma 3.1,
we get

pK?

V(O(0) < sup-reucali(B(s)e ™ + 2,

where r is the unique solution of the equation

0= )\1 — )\2667—.

pK?

As z(t) converges exponentially towards a desirable region v = {z(t) : [|2(t)|| < %55},

then from Definition 1.5.2, we can conclude that CVRNNs (4.1.1) and (4.1.5) exhibit

quasi-projective synchronization. The proof is completed. O

Remark 4.3. The errors are taken as 0%(t) = a(t) — ra(t), 0/ (t) = B(t) — r(t). In
particular, if 7 = 1, the problem can be extended to the quasi-completely synchro-
nization of MCVRNNSs with time-varying delay and mismatched parameters. Also,

if r = -1, it will be quasi anti-synchronization of MCVRNNSs.

Remark 4.4. In the articles [107, 108], the quasi-synchronization of real-valued
MBNNSs has been discussed, while in [109, 110], the projective synchronization of

real-valued MBNNSs is shown and these works are only based on Lyapunov functional
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method. However, this chapter has focused on quasi-projective synchronization of
MCVRNNSs with parameters mismatched by matrix measure method and Lyapunov
functional method. The conditions in Theorem 3.1 are rendered in the form of ma-
trix measure, which make the conditions more general and broad. Because of our
proposed systems are on the complex valued domain, which is the generalization
of real valued domain and has ability to deal with multi-dimensional data. The
existing results [107, 108, 109, 110] are on the real valued domain. By comparing
with above existing results, we can find that those results are the particular cases of
our present results. Thus, the obtained results of this chapter are less conservative
and more general than previous results. In addition, as compared with the articles
[92, 111, 112, 113], the control gain fluctuation is displayed in the controller, which

makes the obtained results more significant.

Remark 4.5. In the synchronization results [114, 115, 106], the drive and response
systems are identical. However, in practical application, there are always mis-
matched between drive and response systems which can destroy the synchrony state
of drive and response systems. Therefore, the research on quasi-projective synchro-
nization of MCVRNNs of mismatched parameters has importance and significance
from the application point of view, because it is impossible to construct two ab-
solutely identical systems in practical synchronization implementation. Here, The-
orems 4.1 and 4.2 provide sufficient conditions to guarantee the achievements of
quasi-projective synchronization of MCVRNNs associated with a relatively small
error bound for the first time. It is believed that this results are more useful and

effective for the purposes of design and applications of MCVRNNs.

Remark 4.6. Theorem 4.1 is proved by using matrix measure method to ensure the
quasi-projective synchronization between the systems (4.1.1) and (4.1.4). Based
on Lemmas 1.3 and 3.1, Assumptions 3, 4 and 5, Definitions 1.4.4 and 1.5.2, the

Theorem 4.1 is derived. During derivation of the Theorem 3.2, the appropriate
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Lyapunov functional is chosen through which some sufficient conditions have been
obtained by using Lemmas 1.3 and 3.1, and Assumption 5 and Definition 1.5.2. So,

the Theorems 4.1 and 4.2 are complement to each other.

4.3 Numerical Simulation

Here, two numerical simulation results are given to demonstrate the effectiveness

and usefulness of the proposed quasi-projective synchronization scheme.

Example 4.3.1. Let us consider memristor-based CVRNNs in presence of time-

varying delay as the drive system as

Y(t) = —Ry(t) + P(v(t) f(v(1) + Q(v() f(v(t — 7(2))) + (2), (4.3.1)

with the following parameters

10 -02-02: -0.1-0.12 -0.1-0.37: —-0.1-0.2¢

0 1 04401 0.2-0.3¢ —0.24+0.1¢ 02404

0.5sin(t) + i0.2cos(t)
I(t)= , T(t) = 0.6exp(t), and

0.6cos(t) + i0.5sin(t)

1.5, "Ul(t) > Ug(t) 04, Ul(t) > Ug(t)

pi(t) =402, (1) < 0a(t) ;012(t) = 5 0.5, 0 (t) < Ua(t)

limg_se-p (), 01(t) = Ua(t) limg_s-po(s), 01 (t) = Ua(t)
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p{l (t) =

p£1 (t) =

g (t) =

C]:{l (t) =

0.6,

0.8,

0.3,

1.6,

0.5,

1.2

Y

0.6,

1.2,

0.8,

0.9,

1.3,

0.5,

U1 (t) > U9 (t)

limq—s-p3i (), 01(t) = 0a(2)

Limg_ss-pii(s), 01(t) = 02(t)

ll’ma—m*pgl(s)? U (t) = OQ(t)

01(t) > 0a(t)

01(t) < 0a(t)

limas-qii (s), 01(t) = d2(t)

01(t) > 0a(t)

01(t) < 0a(t)

limas-q31(s), 01(t) = d2(t)

o1(t) > 0a(1)

01(t) < 02(t)

lima—)s* q{l (5)7 Ql (t> = QQ(t)

 pay(t) =

3]9{2(75> =

;pg2(t) =

st (t) =

s (1) =

; Q{z@f) =

0.9,

0.2,

U1 (t) > Va(t)

U1 (t) < Uy (t)

lima—)s*p%(s)? U (t) = U?(t)

1.4

Y

0.8,

U1 (t) > Uy (t)

Uy (t) < Uy (t)

lima%s_p{2(8>7 U (t> = ’Uz(t)

0.4,

0.1,

U1 (t) > Uy (t)

U1 (t) < Uy (t)

Mma—>s*p£2(8)a U1 (t) = DQ(t)

0.3,

0.8,

01(t) > 0a(t)

01(t) < 02(t)

0.2,

0.5,

01(t) > 02(t)

01(t) < 0a(t)

lima-se-g3(s), 01(1) = d2(1)

0.5,

1.7,

01(t) > 02(1)

01(t) < 0a(t)

limgy_ys— q{2(8)7 01(t) = 02(t)
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0.3, 01(t) > 02(t) 1.6, 01(t) > 02(t)
() = 50.2, o1(t) < os(t) s a(t) =1 0.7, 01(t) < os(t)
limgs-51(5), 01(t) = 0a(t) limass-35(5), 01(t) = 0a(1).

The activation functions are taken as

om 4 U= fom =11 len+1] = len— 1]

m m t 7

Fula(®) . .
]_ . 1 — 6(72Um79m)

gm(/ym(t)) - ]_ + 6(_Um+29m) + ! ]_ + 6(_2Um_9m) ’ (m - 17 2)

Figure 4.1 depicts the plots of the trajectories v (t), 01(t) and va(t), 02(t) of the sys-
tem (4.3.1) in three-dimensional at time ¢ in the presence of mismatched parameters
and time-varying delay 7(t) = 0.6exp(t) which clearly show the chaotic behavior of

the real and imaginary parts of trajectories with respect to time t.

(a) (b)

AR
4 10 <O
G
0 (\\\ \:i\‘\ :
\

R
N
!
\

w

200 200

Figure 4.1: The state trajectories of the system (4.3.1) in three-dimensional
space for (a) vi(t), 01(t), and (b) va(t) and ga(t).
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The corresponding response system is considered as

() = —RA(t) + P'FO) () + Q' (G(0)g(F(t — (1)) + I'(t) + (1), (4-3:2)

with the following parameters

10 —0.3+0.12 —0.1+0.1z —0.3-0.12 —0.4—-0.2
R/ — P/ — Q/ —
01 02-01: 03+0.2 —03—-0.2: 0.3—-0.2
—64 10 0.2cos(t) + i0.3sin(t)
Q= () = and also
15 =60 0.5cos(t) + i0.5sin(t)
P =413 51(t) < Da(t) ; Pia(t) =1 1.3, 51(t) < Oa(t)
lima%s_plllf(sx i‘jl (t) = 62 (t) lima%s_pllg(sx 1'71 (t) = {72 (t)
P () =402, Bi(t) < Oa(t) » pha(t) = { 1.8, B1(t) < Oa(t)
Mma—m*pgf(s)v 51 (t) = 1‘72 (t) lima%s*pg;(‘s% 61 (t) = 62 (t)
0.8, U1(t) > Uo(t) 0.9, U1(t) > Ua(t)
ph(t) =103, 51(t) < Do) () =5 0.1, G1(t) < Ua(t)
limg_s- P (s), 01 () = Ua(t) limg_s-p5(8), U1 (t) = Ua(t)




Chapter 4. Quasi-projective synchronization of memristor-based CVRNNs...

P (1) =

¢f(t) =

@it) =

¢h(t) =

@ (t) =

Consider w = 1, then the Assumption 4 of the system holds for the parameters given
asry = 1,8, =1,my = V2 /2 and ny = V2. The initial conditions of drive-response
systems (4.3.1) and (4.3.2) are taken as
7(s) = 3.8 + 3.65i,72(s) = 1.8 — 8.574,
Y1(s) = 1.5 — 6.5, Ya(s) = —4.5 — 3.9i.

0.5, Uy (t) > Ua(t)

1.3, 171(t) < 172@)

L5~ D (5), U1 (t) = Da(t)

0.8, 0, (t) > 52(t)

1.3, El(t) < Ez(t)

limg s @5 (s), 0,(t) = 05(t)

0.6, 01(t) > 0,(1)

1.8, 0,(t) < 0,(t)

limas- a3 (5), 6,(t) = 63(t)

0.2, 0, (t) > 52(75)

0.4, 51 (t) < 52@)

lima—)s‘Qill (8)7 :él (t) = §2<t)

0.8, 0, (t) > 52(t)

1.3, 01(t) < 0y(t)

L3 (s), 6, (1) = 0,(1)

Then, we can verify that

Dy (t) =

Ll (t) =

s g (1) =

(1) =

gy (t) =

0.8, U1 (t) > Oyt

1.2, le(t) < 62(t>

lima_s- Dy (), U1 (£) = Da(t)

0.8, 0, (t) > 52@)

1.3, 01(t) < 0,(1)

limg s~ @5 (s), 0, (t) = 05(t)

0.9, 0, (t) > 0,(t)

0.3, 0, (t) < 52@)

lima-o- 35 (), 01() = 0(t)

0.5, 01 (t) > 52(t)

1.3, §1<t) < §2<t)

limass-dih(s), 01() = 0a(t)

0.8, E1(t) > 52(”

1.4, 01(t) < 0a(t)

lima s~ i5(s), 0, (t) = 0,(1).

121
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ki = —max{,uw(—Rl + Q)+ (e + s6) (| Psillo + [[Pillo)s (=R + Q) + (r +
si) (|| Psallw + ||P42||w)} =11.3201

ho={ (i + 1) (1 Qo + 1Qanll0): (e + 1) (1 Qe + Q) § = 8.2426,

i.e., k1 > ko. Hence, according to Theorem 4.1, the systems (4.3.1) and (4.3.2) will

be quasi-projective synchronized.

Figures 4.2 and 4.3 represent the state evaluation curves with respect to time ¢ of
the systems (4.3.1) and (4.3.2) under the controllers with mismatched parameters.
It is seen that the state variables of drive and response systems cannot achieve an
identical behavior with time flowing and always there will be a little difference i.e.,
systems cannot achieve complete synchronization. Figure 4.4(a) shows the evalua-
tion curves of the error system (4.1.10) without controllers, indicating that the quasi-
synchronization is not achieved, while Fig. 4.4(b) shows the quasi-synchronization
with time varying delay and mismatched parameters of the concerned error system

having error bound = 1.5131, in the presence of controllers.
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va(t)
——— ()

0 5 10 15 20 25 30 35 40 45 50

Figure 4.2: The state trajectories of the systems (4.3.1) and (4.3.2) for (a) vi(t),
U1(t), and (b) va(t), U2(t) with time ¢ for the Example 4.3.1

5 T T T T T T T T T
\
W
£
&5 0 L B
é
¥ a(t)
st - =)
1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Figure 4.3: The state trajectories of the systems (4.3.1) and (4.3.2) for (a) 01(t),
01(t), and (b) p2(t), 02(t) with time ¢ for the Example 4.3.1



Chapter 4. Quasi-projective synchronization of memristor-based CVRNNs... 124

150 T
100 \[\/\/\/\N\/\M/\W/\N
50 *

(b)

o)1

’ Estimated error bound = 1.5131 ‘

/

0 \/XW\W/WW\J\J

0 10 20 30 40 50 60 70 80 90 100
t

o)1

Figure 4.4: Plots of the system (4.3.1) for (a) without controllers and (b) with
controllers for the Example 4.3.1

Example 4.3.2. Let us consider following parameters of the drive system (4.3.1) as

10 -03-04 —-02-0.12 —-02-04: —-02-0.12

01 0.54+0.12 03-0.12 —03+4+0.2¢ 03+0.2¢

0.3sin(t) + i0.4cos(t)
L(t) = , 7(t) = sin(t) + 2,

0.5cos(t) + i0.4sin(t)
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and

pi(ﬂ =

pél (t) =

0.6, 01(t) > 0o(t)

0.8, 01(t) < Va(2)

limp%s—pﬁﬁs)v 01 (t> = DQ(t)

0.3, 01(t) > 0o(1)

0.5, 01(t) < Va(t)

limpﬁs—pgi(S% U (t) = bQ(t)

0.8, 01(t) > 0o(1)

0.6, 01(t) < 02(1)

limp—w*p{l(s% vy (t) = vo(t)

0.5, 01(t) > a(t)

1.7, 01(t) < 0o(t)

limp%s_p£1<8)7 U1 (t> = bQ(t)

1.3, 01(t) > 02(t)

0.5, 01(t) < 02(2)

limg,s-qi(s), 01(t) = 02(t)

1.3, 01(t) > 02(1)

0.5, 01(t) < 02(t)

limgs-qdt (s), 01(t) = 02(t)

D15 (L)

; pay (1)

3P{2(t)

§p£2(t>

 qis(t)

20

0.4, 01(t) > 02(t)

0.7, U1 (t) < Va(t)

limp—)s_p{g(s)7 U1 (t) = 0a(t)

0.4, 01(t) > 0o(t)

0.3, U1 (t) < vo(t)

limp%s_p%(s% Dl(t) = 02(75)

0.9, 01(t) > a(t)

0.5, 01(t) < 0o(t)

ll’mp—m*p{Q(S)a U1 (t) = Up (t)

1.2, 01(t) > 0o(t)

0.5, 01(t) < 0o(t)

limp—)s_p£2(s)7 bl(t) = U2(t)

0.4, 01(t) > 02(t)

1.7, 01(t) < 02(2)

limg s aly(s), 01(1) = 6a(t)

0.2, 01(t) > 02(1)

1.1, 01(t) < 02(t)

limgs-qd5(s), 01(t) = 02(t)
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0.4, 01(t) > 6a(t) 0.7, 01(t) > 6a(t)
() =1{1.2, o1(t) < 02(t) 1q12(t) = 0.3, o1(t) < ()
limg =iy (5), 01(t) = 02(2) limgs-qi5(s), 01(t) = 02(t)
0.5, 01(t) > 02(1) 0.8, o1(t) > 02(1)
a5 (t) = 4 1.2, o1(t) < oa(t) J (1) = 1.2, o1(t) < oa(1)
limg_,s- 31 (s), 01(t) = 02(t) limyss-q3(5), 61(t) = 62(2).

The activation functions are taken as

S (m(8)) = gm(ym (1)) = tanh(vn (1)) + idanh(om(t)), m =1,2.

Figure 4.5 shows three-dimensional plots of the trajectories vy (t), o1 (t) and va(t), 02(t)
of the drive system (4.3.1) in presence of mismatched parameters and time-varying

delay 7(t) = sin(t) + 2.

o (t)

200 \ 200

Figure 4.5: The state trajectories of the system (4.3.1) in three-dimensional
space for (a) vi(t), 01(t), and (b) va(t) and ga(t).
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The parameters of corresponding response system is considered as
10 —0.2-0.2: —0.1—-0.12 —0.1-0.3: —0.1—-0.2¢
R/ — P/ Ql
0 1 04+0.1z 02-0.3¢ —02+4+0.12 0.2+04:
—64 10 0.5sin(t) + i0.2cos(t)
Q= , L'(t) =
15 =60 0.6¢cos(t) + i0.5stn(t)
and
]_.4, Gl(t) > 172(75) 07, U1<t) > 172(t)
P () =402, B1(t) < Da(t) D5 = 5 0.5, G1(t) < Ua(t)
limy, .- pifi(s), 01 (t) = Ua(t) limy, - pi3(s), U1(t) = Ua(t)
pai(t) = { 1.9, B1(t) < Da(t) (Dhs(t) = 1.4, B1(t) < Da(t)
Limy, s~ D (s), 01 (t) = Ua(t) Limy, -3 (s), 01 (t) = Ua(t)
pi(t) = 40.9, Gi(t) < Ua(t) () = 4 1.6, Bi(t) < Ua(t)
limy,o-plfy(5), 01 () = Oa(2) Limy, s Py (s), 01 (1) = Ua(t)
P (t) =504, 51(t) < Ut oo (t) = 5 0.4, 51(t) < Ut
Limy s~ (), 01(t) = Ua(t) Limy, s P (s), 01 (t) = Ua(t)
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0.2, 0,(t) > 0,(1) 0.9, 0,(t) > 0,(t)
¢t =08, a(t) <oy(t) () =14, 5(1) < By(t)
limg s~ ;5 (s), 0,(t) = 0,(1) limg s~ qi5(s), 0,(t) = 0(t)
1.5, 0,(t) > 0,(1) 0.6, 0,(t) > 0,(t)
g5 (t) = 50.3, 5.(t) < B,(1) L (t) =107, 5.(t) < 8,(1)
limq»s—qé’f(S)y 51 (t) = 52@) limg - qu%(s)? 51(75) = 52(75)
0.8, El(t) > 52(75) 0.6, 51(t) > 52(75)
i (t) = 0.4, 0.1 (t) < (1) Jdia(t) = 504, G, (t) < (1)
limq—mfflﬁ(s)a 51 (t) = gz(t) limqﬁs,qﬁ(s), 51 (t) = 52@)
1.5, 0,(1) > G,(t) 0.4, 0,(t) > 0(1)
g () = 50.7, 5.(t) < (1) AGERSN 5.(t) < ()
limg s~ qéll(S), 51 (t) = 52(t> limq—m—qgQ(S)a 51 (t) = 52(&‘

Taking w = 1, and the parameters of the systems are as my = \/5/2, ng = \/5, rE =
1, and sy = 1. The initial conditions of drive-response systems (4.3.1) and (4.3.2)
are taken as

v (s) = —1.14 + 2.46i,v2(s) = 2.15 + 1.344,

A (s) = —1.35 — 1.67i, F2(s) = 1.36 + 1.454.

Then, we can verify that

A\ =10.4201,

Ao=10.2426,

i.e., Ay > Ag. Hence, according to the Theorem 4.2, the systems (4.3.1) and (4.3.2)

are quasi-projective synchronized.
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Figures 4.6 and 4.7 present the state evaluation curves with respect to time ¢ of the
systems (4.3.1) and (4.3.2) under the controllers with mismatched parameters. Here
the state variables of the drive and response systems cannot achieve an identical
behavior with time flowing and always having a little difference. In other words,
the systems cannot achieve complete synchronization. The evolution curves of the
synchronization error in absence of controllers are depicted through Fig. 4.8(a),
which indicates that quasi-synchronization is not achieved. Fig. 4.8(b) shows the

said synchronization of the error system (4.1.10) under controllers with error bound

= 1.9621.

va(t), D2(t)

Figure 4.6: The state trajectories of the systems (4.3.1) and (4.3.2) for (a) vy(t),
01(t), and (b) wva(t), v2(t) with time ¢ for the Example 4.3.2
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Figure 4.7: The state trajectories of the systems (4.3.1) and (4.3.2) for (a) o1(t),
01(t), and (b) p2(t), 02(t) with time ¢ for the Example 4.3.2

o)l

0 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
t

(b)

’ Estimated error bound = 1.9621 ‘
5 / :
0 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100

t

661l

Figure 4.8: Plots of the system (4.3.1) for (a) without controllers and (b) with
controllers for the Example 4.3.2
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4.4 Conclusion

In this chapter, the quasi-projective synchronization problem of two non-identical
memristor-based CVRNNs with time-varying delays and mismatched parameters has
been presented. To do this, the quasi-projective synchronization criteria have been
introduced by matrix measure method as well as Lyapunov stability approach. Next,
by constructing suitable controllers, the quasi-projective synchronization criteria of
memristor-based CVRNNs with time-varying delays and mismatched parameters
have been derived through the proper description of the said methods. The upper
bound of synchronization error has been calculated. Finally, the effectiveness of the

proposed method through two numerical simulation results have been demonstrated.

Kokokoskoskoskookok sk kok
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