Chapter 4

Skew Constacyclic Codes over a

Class of Non-chain Rings

In this chapter, we explore skew constacyclic codes over a general class of non-
chain rings. We begin by examining the key properties of this non-chain ring 7 =
Folur, us, ... u]/{fj(u;), uju;—uju;), and recall the definition of the Gray map along
with its notable properties, such as distance preserving and Euclidean orthogonality
preserving properties, as discussed in [14]. Additionally, we prove that the Gray map
preserves Hermitian orthogonality. One of the key results presented is an explicit

form for the generator matrix of the Gray image of a linear code over 7.

In Section 4.2, we delve into essential properties of automorphisms and units of
T, followed by an investigation into the structural properties of skew constacyclic
codes over 7. Finally, we demonstrate that the Gray image of a skew constacyclic
code over T corresponds to a class of linear codes that represents a specific case of

skew multi-twisted codes (where all blocks have the same length), and serves as a
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generalization of skew quasi-twisted codes (allowing for potentially different twisting

constants for each block).

4.1 The Ring 7 and Linear Codes over 7T

In this section, we study some basic properties of a general non-chain ring 7 which
represents a class of non-chain rings. Further, we study linear codes over 7 and

their properties.

4.1.1 The Ring T

Let F, be a finite ficld of order ¢ = p™, where p is a prime and m is a positive integer.
Consider T = F,[u, ua, . .., u,|/{f;(u;), wju; —uju;), where f;(u;) is a non-constant,
monic polynomial which splits into distinct linear factors, for all 7 = 1,2,...,7r.
Then, 7 is a finite commutative ring with identity. Let T} = F,[u1]{fi(u1)) and

Tit1 = Tj[uj)(fis1(ujrr)). Thus, T =T,.

Consider two ideals Iy = (u1 — ;) and Iy = (uy — ay,) of T, where q; is a zero
of fj(u;), j =1,2. Then, us — o, ¢ I and u; — oy, ¢ I. Therefore, I; ¢ I and
I, ¢ I i.e. I and I, are two incomparable ideals of 7. Hence, T is a non-chain

ring.

Furthermore, let us assume that, deg(f;(u;)) = I; and a1, oo, . . ., ajy; are the zeros

of f;(u;), 5=1,2,...,r. Then,

fi(us) = (w5 — ajn)(u; — o) -« (uy — agy).
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Now, let us take

(o) (uy — aga) e (U — @-n) (U5 — Q) - (45 — o)
Y (g = ag)(age — aga) - (g — agaon) (g — ) - (g — agry)’

and define 7,4, 4, = [[j_; ki, 45 € {1,2,..., 0}, j=1,2,...,m

Lemma 4.1.1. [14, Lemma 2] The set {n;,i,... - 4; € {1,2,...,};}, 7=1,2,...,r}

is set of primitive orthogonal idempotents in T, i.e.

771'2”‘2...1; = Mivig..ip>
niﬂz...’irnklkg...k’r - O fOI' (/L.la i?; s 77;7‘) ?é (kb k27 L 7kr)a (41)
Z Nivig...ir = L.
01,82,eenylp

foralli; € {1,2,...,0;}, 7=1,2,...,7, where >, . = Zéll:l . Zi:=1

Thus, by a decomposition theorem of ring theory 1.1.48, we have
T = @ Nivig..in T = @ Nivig...irEq-

ivig.. iy i1ig.. iy

Therefore, any element v € T can be expressed as
V= Z Nivia...ip Vitia...ip
11,82, 0r

in a unique way, where v;;, ;. € F,and i; € {1,2,...,1;}, j=1,2,...,7.
Moreover, we can view the ring 7 as a finite F -algebra with B = {1,

i; € {1,2,....;}, j = 1,2,...,r} as a basis. We define a bilinear form (,) :

7- X 7- Fq as (VJW) = (Zil,i2,~~~,ir ni1i2...irv’i1i2...’i7~7Zil’iQ,“.77jr niliz...’irwiligmir) =

D s gy Mitia.iip Vigia. iy Wiyiy. - Lhen, (v,w) =0, Vw e T = v=0. This can
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be easily proved by taking w = 1,5, 4., ¢; € {1,2,...,0;},7 = 1,2,...,r. This
shows that (,) is non-degenerate. Therefore, T is a commutative, finite-dimensional

Frobenius algebra over a finite field and hence it is a Frobenius ring.

4.1.2 Gray Map

A Gray map ¢ : T — Flt2-!r is defined as

O(V) =(Viyiy...iv )i ins..in M

= (U11...117 V11..12 -+ -, V11,105 V11...21, V11..22 -+ - 5 V112055 « -+ 5 Vllo. il o1l
V21..11,V21..12 - - -, U21...11,., U21...21, U21..22 - - - , U21.. 20,5+ + + s V2ly.. 1, _11y)
oo 7,U(11—1)1A..117 e ;U(h—l)lz...l,,._llra ... a,Ulllz...lT_11a Ulllg...lr_12 cee 7vlllz...lT_1lr) ]\/fa

for all v = Zil,iz,...,ir Nivig..ir Vitig. . iy € 7-, where M € Gthg.“lr(Fq) is such that

MMT = )‘Ihlz---lw for some A € FZ

The Lee-weight of an element v € T is defined as

wr(v) = wi(o(v)),

where wy denotes the Hamming weight.

We can extend ¢ to T" as ¢ : T" +— Fflll?"l"'” as
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for all v.= (VO vl ... v 1) € T Forany v = (VO vl ... .v* 1) € T we define its
Lee-weight as

wp(v) = ZwL(vk).
For any two v,w € 7", their Lee distance is defined as
dp(v,w) =wp(v —w).

Theorem 4.1.2. [14, Theorem 6] The Gray map ® is a bijective, linear map and it

preserves the distance between (7™,dy) and (F2- dy).

Definition 4.1.3. For c,d € 7" such that ¢ = (¢,c!,...,c" Y andd = (d° d', ...,

d"~1), their Euclidean product is defined as

n—1
(c,d)p = Z c'd’.
-1

We say that c is orthogonal to d if (c,d)r = 0 and we’ll denote it as ¢ Lg d.
Definition 4.1.4. If ¢ = p*® is an even power of some prime, then for

V=i MivigeipVigin..ip € T, its conjugate is defined as

v — E : 7 — E : P
V= Mivia..ir Vitia..ip — 7]1122~-lrvz‘1i2...i.,v'

11,8250 050 11,02, 0ylp

For ¢,d € 7" such that ¢ = (% c!,...,c"!) and d = (d%,d!,...,d"7}), their

Hermitian product is defined as

n—1
(c,d)g = Zci@.
i=1
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We say that ¢ is Hermitian orthogonal to d if (c,d)y = 0 and we’ll denote it as

CJ_Hd

Theorem 4.1.5. [14, Theorem 6] For any two ¢,d € 7", ¢ Lg d if and only if

®(c) L &(d). In other words, ® preserves Euclidean orthogonality.

Theorem 4.1.6. For any two ¢,d € 7", ¢ Ly d if and only if ®(c) Ly ®(d). In

other words, ® preserves Hermitian orthogonality.

Proof. Let ¢,d € T™ such that ¢ = (% c!,...,c* 1) and d = (d°,d*,... d"71),
b

1172...0p 4112...0p

where ¢’ = > c andd’ =

1192...0p il’ig...irniliQ.uiT

Nivig..ip, fori=0,1,2 ...,
n — 1. Now, using the definition of Hermitian product and properties of primitive

orthogonal idempotents, we get
n—1
(c,d)y = Zcidi
i=0

n—1
— Z ( Z niliz..,z‘,‘cz:lh_“%‘) . < Z nlllz...lqwﬁilig...i,‘>

=0 11%42...0p l1lo...1,
n—1
- 777/17/2~~7frc7:1’i2...ird 2122...0p

=0 1192...0p

n—1
= > sy (Z Ciliz...u@m...n) (4.2)

11%2...0p =0

I
-
—

n&
...
©-
~~
o
=
S—



Chapter 4. Skew Constacyclic Codes over a Class of Non-chain Rings 93

@)
——r
={¢(c0) oct) - ¢(C"_1)} o
_ (%10, )irigoin) ™ M -
S (IR I RS (Faiescluin il M
(A" i iy i )T M|

i
L

(€ i Vivizeiy MM (dy4y.. 0 ivinoiy )

Ng

-1

)

i -
A ( E Ciliz...i,,.dliliz...q',r)

=0 \t¢1%2...0p

n—1
=A Z Zczﬂg...irﬁiﬂlgmir (4.3)

1192...%p =0

—_

Since, {Niyip.sp + 4; € {1,2,...,;},7 = 1,2,...,r} is a linearly independent set
and A € Fy, from (4.2) and (4.3), we conclude that (c,d)y = 0 if and only if
(®(c),®(d))y =0, ie c Lydifand only if ®(c) Ly ®(d). O

4.1.3 Linear Codes over T

A T-submodule C of T™ is called a linear code of length n over 7. For a linear code

CCT" and for (iy,1z,...,4) with i; € {1,2,...,[;}, j = 1,2,...,r, we define

Cilig...ir - { Wiyig.. i € IFZL = Whiky.. kyr € F27 (7:1, i27 s 7ir) 7A (kla k?; s :kT)

such that Z Nivig...ip Witig..ip € C} .

1,89, ir
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Then, Ci,s,..., € FY is a linear code of length n over Fy, for all i; € {1,2,...,1;}, j =

1,2,...,r. Moreover, C = @, ;, ; Miris..irCisi..i, a0d [C| = Ilii, 4 [Ciyiy._i, |-
Definition 4.1.7. For a linear code C of length n over T, its Euclidean dual C*#
and Hermitian dual C*# are defined as

Cre={weT": (w,v)g=0,YveCl}

Ctor={weT": (w,v)g=0,VYveC}

Definition 4.1.8. C is Euclidean self-orthogonal if C C C*#, Euclidean sclf-dual if

Ct# = C and Euclidean dual-containing if C*# C C.

C is Hermitian self-orthogonal if C C C*#, Hermitian self-dual if C*# = C and

Hermitian dual-containing if C+# C C.
Theorem 4.1.9. Let C = @im._% Nivi. i, Cirig..i. De an (n, ¢* dp) linear code over
T, then
(i) ©(C)is a [lily...l.n, k,dy] lincar code over F,, where dy = dy;
(ii) ®(C)*t = @(CH);
(iti) C+ =B, i MiriveirCiri.i
(iv) C is a self-orthogonal code if and only if ®(C) is a self-orthogonal code over F;

(v) C is a dual-containing code if and only if ®(C) is a dual-containing code over

F

@

(vi) C is a self-dual code if and only if ®(C) is a self-dual code over F,.

Here, I=1gor Lg.
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Proof. These results can be established using an approach similar to the proof of

Theorem 3.3.3. O

Theorem 4.1.10. Let C = @m’g...ir Niyis..irCiyig..ir D€ a linear code of length n over
T. Furthermore, let G, ;,. ;. be a generator matrix of the [n,k;;, .| g-ary linear
code Ciyiy.ir, 1 € {1,2,...,0;}, j =1,2,...,7 and M be the matrix used in Gray

map ¢ such that

1192...0 1192...09 11%92...0p

Qo Qg1 e Ao(n—1)

11%92...0p 1112...0p 1192...0p

e B Ao ary e A1(n—1)

’L'1Z'2‘..’L'T -
i169..0r giria-ir 169
L (Kiyig...ip—1)0 (Kiyig..ir—1)1 (Kiyig...ip—1)(n—1) Kiyig...ip XN
mai1.11,11..11 - - TI1..11,0410s...0,
and M = € GLy,..1, (Fq)
My, 01111 -+ Mgl 0 L. L,
Then,

Gi1..11 ® Mg, 4,
G112 @ Mgy, 1,

Gl112...l,~71lr ® MRlll2.“l

rfll’f‘_

is a generator matrix of ®(C), where Mg, , , denotes the iyiy.. i, row of M,

i

i;e{1,2,... L}, =121

Proof. Let w € ®(C) be an arbitrary element. Since, ® is bijective, there exists

a unique v = Y. o Miyig.iyVigip.i, € C such that ®(v) = w and v, 4, =
0 1 n—1 L i o i
(Virig..ivs Vivin.ip> - > Vivigin) € Ciyig.i,-  Since, Gy, 4, is a generator matrix of
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Civio...ir, there exist o i, i,.0, Qirig..ip 15 - - - s Ciyig...iy e _—1 such that

i1dg...i

kiyig..ip—1
_ Z o ivig.iy i1ig..ir i1ig.ir
Viiig.ir — Qo il (alo 7al1 PRI ’al(n—l) )
=0
kijig...ip—1 Kijig..ip—1
i i1in...d Q120
= E Qirin.ip 10 s E Qiyig.ip 1A ey
=0 =0
Kiqig..ip—1
Z gy
auzz...zr,,lal(n_l)
=0
Then,
V= E Niviz..ir Viviz...ir
1119... 0
kijig..ir—1 kijig...ir—1
o 21%2...1p 11%2...1p
= E Nivis...ir E Qirig.ip Qg s E Qigig. i d A1 5oy
1192...07 =0 =0
Kijig...ir—1
1192...0p
E Qiyig.ir Ay (1)
=0
Kijig...ip—1
_ 11%2...0
= g Nivig...ir g Qiyig.ip 1 | s
118909 =0
kijig...ip—1
11%92...7
E Nivio...ir E Qirig.iplQp - ) e es
11%2...0p =0
kijig..ip—1
O iyigeir
E Mivig...ir E Qiyig..ip 1Ay (1)
21%2...0p =0

Therefore, w = ®(v) = (¢(V°), d(v!), ..., o(v*1)) = (w°, w', ..., w""1) (say). Then,

Kijig..ir—1

i } : Z o indgedr
W = ¢ T]iliz.‘.ir azllg...lr,la/h‘

1192...0p =0
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111 L12—1

= E a11...11 lah

1=0
Kijig..ip—1
— 11%2..
= E Miyig..4,.,11..11 g iyig. i 10y )
i169..0r 1=0
kiyig..ip—1
1192...9
E Mirio.. iy 11...12 E Qigig.iplQ ] e e
192 0p 1=0
kijig..ir—1
Z Z i19...
milig...ir,lllg.“lr Oé7;17«2 74r:lali "
11%2...0p =0
i
= ag’, (say).
Then,
a= la1..11,0 Q11..11,k1y. 11 -1 Qlyide 11,0 o Qilyide il ki 0, 1,1

11...11
mMi1...11,11...11Qq;

11...11
mi1..11,11...1107;

11...11
ML A1 1 gy | 1)

lll2 lv‘fllr

Mgy drqlr,11..1100;
lila. lp—qly

Mgy dr—qlr,11..1107;

lll2 dr—aly
M. dp—ql,,11...110 (Kiyigt,q1r—1)i

E 5 121% Yo

kijig. ity _q1.—1

Il 11
§ Uyl y_ 1y 1 M

11..11
mii..11,0s.. 0—11,-Qp;

11...11
mii1.a1,ds.. 011,415

11..11
M. aLhle o de— 1l Qg 1y —1)i

lll2 lrfll'r
Mgy el liledr o1l Qo4

lila. dp—1ly
Miyly. de b lile -1 101

lila.. dr—1ly
Ta(kzlzz.“l,,._lzr —1)i |

mlll2...lr,._llr,lllg..,lr_ﬂ

97
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G, @ Mgy, o,
G120 @ Mgy, 1,

Gl1l2--»lr—ll'eri ® MRzll2..

dp_1lr |

. denotes the iyis ... 4,"

2

where G;,4,..i,.c, denotes the ith column of Giiy..in, and ]\/[Rili2

row of M. Thus,

Hence,
G=1|g" g' .. g"—l]

Gll...ll,Co & MRHWH s Gll---ll,C'nﬂ ® MRu..‘n

Gii.a2.c0 @ MRy, 4, e G120, @ Mg,y 4,

gl Gl1l2-..lr—1lncn—1 ® MRlllg.”lT,llT_

Guty..draly,Co @ MRy,

Gii.1® Mgy, 1,
Gi1.12® Mgy, .,

Gutsdraty ® Mgy,

lrfll”‘_

is a generator matrix of ®(C). O
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4.2 Skew Constacyclic Codes over T

In this section, we study skew constacyclic codes over 7. We will first look at
the automorphisms of 7 and then provide a few results on units of 7. Further,
we discuss the structural properties of skew constacyclic codes over 7. Finally, we
conclude this section with an important result on Gray images of skew constacyclic

codes over T .

4.2.1 Automorphisms of 7

Let © : T — T be an automorphism. Let Then O, , the restriction map on F, is
an F-automorphism. Therefore, Olp, = 6, = Frob* (0 <t < m —1, if ¢ = p™),
where F'rob is the Frobenius automorphism defined as a — a”, a € F,. Thus, for

Zil,z’Q ,,,,, ir Niviz...ir Viyia.. iy € T: we have

t
@< Z niliz...irvilig...ir> = Z @(Uiliz...iT)UﬁiQ,__i,,.-

01,02, enylr 01,82y enylr

From eq. 4.1, we conclude that {n;., 4 :4; € {1,2,...,0;}, j=1,2,...,r}isa
complete set in 7. Therefore, the set {O (14, 4,) 11, €{1,2,...,;} 7=1,2,...,r}
is a permutation of the set {7;,;, .. 1 4; € {1,2,...,;} 7 =1,2,...,r}. Hence, 3, €
Sy;, the permutation group of {1,2,...,1;}, j = 1,2,...,7 such that ©(n;4,.4,) =

7771 (i1)y2 (32)... - (i) - Therefore,
pt
S E Nivig..ip Viria.ip | = E N1 (1) 2 (iz) - v (ir) Uiy i
11,8250 0lr 11,82, 0ylp

Whenever «; represents the identity permutation for all j =1,2,...,r, and O, =

0;, then we’ll denote © by O,.
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4.2.2 Units of T

Lemma 4.2.1. Let a = Zilh i MivigoiiyQtiyiy..iy, € T. Then a is a unit in 7 if and

only if a4, 4, is a unit in F,, for all i; € {1,2,...,;}, j=1,2,...,r

Proof. Let v = )

11,8250

such that ap=1. If p = 21”21 Nivio..ir Divis..i,» WE have

( Z niliz...irailig...u)( Z T]hig...irﬁilig...ir) =1

11502500 sr 21,2255l

Now, using the properties of primitive orthogonal idempotents 7;,,...., i; € {1, 2,.

L}, j=1,2,...,r, we get
Z 77111‘2...“0611'2...“5@'1z‘z...z‘r =1

01,82, yir

Since, 1 € T has a unique representation as linear combination of 7;,:, 4., %;
{1, 2, C.. lj}, j = ]_, 2, ..., We have O‘iliz...irﬁilig...% = 17 fOI' all ij S {1, 2, C ,lj}, j

1,2,...,r. This shows that o, ;. is a unit in F,, for all i; € {1,2,...,1;}, j

Conversely, let us suppose that a;,,. ;. is a unit, for all i; € {1,2,...0;}, j

1,2,...,r,. Let us take p = > i 771»1,-2..,”&;”1-2”.“. Then using the properties

11,8251,

primitive orthogonal idempotents, we have

af
= Nivig..ip Xiyig...ir Nivig..ir ¥iiio. iy
11,82, 050r 11,82, 0r
= Nivig..ir \Qivio.ir Xiiq. i,
11,0250
= E Nivig..ip — 1
11,02,..50r

This proves that « is a unit in 7.

Nivig..irYiriy. i, D€ & unit in 7. Then there exists yu € T

ey
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Corollary 4.2.2. For a unit a = Zi]ﬂ.%mm Nivin...irQirig..ir 0 T, a? =1 if and only
if a2, . =1 foralli; e {1,2,...,0;},j=1,2,...,r
Definition 4.2.3. Let v = (v, vl ... v*"1) € 7" For an automorphism © of 7 and
for a unit v in T its (O, a)-skew constacyclic shift is defined as

T (V) = (aONW"™),0(1°),...,0("?)).
A code C C T™ is called a skew (O, a)-constacyclic code of length n over T, if it is

linear and 0(e,q)(v) € C whenever v € C.

For an automorphism © of 7, T [y; O] is a non-commutative ring (in general) under
usual addition of polynomials and multiplication defined as y * ay = ©(a)y? and it
is called skew-© polynomial ring. Moreover, for a vector v = (V0 vl ... v*71) €
T, v S vyl is an isomorphism between 7" and T [y; ©]/(y" — ). Under this
isomorphism, a linear code C' is a skew (O, «v)-constacyclic code of length n if and
only if it (its image) is a left submodule of A,, = T[y;0]/{(y" — a). If O(a) = a and
0(©) divides n, then (y" — «a) is a two-sided ideal and A,, is a ring. Thus, in this
case, a linear code C is a skew (0, a)-constacyclic code of length n if and only if it

(its image) is a left ideal of A,,.

Theorem 4.2.4. Let O, € Aut(T) and a = > Mivig..iiy Qiyiy...iy, € U(T). Alin-

11,22, 0s0
ear code C = @hizmir Nivig..irCivig..ir. Of length m over T is a skew (O, a)-constacyclic
code over T if and only if C; 4, 4, is a skew (0;, oy, )-constacyclic code over F,,

for all i; € {1,2,...[;}, j=1,2,...r.

Proof. Let c = (¢ c!,c?, ..., c"!) € C be an arbitrary codeword. For [ € {0,1,...,

1 ! _ (0 1 n—1
n—1},letc = Zim,,,ir NivizeriirCivig.. iy - LR, Ciyiy iy = (cilig...i,-’ Citig.ips* ’cilig...ir) €

C7117j2m7;r. NOW7

0(64,0) (C)
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= (a04(c"™),04(c"), B4(c!), ... Oy(c" 7))

= (( § ni1i2-~.iraili2-..ir) ( E : Nivis.. ’Lr L1L2 Lr> E 771112 Zr 2112 zr)

11,0250 0ybr i149...0p 11,82,
n—2
Nivi iet(c“ )
1%2...r 1112...0p
01,82, 0slr
( E T]7112 Sy a7112 Jp f zlzg z, E 7721@2 ’Lr 1112 zr>
1 7'27 3 1177/27
§ 771112 747" 1112 zr)>
717127 Y
- § Nivia...ir (ailizmirgt( L152 Lr) et( zlzg zr) et( Z1’LQ zr) : 915( 0152 zr))
1122...0p

E 0 1 n—1
?71112 A 9t7azlz2 z,«)(c’hig...ir? Ci1i2...7;7~7 te 7Ci1i2‘..i,«))

11%2...0p

§ 77117/2 r et»azl'LQ 1r)(c7:1i2~~~7:r)) :

1112...0r

By the unique representation of elements of C as a linear combination of elements of
Citis...i, We conclude that o(g, «)(c) € C if and only if a(gt,aim‘_.”)(ciliQ,,.ir) € Ciyig..ins
for all i; € {1,2,...1;}, j =1,2,...r. Hence, C is a skew (O, o)-constacyclic code
over T if and only if C;y4,. 4, is a skew (6y, a4y, 4, )-constacyclic code over F,, for all

i;e{1,2,.. .0}, j=1,2,...r. O

Theorem 4.2.5. Let O, € Aut(T) and o = Zil,ig,...,ir Nivig...irQirig..ir € U(T). Fur-
thermore, let C = @im.“ir Nivio..inCivio..in D€ a skew (O, a)-constacyclic code of
length n over T, where Ciiy i = (firip.ir(y)) is & skew (64, vy, . )-constacyclic
codes of length n over F, and f;;, ;. (v) is a monic right divisor of y™ — @i, 4.,

e {1,2,...[;}, j =1,2,...r. Then, there exists a polynomial f(y) in T |y; O,

such that
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(i) f(y) is a right divisor of y™ — a;

(111) |C| _ qlll2~--l’r'n_zz‘1’i2"”7i,’, deg(fi]_zg“.ir,-(y))'

Proof. (i) Since Ciyiy.ir = (firinin(y)), 1; € {1,2,...05}, j=1,2,...r,and C =

Diiy. i, Miria..iyCirig..iy,, We have

C= {C(y) = Y Mt Tivinis ) Firiain (U)  Tivia i (0) € Foly; Qt]} :

189 0p

Hence, C C (m1.11fi.1(y). muazfina2() -ttty fintooton, () = A

Conversely, forany D . . Miyiy. i, Kiyig...ip () firia..ir (y) € A where ki, i, (y) €
Foly; 6]/ (y" —1), there exist 14,4, .4, (y) € Foly; 0] such that m;4, ., Kiyis...i, (y) =
Nivig. irTivig..ir(y). Thus A C C. Hence A = C. Now, let us take f(y) =
D ivigoiy Miriaeiv firin.in(y) € A Thus, (f(y)) € C. Since niyiy i, firiy..ip =
Mivigoir fivig.ins for all ;€ {1,2,...,1;},7 =1,2,...,r s0 C C (f(y)). Hence,
C={f(y)-

(ii) Further, as f; 4, .. (y) is a monic right divisor of y™ — i, i, € F,ly; 04, there

exists giliz-nir(y) € Fq{g; et] such that yn - ai1i2~-irgi1i2mir(y)fiﬂz---ir(y)a ij €
{1,2,...,0;}, j=1,2,...r. Therefore,

( Z Nivia..ir Givia.. ir (y)> f(y)

1112...0r
= ( Z Uiliz...iTgiliz...u(y)> ( Z ﬁiliz...inmz...z’r(y)>
1102...0p 1112...0p

= Y Divieeis Girize @) firizin (0)

11920

= Z niliz..,ir(yn - ailig‘..ir)

ivioir
=y" — a € Tly; ©,].

Hence, f(y) divides y™ — « from right.
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(iii) Finally, since [C| =]

ivig..i |Ciri..ir |, We get

|C’: H qn—deg(filr@..i,-(y))
1192...0p
:quIiQ,,,iT(n—deg(fili}“i,-(y))

:q1112'~-lrn—zi1712 ,,,,, i deg(filigv--ir(y)).

O

Definition 4.2.6. Let 0; € Aut(F,), B, 2,..., 8, € F; and C be a linear code of
length n = s¢ over F,. Then, C is said to be a skew-0; quasi-(51, fs, . .. Os)-twisted

code if

= (51915(01/—1)7 Qt(C1,o)7 ceey Qt(Cl,z—Q)Wz@t(sz—l), 0t<02,0)7 cee 70t(62,£—2)| cee

|6391€(Cs7€—1)a 91&(05,0)7 s 79t(c.9,€—2)) S C

whenever ¢ = (01,0, C1,1y--- 701,4—1|02,0, €215 702,5—1|Cs,0» Cs1y -+ - 705,2—1) cC.
In particular, if 5y = o = -+ = s = (B then, C is a skew quasi S-twisted code.

Remark 4.2.7. Note that skew quasi-(51, fs, . . ., fs)-twisted codes are generaliza-
tions of skew quasi p-twisted codes, and skew multi-twisted codes introduced by
Sharma et al. [86] are generalizations of skew quasi-(f31, fs,. .., Os)-twisted codes.
In other words, the class of skew quasi-(f1, fa, . .., Os)-twisted codes lies between

classes of skew quasi-twisted codes and skew multi-twisted codes.

Theorem 4.2.8. The Gray image ®(C') of a skew (O, a)-constacyclic code of length
n over 7T is permutation equivalent to a skew quasi-(au1._1, ..., i, )-twisted code

of length 4115 ...1,n over F,, where a = Zil,iz,...,ir Mivin.irVirin...in-
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Proof. Let C = €D, ;. ;. Miis...ixCiriz...i, be a skew (O, a)-constacyclic code of length
n over 7. Then,

{( E 77m2 S 1112 Ay E 771112 A 21@2 Apd § , 771112 A 1112 u) ‘

11,8250 00 11,8200 11,0250y

0 1 n—1
(Ciliz...ir?ciliz...irv'"7Ci1i2...ir) € Ciyiy...iy } ,

and
®(C) = {((C’(Ll)lig..‘ir)ililnir]\/{7 (C?1i2...ir)ili2~~-irﬂ‘/[’ R (C’(i)lig...ir)ili2~~-ir]\/C[)) :
(Cglig...iw cilliz...z’r’ cee 70?;21...ir) € Ci1i2---ir} :

Let a permutation equivalent code of ®(C) be §(®(C)) such that

5(®(C)) {(d?ﬂ,g Zr7d1117,2 dpd 7d?1121 Zr)74112~~~11‘ . (d’llez lr)’L]iZmir = (Céliz...ir)’hi2~~-7:7‘]\/1}'
Now, for any (d¥, . . d}. d¥5r Vivig.i, € 6(®(C)), there exists

11%2...00 0 182000 ) Yide. dp

0 R n—1
(Zihig,u.,ir niliE-'-irciliQ...iTJ Zi] 9 sennylp nlll2'-~lrci1’ig‘..ir7 tot Zzl,zz, Wi Nivi.. 1TCL1L2 Lr) < C
such that

(CQ i Chio i A ) € Ciiy...i, and ( Citis.. “)m‘z..h = (dl )niz...irM_l'

1102...0p ) “1112...0p) ) Y4149 1112...0p

Since, C is a skew (0, a)-constacyclic code, we have

(@t,a) < E , Nivia...ir amz Ay t 117,2 zr § 771112 00 7,112 z,) ceey

11,82, ,0 11,02,..

Z 77!112 zr 1172 ’Lr)) EC.

11,22,

Then,
P(00,.m(c))
= ((@ivigin Oe(CFriy i) iviz e My (0e(Ciy iy iz i M (0e(C131 5 ) iviain M)
€d(C).
Thus,
PO (aiyinrin Yiyinoin (Dvigeniys Dirigiys -+ Aty i Jivia i)
=iz i Oe(d} 55 ), 0Dy ) O} 0 ) )i

€ 4(®(C))
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This proves that 0(®(C)) is a skew-0; quasi-(a,i,. i, )iyis...i,-twisted code and hence,

the result follows. O

Remark 4.2.9. In [15, Theorem 15, 16], for a non-chain ring R which is a particular
case of our class of rings, when » = 2, Bharadwaj and Raka proved that “The
Gray image ®(C) of a skew (O, a)-constacyclic code of length n over R
is permutation equivalent to a skew quasi-a-twisted code of length [;lsn
over Fy, where o =", . 7ii,iyip, L = deg(f1) and lp = deg(f2).” We observe
that in the proof of Theorem 15 in [15], they applied @, as R-linear but it is just
[F,-linear. Our analysis shows that in this case, the Gray image ®(C) is permutation
equivalent to a skew quasi-(ay1, a9, ..., ay, )-twisted code of length lylsn over

F

q-
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