Chapter 3

LP-Approximation Using Fractal

Functions on SG

Associated with £P approximation, various research articles can be viewed, see for
instance [84, 85, 86]. Their research motivates us to explore the approximation

aspects in LP space.

This chapter becomes more interesting in many aspects since most of the significant

results will be obtained by applying the definition of a self-similar measure on SG.

3.1 Fractal Interpolation Function on SG

Let us define

LP(SG) ={f:SG — R : f is p — integrable function on SGY}.

69



Chapter 3. LP-Approximation Using Fractal Functions on SG 70

In this chapter, we assume that f,b € £LF(SG). We construct an IFS whose attractor
is the graph of a p-integrable function denoted by f* on SG such that f*|y, = f|vy-
Let K = SG x R. Define maps W,, : K — K by

W (t, ) = (Lw(t),Fw(t,:c)), we {1,2,3}",
where F,,(t,z) : SG x R — R are required to satisfy following conditions:
|Fu(,z) — Fu(, 2| < el — 2|

with ¢ < 1, that is, F' is a contraction map with respect to second variable, and

Fu(pj, f(pj)) = f(Lw(p;)). In particular, we take
Fu(t, @) = aw(t)r + f(Lu(t) — aw(t)b(t),

where b : SG'— R is a p-integrable function such that b(p;) = f(p;), j =1,2,3, and
for each w € {1,2,3}", ay, : SG — R is a continuous function with |||l < 1. We

get an IFS {K; W, w € {1,2,3}"}.

FE) = () + a(Ly (1) f2(L, (1) — a(Ly, (1) £(L,' (1), (3.1.1)

for t € L,(SG), w € {1,2,3}".

Theorem 3.1.1. Let f,b € LP(SG). The [FS{K;W,,w € {1,2,3}"} defined above

has a unique attractor Gr(f®). Set Gr(f®) is the graph of a p-integrable function

fe: SG — R, which satisfies f*|vy = flvy. Furthermore, if ||a|l < —X, then the
3P

then the a- fractal function f holds the following functional equation:

£ = Ft) + (L ) (= 0) (L, (1)) V t € L,(SG), we {1,2,3}". (3.1.2)
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Proof. Let EZ;(SG) ={g € LP(SG) : g(p;) = f(p;), Vj €{1,2,3}}. We observe that
set L(SG) is a closed subset of LP(SG). Since (LP(SG), ||.||,) is a Banach space, we
get L% (SG) is a complete metric space with respect to metric induced by norm |[.|[,.

We define a map T': L4(SG) — LE(SG) by

(Tg)(t) = f(t) + aw(Ly,' (1)) (9= b)(Ly,' (1))

for all t € L,,(SG), where w € {1,2,3}". It is obvious that T is well-defined. Let
g, h € LY(SG), then

(Tg)(t) — (Th)(t)| = ‘%(L;l(t)) (9= b)(Ly," (1) = (L, (1) (h = b)(Ly," (1))
= low (L3, (1)) (g — )(Ly, (1))

= low (L, ()] (9 = W)(Ly, (1))

which is true for all ¢t € L,,(SG) and for all w € {1,2,3}". Further, we have

[ Jrom —mnPann <ol Y[ jtg =m0

we{1,2,3}

now using Equation (1.8.1), we deduce

| 1@ - anmpPiyo <oz Y[ BP0

we{1,2,3}N w(SG)

< 3V)jalp. / (g = OPdry 0

Therefore, we obtain || T'g—Th||, < 3%||oz||oo||g—th. Using [|a||co = max,eq1,2.3185 || |oo
and 37 |alle < 1, we get that 7" is a contraction map on L%(SG). With the help of
Banach contraction principle, we get a unique fixed point of 7', namely f¢ € E’}(S G).

Finally, we check that the graph of f* is an attractor of an IFS. We have T'(f*) = f*,
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that is, f*(t) = Fu, (L' (t), f*(L,'(¢)) V t € Ly,(SG),w € {1,2,3}". Furthermore,

we represent this as f%(L,(t)) = F,(t, f(t)) for w € {1,2,3}". Finally, we get

Uweqt,2,308 Wu (Gr(f9)) = Gr(f9),

which proves the result. O

Remark 3.1.1. We recall Equation (3.1.2):
Fo) = f(6) + (L () (f* =) (L' (1) Y t€ Lu(SG), we{1,2,3}".
Now for every t € L,(SG) and w € {1,2,3}", we have

(1) = O] = lon (L, ()-(f* = b) (Lo, (1))
= low (L, (1) 1(F* = b) (L3, (1))

< levwllool (f* = 0) (L3, (1)) .

The above inequality implies that || f* — f|l, < B%HC(HOOH]M — bl|,. Using triangle
: : e N N :
inequality, we obtain || f* — fll, < 3% [alollf* = fllp + ltlloc |l f = bll,). Finally, we
N
have || f* — f|l, < 2242l ||f —b||,. Furthermore, we have
1-37 [[aleo
N
37 [lafloo |

N
1 =37l

1l = 17l < 1% = Fllp < |f = bllp.
With a bounded linear operator L : LP(SG) — LP(SG) satisfying (Lg)(p1) =

g(p1), (Lg)(p2) = g(p2) and (Lg)(ps) = g(ps), we define a fractal operator F¢ :
LP(SG) — LP(SG) by F*(f) = f*, where f¢ is fractal perturbation of f correspond-

ing to base function b = Lf and scale vector o = (v, a9, 3) € (LP(SG))3. The



Chapter 3. LP-Approximation Using Fractal Functions on SG 73

upcoming theorem contains some elementary properties of fractal operator F¢. We

find fractal operator associated with univariate and bivariate functions in [10, 43].

Theorem 3.1.2. Let Id be the identity operator on LP(SG). Denote ||a|e =

max{||ay|loo : w € {1,2,3}}, then the following statements hold:

1. Let f € LP(SG) be arbitrary. Then the perturbation error is of the form:

N
37 [|loo

N
1 =37 laf|w

1" = fllp < If = Lfllp-

Note that for ||a||ec =0 or L = Id, we have F* = Id.

2. If the norm defined on LP(SG) is a p-norm, then the fractal operator F< is a

bounded linear operator, moreover, the norm fulfils:

N
37 llafloe 14— L)

|7 <1+ -
135 [lallx

3. For 3%||oz||OO < ||L||7* < 1, F* is a topological isomorphism. Moreover,

N
1+37 HaHoo
~ )
1 =37 [lallel L]l

N
1 =37 |alx

¥ < I(F) 7 <
1437 [|af|oo[ L]

4. For ||a|le # 0, the fixed points of L are the fixed points of F*. If v, are

nowhere zero, then the fixed points of F* are the fized points of L.
5. If the point spectrum of L contains 1, then 1 < || F?|.
6. For B%HCYHOO < ||L||7Y, the fractal operator F* is not a compact operator.
7. If 3%"04”00 < ||L||7Y, then F* is Fredholm, and its index is 0.

8. There exists a non-trivial closed invariant subspace for the fractal operator F*.
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Proof. 1. From the self-referential equation, we can write:

U = () = (L ()~ LA (L' (1) ¥ t € Lo(SG), w e {1,2,3}".

Note that

I — £ < / £2t) — £ ()

- ¥ / o 17O = SO a0

we{1,2,3}V

Using the functional equation given for f¢, we find

e = £1I; = v (L, = L) (L)) ["dpy(2)
we{gi&}]\’/ (5G)
< o B (% = LF) (L' (1)) | dpp ()
we{%:g}N /w(SG
< [lefl% L) (L, () " dpp(t).
we{1,2,3}N /Lw(SG

Using Equation (1.8.1) and Equation (3.1.3), we obtain

RTINS N T BIGIEG

we{1,2,3}

<falz, S /SG — L) () [P ()

we{1,2,3}V
<3V &l = LI

Consequently, we get

lre =1l <37 lallo 17— Lf].

(3.1.3)
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Using triangle inequality, we obtain

re =11, <37 lallsolllF* = Fllo + 17 = L)

Therefore, the following is the bound for the perturbation error:

3% [|atl|oo
Hfa_fH < o |

P71 =37l

|f =Ll

2. The proof immediately follows from item (1).

3. By Remark 3.1.1, we have

1f = F()lly < 3% lall| F2(F) = LE I

<37 Jall|F (D], + 3% lalo LI,

Since 37 |l < [|L]| 7" < 1, Lemma 1.12.1 yields that the fractal operator

F is a topological isomorphism. Moreover, we have the following bounds:

1—37 ol 1437 ol

— 37 |||co o — P || 0o

- <F)Y < — .

1+ 37 ||l ool|L| 1— 3% [|alool|L |

4. From item (1), we know that

3% [lo
(o} P Ao
|F2(f) = £, < W”f — Lfllp, ¥ f€LP(SG).

f— P [0 0o

Now this implies that if Lg = g, then F*(g) = g. Recall that

FUH=F(1) = (L ONF (/)= L(L,' (1) Y t € Lu(SG), we {1,2,3}".
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Let F*(g) = g. Then
(L ()9 — Lo) (L, (1) =0V t € L,(SG), we {1,2,3}".
Since «, is nowhere zero function, we have
(9—Lg)(L,'(t)) =0 V teL,(SG), we{l1,2,3}",

that is, Lg = g, completing the claim.

5. Choose g € LP(SG) such that Lg = g and ||g||, = 1 by the previous part of
theorem F*(g) = ¢, and hence || F*(g)|l, = ||g||,- The definition of the operator

norm now yields 1 < || F*|,.

6. For 3%”04”00 < |IL]|7!, we know that F* : LP(SG) — LP(SG) is one-one.
Define the inverse map (F*)~' : F*(LP(SG)) — LP(SG). With this choice of
a, F* is bounded below, and hence it follows that (F%)~! is a bounded linear
operator. Assume that F“ is a compact operator. From [87], we deduce that
the operator T' = F*(F*)~!: F*(LP(SG)) — LP(SG) is a compact operator,
which is a contradiction to the infinite dimensionality of the space F*(LP(SG)).

Therefore, F¢ is not a compact operator.

7. Under the hypothesis, the range space of F¢ is closed. Furthermore, F¢ is
invertible. Recall that [87] if T : X — Y is invertible, then 7™ is also invertible.
Therefore, (F*)* is invertible. As a consequence, F* is Fredholm. The index

of a Fredholm operator is defined as

index(F*) = dim(ker(F®)) — dim(ker(F*)").

Hence, the index is zero.
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8. The proof follows from [43, Theorem 3.5].

3.2 Dimension Preserving Approximation in £’-

norm

This part of our chapter is motivated by the research work published in [7, 27].

It is well-known that the set of Lipschitz functions on SG, which we denote by
Lip(SG), is a dense subset of £P(SG) when the latter is endowed with || - ||,. We use

this fact to prove the following theorem.

Since box dimension, Hausdorff dimension, and packing dimension are all Lipschitz

invariant and therefore the next theorem is also valid for these dimensions.

Theorem 3.2.1. Let }Ogg < g <
0g

dim(Gr(f)) = B} is dense in LP(SG).

+ 1. Then the set S := {f € LP(SG) :

log 3
log 2

Proof. Let f € LP(SG) and € > 0. Using the denseness of Lip(SG) in LP(SG), there

exists g in Lip(SG) such that
€

- <
17 =gl < 5

Further, we consider a non-vanishing bounded function h € Sg. Let h, = g + mh,

which immediately gives
€
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This together with Lemma 1.2.3 implies that dim(Gr(h,)) = dim(Gr(h)) = 8. Hence,

we have h, € S and

1f = hully < IIf = gllp +llg = hallp <€
Thus the proof of theorem is complete. O

The proofs of the following theorems 3.2.2-3.2.3 are adapted from the original idea
presented in [27] with density of Lipscitz space in L? space. Here tools and techniques

are also taken from [27].

Theorem 3.2.2. Let f € LP(SG). Then for e > 0, there exists g € Sz such that
g(t) < F(O) ¥ t € SG and || — gll, <

Proof. Since f € LP(SG) and € > 0, Theorem 3.2.1 generates a member h € Sg such

that
€

17 = hllp < &

Choose g(t) :=h(t) — 5, V t € SG. Then

29

g(t) = h(t) = F(O) + £(t) = 5 < IIf = hllp + £(8) = 5 < F(O).

N

Furthermore,

1f = gllp < W =Rl + [ = gll, <€
establishing the proof. O]

Theorem 3.2.3. Let f € LP(SG) be such that f(t) >0, V¢t € SG. Then for ¢ > 0,

and for o, € C(SG), where w € {1,2,3}" satisfying |||l < 1, there exists an
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a-fractal function g, which satisfies
g7 (t) >0, YteSG and || f —gill, <e.

Proof. Note that the linear operator L fixes the constant function 1, that is, L(1) = 1,
where 1(¢) =1 on SG. Consider «,, € C(SG) such that [|a|«w < 1. From Equation

(3.1.1), we deduce
192 = gllp < llallcllgf — Lyl ¥ g € L7(SG).
Choose g = 1, then the above inequality gives

172 = Ulp < ool fZ = Ll

and this further yields || ff* — 1||, = 0. Therefore, f{* = 1, that is, F7(1) = 1.
For € > 0, a,, € C(SG) and f € LF(SG). Using Theorem 3.2.1, there exists a

function h¢ such that
€
7= n§lly < 5. where Fy(h) = g,

Define g7 (t) = hf(t) + 5 for all t € SG. Since F7(1) = 1,

g (t) = BE(1) + S1(0) = A3 (1) + S1°(0).

Further, since F7' is a linear operator

« « €. a o4 €
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Moreover,

~JO+ 1)
> J(t) + 5~ g = fll,
> 0.

Further, we get
If = gzlls < IIf = hEllp + 1AL — g2l

<e+e
2 2

:67

completing the proof. O

Theorem 3.2.4. The multi-valued mapping W* : LP(SG) = LP(SG) defined by

W) =4f7: L is a bounded linear operator such that : )
3.2.1

(Lg)v, = g9lv, ¥ g € LP(SG) and ||L|| < ¢}

18 a Lipschitz process, where q is a fized positive real number.

Proof. Using the linearity of F7', we have
WEAS) ={ANT = (Lg)v, = glw ¥V g € L7(SG) and [|L]| < ¢}
= \W(f), V¥ f € LP(SG), A > 0.

Again by linearity of Fy', it is evident that W*(0) = {0}. Therefore, WW* is a process.

Let f,g € C(SG). On applying Equation (3.1.2), we have
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[fE) = g2 < IIf = gl + el f2 = 9211,
+ llallsl[L(g) = L) Iy,

for any t € SG. Further, we conclude

175 - gty < SISl g,
Applying || L|| < ¢, we have
177 - gl < ALy g,
Therefore,
We(g) S W)+ T 1 = alhUensa
proving the Lipschitzness of YW, and hence the result. O]

Theorem 3.2.5. Let f be a continuous function on SG. The multi-valued mapping

Tr: LP(SG) = LP(SG) defined by

To(f) ={f% : llelle < g <1},
18 Lipschitz.
Proof. Let f,g € C(SG). Equation (3.1.1) yields

[F2(t) = gz )] <IIf = gllp + el f2 = g2l

+ [lelfooll Lg = Lf1lp,
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for every t € SG. This further concludes that
1+ [laf|oo [ L]
a _ ol « Z L 7 leo il o )
HfL gL” — 1 — HaHoo Hf ng
Since ||| < g, We get
1+4¢q
a o < _ * _ .
1f7 =gzl < 1_qu 9lly
Choosing | = %, we have
q
Te(g) € Tu(f) + LIS = gllpUsrise),
proving the assertion. O

3.3 Conclusions

This chapter has focused on function approximation using fractal functions with

respect to the £P-norm on SG. We defined a-fractal functions in L£P space and

explored properties such as topological isomorphism and those closely related to the

fractal operator. Furthermore, we also gave a hint for the existence of a non-trivial

closed invariant subspace for the fractal operator. The latter part of this chapter

discussed set-valued mappings and examined some useful properties.

kR koK okokokokookok ok
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