CHAPTER 3

Higher Order Computational Approach for Generalized

Time-Fractional Diffusion Equation

3.1 Introduction

The objective of this chapter is to develop higher order convergence schemes to find

the numerical solution to the mathematical problem (3.1)-(3.2).

Consider the following mathematical problem:

90¢ = L+ o(x,t),  xe€(0,1), te(0,T] (3.1)

59
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¢(0,t)=0, ¢(1,t)=0, tel0,T], ((x,0)=(o(x), =€][0,1] (3.2)
where,
=2 (mm,t)%) — pla )G, (33)
and
cwolt) oy gy = L tw(t—f)%x
% t) = Frea O/ S e O (3.4

is the fractional derivative of order ar, 0 < o < 1 in the generalized Caputo sense
with the weight function w(t) € C?[0,T], H = {(x,t) : 0 <z < [,0 <t < T},
w(t) >0 and W'(t) <0 forallt € [0,7], and 0 < ¢; < m(z,t) < ¢y and p(z,t) >0

for all (x,t) € H.

To design the proposed schemes, we consider three different classes of weighting
function w(t) resulting in three different discrete analogs of generalized derivative
(3.4) namely, Formula 1, 2, and 3. We begin with developing the first difference
analog of the generalized Caputo FD Formula 1 defined in (3.8) which uses second
order approximation of the weight function w(t) € C?[0,7]. Then we upgrade
Formula 1 by using third order approximation of the function w(t) € C3[0,T]. This
upgraded analog can be called as the L2 formula (3.10) for the generalized Caputo
derivative having an approximation order of O(73~). Finally, we impose a very weak
regularity condition on the weight function as w(t) € C|[0,7T] and develop formula 3

defined in (3.12) using the exact weighting function without any approximation.

The arrangement of the remaining chapter is as follows
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e Sect. 3.2 : Development of three different formulae viz. Formula 1 defined in
(3.8), L2 formula (3.10), and Formula 3 defined in equation (3.12) based on
above discussed approaches.

e Sect. 3.3 : A complete theoretical analysis is presented for the L2 scheme
(3.14)-(3.15).

e Sect. 3.4 : The numerical experiments are performed on three different test
problems along with few important discussions of the outcomes.

e Sect. 3.5 : This section contains some concluding remarks.

Remark 3.1. Among all the three developed formulae, the L2 formula (Formula 2)
is the most efficient having an accuracy of O(737®). Although, Formula 3 has an
advantage of using a weak regularity condition on weight function w(t) € C[0,T],
yet has the drawback that using exact weighting function, the analytic integration

of the coefficients of the difference operator may not always be feasible.

3.2 Formulae and the numerical schemes

This section contains the derivation of three different discrete analogs of the Caputo
FD in generalized sense along with the L2 difference scheme for GTFDE (3.1)-(3.2)

considering Formula 2 (L2 Formula).

3.2.1 Formulae derivations

In order to design discrete analogs for the Caputo FD having generalized memory
kernel, we use a piecewise quadratic polynomial for interpolating ((t) instead of the

linear interpolation used in the traditional L1 formula. For this, we use the formula
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I, sC(t) of ((t) which uses three points (ts_1,((ts—1)), (ts,((ts)) and (tss1,C(ts+1))

on the interval [t, t,1].

t_t8)<t_t5 ) t_ts— (t_ts ) t_ts—)(t_ts)
HQ,SC(t) = C(ts—l)( 9.2 SRV C(ts>( 17)_2 = + C(ts-‘rl)( 2%7-2 )
(3.5)
and
(HQ,sg(t))/ - Ct,s + th,s(t - t5+1/2), ts+1/2 = ts + 0-57—a
with
Ct_t,s = CSJFI — 27_28 i CS*I’ t e [ts—lats-i-l]? Cs = <(ts)a
where,
C(t) — Iy sC(t) = %(t —tso1)(t—t)(t —tsp1) ,  tem1 < Ms <oy

For the generalized Caputo derivative of ((t) € C®[0,T] of order o, 0 < o < 1, with
weight w(t) we consider the uniform mesh y, = {t; =j7,7=0,1,...,n — 1,
1 <n < N;T = 7N}. For the fixed point t;11,7 € 1,2,..., N — 1, the following

equality holds

aw(t) _ 1 b ((Qw(t —§)
B = F—ar ), e

1 Ot =8 N [ C©wlt — &)
[ 0 (tj+1— &)~ o g /ts (tj1— &)~

I'(l—«) al-
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We use the quadratic interpolation defined in (3.5) in order to approximate ((t) on

the interval [ts, ts41], (1 < s < j). Thus, we have

il = iy | g e [ R
S TIET) S e
B
B R e
) ﬁ ;2 /t:ﬁl [Ct,s+Cfms(f(t;jsilg)lw(tjﬂ_g)dg‘

3.2.1.1 Formula 1

This subsection includes the derivation of a difference analog where we use the
quadratic interpolation formula ITs (((¢) of ((¢) defined in (3.5) along with the
second order approximation of the weighting function w(t) € C?[0, T] defined by the

following relation

Wi_s — Wi_g
w(tjsr — &) = wj_sy1/2 + (w0 . ist1) (€ —tsr1jo) + O(T?), ts <& <ty
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Using this interpolation of w(t;41 —¢), the above approximation of the FD 9 ;fjfl) C(t)

gets transformed into the following form:

589D () 1 2 (G + Cara (€ = taga)) [wimry2 + (W1 — w)) (€ — t3y2) /7] p
O~ i ) (tye1 — € ‘
1 Lo (G Gt (€ — toray2)) [Wmstizz + (Wjms — wimsi1) (€ — tosrya) /7]
- i d€.
" I'(l—a) ;/t (tjir1 — &)~ ¢
Since,
/ts+1 dg _ Tl—a "
W (=8 1—a 7
a=((+1)"*=0"  1>0 (3.6)
tst1 (5 _ ts+1/2) B 7_27a ' )
1 1
ey (LR et (R e S R

(3.7)

Taking into account the above equalities (3.6)-(3.7), the first difference analog of the

generalized Caputo FD of order o (0 < v < 1) for the function ((¢) (Formula 1), at
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the points tj41 (j = 1,2,..., N — 1), has the following representation:

l—«
QW T
e (t) ~ r2—a) Crolwj1/2(a; = by = bj-1)] + Gua[wj—1/2(bj + D1 + a;1)
j—1
—wjaabja + (W1 — W) (b + b —a)] + > Ct,s{wj—s+1/2(ajs +bj—s)
s=2

+bj_s(wj—s — wj_g11) — wj—s—l/ijsl} + Crj [w1/2(a0 +bo) + bo(wo — wl)}
Tlfa J L
D I .
Y os

where for j =1

p (b1 + b + ag)wijz + (wo — wi) (b1 + by —a1), s=0,

W1/2(a1 — by — bo), s=1,
for j =2

p

wi/2(ag + bo) + bo(wo —wy), s=0,

1
dy = wsa(by + by 4+ a1) — wijoby + (w1 — wa)(ba + b1 —az), s=1,

\W3/2(a2—b2—b1), 822,

and for j > 3,

(

wl/g(ag + bo) + bo(UJo — wl), S = O,
ws—i—l/?(a's + bs) + bs(ws - ws—i—l) - bs—lws—l/% 1 S S S j - 27

wj-1/2(bj + bj—1 + aj1) — wjgsebjo + (wj1 —w;) (b +bjm1 —a), s=j—1,

| wi-12(a5 —bj = bj1), 5=
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3.2.1.2 Formula 2 (The L2 formula)

In this subsection, the designed formula (3.8) has been upgraded using third order
approximation of the weight function w(t) € C3[0,T] and hence we use the following

representation for w(t; 1 — &),

w(tjpr — &) = V() + [w(tjra — &) — Y(E)], (3.9)

where,

V() = wjsy1/2 + (Wjms = Wjon1) (&

2(Wjst1 — 2Wj—sy1/2 + Wij—s)
-2

—tsr1/2)

(€ —tor1y2)?,

Thus, using the defined representation of the function w(t;+1 — &) and ignoring
higher order terms of (§ —t541/2)%, the derived L2 difference analog of the generalized

Caputo FD of order a (0 < a < 1) for the function ((¢), at the points ¢;14, (j =
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1,2,...,N — 1), has the following form:
DM A e LA
R L
. ﬁ Z / [ct,s+<tz,;<i—_ t;;mmf(&) dE 4 By + By + Be
Fg:a )[QO{( = by )W e (W — wj 1)(cj+cj_1—2bj+aj)}

+ Ct,l{(ajl +b; + bjfl)wjfl/Q + (wj—1 —wj)(cj +¢jo1 —bj +bj_1)

+2(wj = 2wj1/2 Fwi)(¢ + ¢ = 2bj 4 a5) + (Wi —wj2)¢0 — Wj—3/2bj2}

j—1

+ Z <t,s{wj—s+1/2aj—s + (wj—s + Wj—s+1/2 — Wi—s+1)bj—s
s=2

+ (Wjs41 + Bwj—s — dwj_s11/2)Cjms — Wj—s—1/20j_s—1 + (wj_s — Wj—s—l)cj—s—l}

+ Ct,j{wl/zao + (wo + wiy2 — wi)bo + (w1 + 3wy — 4w1/2)CoH

T T(2-a) D diaGs = AGIC(E), (3.10)
s=0

where a; and b; are identical to equations (3.6)-(3.7) and we have a new coefficient

¢; defined below

/tm €= tovry)” ) 7%
o (1 —8) l—a ™%
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(2—a)3—a) (1) =] 22—«

o= [(l+1)2‘“+l2‘a]+i [((+1) = =1"2], 1> 0;

(3.11)

forj =1

(

wi/2(b1 + bo + ao) + (wo — wi)(c1 + co — by + bo)

+2((.U1 — 20.)1/2 + WO)<61 +co — 2b1 + &1), S = O,

(a1 —bl —bo)w1/2+(w1 —wO)(C1+CU—2b1+a1>, S = 1,

\
for j =2

(

W1/200 + (WO + Wi/2 — wl)bo + (w1 + 3&)0 - 4w1/2)co, s = O,

W3/2(bl + b2 + Cll) — w1/2b0 -+ <w1 — wo)c(] -+ (w1 — CUQ)

(01 + Ccy — bg + bl) + Q(UJQ — 2W3/2 + (JJl)(Cz +c1 — 2()2 + CLQ), s =1,

(a2—62 —bl)w3/2+(w2—w1)(02+01 —2b2+a2), 822,

\
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and for j > 3,

(

w1200 + (Wo + w12 — wi)bo + (w1 + 3wy — 4wy /2)co, s=0,

Wet1/20s + (W + Wep1/2 — Wep1)bs — We—1/2b5—1

+(ws+1 + 3w, — 4("}5—1—1/2)68 + (ws - Ws—l)cs—la 1<s< ] - 27
ds =
wj1/2(bj + i1+ aj1) = wjgpbja + (Wjm1 — wj—2)¢j2 + (Wj1 — wj)
(Cj + Cj,1 — bj + bjfl) + 2(wj — 2(4.)]‘_1/2 + wj,l)(cj + Cj,1 — 2b] + CL]'), S = j — 17
wj-1/2(aj = by = bj1) + (W — wj—1)(¢5 + ¢-1 — 2b; + ay), s =J,
\
with

R — ml_ - / (<) - %fffg—))a (VT
. ﬁ (€(&) - Héffff—))@ (VT
Ry — F(ll— - / (T21¢ (€ ))ftjﬁji}_)f)_qj(g» ”

N ﬁ Z: / <H2,S<<§>>’éziijilgaf>—xp(é)) g

The derived difference analog (3.10) can be called as the L2 formula for the gener-

alized Caputo fractional derivative.
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3.2.1.3 Formula 3 (The exact formulation)

In the above formulation of the scheme, we remove the strong regularity conditions
on weight function and impose a weak condition such that w(t) € C[0,7T]. Hence,
instead of using the third order approximation formula (3.9) for w(t;+; — &), we use
the exact weight function w(t;y; — &) for the computation of coefficients a, and b,
defined below. The analytical integration of these coefficients may not always be

feasible but can be computed by numerical integration with small truncation errors.

_ B Wt =€)
s = ———d£
4 /t (tj1 — &)~ .

bj_s = 1 /ts+1 w(tjt1 —&)(§ — ts+1/2)d£ '
T Ji, (tjr1 — )~
Thus,
A aw(t) 1 I
AO,,thHC(t) = m SZ:; djfsgt,m (312)

where for j =1

@0+BQ+B1, s =0,
C_Ll—z_)l—l_)g, S:L

for j =2

ao+bo, s=0,
dS: (jl—f-l_)l—l—l_)g—go, 8217

dg—by—by, s=2,
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and for j > 3,

C_Lg—l-[_?o, SZO,
6_134—65—65,1, 1§S§]_27

C_Lj_l -+ l_)j_1 + l_)j - Bj—2a s = j - 1’

C_Lj—Bj—ijl, S:j.

Ve

3.2.2 The L2 difference scheme for GTFDEs

This subsection contains the development of a stable L2 difference scheme for GTFDEs
with an order of accuracy of O(737* + h?). Let ((x,t) € C*3([0,1] x [0,7T]) be the
exact solution of model (3.1)-(3.2), then using Lemma 3.1 from [47] to discretize the

spatial operator £ defined in (??) gives

L¢

(Tistj+1) — Ac(xi>tj+l) + O(h2)a
where for any function v(z) € C*[0,1], the difference operator A can be defined as

Ait1Vip1 — (Qigp1 + a3)V; + a0,

(Av)i = ((avg) —dv); = h2 —dys, i=1,2,..., M—1,

(3.13)

Vi — Vi1 Vit1 — V;
B —— /U =

A ) T, T)

+1

with the coefficients al*' = m(v;_1/9,t;11) and &/ = p(x;,t;,1) where m(z,t) and

p(z,t) are the given functions.
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In the rectangle H = [0,1] x [0,7], we consider the mathematical model (3.1)-
(3.2) at the point (z;,tj41), with 1 <i < M —1,j =1,2,...,N —1. Then, let
w(z,t) € C**(H) be the numerical solution of (3.1)-(3.2) in the mesh xp X X,
applying the L2 formula (3.10) and the spatial discretization (3.13) for the GTFDEs
(3.1)-(3.2) with ¢!*' = ¢(x;,t;41), we obtain the following difference scheme with

the approximation order of O(737% + h?).

AgiWeai = At 9, 1<i<M-1, 1<j<N-1, (3.14)
w(0,t) =0, w(l,t)=0, te€x;, w(x,0)=7_(), z€xn (3.15)

3.3 Theoretical analysis of L2 scheme

3.3.1 Stability of L2 scheme

Lemma 3.3.1. For s =1,2,3,... and V a € (0, 1), the coeflicients ay, bs defined in

(3.6)-(3.7) and the coefficient ¢, defined in (3.11) have the following bounds.

1— 1-—
( al <as < ( aa), (3.16)
(s+1) s
a(l —a) a(l —a)
W <ag — Agsy1 < 0—4-17 (317)
a(l — a) a(l — a)
——— < by < ——= 1
12(s + 1)o+! =0 S ogart (3.18)

(p@(@-é)<cs<(1—a)<ﬁ—m>. (3.19)
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Proof. The proof for the bounds of as and by is identical to Lemma 2.2 in [47].

Hence, we prove the validity of the bounds for the coefficient ¢, defined in (3.11).

1 _ 1 1 _ 1 25+14+¢€
‘- « / ag : a / cde @’
4 Jo (E+s)x 2% )y 2541—¢ 1%

Let

k(s) B 1—a /1 dé— B 1—a /1 gdg 25+14¢€ d_/)/l
4 Jo (E+s)r 227 )y ost1e MY

, 1—-a T R’

/0 26((254+1—&) % — (25 + 14+ &)7)d¢.

Let f(§) =(2s+1—-&)*—(2s+ 1+ &) * Clearly f(£) is an increasing function
as f'(£) > 0. Thus, the maximum value of f(&) for the interval £ € [0,1] is
(25)™* — (25 +2)~“. Hence

l—« l—«

F() € s+ 1) =577 =

(s+1)*—=s9=0.

Thus, ¢, = k(s) is decreasing for V s € N. Clearly

1—a - /1 d& - 11—«
4(s+ 1)« o (E+ ) s*
1— 1— 1 2s54+14¢& d 1—
a< a)a < 2—3/ é- _§ < a( aa) '
12(s+ 1) 2 o Jostie & 12s

Using the above inequalities bounds for coefficient ¢y are obtained. O
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Lemma 3.3.2. The following inequalities are valid for any a € (0,1), 7 < 79 and

0<s<y, j=2).

do > d2 > dg >0 > dj_g > dj—l > dj, (320)

Proof.

do—dgZag—a2+bo—b2+b1—b3>0.

For 7 >5 2<s<j—3,

Let df = a5+ bs — bs—y

ds = ws+1/2d: + (Ws - ws+1)bs + (Ws+1/2 - %71/2)55—1

(W1 + 3ws — dwsg1/2)Cs + (Ws — Ws—1)Co1,

Using the bound for bs proved in Lemma (3.3.1), we get

. O
ds = ws+1/2d3 + SD‘(—H) + (werl + 3wy — 4ws+1/2)cs + (ws - ws,1>CS,1,
Similarly, we have
O(7)

deyr1 = w5+3/2d:+1 + + (ws+2 + 3ws1 — 4ws+3/2)cs+1 + (Werl - w8)057

Sa+1
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ds — doy1 = Wey1/2dy — Wsysady, | + pr sy + (dws — dwsi1/2)Cs

Counsider

Now,

+ (Ws = We—1)Csm1 — (Wst2 + Bwst1 — 4Wstg)2)Cott,

(Aws — dwsi12)Cs + (Ws — Wem1)Cs1 — (Wera + 3ws 1 — 4wy 3/2)Cot1

= (2ws — dwsr1/2 + 2wst1)Cs + (2ws — 2wst1)Cs + (Ws — Ws—1)Cs1
— (2wst2 — dwsizye + 2wst1)Cor1 — (Wst1 — Wst2)Cot1

= O(7%)cs + (2ws — 2wip1)Cs + (Ws — Ws—1)Cs1

+O(T%) o1 = (Wsp1 — Wapa)spr (Ws = 2wsp1y2 +wspr = O(77)),

@,
=2q(s) —q(s—1) —q(s+1)+ Sa(zl), (using ¢s bound from equation (3.18) and

2
(2—0a)(3—a)

[(z+1) "+ 227 + i [(z+ 1) = zl—“})

q(2) = (w(zr) —w(zr + 1))r(2), r(z) =

[(z +1)3> — 23_0‘} —

2—«

" O(r)
=—q¢"(s+0)+ g 0<0<1.

q//(z) — 7'2((,0”(7'Z> _ w"(TZ + z))r(z) + (W(ZT) _ w(z + TZ))T‘”(Z)

+27(W (72) — W (12 + 7)) (2),

using the bounds of as, bs and ¢4 from Lemma (3.3.1), we have

o) x =, ()

1 1
"
s Za+1’ q (Z) X za+2’
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Therefore,

O(r)

ds — do1 > Wepry2(dy — di ) + gatl’

From Lemma 2.3 in [47],
a(l — a)
d;—di > ————=
s T (s 4 2)et

Thus,

a(l - a) ) L 00)

ds — dst1 2 Wt/ (2<5 + 2)a+1 gat1’

> W(W(TW +0(1)) 7= OZ(IT_CY),

Hence, there exist a 71 > 0, such that w(T)y + O(7) > 0, for all 7 < 74. Thus,

ds — ds+1 > O, V7 < 1.

Using a similar approach, we prove inequality (3.20) for j = 3,4. Hence, inequality
(3.20) is valid for all j > 2, 7 < 7.

Next, we prove the inequality (3.21). For j > 3,

do = wiy2a0 + (wo + wij2 — wi)by + (w1 + 3wy — 4wi/2)co
=wody + O(71),  di = ag + by,

dy = wzjpa;1 + (w1 + wsje — wa)by — wi/2by + (W2 + 3wi — 4wsyz)cr + (w1 — wo)co
= wodj + O(7), dy = a; + by — by,

dy = w5202 + (Wo + W52 — W3)by — ws2by + (W3 + 3w — dws2)ca + (W2 — wi)cy

=wody + O(1)  djy =as+ by —by,dy + 3dy — 4dy = wo(dy + 3d] — 4d3) + O(7),
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Since df + 3d} — 4d% > 0 from [47], hence there exist a 7 > 0, such that

do + 3dy — 4dy > 0, V7 < 7. Similarly, we can prove for j = 2.
Now, let 79 = min{7,7}. Thus, Lemma (3.2) holds for V7 < 7. O

Theorem 3.3.1. The difference scheme (3.14)-(3.15) is unconditionally stable V7 <

To with its solution satisfying the following inequality

N-1 N-1

(e 15 + Nz ][5) T < C<|Iw1||3 =i+ ) I|¢j“|l?ﬁ), (3.22)

=1 j=1
M
where ||@]|2 = " @w?h, C' > 0 is a known constant independent of 7 and h.

i=1

Proof. The inner product of the equation (3.14) with /™! yields
(27 85500) = (=97 A" 4 (2978, 7). 322
Using Lemma (2.4)-(2.6) from [47], we obtain

i a,w T 1 a,w
(#8509 2 T (B - B+ 3855 IR

) O,tj+1 F(2 IR O{)( 07tj+1
T ¢ o |
Zm(5j+1_5j)_md3||w°|!§, i=1,2,...,N—1,

where

—a J
o,w T .
AGiw = T2—a) Yo (@~ @), =12, N,
s=0

dy=dy, dy=dy, d,=ds, s=2,3,..,7,
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and

1 do d 1 d0+3d1 4ds\* ) i
= (5 (Bl

+
+H do—d1 ( do d \/do+3d1 4d2)wj_1

2

Y

0

N = N

14 .
& =Ej+3 > odi =g
s=0

For the difference operator A using Green’s first difference formula for the functions

vanishing at z = 0 and x = 1, we get (— Aw@, @) > ki||wz]|2. Using this with (3.23)

. . . 1 .
1
(@) <kl G + I|¢”1||o || F0 + klllcﬁ“ll%,

we obtain the inequality

— —«

k1 g+1 G112 T

T

d/~ 0 2‘
F(2—Oé) ]Hw HO

(3.24)

In the formula (3.10), for all j € N,

dj = wjry2(a; — bj — bj—1) + (wj — wj—1)(¢; + ¢-1 — 2b; + a;)

< wj_l/g(aj — bj — bj—l) < Woay, as (wj — Wj_1>(Cj + Cj—1 — 2b] -+ aj) < 0.

Therefore,

wo- (325)

Multiplying equation (3.24) by 7 and then using summation of the resultant equation
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from 1 to N — 1 and also considering inequality (3.25), one obtain the inequality

(3.22). Hence, the developed scheme (3.14)-(3.15) is unconditionally stable. O

3.3.2 Convergence analysis of the L2 scheme

Lemma 3.3.3. Let ((t) € C®[0,;41] and Ag}fjg( be a difference operator of scheme

(3.14)-(3.15), then for any a € (0,1) and j = 1,2,..., N — 1, it is true that
Ot]HC Agtwﬂg"‘o( T3,

where weight function w(t) € C?[0,¢;44] with w(t) > 0,w'(t) <0,V ¢ € [0,T).

Proof. Consider

Ot]JrlC Agtw+1C+R1 +R2+R37

Now, first we estimate the errors R, and R,

L[ (O ) el — &)
Ry >/0 d¢

Il -« (t]+1 — &)
__ 1 2 (C(§) — Maa (€)' (tj1 — §)
- T(1-a) /0 (tj41 — &) a4

a 2 (¢(€) = M21C(§))w(tjpr =€)

F(l _ Oé) /0 (tj+1 - f)a+1 dg
L[ OmEE = 1) — 1) (11— €)

6F(1 _ a) / (tj.q_l - g)a dg

o[ mEE — h)(E ~ B)ltin — &)

_ 6F(1 — Oz) /0 (tj+1 — f)a-H d&.
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1 2" (m)EE = t)(§ — ) (tj1 — ) ‘
< g | (101 = O a
o 2" m)E(E — 1) (€ — t)w(tjr — &)
o) s (G — O h
Mzm, PEE—t)(E—to) ’ aMzw(0) | [ &£ —t)(€ —t2) ‘
CrA-a) )y G -8 N 6T(1—a) |ty (tja —E)ott at|-
For j =1 we have
Mzmy PEE—t)(E 1) aMzw(0) | [ (6 —t)(€ —t2) ‘
BEwa=alh T woor GTaa-wlh T moge ©
Msmqt t2 o CYM3M<0)7'2 b2 _a
< T [ (1 g eag+ 0T [, - g
< 22-ard=aNom, 213 =a Maw(0)
3 —al(-a) T 32 -q
For j > 2
Mszmy (e tl) aMzw(0) PEE—t)(E —t)
Bl = 6I'(1 —a) g (tj+1— df‘ 6I'(l —a) |Jo  (tjp1 — &)t ds
2\/_M3TTL1T3 b2 —a \/_OéMgu.J(O) b2 —a—
< m/o (tjp1 — &) *dE+ m/o (tj — &) 771de
B V3Mym 4 \/3Msw(0)T3 u , a
T 22— a) 27T(1 — ) (G- =G+
V3Mym 4 V/3(1 — 37%) Myw(0)73
= Tom(2 - a) 27T(1 — a) '
Mz = maz |("(t)| and m; = maz |W'(t)].

OStStj+1 0<t<t;i1
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R”:FH%ESLTAM1@@) %ZSQZQJH—sug
:FH%ESLTAMIK@) TZSQZQJH—sug
_Fa%zg;rlwl@@)—gifggggﬁl—adf
::675:55:2Z%Hcmmg@—JFin;fgzgtﬁowuﬂi—fpg
‘amﬁ—@QLZM1wm9@_%ﬁg;%ﬁii%ﬂw@ﬂ_fug

Now,

uﬁ|géfa%:5 LQ/ZHIcwmx5—¢&4xz;?%§;tﬁnw%uﬁ-—odg

J /t5+1 g‘”’(ns)(g — ts—l)(f — ts)(f - ts+1)w(tj+1 — g) df
) (tj-i-l _ f)oc—‘rl

T —a) |

s

Mymy |G~ [+ (€= ton) (€ — t)(€ — torn)
= 6I'(1 — ) ;/t (tj+1— &) “
ongw [~ g)(€— £)(€ — o)

6F 1— Oé 2;/ (tj-i-l _ é")oﬁ—l dg

2\/_2\43777/17‘ ! M3m172 b+ 1—
ad tilq — *d
= A1 —a) 252[ b1 = §+3F(1—a)/tj (i1 =€)

. aMszw(0)7?

2\/_05M3W(0)T3 i bata —a—1 tia —o
2 /t (tjpr — &) dE+ m/t] (tj1 — &) d¢

540(1 — )

S=
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. 2\/§M3m173 b —a M3m17'2 tit1 1—a
= BT(1—a) /t2 (tjr1 — &) "dE+ m/t] (tjr1 — &) "dg
2v/3aMsw(0)7® [b o1 aMzw(0)7? /tj“ _
topr — €)otge - LT tio1 — €)%
540(1 — ) /t (1= &) S+ ST(1—a) J, (2 = &)
. \/§M3m17'3 M3m174_"‘

T 22— a) (ot —770) + 32— a)l (1 —a)

V3Maw(0)r® . aMaw(0)ri e

TTi—a) G e o

\/§M3m17'3t1_a N Mzmy7i=2 V3M3w(0)T37*  aMaw(0)73* O
T 2TM(2—a) 771 T 3(2—a)l(1 —a) 270(1 — ) 3r2—a) ‘

Finally, we calculate bound for |R3].

Ry| < ‘ 1 /Ot2 (H2,1€(8)) (w(tj1 — &) — \P(f))df‘

I'(1-a) (tj+1 —&)e
L [ () (@t — &) = ¥(Q)
+‘m;/ts (tj41 — )" dg‘

The two expressions for |R3| can be named as A and B, respectively.

_ 1 2 (M21€(8)) (w(tjyr — &) — (E))
A_'Nl—aLA (1 — O° d4
(My + 0.5MyT) [ lw(tjzr — &) — V(&)
: I1-a) /0 (tjr1 — &) “

(Ml + O.5M27)m373 /t2 _
< tiq — a
= 41 -a) 0 (1= &)
(Ml + O.5M27')m37'3 tlia tlia
A8T (2 — ) (1 = 15-1)
(Ml + O.5M27)m373( 1—a)
- 48T(2 — ) i+l

= O(7%).

= ! = " — "
M, = OQSCQ?JHK ()], My= Ogtgﬁl\g (t)| and ms Oggﬁl\w (t)].
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B:’ 1 S ZM1ﬂh£@DWM%H—€%—W@»%

I'(l-a) g Jts (tjr1 — &)~

< (Ml + 0. 5M27‘ Z/SH w(t ]-‘rl §) — V(&)
I'(l—a) tip — &))"

(Ml + 0. 5M27' m37' / 5+1

< — ad

= A8T(1 — o) Z L1 ¢

(Ml + O.5M27)m3 3 1— 3
Br@—a) 100

dg

Combining the bounds of Ry, Ry and R3, we complete the proof of the theorem. [J

Theorem 3.3.2. For any weighting function w(t) € C[0, T, if the coefficients d, de-

fined in equation (3.12) satisfies the condition of Lemma (3.3.2), then the numerical

scheme corresponding to the difference operator (3.12) is unconditionally stable and

its solution satisfies a priori estimate (3.22) given in Theorem (3.3.1).

Example of a C-class weight function: Consider an example of the multi-

term fractional diffusion equation having a weighting function w(t) € C[0,T] of the

following multivariate form: (see [29]).

w(t) = wo + wit® M+ wot® T L Wt

where

O<am <am1<Qmpao...<oa <a<l,
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and wg,wy,...,w,; and m are positive constants. Then the coefficients as; and b

defined in Formula 3 can be evaluated as

and

T R

_ : _

by = wor—b+ 3 b
— 1-— a;

1 i=1
L ([ +1)> — 1P — %[(z + 1) ] i =1,2,...,m, >0,

2—01i

a? = as and b% = b, defined in (3.6)-(3.7).

Remark 3.2. The stability and convergence of the above multi-term fractional dif-
fusion equation can be investigated similar to [29]. This is a special case of the

generalized Caputo derivative used in the present paper.

3.4 Results and discussion

In order to verify the theoretical findings, an algorithm is developed in this section
for the numerical implementation of the designed schemes. Three different test
functions are investigated using the developed algorithm. In the first test problem,
all the three proposed formulations are executed and the obtained computational
results show the efficiency of the difference schemes. The numerical experiments are
conducted on two more examples to test the accuracy of the designed L2 scheme.
The convergence order is calculated in ||-||o and ||+ || z(y,,) norms, respectively, where

|||t xnn) = " mag; |ow| and ||-||o is the Ly norm. The errors (w = (—w) and order
islg ht
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of convergence are listed in Tables below. The temporal and spatial convergence

order are computed by CO= logn Hwth and CO= logn, e, | respectively.
T2

[ " Twrngl]”

Algorithm 1: To evaluate the numerical solution of the model (3.1)-(3.2)
Input: The number « € (0, 1), weight function w(t); final time level T the

functions m(x,t), p(x,t) and the source term ¢(x,t).
Output: Numerical solution: w.

for Numerical solution of (3.1)-(3.2), do
e Step 1.1 Start with the uniform mesh y, and y;.

e Step 1.2 Evaluate the numerical solution w for the time level n =1 by

applying the L1 scheme [24] for GTFDE defined in (3.1)-(3.2).

e Step 1.3 Using the solution obtained from step 2, apply one of the difference
analog of the generalized FD designed in section 3.2, along with the spatial
discretization (3.13) to obtain the numerical solution w for the remaining

time levels: n =2,3,..., N.

e Step 1.4 Convert the system into the matrix form AX = B and get the

numerical solution .

end

Example 3.4.1. We construct an example with w(t) = 1/(1 +t), m(x,t) = 2 —
cos(zt), p(z,t) = 1—sin(zt), T =1 and {(z,t) = tPsin(nz) is the exact solution of
equations (3.1)-(3.2). The numerical experiments are performed using the discrete
formulae (3.8), (3.10) and (3.12), respectively and their outcomes are examined

which results in the following observations.

e In Table 3.1, the results of all the formulae are presented for a fixed M = 3000,

a=0.5and g =3.
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e It can be clearly observed that the numerical application of (3.8) (Formula

1) results in second order of convergence whereas both the formulae 2 and 3

defined in equations (3.10) and (3.12), respectively gives O(73~%) order of

convergence.

e The results of the developed L2 scheme are equivalent to the results obtained

from the exact formulation (3.12) in Table 3.1 proving the numerical efficiency

of the L2 scheme.

TABLE 3.1: Errors and CO for M = 3000, 8 =3 and a = 0.5 for Ex. 3.4.1

Formula 7 Ogc%:yw“w”]]o CO  ||lw|lgpny  CO
(3.8) 1/10  3.8100e-04 - 5.4230e-04 -
1/20  8.3246e-05  2.1944 1.1849¢-04 2.1944
1/40  1.8622e-05  2.1603 2.6505e-05 2.1604
1/80  4.2913e-06  2.1176 6.1066e-06 2.1178
(3.10)  1/10 1.4677e-04 -  2.085le-04 -
1/20  2.6637e-05  2.4620 3.7792e-05 2.4640
1/40  4.7812e-06  2.4780 6.7812e-06 2.4785
1/80  8.6540e-07  2.4659 1.2305e-06 2.4623
(3.12)  1/10  1.4603e-04 -  2.0728¢-04 -
1/20  2.6497e-05  2.4624 3.7590e-05 2.4631
1/40  4.7661e-06  2.4749 6.7592¢-06 2.4754
1/80  8.6307e-07  2.4653 1.2272e-06 2.4615

Ezample 3.4.2. This example is from [47], where ((z,t) = (£* + 37 + 1) sin(7z)

is the exact solution of the mathematical model (3.1)-(3.2) with w(t) = e™%, b >0,

and the coefficients m(x,t) = 1 — sin(xt), p(z,t) = 2 — cos(xt) and T=1.
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The outcomes of testing this example can be discussed through the following bullet

points.

e In Table 3.2, the maximum errors and Ls errors and their respective order of
convergence are calculated for Ex. 3.4.2 by increasing step sizes in time and

space keeping h? = 737,

e From Table 3.3, it is observed that if we fix the time step size 7 = 1/1000 and
increase the spatial step size, the maximum error decreases and we get a CO

of two in space.

e If the spatial step size is fixed to attain CO of O(737), then the computing cost

Hwh17‘1||

will be very high. Thus, we use h? = 737 and the formula CO= log~

T Hwh T ||
2 272

to obtain the desired order of convergence in the temporal direction.
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TABLE 3.2: Errors and convergence order with h? = 737 for Ex. 3.4.2.

a 7 h o magllull  CO lwllae, €O
0.1 1/10 1/20 1.7000e-03 -  2.4000e-03 -
1/20 1/78  2.3440e-04 2.8545 3.3048¢-04 2.8536
1/40 1/211  3.2045e-05 2.8708 4.5182¢-05 2.8707
1/80 1/575 4.3720e-06 2.8919 6.0872e-06 2.8919
0.5 1/10 1/18  4.6000e-03 -  6.4000e-03 -
1/20 1/43  8.0198e-04 2.5087 1.1000e-03 2.5043
1/40 1/101 1.4538¢-04 2.4638 2.0496e-04 2.4633
1/80 1/240 25772e-05 2.4959 3.6334e-05 2.4959
0.9 1/10 1/12  1.1800e-02 -  1.6700e-02 -
1/20 1/24  2.9000e-03 2.0116 4.1000e-03 2.0117
1/40 1/49  7.0229e-04 2.0626 9.8986e-04 2.0605
1/80 1/100 1.6797e-04 2.0639 2.3685e-04 2.0633
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TABLE 3.3: Errors and Spatial CO for Ex. 3.4.2 with 7 = 1/1000.

a h maglwlle  CO lwlla., €O
0.3 1/10 1.4100e-02 -  1.9800e-02 -

1/20  3.5000e-02  2.0026 4.9000e-03 1.9992
1/40  8.7747e-04  2.0007 1.2000e-03 1.9979
1/80  2.1934e-04  2.0002 3.0922e-04 2.0002

0.7 1/10  1.3700e-02 - 1.9300e-02 -
1/20  3.4000e-03  2.0025 4.8000e-03 1.9987
1/40  8.5681e-04  2.0006 1.2000e-03 1.9981
1/80  2.1420e-04  2.0000 3.0192e-04 2.0000

0.9 1/10  1.3500e-02 - 1.8900e-02 -
1/20  3.4000e-03  2.0023 4.7000e-03 1.9983
1/40  8.4245e-04  2.0004 1.2000-03  1.9980
1/80  2.1072e-04  1.9993 2.9697e-04 1.9993

Exzample 3.4.3. This example is from [24, 69], where ((z,t) = (6_67“ (6bt+§fgt2+b3t3+6)

sin(rz) is the exact solution of problem (3.1)-(3.2) with w(t) = e%, b > 0, and the

coefficients m(z,t) = 1 — sin(xt), p(x,t) =2 — cos(zt) and T=1.

The outcomes of this test problem are similar to the Example 3.4.2. It can be noted
from Table 3.4 that the temporal convergence order for this example has significantly

increased in this paper as compared to the work in [24].

+1)
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boa r o mazfurle €O iy, €O
3 0.2 1/10 7.7565e-04 - 1.1000e-03 -
1/20  1.1679e-04 2.7315 1.6465e-04 2.7297
1/40  1.7121e-05  2.7702 2.4137e-05 2.7701
1/80  2.4566e-06  2.8010 3.4634e-06 2.8010
2 0.5 1/10 1.6000e-03 - 2.3000e-03 -
1/20  2.8845e-04 25141 4.0656e-04 2.5100
1/40  5.2276e-05  2.4641 7.3709e-05 2.4635
1/80 9.2573e-06  2.4975 1.3053e-05 2.4975
1 09 1/10 4.0000e-03 - 5.6000e-03 -
1/20  9.9011e-04  2.0071 1.4000e-03 2.0048
1/40  2.3710e-04  2.0621 3.3423e-04 2.0603
1/80  5.6872e-05  2.0597 8.0174e-05 2.0596

TABLE 3.4: Temporal errors and convergence order for h? = 737 for Ex. 3.4.3.

3.5 Conclusion

The Caputo fractional derivative with a non-unity weighting function has an im-

mense application in the field of science and technology. Hence, three different

discrete analogs of such generalized Caputo have been presented in this chapter viz.

(3.8), (3.10) and (3.12). The major highlight is the L2 scheme (3.14)-(3.15) having

a CO of O(737?) in the temporal direction. The stability and convergence of the

proposed L2 scheme are proved theoretically in Lemma (3.3.2)-(3.3.3) and Theorem

(3.3.1). All the three formulations are implemented and their results are compared
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on one test problem (See Table 3.1). The numerical accuracy of the L2 scheme is

proved by implementing it on two more examples (Tables (3.2)-(3.4).

Y4 This chapter is accepted in “Communications on Applied Mathematics

and Computation”.

Kokokokokokook sk ko kk
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