Chapter 2

An Integral representation of
Pseudo-Differential Operators

involving the Weinstein transform

2.1 Introduction

Pseudo-differential operators are the generalization of partial differential opera-
tors. Significant works regarding pseudo-differential operators have been done by
Hormander [26, 27], Kato [31], Kohn and Nirenberg [32], Nagase [44], Rhuzhansky
and Turunen [61, 62], Treves [72], Wong [81], Zaidman [83] and others. They
gave important contributions to pseudo-differential operators by exploiting the the-
ory of Fourier transform. Motivated by the aforesaid developments, exploiting the
theory of Weinstein transform our main objective of the present chapter is to define
pseudo-differential operators on the Schwartz space S,(R}T") and to study its vari-

ous properties.

15
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The organization of this chapter is as follows:

Section 2.1 is introductory. In Section 2.2, pseudo-differential operators involv-
ing the Weinstein transform are introduced and discussed the continuity property
of pseudo-differential operators involving the Weinstein transform on the Schwartz
space S,(R). In Section 2.3, an integral representation of pseudo-differential op-
erators T, associated to a symbol ¢ € S™ and various estimates are found. In
Section 2.4, boundedness of pseudo-differential operators on weighted LP(RMt!) -
type Sobolev space L{’Y’S(R’}rﬂ) and other properties are established by using the
aforesaid theory. With the help of this theory an application of pseudo-differential

operators in heat equation involving Weinstein transform is given in Section 2.5.

2.2 Pseudo-differential operators associated with

the Weinstein transform

In this section, definitions and various properties related to pseudo-differential opera-
tors T, associated with symbol S™ m € R on Schwartz space S, (R”™) are discussed
by utilizing the Weinstein transform.

Consider linear partial differential operator P(z, A, ,.) on R which is given by

Pz, Apna) = Y ay(x)AL, ,, (2.2.1)

where a,(z) are C*°— functions having bounded derivatives of all orders. If we

replace the operator A, by a monomial —||¢||* in (2.2.1), we get

N

P(z,&) =) a,(@)(=1)[I€]*, (2.2.2)

7=0



Chapter 2. An Integral representation of P.D.O. involving the W.T. 17

called symbol of the operator (2.2.1). To obtain the integral representation of
P(x, Apnaz), let u € S, (R, then by (2.2.1) we have

N
P(.T 04”1? Za”Y anx )

Using (1.4.1) and (1.4.2), we obtain
P2, Agpa)u(z) = Y ay (@) F [Fa(AL, .0) ()] (@).

From (1.4.3), we find

P(&, Mapo)u(z) =) a,(x) —1)IE I (Fau)(§)] ().

=0

In view of (1.4.2), above expression becomes

P2, D) fj =1 ( / L Wala, =€l (Fau)(©)dpa(€))

7=

[ et (Z I (Faw) (©dial€).

=0

From (2.2.2), we obtain

P(ZL’, Aa,n,m)u(x) = Wa(l’, _g)P(x7§)(‘Fau>(§)dﬂa(§)ﬂ (223)

n+1
R+

where

ANVINEN

Wa(xa _€> = ei@: o >Ja(xn+1£n+l)'

The expression (2.2.3) indicates that if we change the symbol P(z, £) by more general
symbol o(x, &) which is no longer polynomial in £&. The operators so obtained are

called pseudo-differential operators associated with the Weinstein transform.
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Definition 2.2.1. Let m € R. Define S™ to be the set of all functions o(z,§) in
C (R x R such that for all k € Ny and 3,7 € Njt!, there exists a constant

Cjs~ > 0 depending only on 3 and -y, for which

D{DJo(x,6)| < Cs(L+ €172 (1 + Jalf?) 2. (2.2.4)

Definition 2.2.2. Let o(z,&) be a symbol. Then for ¢ € S,(R™), the pseudo-

differential operator T, associated to o is defined by

A

(T50) (x) = / ) J o (@n1En1)0 (2, €) (Fad) (€)dpta(©). (2.2.5)

n+1
R+

In view of (1.3.10), the last expression can be written as

(To0)(z) = | Walz, =§)o(x,6)(Fad)(§)dpa(§)- (2.2.6)

n+
RY

Example 2.1. Let P(z,An ) be a linear partial differential operator on ]R’}fl,

such that
m/2

P(z, Apna) = Y Co()AL, .. (2.2.7)

v=0
where all the coefficients C.,(x) having bounded derivatives of all order and A, . be
the Weinstein operator. Then the polynomial P(z,§) in & defined by

m/2

P(z,6) =) Cy(a) (=IIEIP)", (2.2.8)

=0
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is in ST, T €N, then P(x, Ay pz) is the pseudo-differential operator defined by

P(x, Aana)d(x)

_ /R D ) P, O (Fad)(O)dpa(8), 6 € SURE). (2:29)

Proof. We need to show that for 5 € N and 8,0 € Ny, there exists a constant

E,, 55 > 0, such that

(DEDEP)(w,8)| < Epps(1+ €]2) "3

For all z,¢ € R, we have

m/2
D{D}P ZD5 D (=€)
Then
(DEDIP)(,€)| < Z | DI ()| | D2l
m/2
Z S DEE A+ E L), (2:2.10)
where € 5 = sup,cgnei Df:CV(:c)‘.
Now, we use
Y 291 2 2y, ¢2Yn+1
4. +&+6,,) = ( )6”6”---5,3"@ :
( 1 +1) Z Y1 s Yns Y+l ! 2 +

Y1y 7'Yn7'7n+120
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Therefore,

-+ gn-i-l) -

D

Y15 Yy In+120

- 3

Y15 Yy Yn4+120

D& +

Using the fact

(5]) (2%)52% 537

a_ﬂj £ =
o¢

n (2.2.11), we get

DJ(&+...

>

Y1, YnsYn+12>0

+&0) =

Y15 Yy Yn+120

Using (2.2.13) in (2.2.10), we have

m/2
(D{DSP) 0| <> 3
=0 Y1, ,¥n,Yn+120
m/2
<2 X
=0 71, ;I Yn+120
m/2

IN

2

=0 71,0+

2.

Y Yn+120

-
-

(5

- > (..

291 ¢2
51715272 o

N ) B
Vs V1) DET - DEIA

Y ) ﬁ %
£, (2.2.11)
» Yns Yn+1 =1 86]@ !
B < 2
(2.2.12)
otherwise

+
2% 2% Bj
(8)!
» Yns Yn41 =1

8

fy )B (27) 62’}/1 ﬁl R SZILlJrl*BnJrl .

» Yns Yn41
(2.2.13)

/ v 2y
c, B!< )
” (717 T 7’7na7n+1) 6

X ‘€l|2’h_61 e

/ gl 2y
C, !
<’717 ) 7’7na7n+1)ﬁ (6>

‘Sn—}-l | 2Vn+1 _Bn-‘rl

% ||€||2(71+'“+7n+1)—(/31+"‘+5n+1)

) 2 -
o e e,
Vit Uno Yno Intl 6

EnE

277L+1
n+1
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Therefore,

(DEDAP)(@,8)| < B €)™

m—|B]

< Engs (L+IE17) 7=,

o m/2 2
where Em,ﬁ,d o 27:0 Z’Yl,"',’Yn77n+120 C&S (’717"'7;“771«%1)/8!(67)‘
This shows that P(z,£) given by (2.2.8) is a symbol which belongs to S™ and

associated pseudo-differential operator is in the form of (2.2.5). O

Lemma 2.2.3. Let p € Ny. Then for x € R, we prove the following relation

(1+ [z = Xp: > (5) (7717 1 >ar2”, (2.2.14)

q=0 1551y TIn4-1 >0 ’ nn7 nn"l_l

where 1= (N1, M, Mus1) € NG such that |n| < q.

Proof. Exploiting Binomial and multinomial theorems, we have

p

p
Aty =3 (q) (@24 4?4+,

q=0

P
p q 2m 20 . 2Tn+1
= PR e
> X (O, )i o

4=0 11, nsTns1>0 * 5 My i1

£ 206 b
=2 2 (q m,---,nn,nnﬂxn'

q=0 N1, ;Mn,Mn4+1>0

Lemma 2.2.4. Let a > —3 and (z,£) € R x R Then we show that
1. For v € NJ™', we have
1
D;ei(11£1+"'+mn£n)ja($n+1£n+l) _ ilvlEag'yei(x1£1+---+zn£n)/ (1 _ tZ)afét'ynH
-1

x el@n+18n1t) gy (2.2.15)
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_ _T(at])
where B, = D)

2. Choose Vni1, M1 € No such that v,41 is even and V11 > 21,41, then we get

2 ! 2va—1 ' 2 &t 2ya—1 2
s (1—t )a—gt%ﬂel(wnﬂfnﬂt)dt — 20+ (1 — t2)2 2 ¢¥ns1 =205
n+1 2Nn+1

x elEn1bniit) g (2.2.16)

where the integral of right hand side of (2.2.16) is bounded by the Beta function

Vnt1 — 2Mpg1 + 1 1
B( , )
2 @ty

Proof. Using (1.3.12), we have

@161+ nEn) 7 O a0 [ 2y0-1
Delmtrttentn) I (x =E i / 1— )z
x a( n+1§n+1) aax'ln . ax;yln ax;yﬁ:ll _1( )

w et tent1€nt1) gy

1
= Z’WEafvei(mfl-i-"--i-:cnfn) / (1 _ tQ)a—%

-1

w I+ gitEnt1&nt1) gy

Now, using the relation

8277n+1

. ettTni18nt1) (itmn+1>2ﬂn+1ei(t$n+1€n+1)
a&- Mn+1
n+1

9

we have

1 1
ey / (1 — ) zgrmreilonntnnt gy — / (1= ) a gt ilenstbnnst) gy
-1 -1

0?m+1 1 1
e 1 — $2)@ 3t 241
=1 (1 —t%)*"2t
852%“
n+1 -1

w e tTn+1€nt1) gy
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Therefore,

1 1
‘ / (1 i tQ)Q—%t7n+1_2nn+1ei(t$n+1§n+1)dt‘ < 2/ (1 o tQ)a—%t7n+1—2nn+1dt.
-1 0

Now, from the properties of Beta function we have

1
‘ / (1 o t2)a7%t’yn+1f2nn+1ei(txn+1§n+1)dt‘ S B(WTL—FI - 22771’L+1 + 1 o 4 %)
1

F(7n+17277n+1+1)1'1(& + l)

_ 2 B
o F(’Yn+1*2nn+1+2a+2) . (2217)

2

This proves that the aforesaid integral is absolutely convergent for sufficiently large

values of v,41. m

Lemma 2.2.5. Let o > —1 andy € N Then for ¢ € S.(R), Q85T (Fad)(€) €
S (R,

Proof. Let 1(€) = €27 (Fa)(€). Then for any k € N and § € Nj*', we need to

show that
s [+ 16D ©)] < o
where
(DI)(€) = D& €55 (Fad) (©)). (2:2.18)

By the Leibniz formula (1.4.19) in (2.2.18), we have

5 olel N
i@ =% (1) 5 € G DL (Fag)(©)

Pl
<o RN ST

0% O .
Z( )H 8§pa J ot ;LYZ-+11+2 +1D6 P (Fad)(§).
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Using (2.2.12), we get

g =3 () Lo () w201

Prn+1

X G DT (Fag) (€)

3 <5) ﬁ (%) () <%+1 + 20+ 1) E P DI (Fod) (€).

Pj Pn+1
(2.2.19)

The right hand side of (2.2.19) is bounded by

> (5> Il <vj) () (%H i 1) (1+ (gl | D (Fag) (€]

Let I > |y] + 2 + 1, then we have

Z N 11 (i Ynt1 + 200+ 1
s [+ o)) > ()T,
< s |(1+ ) DE (Fa)(E)]
cRn+1
Therefore, using (1.3.1) we get
Tem (V) < CosaTrtip(Fad), (2.2.20)

where |6] < m, |0 —p| < pand C, s, is a positive constant depends upon «, d, v only.

Using the fact that (F,¢) € S.(RTH), it follows that

Tm(@) = sup [(1+ 6P (D) (©)] < oo

This implies that 7297 (Fag) € S.(R}). O
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Theorem 2.2.6. Let 0 € S™,m € R be a symbol. Then the pseudo-differential

operator T, associated to o maps the Schwartz space S, (]R’ffl) into itself.
Proof. Let ¢ € S, (Rﬁ“). Then for p € Ny and multi-index 3, we need to show that

sup |(1+ 22 DX(T,6) )| < .

rzeRn+1

Using Lemma 2.2.3 and (2.2.5), we have

R > ol AU ST A

4=0 1, nsTns1>0 * 5 Mny T+l

" <ei(x1£1+-~+xnfn>ja(a:n+1§n+1)0(x, 3 )) (Fad) (O)dhal£),

where p, ¢ and n are independent from f.

Exploiting the Leibniz formula and Lemma 2.2.4, we get

o5 2 S0 ) O Lo

q=0 n1, ;Mn,Mn+120 v<B

X <€i(x1§1+"'+x"§")ja($n+1fn+1)> (Df‘“*a(as, 5)> <]:a¢) (©)dpalS)

2 2 206 ) O L

q=0 n1,* ;Mn,Mn+120 v<B

g’yei(u’01§1+"-+xnfn) /

-1

1
X

/N

(1 — t2)a*%tvn+1ei(txnﬂ&nﬂ)dt) (Dgfvo(:v, 5))

Yo

Fat)()dpa(€)

po Z Z ( ) (771, * 5 Tny 77n+1) (§>Z‘W|Ea /Ri‘“

©MnyMin+12>0 v<B

1
277n i(z1&1+- +zn£n)x273:1+1/ (1_t2)a—%t"m+1ei(t$n+1€n+1)dt>
—1

D0 (2,€) )€ (Fad) (€)dta(€).
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Using (2.2.16), we get

At PRl =3 T SO, (),

a=0 11, s 1>0 v<B * 5 s M4 Y

2014421 2 1
X / (am—nei(wlﬁﬁ-mﬂrnfn) A / (1 _ t2)a—*tvn+1 211
RH agf”l . a&%nn 0{277"“ B

n+1

v ei(tﬂcn+1§n+1)dt> (DB_Vg(x, §)>€7 (Fa¢) (§)dpa(§)

2 2 06 ) O)m

q=0 11, ;Mn,Mn+120 v<B

1
% / <D§776i(371§1+-~+1‘n§n) / (1 _ tQ)Q—%t’Yn-H—?nn-Hei(tfﬁn+1§n+1)dt>
R+ 1

< (D20t ) (Fao) )

where B!, = —1——F,.
(2m)2 2o (a+1)

Using integration by parts, we get

A+ ePPDiT @ =Y Y SO, 0 ) (),

a=0 N1, M Mn+1>0 v<B “ 5 My Mt/ \Y

1
X/ <ei(w1£1+~~~+xn§n)/ (1_t2>a—*tﬂm+1 20n41 Z(twn+1£n+1)dt)
R -

1

< D2 (D2 70(0,0)) € (Fad) €1

Thus, the Leibniz formula gives

areproimom= > SY (0 YO

a=0 11, i nt1>0 v<B 6<2n sy My Min41 Y

1
X E;\/ » (61(11§1++$n€n)/ (1 _ t2>a_%t7n+l_27]n+lei(tmn+1£n+1)dt>
R}

-1
< (DD 0w, 0)) DY (€651 (Fu0) (©) ) e
(2.2.21)
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Choose Vy11,Mn11 € Np such that v,.; is even number and 7,11 > 279,.1. Then

from (2.2.17) and (2.2.21), we have

(1+ |2l DE(T, ) (« (Z > ZZ()(m,...q )@(23)

q=0 N1, M Mn41>0 v<B 6<2n > M Tnt1

% E;B<7n+1 - 277n+1 + 17a+ 1) /
R+

. > D" D} o (2, )

x [ Dl gt (Fas) (©)]de.

Using the fact that o € S™, we can find a positive constant C;, depending on 3,7

only such that

SRR EIE VD S 95 31 4] W ¢

1
reR"+ a=0 11, nn+1>0 v< §<2n y Tins Tn+1

n 7n+1 - 277n+1 + 1 1) /
(5> 2 @+ 5)Ca e

X (1+ ||5||2>m-2‘"‘+‘5'-k\<1 + IEIP) DI (Fus) (6) | de.

Choose k > m + % —2|n| +[0| + 5. Then C} = = fRTl(l + 1€ )|?)m—AniHol=kde | be

a finite positive constant depending on k, m,n,d only such that

sup | (1+ [[z]|*)P DT, ¢)(x ‘ Z > ZZ()(W...C] >(§)

rzeRn+1 q=0 N1, MnMn+1>0 v<B 6<2n 21 Tl
20\ Lo Yntl = 20ng1 + 1
x (5>EQB( ; )cﬁnc,m,7
X sup |(L+ €I D €21 (Fuo) (€)]

&'ERn+l

(2.2.22)



Chapter 2. An Integral representation of P.D.O. involving the W.T. 28

Using Lemma 2.2.5 and (2.2.20) in (2.2.22), we get

wmosf £ 0 L))

a=0 01, M, Mng1>0 < B 8<2n T M1

x E&B<7n+l - 2277n+1 + 1

p
= Z Z Z Z Do g empThrip(Fad), (2.2.23)

q=0 11, ;N Mn+120 v<B <20

1
, o+ §> C/ﬁ,ncllgl,m,nCa,(s,CTkJrl,p(fa¢)

where || < r and Dg gy kmp 1S & positive constants, then (2.2.23) implies that

Tpr(Tr9) < 00. The continuity of T, follows from (2.2.23). O

Corollary 2.2.7. The pseudo-differential operator T, associated to symbol o maps
the Schwartz space S,(RT™Y) continuously into itself. More precisely, if ¢, — 0 in

S.(RYY), then T,y — 0 in S.(RTT) as s — oo.

Proof. From (2.2.23), we found that

TPﬂ“(TUng) S Z Z Z Z Da,ﬁ,n,k,m,ka+l,p(fa¢s)- (2224)

q=0 11, MnMn+120 y<B §<2n

Since ¢, — 0 in S,(R*™') as s — oo, it follows from (2.2.24), 7,,.(Ty¢s) — 0 in

S.(RYH). O

2.3 Boundedness of Pseudo-Differential Operators

In this section, an integral representation and various estimates are made by exploit-
ing the theory of Weinstein transform. Further, boundedness of pseudo-differential
operators are discussed.

An integral representation. The function o,(§), associated with the symbol
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o(x,€) and defined by

o) = [ Waln.&) | Wale, —moae,m)|dua(n), € R, (23.)

n+1
R+

will play a fundamental role in our investigation. An estimate for o,() is given by

the following lemma:

Lemma 2.3.1. Let 0 € S™,m € R. Then the following inequality holds

4p—k

|02(8)] € Bamp(X+ 11770 + [l2)*) (2.3.2)

where o mp 15 a positive constant and p,k € Ny such that m < —2a —n —p — 2.

Proof. From (2.3.1) and Binomial theorem, we have

p

(L 12P0n() = 3 ()11 (Wato <)o)

s=0

First, we shall show that * — W,(z, —n)o(x,n) € LL(R), then for o € S™, we

get

Wz, =n)o(z,n)ll 1 gty = / (Walz, =n)o(xz,n)|dpa(n)

n+1
R+

=k m
< Conl1+ 1a)F [ (14 Il Fdal)
+

m42a+1
2

—k
< Coodal(l + 2P / (1 [n2) =5 an.

n+1
R+

Choose m < —2a —n — 2, then there exists a finite constant C,, ,, depends only on

o, m such that W,(z, —n)o(z,n) € LL(RTH).
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Now, using (1.4.3) we get

1 16P70x(© = 3 (7)1 T840, Vot~ ] €

=3 (0) 60 [ Waln 8, Vo <o ] dia(n)

Therefore,

aterrin© < (1) [

A; [Wa(fﬁ,—n)a(wm)]’dua(n)' (2.3.3)

a,n,n

Now, we find the estimate of ‘Aa | Walz, —n)o(z,n)] ) with the help of [19, p. 14],

then there is a constant E, . for r € {0,1,--- , s} depending only on « satisfying

S ) 87"
AL [ Walz, —n)o ZZ ( ) L ()5 [Wa(as,—n)a(:v,n) ,

n
j=0 r=1 ann-‘rl

where (A,,), = (6‘9—% + 4 %).

Using the Leibniz formula (1.4.19), we have

A3 [ Wl )0 ZZZ()() ()

7=0 r=1 ¢=0

[iw (-2 ) (2.3.4)
o Moy Tl -

Using (1.4.20) in the above expression, we get

s 23 r
s r\ 1 / T—5
AZnn[Wa(xa —77)0(35777)] = Z Z Z Z ( ) ( )T'Ea,rnn—i—l
5=0 =1 420 |pr|<a(s—) /NPT
olr'l+a
X
{6‘77{’ Lo O Ong
Il g
(A
{377 ---377”"( )y M

Wa(z, —n)}

o, n)} (2.3.5)

n+1



Chapter 2. An Integral representation of P.D.O. involving the W.T. 31

For s — 7 € Ny, we have

s s — ] 8261 826"
A , J e . 2 .
ao’= 2 (675, o g 230

From (2.3.5) and (2.3.6), we get

. s T 5—j 1
B [Walw, = 2 i
617 T 5n P

j=0 r=1 ¢=0 |p/|<2(s—7) 01, ,0n>0

n_

olP'1+a

X B, i {
T ot - oo,
I 14218 [+1—g

o\
p1+201 pn+20n o T—q
ony O O

Y Yy (06 )

Jj=0 r=1 ¢=0 |p/|<2(s—j3) 0 (5>O‘7

1 / / !
X B [ D W, =) [ Do (),

(2.3.7)

where p'+q = (p1, -+, pn,q) € NI p/ 428"+ —q = (p1+201, -+, pp+20,,7—q) €
Ny ™ and [p|+q = pi+- - +putq, |0 +20|+7—q = p1+201+ - +pu+26,+1r—¢.
Using the fact 0 € S™ and Proposition 1.3.4, (2.3.7) becomes

3 Wale, o, m)] \<§:Zi 22 ()()(51,5_{6n>i

p'!
J=0 r=1 ¢=0 |p/|<2(s—7) 01, ,0n>0

% By Oy vl *H9(1+ [|n][)

m—(|p'|+2/8'|+r—q)
2

X (14 Hﬂﬁ\lg)_§
<s r s r .
Y3y Y ()()hEe
Jj=0 r=1 ¢=0 |p/|<2(s—7)

(e |+r= 1o’ |+a—k Hq k

T (R T e O [ )
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Therefore,

s 27 r
s S\ (T r—s m=—r+q
88, [Wa, —)o e, )] | < (5) (1) Bt Catmpalmenl =1+ )™

2s—2j+4+q—k

2s—2j4+r—k

X (L+[l=]%)"

< EL (U ) (4 fle]?) 2 (2.3.8)
where E  is a positive constant.
Now, using (2.3.8) in (2.3.3), we get
u p 4s—k +
U+ IPlon(@)] < 3 (7) Bt + 1) [ (04 10l s
s=0 R:L-
" 2 4p—k 2 m+p+2a+1
< EL AL I [ Il
For m < —2a —n — p — 2, there exists a positive constant F, ,,, such that
_ 4dp—k
10:(6)] < Eagmp(L+ 1117+ [J2]*) 7=
m

Theorem 2.3.2. Ifo € S™,m € R, then the pseudo-differential operator associated

with o can be represented in the following form

()@ = [ 0dO0(Odhale). 6 € SR, (23.9)

n+1
R+

where 0,(§) is defined in (2.3.1) and involved estimate is convergent for m < —2a —

n—p—2in Lemma 2.53.1.
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Proof. Let 0 € S™ be a symbol. Then from (2.2.5), we have

(T, ) (x) = / ) T (g1 mns1) 0 (@, 1) (Fad) (M) dpia(n),

n+1
R+

where
Fab = [ T Tl (©)
+
Therefore,
)@ = [ ([ o) [ i) o)
Ri—ﬁ-l Ri+1

X djia(n) ) 6()dpia(€).

Using Proposition 1.3.4, the last expression becomes

(o)) = | W, €) [Wal, ) (e, n)] o n) ) $(€) i (€)

+1 ( +1
R R

_ /R o0 dual€).

Next, we shall show that integral on right hand side of (2.3.9) is absolutely conver-

gent. Since ¢ € S, (R™), therefore

6(©)] < C+ €)™, (2.3.10)

where C' be a positive constant and [ € N.

Taking absolute value of (2.3.9) and using (2.3.2), (2.3.10), we have

(Z20) )] < OBy [ (1 I 70+ )5 dia©)

ap—k 20
< CampAa(1+ o) [ (L4 P 7o e
+
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For[,p € Nand | > § +a—p+ 1, there exists a positive constant Cq 1 such that

[(T,6) (2)| < Capmp(l + 2?7, Vo e RTH,

O
Lemma 2.3.3. Let 0 € S™,m € R. Then
7o) = [ Wl © (W, =m)o(a,m) | dpa(n),
can be expressed as
Wa(n, =€)0:(E)dpa(§) = Walz, —n)o(z,n). (2.3.11)

n+1
R+

Proof. Using Proposition 1.3.4 in (2.3.1), we get
w6 = | o T [ ot ) de o)
In view of (1.4.1), above expression yields
0.(6) = Fa | Fa@aiani)o (. n)| ().
From (1.4.2), the last expression becomes
/ ) o160 0) 72 €)dpa(€) = € o (i1 )r ().

In view of Proposition 1.3.4, the last expression yields

Wa(n, =€) 02(&)dpa(§) = Wolx, —n)o(x,n).

n+1
R+
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]

Theorem 2.3.4. Let u € S, (R’ffl). Then the pseudo-differential operator T, asso-

ciated with symbol o € S™ m € R can be represented as

T = [ [ T sl Fa) o (dia(6), (2312

where 0,(§) is defined in (2.3.1) and all involved integrals are convergent for k,p €

No, [ € N such thatp > a+5+1andl > a+ 5+ 1.
Proof. Using (2.2.6) and Lemma 2.3.3, we have
T = [ [ W~ Fa) dna(dua(). (2313)
R1+1 R1+1
From Proposition 1.3.4, the last expression yields

T = [ [ o) € Fad o e 6),

Next, we shall show that all involved integrals in (2.3.13) are absolutely convergent.

Since (Fyu) € S.(R}H), therefore
[(Faw)(m)] < C(1+|n]®)~, (2.3.14)

where C' be a positive constant and [ € N.

Therefore, we take

(@] < [ [ IWale ol Fao ) dia ()i )
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Using (2.3.2) and (2.3.14), we have

L+ nl*)

(Tr)@)| < CBamp 21+ Jal)5 [ (1+1€]P)
+

Since the last integrals are convergent for p > a + 4 +1and [ >a+ 5 + 1.

Hence,

4pk

|(Tru) ()] < Efy (14 [l2]%) 72

where E’

alm,p 1S @ positive constant given by

20— 21+1

2a0—2p+1
2

Pt = CBampl [ (15 1P .

+

e [ i

The Translation operator associated with the Weinstein transform

We define the basic function for the Weinstein transform by

204 2l+1

Du(x,y,2) = Wz, t)YWo(=y, t)Wo(z, t)dpa(t). (2.3.15)

n+1
R+

Next, we shall show that D, (x,y, z) is well defined function for each z,y, z € R,

In view of (1.3.10), above expression becomes

Da(x7 Y, Z) — / B €_i<zlvt’> ja(xn—i—ltn—i-l)ei(y/’t,) ja(yn+1tn+1)
Rn

~

x e T (zngatnsr ) dpa (t) (2.3.16)

dthrl

A

== / Ja<xn+1tn+1)ja(yn—l—ltn—‘rl)ja(zn+1tn+1)t2a+l
0

" 2o (o + 1)

; / / 1 4l dt/
></ e*“f*y“ﬂ(—n. (2.3.17)

27)2

dn.
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From [1, p. 81], we obtain

Do(,y, 2) = (210)% D(Tpg1, Ynst Zngr)0(2 — ¥ + 21), (2.3.18)

where

D(£n+17 Yn+1, zn+1)

RN A N N dt,,
= /0 Ja<fcn+1tn+1)Ja(yn+1tn+1>Ja(zn+1tn+1>ti++11W—il)a (2.3.19)
and 6(+) is the Dirac delta function.
Using [1, p. 81], we have
D (_jg Y z)dlu 2 = /OOD(I- Y P )Z2a+1&
Ri-&-l a\t, Y, « o n+1s Yn+1s #n+1)~pn4+1 20{‘(04 + 1)
X / §(x' —y +2)d
= 1. (2.3.20)
Lemma 2.3.5. For all x,y,t € RTPI, the following formula holds
Wo(z, t)Wo(—y,t) = Wo(=2,)Dyo(z, y, 2)da(2). (2.3.21)

n+1
R+

Proof. From (2.3.16), we have

Do(2,y,2) = Fale @ Iy (@ni1tnr )€Y To(Yniitnr1)] (2).
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By invoking (1.4.2), we get

e~ Uzt ja ($n+1tn+1)ei<y/’t/> joc (Ynt1tnt1)

- / €i<Z/’t/>ja(zn+1tn+1)pa(x: Y, Z)d,ua(z)-
R+
Using (1.3.10), we get

Wo(z, t)Wo(—y,t) = Wo(=2,6)Do(z,y, 2)dpa(2).

R+
O]
Theorem 2.3.6. If ¢ € S.(R"), then the translation of ¢ associated with the

Weinstein transform can be expressed as

(T2 ) (y) = B(2)Dao (T, Y, 2)dpia(2). (2.3.22)

n+1
R+

Proof. From [42, p. 596], we have

Fal170)(€) = Walz, )(Fad)(§)-

Exploiting (1.4.2), we get

(7 ¢)(y) = Wa(z, §)Wa(=y, &) (Fad)(§)dpa(S)- (2.3.23)

n+1
R+

By invoking (1.4.1), we obtain

W = [ [ Wale Wl Wal, 00 i €2
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Therefore, using (2.3.15) we get

(72 9)(y) = ¢(2)Da(z,y, 2)dpia(2).

n+1
R+

2.4 Lf (R}™)- boundedness of pseudo-differential

operators

In this section, L% - boundedness of pseudo-differential operators associated with

the Weinstein transform is shown and its various properties studied.
Definition 2.4.1. Let 0 € S™,m € R then for each fixed x € R, K,(2) is defined

by

K,(2) = Wal=2z,m)0(x, n)dpa(n), =€ R (2.4.1)

R7H!
The convergent of (2.4.1) is shown by Lemma 2.4.2 which is useful in the proof of
boundedness for 7.

Lemma 2.4.2. Let 0 € S™,m € R. Then the following inequality holds

k
2

|Ko(2)] < Camp(L+1|20%) 77 (1 + [l]|) (2.4.2)

where Cy mp 1S @ positive constant and k,p, s € Ny such that m < —2a —n — s — 1.



Chapter 2. An Integral representation of P.D.O. involving the W.T. 40

Proof. Using Binomial theorem, we get

p
p s
(L4 [12]7) K (2) = (s) 2] Ka(2)-
s=0
From (2.4.1), above expression becomes
~ (v
PR =3 ()11 [ Watsmotenduato)
s=0 +

In view of (1.3.10), we get

P
p s i’y T
22 =3 (7) [ 1P e amen) oo o).
+

S
s=0

Using (1.3.9), we obtain

iS]

(L + [l21*)P Ka(2)

Vo)

p SAS il '\ 3
Z ( ) /Rn+l(_1) Aa,n,n€< 7"7>Ja(zn+177n+1)0'(gj"[’})dua(n)
+

0

S

=

I
NE

(P) 0 [ e ) 80 1)),
4

I
o

s

Therefore,

R

s=0

AL o (z:m) (dua(n)- (24.3)

From [19, p. 14], we find

(14 PP ) < 3O le (p>(J)E

s=0 j=0 r=
O
T—S s$—7
* /RKH 1 (B )y anzﬂa(a?,n) dpta(n)- (2.4.4)
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From (2.3.6) and (2.4.4), we get

where 26" + 17 = (261, -+ ,20,,7) € Nt and 2|6'| +r =26, + -+ + 26, + 1.

Since o € S™, then from (2.2.4) we have

L e <SS Y (V) (507, ) e,

s=0 j=0 r=1 61, ,6n,>0

m—(2]8'|+r)
2

-~k r—s
el F [ el Il )
p s D s ! . + B
< ZZ( )() E,5,Cos(1+ ||2[*)~ / (1+ [In]1?) dpa(n)
. S ] RN+
s=0 j=0 4
p

IN

(1),

p _k m+s—1
(emnay® [ ™
s=0 s Ri+1

where C” _ is a positive constant.

Therefore,

p
p " _k m+ o
<1+I|Z||2>”|Kx<z>\<2( )O Aa(1+ [l / @Il R

s=0 Rj’

P . & o\ mts+2a
<3 ()i letyt [ @ i,

s=0 +

The last integral is convergent for m < —2a —n — s — 1, therefore there exists a

positive constant C, ,, , such that

_ —k
|, (2)] < Comp(1+ 12]2) 21+ [|2]?)
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Definition 2.4.3. Let s € R. Denote L§78(R1+1), 1 < p < oo by the space of all

functions ¢ € S.(R"™) which satisfy

1602, ety = 10+ 1€12) 2SO 1y o (2.4.5)

From (2.4.5), we have

”(bHLZ’O(RT‘l) = H¢HL5(R1+1)- (2.4.6)

Theorem 2.4.4. Let o > —% and p',q 1" € [1,00] such that 1% + é = % = 1.

Then for u € S*(R’}fl), the pseudo-differential operator T, associated with symbol
o € S"m € R defined by (2.2.5) maps continuously L¥ (R"™) to L’;k(R?fl).
Moreover,

IToull gy < Copmpll L+ 1212) 7] (24.7)

LY (R lull (RH)

2a4+n+2

where Cq mp s a positive constant for p € N and ¢' > =+

Proof. From (2.3.9) and (2.3.1), we have

(@) = [ ol&)u©dna(o)

where

o) = [ Waln,©)|Walz, ~m)o(e,m)| dua(n)

n+1
R+

Therefore,

) = [ Wl &)Wl =niate. ) uldua () )
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Using (2.3.21), above expression becomes

(Tyu)(z) = /R”“ /Rn+l ( - Wo(—=2,m)Dal(x, &, z)dua(z)>0(m,n)

X w(&)dpa(n)dpia(§)
- /Rnﬂ /Rn+1 ( R+ Wa(_zv”)a(%W)dua(n))Da(x, ,2)

X u(&)dpa(2)dpa (§).

From the relation (2.4.1), the last expression yields

(T (@) = | Ko (2)Dal, €, 2)u(€)dpia(€)dpia2). (2.48)
Riﬂ Ri+1
In view of an inequality (2.4.2), (2.4.8) finds
2\—p 2\—&
()] < Cama [, [ G4 IR0 el 5062
X Ju(§)|dpa (&) dpa(z).
If F(z) = (1+]z||*)7?, then from (1.4.11) above expression becomes
(14 [12l) (Tow) ()] < Caumpl(F o [ul)(@).

Therefore,

1

= Cuna ([ (P o @)

1
o7

([ Josemi e

T,dua(fﬂ))
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Using (1.4.17) for F € LZ(R"™) and |u| € LZ (R"™), we obtain

k
I+ 1202 (Tou) @)y ey < CokamallF 5w [l ne

S Cavk,m,pHFHLg’ (RiJrl) HUHL{;/(Ri“y (249)
where 1 < p' < oo such that J; + & — 5 = 1 and ¢/ > 204042,
Therefore, from (2.4.5), we obtain
IToully gty < Coraml L+ 1) g gy 1l g
L]

2.5 Pseudo-differential Operators associated with

Heat equation

In this section, pseudo-differential operators associated with heat equation involving

Weinstein transform is studied.

Proposition 2.5.1. Let f € S.(R*Y). The pseudo-differential operator u(x,t) =
(T5, f)(x), solves the Weinstein heat equation

ou(z,t)

e Agnzu(z,t), (z,t) € RT x (0,00)

(2.5.1)

u(z,0) = f(z), Vo € RUH
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where

(T )(2) = / T a1 ) (Faf () dialE), (25.2)
and o(€) = e et > 0.

Proof Using the Weinstein transform and their inversion on S, (R%™), we have

I /

u(z,t) = /Rn+l ) Jo (1) (Fa) (€, D) dpa(£).

Therefore,

ou noa

o 0
2 / o o) (Faw)E)dnale),  (253)

and

Bonate.) = [ (Banat ™ aariarn) ) (For) €O

T
[ (4 g+ Bt g Jomiane

% Ja(@ni16nt) ) (Fa) €, Odpal€).

Thus,

Agpu(z,t) = /

n 82 - A -
<Z Wez 2ok P18k Ja(Tni1€nt1) + ¢! 2ok=17kEx
Riﬂ st x;
2 2a+1 0 -
X Jo(@iils )
[81:31“ Toi1 OTni (Tnt1&nt1)

X (Fau) (& 1)dpal(§)-
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From (1.3.9), we get

n

ntl (2(26])261 > k=1 Tkék ja($n+1€n+1> + ei(x £

+ j=1

X <_§72L+1)ja(xn+1§n+1)> (Fau) (&, t)dpa(§)
_ /R R @) (Fan) (€D dpa©): (25.4)

+

Agpu(z,t) = /

R

Using (2.5.3) and (2.5.4) in (2.5.1), we have

iz £y 3 0
/Ri“ RICH: >Ja(xn+1fn+1)§ ((Fau)(f, t)>dﬂa(£)

- /RnJrl ei<ml7€/>ja<xn+1£n+1)(_||§||2)(fau)(f7t)dua(§)7

B )
[ o) (Fo€.) dia€)

[ e (1) Far € Odial) =0,
It gives
i@ €) 7 0 2 _
[ o) (5 Fad €0 + [P Fa) .0 dial) = 0.
R
Therefore,
(24 el (Fad(6.1)) = 0 (255)
o - W)(E1) = 0. 5

For fixed value of £, the solution of (2.5.5)

(Fau) (€, t) = C(&)e 4P, (2.5.6)
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From (1.4.1), the initial condition gives

(‘Fau) (670) = (Jraf) (f) (2.5.7)

Using (2.5.7) in (2.5.6), we find out C(£) = (Fuf) ().
Therefore, (2.5.6) becomes

(Far) (€, 1) = (Faf) (©)eIeI%, (2.5.8)

Since f € S.(R), then from (1.4.6), we have (F,f) € S.(R:H).

Taking inverse Weinstein transform in (2.5.8), we get

/

u(z,t) = /R"“ 62-(2;’,5 >ja($n+1§n+1)€_t”£”2(]:af>(§)dﬂa(§)

= /Rn+1 €i<m/’§/>jo‘(x”+1€"+1)o-t<€)(Faf>(€)dﬂa(€).

This shows that, u(z,t) = (Ty, f)(z) is the solution of heat equation (6.4.1) for any

initial function f.

Conclusion.

The Weinstein transform contains strong calculus and it is used in many problems
of mathematics, particularly in wavelets, partial-differential equations and distribu-
tions. Taking the theory of aforesaid transform, many authors found useful obser-
vations in harmonic analysis and other areas. In their research works, Chettaoui-
Trimeche [10], Hleili [24], Hleili-Hleili [25], Saudi [66] expounded different problems in
their papers. In the present chapter, authors found the theory of pseudo-differential
operators associated with the Weinstein transform and studied its properties. Uti-

lizing the aforesaid results, the Sobolev type of spaces and associated results were
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discussed in this chapter. The solution of the heat equation is obtained and it is ex-
pressed in the form of pseudo-differential operators by using the Weinstein transform

technique.

Kksk



