
Chapter 2

An Integral representation of

Pseudo-Differential Operators

involving the Weinstein transform

2.1 Introduction

Pseudo-differential operators are the generalization of partial differential opera-

tors. Significant works regarding pseudo-differential operators have been done by

Hörmander [26, 27], Kato [31], Kohn and Nirenberg [32], Nagase [44], Rhuzhansky

and Turunen [61, 62], Treves [72], Wong [81], Zaidman [83] and others. They

gave important contributions to pseudo-differential operators by exploiting the the-

ory of Fourier transform. Motivated by the aforesaid developments, exploiting the

theory of Weinstein transform our main objective of the present chapter is to define

pseudo-differential operators on the Schwartz space S∗(Rn+1
+ ) and to study its vari-

ous properties.
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The organization of this chapter is as follows:

Section 2.1 is introductory. In Section 2.2, pseudo-differential operators involv-

ing the Weinstein transform are introduced and discussed the continuity property

of pseudo-differential operators involving the Weinstein transform on the Schwartz

space S∗(Rn+1
+ ). In Section 2.3, an integral representation of pseudo-differential op-

erators Tσ associated to a symbol σ ∈ Sm and various estimates are found. In

Section 2.4, boundedness of pseudo-differential operators on weighted Lpα(Rn+1
+ ) -

type Sobolev space Lpα,s(Rn+1
+ ) and other properties are established by using the

aforesaid theory. With the help of this theory an application of pseudo-differential

operators in heat equation involving Weinstein transform is given in Section 2.5.

2.2 Pseudo-differential operators associated with

the Weinstein transform

In this section, definitions and various properties related to pseudo-differential opera-

tors Tσ associated with symbol Sm,m ∈ R on Schwartz space S∗(Rn+1
+ ) are discussed

by utilizing the Weinstein transform.

Consider linear partial differential operator P (x,∆α,n,x) on Rn+1
+ , which is given by

P (x,∆α,n,x) =
N∑
γ=0

aγ(x)∆γ
α,n,x, (2.2.1)

where aγ(x) are C∞− functions having bounded derivatives of all orders. If we

replace the operator ∆α,n,x by a monomial −‖ξ‖2 in (2.2.1), we get

P (x, ξ) =
N∑
γ=0

aγ(x)(−1)γ‖ξ‖2γ, (2.2.2)
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called symbol of the operator (2.2.1). To obtain the integral representation of

P (x,∆α,n,x), let u ∈ S∗(Rn+1
+ ), then by (2.2.1) we have

P (x,∆α,n,x)u(x) =
N∑
γ=0

aγ(x)∆γ
α,n,xu(x).

Using (1.4.1) and (1.4.2), we obtain

P (x,∆α,n,x)u(x) =
N∑
γ=0

aγ(x)F−1
α

[
Fα(∆γ

α,n,xu)(ξ)
]
(x).

From (1.4.3), we find

P (x,∆α,n,x)u(x) =
N∑
γ=0

aγ(x)F−1
α

[
(−1)γ‖ξ‖2γ(Fαu)(ξ)

]
(x).

In view of (1.4.2), above expression becomes

P (x,∆α,n,x)u(x) =
N∑
γ=0

aγ(x)(−1)γ
(∫

Rn+1
+

Wα(x,−ξ)‖ξ‖2γ(Fαu)(ξ)dµα(ξ)
)

=

∫
Rn+1
+

Wα(x,−ξ)
( N∑
γ=0

aγ(x)(−1)γ‖ξ‖2γ
)

(Fαu)(ξ)dµα(ξ).

From (2.2.2), we obtain

P (x,∆α,n,x)u(x) =

∫
Rn+1
+

Wα(x,−ξ)P (x, ξ)(Fαu)(ξ)dµα(ξ), (2.2.3)

where

Wα(x,−ξ) = ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1).

The expression (2.2.3) indicates that if we change the symbol P (x, ξ) by more general

symbol σ(x, ξ) which is no longer polynomial in ξ. The operators so obtained are

called pseudo-differential operators associated with the Weinstein transform.
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Definition 2.2.1. Let m ∈ R. Define Sm to be the set of all functions σ(x, ξ) in

C∞(Rn+1
+ × Rn+1

+ ) such that for all k ∈ N0 and β, γ ∈ Nn+1
0 , there exists a constant

Cβ,γ > 0 depending only on β and γ, for which

∣∣∣Dβ
ξD

γ
xσ(x, ξ)

∣∣∣ ≤ Cβ,γ(1 + ‖ξ‖2)
m−|β|

2 (1 + ‖x‖2)−
k
2 . (2.2.4)

Definition 2.2.2. Let σ(x, ξ) be a symbol. Then for φ ∈ S∗(Rn+1
+ ), the pseudo-

differential operator Tσ associated to σ is defined by

(
Tσφ

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ)(Fαφ)(ξ)dµα(ξ). (2.2.5)

In view of (1.3.10), the last expression can be written as

(
Tσφ

)
(x) =

∫
Rn+1
+

Wα(x,−ξ)σ(x, ξ)(Fαφ)(ξ)dµα(ξ). (2.2.6)

Example 2.1. Let P (x,∆α,n,x) be a linear partial differential operator on Rn+1
+ ,

such that

P (x,∆α,n,x) =

m/2∑
γ=0

Cγ(x)∆γ
α,n,x, (2.2.7)

where all the coefficients Cγ(x) having bounded derivatives of all order and ∆α,n,x be

the Weinstein operator. Then the polynomial P (x, ξ) in ξ defined by

P (x, ξ) =

m/2∑
γ=0

Cγ(x) (−‖ξ‖2)γ, (2.2.8)
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is in Sm, m
2
∈ N, then P (x,∆α,n,x) is the pseudo-differential operator defined by

P (x,∆α,n,x)φ(x)

=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)P (x, ξ)(Fαφ)(ξ)dµα(ξ), φ ∈ S∗(Rn+1

+ ). (2.2.9)

Proof. We need to show that for m
2
∈ N and β, δ ∈ Nn+1

0 , there exists a constant

Em,β,δ > 0, such that

∣∣∣(Dβ
ξD

δ
xP )(x, ξ)

∣∣∣ ≤ Em,β,δ(1 + ‖ξ‖2)
m−|β|

2 .

For all x, ξ ∈ Rn+1
+ , we have

Dβ
ξD

δ
xP (x, ξ) =

m/2∑
γ=0

Dδ
xCγ(x)Dβ

ξ (−‖ξ‖2)γ.

Then

∣∣∣(Dβ
ξD

δ
xP )(x, ξ)

∣∣∣ ≤ m/2∑
γ=0

∣∣∣Dδ
xCγ(x)

∣∣∣∣∣∣Dβ
ξ (−‖ξ‖2)γ

∣∣∣
≤

m/2∑
γ=0

C ′γ,δ

∣∣∣Dβ
ξ (ξ2

1 + . . .+ ξ2
n + ξ2

n+1)γ
∣∣∣, (2.2.10)

where C ′γ,δ = supx∈Rn+1
+

∣∣∣Dδ
xCγ(x)

∣∣∣.
Now, we use

(ξ2
1 + . . .+ ξ2

n + ξ2
n+1)γ =

∑
γ1,··· ,γn,γn+1≥0

(
γ

γ1, · · · , γn, γn+1

)
ξ2γ1

1 ξ2γ2
2 · · · ξ2γn

n ξ
2γn+1

n+1 .
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Therefore,

Dβ
ξ (ξ2

1 + . . .+ ξ2
n+1)γ =

∑
γ1,··· ,γn,γn+1≥0

(
γ

γ1, · · · , γn, γn+1

)
∂|β|

∂ξβ11 · · · ∂ξ
βn+1

n+1

ξ2γ1
1 ξ2γ2

2 · · · ξ2γn
n ξ

2γn+1

n+1

=
∑

γ1,··· ,γn,γn+1≥0

(
γ

γ1, · · · , γn, γn+1

) n+1∏
j=1

∂βj

∂ξ
βj
j

ξ
2γj
j . (2.2.11)

Using the fact

∂βj

∂ξ
βj
j

ξ
2γj
j =


(βj)!

(
2γj
βj

)
ξ

2γj−βj
j , βj ≤ 2γj

0, otherwise

(2.2.12)

in (2.2.11), we get

Dβ
ξ (ξ2

1 + . . .+ ξ2
n+1)γ =

∑
γ1,··· ,γn,γn+1≥0

(
γ

γ1, · · · , γn, γn+1

) n+1∏
j=1

(βj)!

(
2γj
βj

)
ξ

2γj−βj
j

=
∑

γ1,··· ,γn,γn+1≥0

(
γ

γ1, · · · , γn, γn+1

)
β!

(
2γ

β

)
ξ2γ1−β1

1 · · · ξ2γn+1−βn+1

n+1 .

(2.2.13)

Using (2.2.13) in (2.2.10), we have

∣∣∣(Dβ
ξD

δ
xP )(x, ξ)

∣∣∣ ≤ m/2∑
γ=0

∑
γ1,··· ,γn,γn+1≥0

C ′γ,s

(
γ

γ1, · · · , γn, γn+1

)
β!

(
2γ

β

)
× |ξ1|2γ1−β1 · · · |ξn+1|2γn+1−βn+1

≤
m/2∑
γ=0

∑
γ1,··· ,γn,γn+1≥0

C ′γ,s

(
γ

γ1, · · · , γn, γn+1

)
β!

(
2γ

β

)
× ‖ξ‖2(γ1+···+γn+1)−(β1+···+βn+1)

≤
m/2∑
γ=0

∑
γ1,··· ,γn,γn+1≥0

C ′γ,s

(
γ

γ1, · · · , γn, γn, γn+1

)
β!

(
2γ

β

)
‖ξ‖2|γ|−|β|.
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Therefore,

∣∣∣(Dβ
ξD

δ
xP )(x, ξ)

∣∣∣ ≤ Em,β,δ ‖ξ‖m−|β|

≤ Em,β,δ (1 + ‖ξ‖2)
m−|β|

2 ,

where Em,β,δ =
∑m/2

γ=0

∑
γ1,··· ,γn,γn+1≥0C

′
γ,s

(
γ

γ1,··· ,γn,γn+1

)
β!
(

2γ
β

)
.

This shows that P (x, ξ) given by (2.2.8) is a symbol which belongs to Sm and

associated pseudo-differential operator is in the form of (2.2.5).

Lemma 2.2.3. Let p ∈ N0. Then for x ∈ Rn+1
+ , we prove the following relation

(1 + ‖x‖2)p =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)
x2η, (2.2.14)

where η = (η1, · · · , ηn, ηn+1) ∈ Nn+1
0 such that |η| ≤ q.

Proof. Exploiting Binomial and multinomial theorems, we have

(1 + ‖x‖2)p =

p∑
q=0

(
p

q

)
(x2

1 + · · ·+ x2
n + x2

n+1)q

=

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)
x2η1

1 · · ·x2ηn
n x

2ηn+1

n+1

=

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)
x2η.

Lemma 2.2.4. Let α > −1
2

and (x, ξ) ∈ Rn+1
+ × Rn+1

+ . Then we show that

1. For γ ∈ Nn+1
0 , we have

Dγ
xe

i(x1ξ1+···+xnξn)Ĵα(xn+1ξn+1) = i|γ|Eαξ
γei(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2 tγn+1

× ei(xn+1ξn+1t)dt, (2.2.15)
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where Eα = Γ(α+1)√
πΓ(α+ 1

2
)
.

2. Choose γn+1, ηn+1 ∈ N0 such that γn+1 is even and γn+1 ≥ 2ηn+1, then we get

x
2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1ei(xn+1ξn+1t)dt = i−2ηn+1

∂2ηn+1

∂ξ
2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1

× ei(xn+1ξn+1t)dt, (2.2.16)

where the integral of right hand side of (2.2.16) is bounded by the Beta function

B
(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)
.

Proof. Using (1.3.12), we have

Dγ
xe

i(x1ξ1+···+xnξn)Ĵα(xn+1ξn+1) = Eα
∂γ1+···+γn

∂xγ11 · · · ∂x
γn
n
ei(x1ξ1+···+xnξn) ∂

γn+1

∂x
γn+1

n+1

∫ 1

−1

(1− t2)α−
1
2

× ei(txn+1ξn+1)dt

= i|γ|Eαξ
γei(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2

× tγn+1ei(txn+1ξn+1)dt.

Now, using the relation

∂2ηn+1

∂ξ
2ηn+1

n+1

ei(txn+1ξn+1) = (itxn+1)2ηn+1ei(txn+1ξn+1),

we have

x
2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1ei(xn+1ξn+1t)dt =

∫ 1

−1

(1− t2)α−
1
2 tγn+1x

2ηn+1

n+1 ei(xn+1ξn+1t)dt

= i−2ηn+1
∂2ηn+1

∂ξ
2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1

× ei(txn+1ξn+1)dt.
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Therefore,

∣∣∣ ∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1ei(txn+1ξn+1)dt

∣∣∣ ≤ 2

∫ 1

0

(1− t2)α−
1
2 tγn+1−2ηn+1dt.

Now, from the properties of Beta function we have

∣∣∣ ∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1ei(txn+1ξn+1)dt

∣∣∣ ≤ B
(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)
=

Γ(γn+1−2ηn+1+1
2

)Γ(α + 1
2
)

Γ(γn+1−2ηn+1+2α+2
2

)
. (2.2.17)

This proves that the aforesaid integral is absolutely convergent for sufficiently large

values of γn+1.

Lemma 2.2.5. Let α > −1
2

and γ ∈ Nn+1
0 . Then for φ ∈ S∗(Rn+1

+ ), ξγξ2α+1
n+1 (Fαφ)(ξ) ∈

S∗(Rn+1
+ ).

Proof. Let ψ(ξ) = ξγξ2α+1
n+1 (Fαφ)(ξ). Then for any k ∈ N and δ ∈ Nn+1

0 , we need to

show that

sup
ξ∈Rn+1

∣∣∣(1 + ‖ξ‖2)k(Dδ
ξψ)(ξ)

∣∣∣ <∞,
where

(Dδ
ξψ)(ξ) = Dδ

ξ

(
ξγξ2α+1

n+1 (Fαφ)(ξ)
)
. (2.2.18)

By the Leibniz formula (1.4.19) in (2.2.18), we have

(Dδ
ξψ)(ξ) =

∑
ρ≤δ

(
δ

ρ

)
∂|ρ|

∂ξρ11 · · · ∂ξ
ρn
n ξ

ρn+1

n+1

ξγ11 ξ
γ2
2 · · · ξγnn ξ

γn+1+2α+1
n+1 Dδ−ρ

ξ (Fαφ)(ξ)

=
∑
ρ≤δ

(
δ

ρ

) n∏
j=1

∂ρj

∂ξ
ρj
j

ξ
γj
j

∂ρn+1

∂ξ
ρn+1

n+1

ξ
γn+1+2α+1
n+1 Dδ−ρ

ξ (Fαφ)(ξ).
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Using (2.2.12), we get

(Dδ
ξψ)(ξ) =

∑
ρ≤δ

(
δ

ρ

) n∏
j=1

(ρj)!

(
γj
ρj

)
ξ
γj−ρj
j (ρn+1)!

(
γn+1 + 2α + 1

ρn+1

)
× ξγn+1+2α+1−ρn+1

n+1 Dδ−ρ
ξ (Fαφ)(ξ)

=
∑
ρ≤δ

(
δ

ρ

) n∏
j=1

(
γj
ρj

)
(ρ)!

(
γn+1 + 2α + 1

ρn+1

)
ξγ−ρξ2α+1

n+1 D
δ−ρ
ξ (Fαφ)(ξ).

(2.2.19)

The right hand side of (2.2.19) is bounded by

∑
ρ≤δ

(
δ

ρ

) n∏
j=1

(
γj
ρj

)
(ρ)!

(
γn+1 + 2α + 1

ρn+1

)
(1 + ‖ξ‖2)|γ|−|ρ|+2α+1

∣∣Dδ−ρ
ξ (Fαφ)(ξ)

∣∣.
Let l ≥ |γ|+ 2α + 1, then we have

sup
ξ∈Rn+1

∣∣∣(1 + ‖ξ‖2)k(Dδ
ξψ)(ξ)

∣∣∣ ≤∑
ρ≤δ

(
δ

ρ

) n∏
j=1

(
γj
ρj

)
(ρ)!

(
γn+1 + 2α + 1

ρn+1

)
× sup

ξ∈Rn+1

∣∣∣(1 + ‖ξ‖2)k+lDδ−ρ
ξ (Fαφ)(ξ)

∣∣∣.
Therefore, using (1.3.1) we get

τk,m(ψ) ≤ Cα,δ,γτk+l,p(Fαφ), (2.2.20)

where |δ| ≤ m, |δ−ρ| ≤ p and Cα,δ,γ is a positive constant depends upon α, δ, γ only.

Using the fact that (Fαφ) ∈ S∗(Rn+1
+ ), it follows that

τk,m(ψ) = sup
|δ|≤m
ξ∈Rn+1

∣∣∣(1 + ‖ξ‖2)k(Dδ
ξψ)(ξ)

∣∣∣ <∞.
This implies that ξγξ2α+1

n+1 (Fαφ) ∈ S∗(Rn+1
+ ).
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Theorem 2.2.6. Let σ ∈ Sm,m ∈ R be a symbol. Then the pseudo-differential

operator Tσ associated to σ maps the Schwartz space S∗(Rn+1
+ ) into itself.

Proof. Let φ ∈ S∗(Rn+1
+ ). Then for p ∈ N0 and multi-index β, we need to show that

sup
x∈Rn+1

∣∣∣(1 + ‖x‖2)pDβ
x(Tσφ)(x)

∣∣∣ <∞.
Using Lemma 2.2.3 and (2.2.5), we have

(1 + ‖x‖2)pDβ
x(Tσφ)(x) =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)
x2η

∫
Rn+1
+

Dβ
x

×
(
ei(x1ξ1+···+xnξn)Ĵα(xn+1ξn+1)σ(x, ξ)

)(
Fαφ

)
(ξ)dµα(ξ),

where p, q and η are independent from β.

Exploiting the Leibniz formula and Lemma 2.2.4, we get

(1 + ‖x‖2)pDβ
x(Tσφ)(x) =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
x2η

∫
Rn+1
+

Dγ
x

×
(
ei(x1ξ1+···+xnξn)Ĵα(xn+1ξn+1)

)(
Dβ−γ
x σ(x, ξ)

)(
Fαφ

)
(ξ)dµα(ξ)

=

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
i|γ|Eαx

2η

∫
Rn+1
+

×
(
ξγei(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2 tγn+1ei(txn+1ξn+1)dt

)(
Dβ−γ
x σ(x, ξ)

)
×
(
Fαφ

)
(ξ)dµα(ξ)

=

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
i|γ|Eα

∫
Rn+1
+

×
(
x2η1

1 · · ·x2ηn
n ei(x1ξ1+···+xnξn)x

2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1ei(txn+1ξn+1)dt

)
×
(
Dβ−γ
x σ(x, ξ)

)
ξγ
(
Fαφ

)
(ξ)dµα(ξ).
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Using (2.2.16), we get

(1 + ‖x‖2)pDβ
x(Tσφ)(x) =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
i|γ|−2|η|Eα

×
∫
Rn+1
+

( ∂2η1+···+2ηn

∂ξ2η1
1 · · · ∂ξ2ηn

n

ei(x1ξ1+···+xnξn) ∂
2ηn+1

∂ξ
2ηn+1

n+1

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1

× ei(txn+1ξn+1)dt
)(
Dβ−γ
x σ(x, ξ)

)
ξγ
(
Fαφ

)
(ξ)dµα(ξ)

=

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
i|γ|−2|η|E ′α

×
∫
Rn+1
+

(
D2η
ξ e

i(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1ei(txn+1ξn+1)dt

)
×
(
Dβ−γ
x σ(x, ξ)

)
ξγξ2α+1

n+1

(
Fαφ

)
(ξ)dξ,

where E ′α = 1

(2π)
n
2 2αΓ(α+1)

Eα.

Using integration by parts, we get

(1 + ‖x‖2)pDβ
x(Tσφ)(x) =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
i|γ|−2|η|E ′α

×
∫
Rn+1
+

(
ei(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1ei(txn+1ξn+1)dt

)
×D2η

ξ

(
Dβ−γ
x σ(x, ξ)

)
ξγξ2α+1

n+1

(
Fαφ

)
(ξ)dξ.

Thus, the Leibniz formula gives

(1 + ‖x‖2)pDβ
x(Tσφ)(x) =

p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)(
2η

δ

)
i|γ|−2|η|

× E ′α
∫
Rn+1
+

(
ei(x1ξ1+···+xnξn)

∫ 1

−1

(1− t2)α−
1
2 tγn+1−2ηn+1ei(txn+1ξn+1)dt

)
×
(
D2η−δ
ξ Dβ−γ

x σ(x, ξ)
)
Dδ
ξ

(
ξγξ2α+1

n+1

(
Fαφ

)
(ξ)
)
dξ.

(2.2.21)
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Choose γn+1, ηn+1 ∈ N0 such that γn+1 is even number and γn+1 ≥ 2ηn+1. Then

from (2.2.17) and (2.2.21), we have

∣∣∣(1 + ‖x‖2)pDβ
x(Tσφ)(x)

∣∣∣ ≤ p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)(
2η

δ

)
× E ′αB

(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)∫
Rn+1
+

∣∣∣D2η−δ
ξ Dβ−γ

x σ(x, ξ)
∣∣∣

×
∣∣∣Dδ

ξξ
γξ2α+1
n+1

(
Fαφ

)
(ξ)
∣∣∣dξ.

Using the fact that σ ∈ Sm, we can find a positive constant C ′β,η depending on β, η

only such that

sup
x∈Rn+1

∣∣∣(1 + ‖x‖2)pDβ
x(Tσφ)(x)

∣∣∣ ≤ p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
×
(

2η

δ

)
E ′αB

(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)
C ′β,η

∫
Rn+1
+

× (1 + ‖ξ‖2)m−2|η|+|δ|−k
∣∣∣(1 + ‖ξ‖2)kDδ

ξξ
γξ2α+1
n+1

(
Fαφ

)
(ξ)
∣∣∣dξ.

Choose k > m+ n
2
− 2|η|+ |δ|+ 1

2
. Then C ′′k,m,η =

∫
Rn+1
+

(1 + ‖ξ‖2)m−2|η|+|δ|−kdξ, be

a finite positive constant depending on k,m, η, δ only such that

sup
x∈Rn+1

∣∣∣(1 + ‖x‖2)pDβ
x(Tσφ)(x)

∣∣∣ ≤ p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)
×
(

2η

δ

)
E ′αB

(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)
C ′β,ηC

′′
k,m,η

× sup
ξ∈Rn+1

∣∣∣(1 + ‖ξ‖2)kDδ
ξξ
γξ2α+1
n+1

(
Fαφ

)
(ξ)
∣∣∣.

(2.2.22)



Chapter 2. An Integral representation of P.D.O. involving the W.T. 28

Using Lemma 2.2.5 and (2.2.20) in (2.2.22), we get

τp,r(Tσφ) ≤
p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

(
p

q

)(
q

η1, · · · , ηn, ηn+1

)(
β

γ

)(
2η

δ

)
× E ′αB

(γn+1 − 2ηn+1 + 1

2
, α +

1

2

)
C ′β,ηC

′′
k,m,ηCα,δ,ζτk+l,p(Fαφ)

≤
p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

Dα,β,η,k,m,pτk+l,p(Fαφ), (2.2.23)

where |β| ≤ r and Dα,β,η,k,m,p is a positive constants, then (2.2.23) implies that

τp,r(Tσφ) <∞. The continuity of Tσ follows from (2.2.23).

Corollary 2.2.7. The pseudo-differential operator Tσ associated to symbol σ maps

the Schwartz space S∗(Rn+1
+ ) continuously into itself. More precisely, if φs → 0 in

S∗(Rn+1
+ ), then Tσφs → 0 in S∗(Rn+1

+ ) as s→∞.

Proof. From (2.2.23), we found that

τp,r(Tσφs) ≤
p∑
q=0

∑
η1,··· ,ηn,ηn+1≥0

∑
γ≤β

∑
δ≤2η

Dα,β,η,k,m,pτk+l,p(Fαφs). (2.2.24)

Since φs → 0 in S∗(Rn+1
+ ) as s → ∞, it follows from (2.2.24), τp,r(Tσφs) → 0 in

S∗(Rn+1
+ ).

2.3 Boundedness of Pseudo-Differential Operators

In this section, an integral representation and various estimates are made by exploit-

ing the theory of Weinstein transform. Further, boundedness of pseudo-differential

operators are discussed.

An integral representation. The function σx(ξ), associated with the symbol
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σ(x, ξ) and defined by

σx(ξ) =

∫
Rn+1
+

Wα(η, ξ)
[
Wα(x,−η)σ(x, η)

]
dµα(η), ξ ∈ Rn+1

+ , (2.3.1)

will play a fundamental role in our investigation. An estimate for σx(ξ) is given by

the following lemma:

Lemma 2.3.1. Let σ ∈ Sm,m ∈ R. Then the following inequality holds

∣∣σx(ξ)∣∣ ≤ Eα,m,p(1 + ‖ξ‖2)−p(1 + ‖x‖2)
4p−k

2 (2.3.2)

where Eα,m,p is a positive constant and p, k ∈ N0 such that m < −2α− n− p− 2.

Proof. From (2.3.1) and Binomial theorem, we have

(1 + ‖ξ‖2)pσx(ξ) =

p∑
s=0

(
p

s

)
‖ξ‖2sFα

(
Wα(x,−η)σ(x, η)

)
(ξ).

First, we shall show that x → Wα(x,−η)σ(x, η) ∈ L1
α(Rn+1

+ ), then for σ ∈ Sm, we

get

‖Wα(x,−η)σ(x, η)‖L1
α(Rn+1

+ ) =

∫
Rn+1
+

|Wα(x,−η)σ(x, η)|dµα(η)

≤ C0,0(1 + ‖x‖2)
−k
2

∫
Rn+1
+

(1 + ‖η‖2)
m
2 dµα(η)

≤ C0,0Aα(1 + ‖x‖2)
−k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+2α+1

2 dη.

Choose m < −2α− n− 2, then there exists a finite constant Cα,m depends only on

α,m such that Wα(x,−η)σ(x, η) ∈ L1
α(Rn+1

+ ).
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Now, using (1.4.3) we get

(1 + ‖ξ‖2)pσx(ξ) =

p∑
s=0

(
p

s

)
(−1)sFα

(
∆s
α,n,η

[
Wα(x,−η)σ(x, η)

])
(ξ)

=

p∑
s=0

(
p

s

)
(−1)s

∫
Rn+1
+

Wα(η, ξ)∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]
dµα(η).

Therefore,

(1 + ‖ξ‖2)p
∣∣σx(ξ)∣∣ ≤ p∑

s=0

(
p

s

)∫
Rn+1
+

∣∣∣∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]∣∣∣dµα(η). (2.3.3)

Now, we find the estimate of
∣∣∣∆s

α,n,η

[
Wα(x,−η)σ(x, η)

]∣∣∣ with the help of [19, p. 14],

then there is a constant E ′α,r for r ∈ {0, 1, · · · , s} depending only on α satisfying

∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]
=

s∑
j=0

2j∑
r=1

(
s

j

)
E ′α,rη

r−s
n+1(∆n)s−jη′

∂r

∂ηrn+1

[
Wα(x,−η)σ(x, η)

]
,

where (∆n)η′ = ( ∂2

∂η21
+ · · ·+ ∂2

∂η2n
).

Using the Leibniz formula (1.4.19), we have

∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]
=

s∑
j=0

2j∑
r=1

r∑
q=0

(
s

j

)(
r

q

)
E ′α,rη

r−s
n+1(∆n)s−jη′

×
[ ∂q

∂ηqn+1

Wα(x,−η)
∂r−q

∂ηr−qn+1

σ(x, η)
]
. (2.3.4)

Using (1.4.20) in the above expression, we get

∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]
=

s∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(s−j)

(
s

j

)(
r

q

)
1

ρ′!
E ′α,rη

r−s
n+1

×
[

∂|ρ
′|+q

∂ηρ11 · · · ∂η
ρn
n ∂η

q
n+1

Wα(x,−η)

]
×
[

∂|ρ
′|

∂ηρ11 · · · ∂η
ρn
n

(∆n)s−jη′
∂r−q

∂ηr−qn+1

σ(x, η)

]
. (2.3.5)
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For s− j ∈ N0, we have

(∆n)s−jη′ =
∑

δ1,··· ,δn≥0

(
s− j

δ1, · · · , δn

)
∂2δ1

∂η2δ1
1

· · · ∂
2δn

∂η2δn
n

. (2.3.6)

From (2.3.5) and (2.3.6), we get

∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]
=

s∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(s−j)

∑
δ1,··· ,δn≥0

(
s

j

)(
r

q

)(
s− j

δ1, · · · , δn

)
1

ρ′!

× E ′α,rηr−sn+1

[
∂|ρ
′|+q

∂ηρ11 · · · ∂η
ρn
n ∂η

q
n+1

Wα(x,−η)

]
×
[

∂|ρ
′|+2|δ′|+r−q

∂ηρ1+2δ1
1 · · · ∂ηρn+2δn

n ∂ηr−qn+1

σ(x, η)

]

=
s∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(s−j)

∑
δ1,··· ,δn≥0

(
s

j

)(
r

q

)(
s− j

δ1, · · · , δn

)
× 1

ρ′!
E ′α,rη

r−s
n+1

[
Dρ′+q
η Wα(x,−η)

][
Dρ′+2δ′+r−q
η σ(x, η)

]
,

(2.3.7)

where ρ′+q = (ρ1, · · · , ρn, q) ∈ Nn+1
0 , ρ′+2δ′+r−q = (ρ1+2δ1, · · · , ρn+2δn, r−q) ∈

Nn+1
0 and |ρ′|+q = ρ1 +· · ·+ρn+q, |ρ′|+2|δ′|+r−q = ρ1 +2δ1 +· · ·+ρn+2δn+r−q.

Using the fact σ ∈ Sm and Proposition 1.3.4, (2.3.7) becomes

∣∣∣∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]∣∣∣ ≤ s∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(s−j)

∑
δ1,··· ,δn≥0

(
s

j

)(
r

q

)(
s− j

δ1, · · · , δn

)
1

ρ′!

× E ′α,rCρ′,δ′,q|ηn+1|r−s‖x‖|ρ
′|+q(1 + ‖η‖2)

m−(|ρ′|+2|δ′|+r−q)
2

× (1 + ‖x‖2)−
k
2

≤
s∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(s−j)

(
s

j

)(
r

q

)
1

ρ′!
E ′α,rCρ′,q

× |ηn+1|r−s(1 + ‖η‖2)
m−(|ρ′|+r−q)

2 (1 + ‖x‖2)
|ρ′|+q−k

2 .
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Therefore,

∣∣∣∆s
α,n,η

[
Wα(x,−η)σ(x, η)

]∣∣∣ ≤ s∑
j=0

2j∑
r=1

r∑
q=0

(
s

j

)(
r

q

)
E ′α,rC2(s−j),q|ηn+1|r−s(1 + ‖η‖2)

m−r+q
2

× (1 + ‖x‖2)
2s−2j+q−k

2

≤
s∑
j=0

2j∑
r=1

(
s

j

)
E ′α,rC2(s−j),r|ηn+1|r−s(1 + ‖η‖2)

m
2

× (1 + ‖x‖2)
2s−2j+r−k

2

≤ E ′′α,s(1 + ‖η‖2)
m+s

2 (1 + ‖x‖2)
4s−k

2 , (2.3.8)

where E ′′α,s is a positive constant.

Now, using (2.3.8) in (2.3.3), we get

(1 + ‖ξ‖2)p
∣∣σx(ξ)∣∣ ≤ p∑

s=0

(
p

s

)
E ′′α,sAα(1 + ‖x‖2)

4s−k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+s

2 |ηn+1|2α+1dη

≤ E ′′′α,pAα(1 + ‖x‖2)
4p−k

2

∫
Rn+1
+

(1 + ‖η‖2)
m+p+2α+1

2 dη.

For m < −2α− n− p− 2, there exists a positive constant Eα,m,p such that

∣∣σx(ξ)∣∣ ≤ Eα,m,p(1 + ‖ξ‖2)−p(1 + ‖x‖2)
4p−k

2 .

Theorem 2.3.2. If σ ∈ Sm,m ∈ R, then the pseudo-differential operator associated

with σ can be represented in the following form

(
Tσφ

)
(x) =

∫
Rn+1
+

σx(ξ)φ(ξ)dµα(ξ), φ ∈ S∗(Rn+1
+ ), (2.3.9)

where σx(ξ) is defined in (2.3.1) and involved estimate is convergent for m < −2α−

n− p− 2 in Lemma 2.3.1.
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Proof. Let σ ∈ Sm be a symbol. Then from (2.2.5), we have

(
Tσφ

)
(x) =

∫
Rn+1
+

ei〈x
′
,η
′ 〉Ĵα(xn+1ηn+1)σ(x, η)(Fαφ)(η)dµα(η),

where

(Fαφ)(η) =

∫
Rn+1
+

e−i〈η
′
,ξ
′ 〉Ĵα(ηn+1ξn+1)φ(ξ)dµα(ξ).

Therefore,

(
Tσφ

)
(x) =

∫
Rn+1
+

(∫
Rn+1
+

e−i〈η
′
,ξ
′ 〉Ĵα(ηn+1ξn+1)

[
ei〈x

′
,η
′ 〉Ĵα(xn+1ηn+1)σ(x, η)

]
× dµα(η)

)
φ(ξ)dµα(ξ).

Using Proposition 1.3.4, the last expression becomes

(
Tσφ

)
(x) =

∫
Rn+1
+

(∫
Rn+1
+

Wα(η, ξ)
[
Wα(x,−η)σ(x, η)

]
dµα(η)

)
φ(ξ)dµα(ξ)

=

∫
Rn+1
+

σx(ξ)φ(ξ)dµα(ξ).

Next, we shall show that integral on right hand side of (2.3.9) is absolutely conver-

gent. Since φ ∈ S∗(Rn+1
+ ), therefore

∣∣φ(ξ)
∣∣ ≤ C(1 + ‖ξ‖2)−l, (2.3.10)

where C be a positive constant and l ∈ N.

Taking absolute value of (2.3.9) and using (2.3.2), (2.3.10), we have

∣∣(Tσφ)(x)
∣∣ ≤ CEα,m,p

∫
Rn+1
+

(1 + ‖ξ‖2)−l−p(1 + ‖x‖2)
4p−k

2 dµα(ξ)

≤ CEα,m,pAα(1 + ‖x‖2)
4p−k

2

∫
Rn+1
+

(1 + ‖ξ‖2)−l−pξ2α+1
n+1 dξ.
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For l, p ∈ N and l > n
2

+α− p+ 1, there exists a positive constant Cα,l,m,p such that

∣∣(Tσφ)(x)
∣∣ ≤ Cα,l,m,p(1 + ‖x‖2)

4p−k
2 , ∀x ∈ Rn+1

+ .

Lemma 2.3.3. Let σ ∈ Sm,m ∈ R. Then

σx(ξ) =

∫
Rn+1
+

Wα(η, ξ)
[
Wα(x,−η)σ(x, η)

]
dµα(η),

can be expressed as

∫
Rn+1
+

Wα(η,−ξ)σx(ξ)dµα(ξ) = Wα(x,−η)σ(x, η). (2.3.11)

Proof. Using Proposition 1.3.4 in (2.3.1), we get

σx(ξ) =

∫
Rn+1
+

e−i〈η
′
,ξ
′ 〉Ĵα(ηn+1ξn+1)

[
ei〈x

′
,η
′ 〉Ĵα(xn+1ηn+1)σ(x, η)

]
dµα(η).

In view of (1.4.1), above expression yields

σx(ξ) = Fα
[
ei〈x

′
,η
′ 〉Ĵα(xn+1ηn+1)σ(x, η)

]
(ξ).

From (1.4.2), the last expression becomes

∫
Rn+1
+

ei〈η
′,ξ′〉Ĵα(ηn+1ξn+1)σx(ξ)dµα(ξ) = ei〈x

′
,η
′ 〉Ĵα(xn+1ηn+1)σ(x, η).

In view of Proposition 1.3.4, the last expression yields

∫
Rn+1
+

Wα(η,−ξ)σx(ξ)dµα(ξ) = Wα(x,−η)σ(x, η).
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Theorem 2.3.4. Let u ∈ S∗(Rn+1
+ ). Then the pseudo-differential operator Tσ asso-

ciated with symbol σ ∈ Sm,m ∈ R can be represented as

(Tσu)(x) =

∫
Rn+1
+

∫
Rn+1
+

ei〈η
′,ξ′〉Ĵα(ηn+1ξn+1)σx(ξ)(Fαu)(η)dµα(η)dµα(ξ), (2.3.12)

where σx(ξ) is defined in (2.3.1) and all involved integrals are convergent for k, p ∈

N0, l ∈ N such that p > α + n
2

+ 1 and l > α + n
2

+ 1.

Proof. Using (2.2.6) and Lemma 2.3.3, we have

(Tσu)(x) =

∫
Rn+1
+

∫
Rn+1
+

Wα(η,−ξ)σx(ξ)(Fαu)(η)dµα(η)dµα(ξ). (2.3.13)

From Proposition 1.3.4, the last expression yields

(Tσu)(x) =

∫
Rn+1
+

∫
Rn+1
+

ei〈η
′,ξ′〉Ĵα(ηn+1ξn+1)σx(ξ)(Fαu)(η)dµα(η)dµα(ξ).

Next, we shall show that all involved integrals in (2.3.13) are absolutely convergent.

Since (Fαu) ∈ S∗(Rn+1
+ ), therefore

∣∣(Fαu)(η)
∣∣ ≤ C(1 + ‖η‖2)−l, (2.3.14)

where C be a positive constant and l ∈ N.

Therefore, we take

∣∣(Tσu)(x)
∣∣ ≤ ∫

Rn+1
+

∫
Rn+1
+

∣∣Wα(x,−η)
∣∣∣∣σx(ξ)∣∣∣∣(Fαu)(η)

∣∣dµα(η)dµα(ξ).
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Using (2.3.2) and (2.3.14), we have

∣∣(Tσu)(x)
∣∣ ≤ CEα,m,pA

2
α(1 + ‖x‖2)

4p−k
2

∫
Rn+1
+

(1 + ‖ξ‖2)
2α−2p+1

2 dξ

∫
Rn+1
+

(1 + ‖η‖2)
2α−2l+1

2 dη.

Since the last integrals are convergent for p > α + n
2

+ 1 and l > α + n
2

+ 1.

Hence,

∣∣(Tσu)(x)
∣∣ ≤ E ′α,l,m,p(1 + ‖x‖2)

4p−k
2 ,

where E ′α,l,m,p is a positive constant given by

E ′α,l,m,p = CEα,m,pA
2
α

∫
Rn+1
+

(1 + ‖ξ‖2)
2α−2p+1

2 dξ

∫
Rn+1
+

(1 + ‖η‖2)
2α−2l+1

2 dη.

The Translation operator associated with the Weinstein transform

We define the basic function for the Weinstein transform by

Dα(x, y, z) =

∫
Rn+1
+

Wα(x, t)Wα(−y, t)Wα(z, t)dµα(t). (2.3.15)

Next, we shall show that Dα(x, y, z) is well defined function for each x, y, z ∈ Rn+1
+ .

In view of (1.3.10), above expression becomes

Dα(x, y, z) =

∫
Rn+1
+

e−i〈x
′,t′〉Ĵα(xn+1tn+1)ei〈y

′,t′〉Ĵα(yn+1tn+1)

× e−i〈z′,t′〉Ĵα(zn+1tn+1)dµα(t) (2.3.16)

=

∫ ∞
0

Ĵα(xn+1tn+1)Ĵα(yn+1tn+1)Ĵα(zn+1tn+1)t2α+1
n+1

dtn+1

2αΓ(α + 1)

×
∫
Rn
e−i〈x

′−y′+z′,t′〉 dt′

(2π)
n
2

. (2.3.17)
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From [1, p. 81], we obtain

Dα(x, y, z) = (2π)
n
2D(xn+1, yn+1, zn+1)δ(x′ − y′ + z′), (2.3.18)

where

D(xn+1, yn+1, zn+1)

=

∫ ∞
0

Ĵα(xn+1tn+1)Ĵα(yn+1tn+1)Ĵα(zn+1tn+1)t2α+1
n+1

dtn+1

2αΓ(α + 1)
, (2.3.19)

and δ(·) is the Dirac delta function.

Using [1, p. 81], we have

∫
Rn+1
+

Dα(x, y, z)dµαz =

∫ ∞
0

D(xn+1, yn+1, zn+1)z2α+1
n+1

dzn+1

2αΓ(α + 1)

×
∫
Rn
δ(x′ − y′ + z′)dz′

= 1. (2.3.20)

Lemma 2.3.5. For all x, y, t ∈ Rn+1
+ , the following formula holds

Wα(x, t)Wα(−y, t) =

∫
Rn+1
+

Wα(−z, t)Dα(x, y, z)dµα(z). (2.3.21)

Proof. From (2.3.16), we have

Dα(x, y, z) = Fα
[
e−i〈x

′,t′〉Ĵα(xn+1tn+1)ei〈y
′,t′〉Ĵα(yn+1tn+1)

]
(z).
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By invoking (1.4.2), we get

e−i〈x
′,t′〉Ĵα(xn+1tn+1)ei〈y

′,t′〉Ĵα(yn+1tn+1)

=

∫
Rn+1
+

ei〈z
′,t′〉Ĵα(zn+1tn+1)Dα(x, y, z)dµα(z).

Using (1.3.10), we get

Wα(x, t)Wα(−y, t) =

∫
Rn+1
+

Wα(−z, t)Dα(x, y, z)dµα(z).

Theorem 2.3.6. If φ ∈ S∗(Rn+1
+ ), then the translation of φ associated with the

Weinstein transform can be expressed as

(ταx φ)(y) =

∫
Rn+1
+

φ(z)Dα(x, y, z)dµα(z). (2.3.22)

Proof. From [42, p. 596], we have

Fα(ταx φ)(ξ) = Wα(x, ξ)(Fαφ)(ξ).

Exploiting (1.4.2), we get

(ταx φ)(y) =

∫
Rn+1
+

Wα(x, ξ)Wα(−y, ξ)(Fαφ)(ξ)dµα(ξ). (2.3.23)

By invoking (1.4.1), we obtain

(ταx φ)(y) =

∫
Rn+1
+

∫
Rn+1
+

Wα(x, ξ)Wα(−y, ξ)Wα(z, ξ)φ(z)dµα(ξ)dµα(z).
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Therefore, using (2.3.15) we get

(ταx φ)(y) =

∫
Rn+1
+

φ(z)Dα(x, y, z)dµα(z).

2.4 Lpα,s(Rn+1
+ )- boundedness of pseudo-differential

operators

In this section, Lpα,s- boundedness of pseudo-differential operators associated with

the Weinstein transform is shown and its various properties studied.

Definition 2.4.1. Let σ ∈ Sm,m ∈ R then for each fixed x ∈ Rn+1
+ , Kx(z) is defined

by

Kx(z) =

∫
Rn+1
+

Wα(−z, η)σ(x, η)dµα(η), z ∈ Rn+1
+ . (2.4.1)

The convergent of (2.4.1) is shown by Lemma 2.4.2 which is useful in the proof of

boundedness for Tσ.

Lemma 2.4.2. Let σ ∈ Sm,m ∈ R. Then the following inequality holds

∣∣Kx(z)
∣∣ ≤ Cα,m,p(1 + ‖z‖2)−p(1 + ‖x‖2)−

k
2 (2.4.2)

where Cα,m,p is a positive constant and k, p, s ∈ N0 such that m < −2α− n− s− 1.
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Proof. Using Binomial theorem, we get

(1 + ‖z‖2)pKx(z) =

p∑
s=0

(
p

s

)
‖z‖2sKx(z).

From (2.4.1), above expression becomes

(1 + ‖z‖2)pKx(z) =

p∑
s=0

(
p

s

)
‖z‖2s

∫
Rn+1
+

Wα(−z, η)σ(x, η)dµα(η).

In view of (1.3.10), we get

(1 + ‖z‖2)pKx(z) =

p∑
s=0

(
p

s

)∫
Rn+1
+

‖z‖2sei〈z
′,η′〉Ĵα(zn+1ηn+1)σ(x, η)dµα(η).

Using (1.3.9), we obtain

(1 + ‖z‖2)pKx(z) =

p∑
s=0

(
p

s

)∫
Rn+1
+

(−1)s∆s
α,n,ηe

i〈z′,η′〉Ĵα(zn+1ηn+1)σ(x, η)dµα(η)

=

p∑
s=0

(
p

s

)
(−1)s

∫
Rn+1
+

ei〈z
′,η′〉Ĵα(zn+1ηn+1)∆s

α,n,ησ(x, η)dµα(η).

Therefore,

(1 + ‖z‖2)p
∣∣Kx(z)

∣∣ ≤ p∑
s=0

(
p

s

)∫
Rn+1
+

∣∣∣∆s
α,n,ησ(x, η)

∣∣∣dµα(η). (2.4.3)

From [19, p. 14], we find

(1 + ‖z‖2)p
∣∣Kx(z)

∣∣ ≤ p∑
s=0

s∑
j=0

2j∑
r=1

(
p

s

)(
s

j

)
E ′α,r

×
∫
Rn+1
+

∣∣∣ηr−sn+1(∆n)s−jη′
∂r

∂ηrn+1

σ(x, η)
∣∣∣dµα(η). (2.4.4)
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From (2.3.6) and (2.4.4), we get

(1 + ‖z‖2)p
∣∣Kx(z)

∣∣ ≤ p∑
s=0

s∑
j=0

2j∑
r=1

∑
δ1,··· ,δn≥0

(
p

s

)(
s

j

)(
s− j

δ1, · · · , δn

)
E ′α,r

×
∫
Rn+1
+

∣∣∣ηr−sn+1D
2δ′+r
η σ(x, η)

∣∣∣dµα(η),

where 2δ′ + r = (2δ1, · · · , 2δn, r) ∈ Nn+1
0 and 2|δ′|+ r = 2δ1 + · · ·+ 2δn + r.

Since σ ∈ Sm, then from (2.2.4) we have

(1 + ‖z‖2)p
∣∣Kx(z)

∣∣ ≤ p∑
s=0

s∑
j=0

2j∑
r=1

∑
δ1,··· ,δn≥0

(
p

s

)(
s

j

)(
s− j

δ1, · · · , δn

)
E ′α,rCδ′,r

× (1 + ‖x‖2)−
k
2

∫
Rn+1
+

|ηn+1|r−s(1 + ‖η‖2)
m−(2|δ′|+r)

2 dµα(η)

≤
p∑
s=0

s∑
j=0

(
p

s

)(
s

j

)
E ′α,2sC2s(1 + ‖x‖2)−

k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+s−1

2 dµα(η)

≤
p∑
s=0

(
p

s

)
C ′′α,s(1 + ‖x‖2)−

k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+s−1

2 dµα(η),

where C ′′α,s is a positive constant.

Therefore,

(1 + ‖z‖2)p
∣∣Kx(z)

∣∣ ≤ p∑
s=0

(
p

s

)
C ′′α,sAα(1 + ‖x‖2)−

k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+s−1

2 η2α+1
n+1 dη

≤
p∑
s=0

(
p

s

)
C ′′α,sAα(1 + ‖x‖2)−

k
2

∫
Rn+1
+

(1 + ‖η‖2)
m+s+2α

2 dη.

The last integral is convergent for m < −2α − n − s − 1, therefore there exists a

positive constant Cα,m,p such that

∣∣Kx(z)
∣∣ ≤ Cα,m,p(1 + ‖z‖2)−p(1 + ‖x‖2)

−k
2 .



Chapter 2. An Integral representation of P.D.O. involving the W.T. 42

Definition 2.4.3. Let s ∈ R. Denote Lpα,s(Rn+1
+ ), 1 ≤ p ≤ ∞ by the space of all

functions φ ∈ S ′∗(Rn+1
+ ) which satisfy

‖φ‖Lpα,s(Rn+1
+ ) =

∥∥(1 + ‖ξ‖2)
s
2φ(ξ)

∥∥
Lpα(Rn+1

+ )
. (2.4.5)

From (2.4.5), we have

‖φ‖Lpα,0(Rn+1
+ ) = ‖φ‖Lpα(Rn+1

+ ). (2.4.6)

Theorem 2.4.4. Let α > −1
2

and p′, q′, r′ ∈ [1,∞] such that 1
p′

+ 1
q′
− 1

r′
= 1.

Then for u ∈ S∗(Rn+1
+ ), the pseudo-differential operator Tσ associated with symbol

σ ∈ Sm,m ∈ R defined by (2.2.5) maps continuously Lp
′
α (Rn+1

+ ) to Lr
′

α,k(R
n+1
+ ).

Moreover,

‖Tσu‖Lr′α,k(Rn+1
+ ) ≤ Cα,k,m,p‖(1 + ‖z‖2)−p‖

Lq
′
α (Rn+1

+ )
‖u‖

Lp
′
α (Rn+1

+ )
, (2.4.7)

where Cα,k,m,p is a positive constant for p ∈ N and q′ > 2α+n+2
2p

.

Proof. From (2.3.9) and (2.3.1), we have

(
Tσu

)
(x) =

∫
Rn+1
+

σx(ξ)u(ξ)dµα(ξ),

where

σx(ξ) =

∫
Rn+1
+

Wα(η, ξ)
[
Wα(x,−η)σ(x, η)

]
dµα(η).

Therefore,

(
Tσu

)
(x) =

∫
Rn+1
+

∫
Rn+1
+

Wα(η, ξ)
[
Wα(x,−η)σ(x, η)

]
u(ξ)dµα(η)dµα(ξ).
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Using (2.3.21), above expression becomes

(
Tσu

)
(x) =

∫
Rn+1
+

∫
Rn+1
+

(∫
Rn+1
+

Wα(−z, η)Dα(x, ξ, z)dµα(z)
)
σ(x, η)

× u(ξ)dµα(η)dµα(ξ)

=

∫
Rn+1
+

∫
Rn+1
+

(∫
Rn+1
+

Wα(−z, η)σ(x, η)dµα(η)
)
Dα(x, ξ, z)

× u(ξ)dµα(z)dµα(ξ).

From the relation (2.4.1), the last expression yields

(
Tσu

)
(x) =

∫
Rn+1
+

∫
Rn+1
+

Kx(z)Dα(x, ξ, z)u(ξ)dµα(ξ)dµα(z). (2.4.8)

In view of an inequality (2.4.2), (2.4.8) finds

∣∣(Tσu)(x)
∣∣ ≤ Cα,m,p

∫
Rn+1
+

∫
Rn+1
+

(1 + ‖z‖2)−p(1 + ‖x‖2)−
k
2Dα(x, ξ, z)

× |u(ξ)|dµα(ξ)dµα(z).

If F (z) = (1 + ‖z‖2)−p, then from (1.4.11) above expression becomes

∣∣∣(1 + ‖x‖2)
k
2

(
Tσu

)
(x)
∣∣∣ ≤ Cα,m,p(F ∗W |u|)(x).

Therefore,

(∫
Rn+1
+

∣∣∣(1 + ‖x‖2)
k
2

(
Tσu

)
(x)
∣∣∣r′dµα(x)

) 1
r′

≤ Cα,m,p

(∫
Rn+1
+

(F ∗W |u|)r
′
(x)dµα(x)

) 1
r′

.
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Using (1.4.17) for F ∈ Lq′α (Rn+1
+ ) and |u| ∈ Lp′α (Rn+1

+ ), we obtain

‖(1 + ‖x‖2)
k
2

(
Tσu

)
(x)‖Lr′α (Rn+1

+ ) ≤ Cα,k,m,p‖F ∗W |u|‖Lr′α (Rn+1
+ )

≤ Cα,k,m,p‖F‖Lq′α (Rn+1
+ )
‖u‖

Lp
′
α (Rn+1

+ )
, (2.4.9)

where 1 ≤ p′ ≤ ∞ such that 1
p′

+ 1
q′
− 1

r′
= 1 and q′ > 2α+n+2

2p
.

Therefore, from (2.4.5), we obtain

‖Tσu‖Lr′α,k(Rn+1
+ ) ≤ Cα,k,m,p‖(1 + ‖z‖2)−p‖

Lq
′
α (Rn+1

+ )
‖u‖

Lp
′
α (Rn+1

+ )
.

2.5 Pseudo-differential Operators associated with

Heat equation

In this section, pseudo-differential operators associated with heat equation involving

Weinstein transform is studied.

Proposition 2.5.1. Let f ∈ S∗(Rn+1
+ ). The pseudo-differential operator u(x, t) =

(Tσtf)(x), solves the Weinstein heat equation


∂u(x, t)

∂t
= ∆α,n,xu(x, t), (x, t) ∈ Rn+1

+ × (0,∞)

u(x, 0) = f(x), ∀x ∈ Rn+1
+

(2.5.1)
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where

(Tσtf)(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σt(ξ)(Fαf)(ξ)dµα(ξ), (2.5.2)

and σt(ξ) = e−t‖ξ‖
2
, ∀t > 0.

Proof Using the Weinstein transform and their inversion on S∗(Rn+1
+ ), we have

u(x, t) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(Fαu)(ξ, t)dµα(ξ).

Therefore,

∂u

∂t
=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

∂

∂t

(
(Fαu)(ξ, t)

)
dµα(ξ), (2.5.3)

and

∆α,n,xu(x, t) =

∫
Rn+1
+

(
∆α,n,xe

i〈x′ ,ξ′ 〉Ĵα(xn+1ξn+1)
)

(Fαu)(ξ, t)dµα(ξ)

=

∫
Rn+1
+

([ n∑
j=1

∂2

∂x2
j

+
∂2

∂x2
n+1

+
2α + 1

xn+1

∂

∂xn+1

]
ei

∑n
k=1 xkξk

× Ĵα(xn+1ξn+1)
)

(Fαu)(ξ, t)dµα(ξ).

Thus,

∆α,n,xu(x, t) =

∫
Rn+1
+

( n∑
j=1

∂2

∂x2
j

ei
∑n
k=1 xkξk Ĵα(xn+1ξn+1) + ei

∑n
k=1 xkξk

×
[ ∂2

∂x2
n+1

+
2α + 1

xn+1

∂

∂xn+1

]
Ĵα(xn+1ξn+1)

)
× (Fαu)(ξ, t)dµα(ξ).
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From (1.3.9), we get

∆α,n,xu(x, t) =

∫
Rn+1
+

( n∑
j=1

(iξj)
2ei

∑n
k=1 xkξk Ĵα(xn+1ξn+1) + ei〈x

′
,ξ
′ 〉

× (−ξ2
n+1)Ĵα(xn+1ξn+1)

)
(Fαu)(ξ, t)dµα(ξ)

=

∫
Rn+1
+

(−‖ξ‖2)ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(Fαu)(ξ, t)dµα(ξ). (2.5.4)

Using (2.5.3) and (2.5.4) in (2.5.1), we have

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

∂

∂t

(
(Fαu)(ξ, t)

)
dµα(ξ)

=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(−‖ξ‖2)(Fαu)(ξ, t)dµα(ξ),

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

∂

∂t

(
(Fαu)(ξ, t)

)
dµα(ξ)

+

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(‖ξ‖2)(Fαu)(ξ, t)dµα(ξ) = 0.

It gives

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

( ∂
∂t

(Fαu)(ξ, t) + ‖ξ‖2(Fαu)(ξ, t)
)
dµα(ξ) = 0.

Therefore,

( ∂
∂t

+ ‖ξ‖2
)

(Fαu)(ξ, t)) = 0. (2.5.5)

For fixed value of ξ, the solution of (2.5.5)

(Fαu)(ξ, t) = C(ξ)e−t‖ξ‖
2

. (2.5.6)
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From (1.4.1), the initial condition gives

(
Fαu

)
(ξ, 0) =

(
Fαf

)
(ξ). (2.5.7)

Using (2.5.7) in (2.5.6), we find out C(ξ) =
(
Fαf

)
(ξ).

Therefore, (2.5.6) becomes

(Fαu)(ξ, t) =
(
Fαf

)
(ξ)e−t‖ξ‖

2

. (2.5.8)

Since f ∈ S∗(Rn+1
+ ), then from (1.4.6), we have (Fαf) ∈ S∗(Rn+1

+ ).

Taking inverse Weinstein transform in (2.5.8), we get

u(x, t) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)e−t‖ξ‖

2

(Fαf)(ξ)dµα(ξ)

=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σt(ξ)(Fαf)(ξ)dµα(ξ).

This shows that, u(x, t) = (Tσtf)(x) is the solution of heat equation (6.4.1) for any

initial function f .

Conclusion.

The Weinstein transform contains strong calculus and it is used in many problems

of mathematics, particularly in wavelets, partial-differential equations and distribu-

tions. Taking the theory of aforesaid transform, many authors found useful obser-

vations in harmonic analysis and other areas. In their research works, Chettaoui-

Trimèche [10], Hleili [24], Hleili-Hleili [25], Saudi [66] expounded different problems in

their papers. In the present chapter, authors found the theory of pseudo-differential

operators associated with the Weinstein transform and studied its properties. Uti-

lizing the aforesaid results, the Sobolev type of spaces and associated results were
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discussed in this chapter. The solution of the heat equation is obtained and it is ex-

pressed in the form of pseudo-differential operators by using the Weinstein transform

technique.

***


