CHAPTER 4

ON TEMPERATURE-RATE DEPENDENT
TWO-TEMPERATURE
THERMOELASTICITY

4.1 Variational and Reciprocal Principles on the Temperature-
Rate Dependent Two-Temperature Thermoelas-

ticity Theory

4.1.1 Introduction!

This chapter is concerned with the study of the modified temperature-rate dependent
two-temperature thermoelasticity theory. The concept of two-temperature theory was
first introduced by Gurtin and Williams (1966). They have suggested that the entropy
inequality requires a modification based on the distinction between two heat transfer
mechanisms implying that the heat flux inside the body and the external heat supply
are independent. Due to this distinction, the separation of entropy flow in the second
law of thermodynamics was considered, by introducing two different temperatures: the
thermodynamic temperature # and the conductive temperature ¢, based on the same

factor of proportionality. Further, Chen and Gurtin (1968) and then Chen et al. (1969)

!The content of this sub chapter is published in Journal of Thermal Stresses, 43(7), 816-828
(2020)
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derived the governing equations of the two-temperature theory of thermoelasticity by
following this modified entropy inequality. They also demonstrated that the distinction
between these two temperatures in a time independent situation is proportional to the
heat supply and these two temperatures are identical when an external heat source is
absent. They proposed a relation between these two temperatures and termed it as
a two-temperature relation. Later on, taking into account this two-temperature rela-
tion, Youssef (2006) developed the two-temperature generalized thermoelastic model
in the frame of LS model. The governing equations for the temperature-rate depen-
dent two-temperature (TRDTT) thermoelasticity theory were also stated by Youssef
(2006). Recently, Shivay and Mukhopadhyay (2019) employed generalized thermody-
namics laws and presented a modified TRDTT thermoelasticity theory. The generalized
two-temperature relation obtained in view of this modified TRDTT thermoelasticity
theory reduces to the two-temperature relation provided by Youssef (2006) in a specific
situation. The present chapter of the thesis consists of two subchapters, the objec-
tive of which is to analyze the modified temperature-rate dependent two-temperature

thermoelasticity theory proposed by Shivay and Mukhopadhyay (2019).

The dynamical state of a system of thermoelasticity can be obtained from the varia-
tional principle by representing it as the extremum of a functional or function (Ignaczak
and Starzewski (2010)). By combining initial conditions into the field equations, varia-
tional theorem has been introduced by Ignaczak (1963) and Gurtin (1964). Iesan (1966;
1974) and subsequently, Nickell and Sackman (1968b) derived variational theorem of
convolution type for linear coupled thermoelastic models. Later on, the Gurtin type
variational principle under consideration of microstructure based solid was presented
by Iesan (1967). Moreover, numerous ways for integration of elasticity equations con-
cerning the Green’s function can be achieved by using the reciprocal principle. The
reciprocal principle has convenient practical use in dealing with engineering problems

(Nowacki (1975b)). Mayzel (1951) established the reciprocity theorem in thermoelastic-
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ity theory in view of the static problem which is known as the Betti-Maxwell reciprocal
principle. The reciprocity theorem in the uncoupled thermoelasticity theory and cou-
pled thermoelasticity theory was established by Predeleanu (1959) and Ionescu-Cazimir
(1964), respectively. Without making use of the Laplace transform, the reciprocal prin-
ciple was derived by lesan (1967). Later, Nowacki (1975b) also discussed the reci-
procity theorem under coupled thermoelasticity theory concerning the homogeneous
and anisotropic material. Without involving initial data into the field equation and
excluding the use of Laplace transform, the reciprocity theorems were derived by Scalia
(1990). Chandrashekharaiah and Srikantaiah (1983), Wang et al. (1997), and Chan-
drashekharaiah (1998b) established the variational principle, reciprocal principle, and
uniqueness theorem on various generalized thermoelasticity theories. Convolution type
variational and reciprocal principles under two-temperature LS theory were derived
by Kumar et al. (2010). Chirita and Ciarletta (2010), Kumari and Mukhopadhyay
(2017b) and subsequently, Gupta and Mukhopadhyay (2018) derived the convolution
type variational principles and reciprocity theorems on various thermoelastic systems.
Recently, Sachan et al. (2023) established the reciprocal and variational theorems on

the TRDTT thermoelasticity theory.

In the present subchapter, variational theorem and reciprocity theorem are estab-
lished in the context of the modified temperature-rate dependent two-temperature
(MTRDTT) thermoelasticity theory proposed by Shivay and Mukhopadhyay (2019).
Therefore, the subchapter has been organized in the following manner. We begin
with summarizing the fundamental equations of MTRDTT for the homogeneous and
anisotropic material and define a mixed initial-boundary value problem under non-
homogeneous initial conditions. Further, an alternative characterization of the mixed
initial-boundary value problem is presented including the initial conditions into the field
equations. Lastly, a variational theorem and reciprocity theorem of convolution type

are derived based on this formulation.
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4.1.2 Basic Equations and Problem Formulation

We consider an anisotropic and homogeneous thermoelastic material occupying a reg-
ular region B in three dimensional Euclidean space. The closure and boundary of B
are denoted by B and 9B, respectively. Let n,; represents the unit outward components

normal to B and subsets of OB are 0B;, (i = 1,2,3,4) such that

831 U BBQ - 833 U 834 - BB,

831 N 832 — 833 N 834 — ¢

Therefore following Shivay and Mukhopadhyay (2019), the governing equations and the

constitutive relations under the MTRDTT thermoelasticity theory are given as follows:

Equations of motion:

Energy balance equation:
Constitutive equations:
035 = Cijrier — Yij (9 + Tlé> ; (4.1.3)
g = —Kijo,;. (4.1.4)
Two-temperature relation:
0 0
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Geometrical relation:

2eij = 2u() = (Ui + uge) (4.1.6)

where A;; is the temperature discrepancy tensor, 7, and 7, represent two relaxation
times.
Further, the following relaxation times and the material parameters are assumed to

carry out:

Cijkl = Cklij = Ujikt = Ckljh Cijkleijekl > 0, Kij = Kji; Yig = Vjis

OE > 0, p > 0, m >m>0. (417)

It is also considered that the Kjj,~;; and Cj;,; are smooth on B.

The following initial conditions are assumed to the above field equations:

U; (%0) = Ujp, U; (% 0) = g, 0 (557 0) = Qp,

‘ (4.1.8)
0(x,0) =y, ey(2,0)=e), ¢(x,0) =
and the boundary conditions are taken as
u; = U; on 0By x [0,00),
0; = O045N; = o; on 832 X [0, OO), (4 1 9)

¢=¢ on 0B3 x [0,00),

q=qn;=q on dBy x [0,00).

Here wu;g, t;0, g, a1, ¢o, e%, q, ¢, u; and 7; denote the initial values of displacement
component, velocity component, thermodynamic temperature, time rate of thermo-
dynamic temperature, conductive temperature, strain component, normal heat flow,

conductive temperature, surface displacement component, and traction component, re-
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spectively.

The regularity and smoothness conditions are assumed to be as follows:

® u,g is continuously differentiable on B.
e i, g, v, €); and ¢g are continuous on B.

@; and ¢ are continuous on 9B x [0,00) and on dB3 x [0, 00), respectively.

&; and G are piecewise continuous on 9B x [0,00) and on B, x [0, 00) , respec-

tively.
e I, and H are continuously differentiable on B x [0, 00).

Now, functions u;, €;;, 045, 0, ¢, ¢; are introduced by I = {w;, e, 0i;, 6, ¢, ¢;} in an
ordered array which is called as an admissible state. The following properties are

considered for the constituents of I:
ey, € CH? HeC' ¢peC? o, eC0eeC™, g eCtO
® 0, =0}, € =e€j ol B x [0,00).

The following operations are defined on admissible state:

1. Addition of admissible states

]-'- [/ e {'LLZ +u;, 623 + e;J7 ~~7Qi +qz} °

2. Multiplication of admissible state by a scalar y
xI = {xui, x€ij, - X} -

Hence, it is straight forward that the set of all admissible states is a linear space.
If the field Eqgs. (4.1.1)-(4.1.6), the initial conditions (4.1.8), and boundary conditions
(4.1.9) are satisfied by an admissible state then obviously it is the solution of the mixed

initial-boundary value problem.
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4.1.3 Alternative Formulation

Here we present a formulation of the above mixed problem by incorporating the initial
conditions into the field equations in an alternative way. Therefore, we start with the

following:

Let p; and ¢; be two continuous functions defined on B x [0, 00). Then the convolution

p1 * ¢ of p; and ¢ is stated by

t
[p1 % 1] (x, 1) :/ p(x,t—w)q (z,w)dw, (x,t) € Bx[0,00).
0

The convolution properties are considered, which are as follows:

¢ %P1 = P1* qu, (4.1.10)
qu* (p1+711) = (quxp1) + (qu*r1), (4.1.11)
qr* (pr*711) = (@ *p1) ¥11 = qu *p1 %71, (4.1.12)
pxq1 =0 = p; =0 or ¢ =0. (4.1.13)

Applying Laplace transform to Eqs. (4.1.1)-(4.1.3), (4.1.5) and using the initial condi-

tions (4.1.8), the following transformed equations are obtained:

Gijy + Fi = p (s*0; — suio — o) (4.1.14)
pH — (72'71' = PCE [89_— @ + T2 (520_ — Xp — S()éo)] + T()’YZ] (Sél] - 6)?]) s (4115)
04 = CijkCrl — YVij [9_+ T1 (85— Oéo)] ) (4.1.16)
Az’jﬁgn'j =¢—0+mn (8&—%) ! (89_—040), (4.1.17)

where s is the Laplace transform parameter.

Then applying convolution theorem and the inverse Laplace transform to Eqs. (4.1.14)-
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(4.1.17), it is acquired that

pu; — g *x 05—l =0, (4.1.18)

pCrl + Tofyz-jGO xej+Goxq, —W =0, (4.1.19)
Gy * (01 — Cijrert) + 7i0 — mij = 0, (4.1.20)
¢—0+M—GxAyd =0, (4.1.21)

where, the functions appeared in above equations are denoted on ¢ € [0, c0) as follows:

Ch(t) =1 — =m0 Gy () = Tile—t/ﬁ, (4.1.92)
Go(t) =1 — e, Gy (t) = %e—t/v, (4.1.23)
g () =, (4.1.24)
mi; =m1007i;Gh, (4.1.25)
M =Gy (g — ) . (4.1.26)

Moreover, the functions /; and W on B x [0, 00) are defined in the following way:

W = Go * pH + G() (pCETQOzl + TO%JQJ) + pCEOé(). (4128)

Therefore, in view of the above, we obtain the theorem as follows:

Theorem-4.1.3.1: The functions w;, e;;, 045, 0, ¢, g; satisfy the Eqs. (4.1.1)-(4.1.3),

(4.1.5), and the initial conditions (4.1.8) if and only if
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pu; — g * 0o —1l; =0, (4.1.29)

pCrl + TofyijG’o ke +Goxq —W =0, (4.1.30)
G * (03 — Cijraent) + 7350 — myy =0, (4.1.31)
¢—0+M—Gy*Ayd,; =0. (4.1.32)

Furthermore, by making use of this formulation, an alternative description of the mixed

problem is obtained, which is as follows:

Theorem-4.1.3.2: Let I = {uw;, e;j, 0i;, 0, ¢, ¢;} be an admissible state. Then I is
a solution of the mixed problem if and only if it satisfies the Eqs. (4.1.29)-(4.1.32),

(4.1.4), (4.1.6), and the boundary conditions (4.1.9).

4.1.4 Variational Theorem

Now, a variational theorem under this MTRDTT thermoelasticity theory is formulated
in this subsection. A real-valued function is identified as functional where a subset of
a linear space is the domain of the function. Now, it is considered that Z be a linear
space with subset Y on which a functional €2 is defined.

Let

vy €Y, y+ry €Y, VeeR (4.1.33)

and the variation of ) (y) at y is defined by

i d ,
0y Q{y} = %Q {y+ry'} . (4.1.34)

k=0

The variation of 2{.} is considered to be zero over Y at y in the following way:

135



CHAPTER 4. On temperature-rate dependent two-temperature thermoelasticity

{y} =0, overY (4.1.35)

if and only if 0,,Q {y} exists and is equal to zero V 3/’ consistent with (4.1.33).

Theorem-4.1.4.1: Let J be the set of all admissible states. For every t € [0, 00)
and for each I' = {w;, e, 045, 0, ¢, ¢} € J, the following functional Q, {I'} over J is
defined:

. 1. 1 .
O AT} = /B G * [g * (§G1 * Cijrier + mz’j) * €45 1 §PG1 * Uj *k Uy

—g*Gl*Oij*eij_Gl*(g*gijd—{_li)*uz'] dx
1

1 1
—— [ g* [—Go * @, % K0, +=pCpl * 0 + Gy * ¢,; *q;
Ty JB 2 2

+ (GO *Qkk — W) x 0 + T()GO * 7i€i5 * 0] dx

To Jp ’ 270 B

+/ Go*Gl*O'i*aidA
0B1

1 ~
—l—/ Go*x Gy * (0; — 7;) x u;dA + — g* Goxqx* pdA
2Bs 1o Jon,

1

_.I_ R
To Jop,

gx Go* (¢ — q) * ¢pdA. (4.1.36)

Then

5 {T} =0, te0,00) (4.1.37)

if and only if I satisfies the mixed initial-boundary value problem.

Proof: We consider that IV = {u!, e/, ol., 0, ¢/, ¢;} € J, which concludes that I" +
1 Cig iJ i

kI € J for every real k. Then, from Eqgs. (4.1.36), (4.1.10)-(4.1.12), (4.1.34), and the

divergence theorem, the following is obtained:
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or Q0 {T} =Gy % Gy = / (pu; — g * 0455 — ;) x uidx
B
+g x Gy * / [G1 * (Cijren — 0ij) — Y0 + mz‘j] * €;jd37
B

—Gly * Gy * / [eij — up] * oijdz
B
19 / (_Go * iy + W — ToGoyij * €5 — pCEe) # e
J B

_Ti * G * / (Kijo,5 +q:) * ¢,j dx
B

0

—|—i*GO*/ <¢—9+M—G1*Aij¢n‘j)*q;id$
Ty B 7

A;; )
_ 9% * G x G * / (qii + Kij,ij ) * @' ij do
Ty B
—Go*Gl */ (112—ﬂ2>*U:dA+GQ*G1*/ (Uz—(}z>*U;dA
0B, 0B2

g 7 ! g ~ /
A - A+ L - A (4.1,
TO*GO*/<933(¢ cb)*qd +T*G°*/334(q q) x ¢'dA.  (4.1.38)

0

Let us first assume that I satisfies the present mixed initial-boundary value problem.
Then, in view of the Theorem-4.1.3.2, Eq. (4.1.38) along with the suitable I", Eq.

(4.1.37) is satisfied. Thus the first part of this theorem is proved.
Conversely, let Eq. (4.1.37) holds.

Then
o {l'} =0, t€[0,00), VI' € J (4.1.39)

The Lemmas (1) — (3) (Gurtin (1964)) are further used.

Since this vanishing occurs for every IV € J, firstly, it is assumed that I" = {u},0,0,0,0,0}
and let w, as well as its all derivatives with respect to space variables vanish on

0B x [0, 00) .
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Thus, through Egs. (4.1.38) and (4.1.39), we find that

/ (pu; — g * 055 — ;) xujde =0, t € 0,00).
B

Hence, from Eq. (4.1.13) and Lemma 1 (Gurtin (1964)), it is found that Eq. (4.1.29)
holds.

Now we consider IV = {u},0,0,0,0,0} and assume that u vanishes on 0By x [0, c0).
Then, from Eqs. (4.1.38)-(4.1.39), (4.1.29) and Lemma 2 (Gurtin (1964)), the following

is obtained:

(Ui —52) =0 on 832 X [0,00)

Then Eqgs. (4.1.13) and (4.1.22) imply that one of the boundary conditions holds.

In a similar way, by taking convenient choices of TV and using three lemmas (Lemma
1-3) given in Gurtin (1964), it is obtained that all the other field Eqs. (4.1.30)-(4.1.32),
Egs. (4.1.4) and (4.1.6) and other boundary conditions (4.1.9) hold good. Therefore,
it is concluded that I' satisfies Eqs. (4.1.29)-(4.1.32), (4.1.4), (4.1.6) and boundary
conditions (4.1.9). Hence, I" satisfies the mixed initial-boundary value problem in view

of Theorem-4.1.3.2. Thus, proof of the Theorem-4.1.4.1 is complete as a result of this.

4.1.5 Reciprocity Theorem

The reciprocity theorem without the use of Laplace transformation is derived in this
subsection. For this, following two different systems of thermoelastic loadings are con-

sidered:

Ut = (FW, 1,5 50,6060 0 0y o ol el 67) , n =12

i 5 Wy i ? Tig

(4.1.40)

138



CHAPTER 4. On temperature-rate dependent two-temperature thermoelasticity

Let the two respective thermoelastic configurations be denoted as

v _ (uE”), ¢(n)) S on=12 (4.1.41)

Then the relation between these two sets of thermoelastic loadings and thermoelastic

configurations is derived by the following reciprocity theorem:

Theorem-4.1.5.1: Let there be two different systems of thermoelastic loadings U™ (n = 1,2)
as given by Eq. (4.1.40) and the corresponding thermoelastic configurations are V™, (n = 1,2)
as given by Eq. (4.1.41). If a thermoelastic solid is subjected to these two thermoelastic

loadings then the reciprocal relation holds as follows:

/ |:T0G0 * Gl * ll(l) * uEQ)i| dx + / T0G0 * Gl % g % Uz(gl) % ’LLEQ)dA
B 0B
/ gx [TO'%]GO * 6 9(2) + TOGO * m ) 6(]2)] dx
:/[TOGO*Gl*li *ui }d:l)—i—/ ToGo*Gl*g*O'()*LL()dA
B OB

1]

/ g* [TO%JGO * e 50 4 TyGo * mg; @) e(l)] dr, (4.1.42)

where I and mEJ") (n =1,2) are provided by Eqgs. (4.1.27) and (4.1.25), respectively.

Proof: From Eq. (4.1.20), the following equations for two systems are obtained as:

G * az-m =G x C’ijklekl 7”9(1 + (4.1.43)

1] Y
G * a =G x Cljklekl — %]9(2 + m(2). (4.1.44)

By making use of convolution of Eqs. (4.1.43) and (4.1.44) with 65 and e}, respectively

2]7

and then subtracting, we obtain
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G, *a (2)—1—%]9(1 ) mﬁj) Z] e *a E?—I—’yij@@)*

et —m xel). (4.1.45)

[

Again from Eq. (4.1.19), it is obtained that

Go * qz(,li) = W — Tyyi;Go 65]1-) — pCpoY, (4.1.46)

GO * qz‘(,zi) = W(Q) T0723G0 * 6 - PC'E@ (4147)

By making use of convolution of Eqs. (4.1.46) and (4.1.47) with #® and ), respec-

tively and then subtracting, we get

Gy * q“ 0@ To%gGo * e( ) % 0@ _ w4 p?

= Gy * q x 0 + TO%JGO * e x 00 — W@ 5 oM (4.1.48)

From Eqs. (4.1.45) and (4.1.48), it can be written as

TOGO * G * Uf + G * q %03 — TOGO * mf.j.) * eg)—W(l) * 03

= ToGo x Gy * O'Z-; * eijl- + Gy * qlzZ S NEN ml(?) e W@ 4 o), (4.1.49)

ZJ

Now the following notation is defined:

Lo :/ g * [TOG’O en 02.(;”) * ez(»?) + Gy * qz.(j?) * 0
B

—TyGo * mg.n) * eg-l) — WM 0(”)] dr, (m,n=1,2). (4.1.50)
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Now, using Egs. (4.1.6), (4.1.8) and (4.1.19), we find after some straight-forward

manipulations as

gx | ToGo * Gy * az.(;”) * ez(»?) + Gy * qgjf) % 0™ — TGy * mgn) xe

=TyGo # Gy g (0 + ™)y =ToGo # Gy pul™ < uf”

i 7 7
+TyGo * Gy x lgm) xu™ — g% TyGy * mgn) % el

7 i

—g* Toyi; Go * eg;n) % 0™ — g% pCph™ % ).

Therefore, from Eqgs. (4.1.50) and (4.1.51), we obtain

B J OB

B / g% [pCEg(m) 0 4 Ty Go * eg-") % 0+ TuGy * mg") % €
B

—/ [TOGO x Gy * pugm) * ul(n)] du.
B

Now, Eqgs. (4.1.49) and (4.1.50) yield

L12 - L21~

[TOGO*Gl*g*JZ(]m)*u

(n) _ pp7(m) 9(n>]

2

(4.1.51)

"] aa

(»77)] dx

2

(4.1.52)

(4.1.53)

Thus, from Eqs. (4.1.52) and (4.1.53), the relation (4.1.42) is acquired. Hence, the

proof of Theorem-4.1.5.1 is complete as a result of this.

4.1.6 Conclusion

In the present subchapter, some important theorems under MTRDTT thermoelastic

model proposed by Shivay and Mukhopadhyay (2019) are established. A characteri-

zation of the mixed initial-boundary value problem for homogeneous and anisotropic

medium is presented in an alternative way that includes the initial conditions into the
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field equations. A convolution type variational principle by using this alternative for-

mulation of the present problem is derived. Also, a reciprocity theorem is established.
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4.2 Thermoelastic Interactions on Temperature-Rate
Dependent Two-Temperature Thermoelasticity in

an Infinite Medium Subjected to a Line Heat Source

4.2.1 Introduction?

In the previous subchapter, some theoretical aspects are discussed under the MTRDTT
theorey. In this subchapter, the study of MTRDTT theory is continued by investigating
thermoelastic interactions inside an isotropic and homogeneous medium with a contin-
uous line heat source. It is worth recalling that thermoelastic interactions caused by a
continuous line heat source were investigated by Sherief and Anwar (1986) in the LS
model. Chandrasekharaiah and Murthy (1991) examined thermoelastic interactions re-
sulting from a line heat source in the GL model. Ezzat (1995) also used thermoelasticity
theory with two relaxation times to study thermoelastic interactions induced by a line
heat source for cylindrical regions. It is also worth mentioning some contributions to
the study of thermoelastic interactions resulting from a line heat source (see Dhaliwal
et al. (1997), Chandrasekharaiah and Srinath (1998), Prasad et al. (2011)) and one
can find that there are significant dissimilarities in the predictions by different models
regarding the effects of heat source.

In view of the above, the present subchapter is motivated to discuss thermoe-
lastic interactions under the MTRDTT theory inside an isotropic and homogeneous
medium with a continuous line heat source. We study our problem with the unified
form of two-temperature relation to compare the results for displacement, tempera-

tures, and stresses under the MTRDTT model with the corresponding results of the

2The content of this subchapter is published in Zeitschrift fiir angewandte Mathematik und
Physik, 73, 196 (2022)
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two-temperature Green-Lindsay (TTGL) model. The Laplace transform and Hankel
transform techniques are applied to solve the problem. Further, through the use of
short-time approximation and inverse Laplace transform, the analytical solutions in
the space-time domain are obtained. The obtained results are further illustrated nu-
merically and distributions of field variables are depicted in various graphs. Some

important observations are highlighted.

4.2.2 The Mathematical Model

An isotropic and homogeneous thermoelastic body is considered assuming that there
is no body force in the medium. Thus, the governing equations in the context of
MTRDTT thermoelasticity theory (Shivay and Mukhopadhyay (2019)) can be written

as follows:

Equation of motion:

Oijj = puz (421)

Stress-strain temperature relation:

: 0
Tij = Ackr0ij + 2p1eij — 70 (1 + Tla) 0. (4.2.2)

Strain-displacement relation:

1
Cij = 5( ij T i) - (4.2.3)

Heat conduction equation including a heat source is considered as:

Ko ;i = pC 2—1— 6—2 0+ ~T
ii — PUE ot TzatQ YLo

e

5~ PH. (4.2.4)
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Two-temperature relation is expressed as follows:

0 0
(1 + Tlpa) ¢ — (1 + T1p§> 0 = ad i, (4.2.5)

where a represents the two-temperature parameter and p is a dimensionless parameter

that is adopted to express the unified two-temperature relation as
e GL model: p=a=0
e TTGL model: p=0,a#0

e MTRDTT model: p # 0, a # 0.

4.2.3 Formulation of the Problem

Consider an unbounded thermoelastic solid containing a line heat source. The cylindri-
cal coordinate system (r, ¢, z) is employed throughout this subchapter. The heat source
is assumed to be located along the z-axis. We consider that thermoelastic loadings are
symmetrical about an axis so that the displacement and temperature vectors will be
dependent only on the space variables r and time ¢ having only a radial component.
There are two non-zero components of stress tensor, namely o,, and o,,, where o,, is
in radial direction and oy, denotes the circumferential stress in transverse direction.

Further, the strain tensor has the non zero components as

ou u
Erp = E, Cop = ;7 (426)
so that the dilatation is given by
ou u
= €Cj; = Epp = — —. 427
e=e Err + €pyp or + . ( )
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Now, in cylindrical coordinate system, the form of equation of motion (4.2.1) in the

present context is given as follows:

00, Opp—0C *u
5 T L =r5e (4.2.8)

Using Eq. (4.2.7), radial and circumferential stress components will take the forms

u Ju 0
Opp = )\; + (A + 2u)5 - (1 +7 Bt) 0, (4.2.9)
Ju u 0
= A\— - — . 4.2.1
Ty >\87' +()\—1—2,u)r ’y(l—{—ﬁat)@ ( 0)

Substituting Eqs. (4.2.9) and (4.2.10) in Eq. (4.2.8), we obtain

5u 2 10 1 0\ 00
— = — . 2.11
p8t2 (A+2u)(82+ o 7’2> 7<1+Tl(?z‘>8 (4.2.11)
Further, by combining Eqs. (4.2.4) and (4.2.7), we get
9, o? 0 (Ou wu
2, - -
KV ¢—pCE (at—l-Tga >9+ /Toat (a + ) pH, (4212)

2 _
where V Tg +1 . ar

Now, the following dimensionless transformations will be used for the sake of simplicity:

A /A Y 1
(t 77-177—2) - Cglrl(taThTQ)? (7" ,U) - COU(Ta U), (Q,Qb) = 7_10(9’ ¢)7
1 , ~vH

(0106 = gy 7o) = e
where
A2 pCr
co = B and 7 = N
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In this subchapter, a line heat source is considered which is as follows:

H= %Roci(r)%”(t), (4.2.13)

where Ry is a constant, #(t) is the Heaviside unit step function and 0(r) represents

the Dirac delta function.

Using the Eq. (4.2.13), non-dimensional parameters and variables listed above, Egs.

(4.2.5) and (4.2.9)-(4.2.12) are reduced as follows (by omitting the primes for the sake

of simplicity):
J%u 0? 10 1 0\ 00
9z (a— . —) U= <1 * a) o (4.2.14)
0 0? 0 [Ou wu R
) 0
= = i — | —+ =] = 1) t 4.2.1
Ve (615 +T26t2> 6+a28t <8T * r> 2nra; () (), ( )
ou U 0
Opp = E + Al; — a1 (]- + Tla) 97 (42]‘6)
U ou 0
Tpp = ;4‘)\15—&1 (14'7'1&) 0, (4.2.17)
1+ 9 d— 1+ 9 0 = asV3¢ (4.2.18)
Tlpat Tlp@t =as ) L
where
Rt _ 7 2.2 A
e A+ 2 4= pCg’ ag = acyn’, M = A+ 21

4.2.4 The Governing Equations in the Laplace Transform Do-
main
In the present context, the homogeneous initial conditions are considered for all field

variables assuming that the body is initially at rest in an unstressed and undeformed

state at a constant temperature.
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To get the solution, the Laplace transform is used to Eqs. (4.2.14)-(4.2.18). Therefore,

we obtain
”? 10 1 o0
T “v
s <8r2 ror r2> i—ar(l+ms) or’ (42.19)
_ _ ou A0(r
Vi = (s + 7'232) 0 + ags (_u + E) - l—(’), (4.2.20)
or r TS
ou u —
Opp = E + A1; — ap (1 + 7'18> 6, (4221)
o u ou —
Opp = ; + )\15 —ap (1 + 7-15) 0, (4'2'22)
- = as 27
0 =¢— 4.2.23
o (1—!—7’1p5>v¢’ ( )
where A; = 2};31'

Eliminating 0 between Eqs. (4.2.19) and (4.2.23), it is found that

#? 10 1)\ o[-  ay # 10\ o
(WJFFE_E)“_C”(“FTIS)E[¢_1+nps<W+Fﬁ)¢}_S“'
(4.2.24)

Further, by combining Eqs. (4.2.23) and (4.2.20), the following equation is obtained:

[1+ = (s+7'252)](a2+12)52(3+7232)q_b+a23(8ﬂ+§)—M.

1+ 7mps or2 ' ror or - r rs
(4.2.25)
We consider that D = % and D* = % + % are two operators.
Therefore, after decoupling of Eqs. (4.2.24) and (4.2.25), we arrive at
g (o
(DD* —m7) (DD* — m3) u = [Ay (DD*) — A3 B (Q) , (4.2.26)
— 1 A0
(D*D —m?) (D*D —m3) ¢ = [3 - (D*D)] 1T(T). (4.2.27)

Here, Ay = 204ma)A o q A, — 410104715 pyrthermore, m? and m2 are the roots of
)y 432 s(1+71ps) 3 s > 2
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the equation
(14 bys + bss®) m* — (5 + bys® + bas” + bys*) m® + (s° + bes* + brs”) =0, (4.2.28)

where we used the following notations:

by =(+1+7pe, by=as+7mp((+1),
by = asm, by = Tip+ase, bs = as(,
b = Tip + T2, by =TiTep, € =14 ajay,

( =Ty + a1as7y.

The solutions to Eqs. (4.2.26) and (4.2.27) that are bounded at infinity can be taken

as follows:
1 1=2
ﬂ(T’, S) =5 5 Z(—l)zjlmZ(AQWZQ — Ag)Kl (mﬂ’), (4229)
L L
p Al gy (mE =8
gb(?",S) = m Zz:;(—l) ITK()(TTLZ'T), (4230)

where, Ko(m;r) and K;(m;r) denote the modified Bessel function of the second kind

having order zero and order one, respectively.

To find the solutions for other field variables, the following identities are used:

K
V2Ko(ar) = a®Ky(ar), %Kl(ar) = —aKy(ar) — 1£ar)' (4.2.31)
Therefore, combining Eqgs. (4.2.30) and (4.2.23), we get
- A = - (m? — s?) asm?
= Sy (- i) Ko(myr). 4.2.32
9(7‘, S) m% — m% 2-21( ) S 1+ 71ps O(m T) ( 3 )

Further, making use of Eqs. (4.2.31) and (4.2.32), Eqs. (4.2.21) and (4.2.22) yield the
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following expressions of the stress components in Laplace transform domain:

52 —m? asm?
{m?(A:g — Agmf) + aq (1 + 7'18) Al( - Z) <1 _ ] —iTIZpS> } Ko(mﬂ“)

L S— i(—l)i_lﬁmi(z‘b — Agm?) Ky (myr), (4.2.33)

- r
=1

i=1
—m

52 2 asm?
{)\17713(143 — Agmﬁ) + ay (1 -+ 7'15) A1¥ (1 — ﬁ) } K()(mz"l”)

1=2

1 -1 (A — 1) 2
toE ;(—1) (A = Agmi) Ko (i), (4.2.34)
The system of Eqgs. (4.2.29)-(4.2.30) and (4.2.32)-(4.2.34) represents the solutions for
displacement, temperatures, and stresses, respectively, in the Laplace transform do-

main.

4.2.5 Short-Time Approximation

For the purpose of obtaining the solutions for the field variables in the space-time
domain (7, ), we need to apply the inverse Laplace transform. Since the above equations
involve the complicated terms on the Laplace transform parameter s, for this reason, it
is a challenging task to invert Laplace transform analytically for arbitrary ¢ and to find
a closed form analytical solution. Furthermore, the present study is more applicable
for the problems concerning short time duration. In view of this, the case of short-time
approximation is taken into account and the solution for large s (small value of t) is

found. Therefore higher power terms of 1/s are neglected.
Thus, the approximated roots mj; and ms of Eq. (4.2.28) in the contexts of the
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MTRDTT and TTGL theories are obtained as

mp = aips + aj; + %,
for the MTRDTT model (4.2.35)
mo = a20(8)1/2 + (;3211/2 + (s )3/2a
my ~ bigs + b1 + b12
for the TTGL model (4.2.36)

~ 21
mo ~2 bao + 7%,

where

. C(ag + 1) — m2(11 + asze)
10 — 272&3C )

) _\/> [7'1 {¢( 1+ 4¢) =31} (C — 7o) — a3(C — em)(C + 3em)
PV ¢ 8¢2 7503
2a3 {2¢(C + Cery — m)To + 11 (—C% — C(1 + e+ 2¢e) 7o + 3e73) }
8¢ r5a3 ]

1 1 <a37'2 — 77 )

Q20 = 21 = \/
as 2(1,37'17'2
. B (=3 +4¢ — 471) + 373 + 2a372 {(3 4 2e7) 72 — 211 (1 + e72) }
22 = 8airiTs '
2 — Ta€
b
VotV { 275C } ’

—— azeTy(2¢ — 3em2) + 447'2(7'2 Q) — az¢?

1 —1 1
boyo =——, ba=—= .
\/a_3 \/@ 2a37y

Y

Now, substituting the values of m; and msy from Eqs. (4.2.35) and (4.2.36) into Egs.
(4.2.29), (4.2.30) and (4.2.32)-(4.2.34) and carrying out the detailed manipulations, we
acquire the following short-time approximated expressions for displacement, tempera-

tures, and stresses in the domain of Laplace transform assuming s to be very large:
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1. For the MTRDTT model:

lr, s) = ( fun + % 4 %) Ky (a105 + an)r) + (%) Ky (a0 /2r)
(4.2.37)
O(r.s) = (% + %) Ko ((a108 + an)r) + (% 1 %) Ko (azs"/?r)
(4.2.38)
O(r,s) = (f49 + % + %) Ko ((aros + ayp)r) + (%) Ko (axs'/?r)
(4.2.39)
orr(r.s) = (3f53 + % + f—"j) Ko ((a108 + ann)r)
+ (% + fi;) Ko (asos'?r)
+ <f58 + % + %) Ky ((azos + an)r) + (SJ;%) K (az0"%r) |
(4.2.40)
ol ) = (f T fot f—) Ko ((ax0s + ax)r)
(22422 sy o
+ (fm + % + %) Ki ((a108 + a11)r) + (;;%) Ky (agos"/?r) .

(4.2.41)

2. For the TTGL model:

a(r,s) = (sg41 + quo + %) K1 ((bios + bu)r) + (% n %) Ky (boor), (4.2.42)

(7. s)

@(’F, S) = (Sg50 + Js1 -+ %) KO ((5108 + bn)'f’) + (% + %) K() (bgoT’) y (4244)

(gié + 9%7) Ko ((bios + bir)r) + (9;4,8 + g%g) Ko (bor) (4.2.43)
s S S S
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_ g
Trr(r,8) = (52955 + Sg56 + 957 + ?) Ko ((bios + bi1)r)

g g
-+ (959 + % —+ %) K() (bQ()T')

+ (5962 + 963 + %) Ky ((bios + bir)r) + (% + %) Ky (boor) ,

(4.2.45)

_ g
Top(r,8) = <52967 + 5968 + geo + g) Ko ((bios + bi1)r)
‘I‘ <!]71 + % + %) K() (bgo’l“)

+ (5974 + g75 + %) Ky ((bios + biy)r) + (% + %) Ky (bgor) .

(4.2.46)

4.2.6 Analytical Results

To find the solutions for short-time approximation in the physical domain (r,t), the

following formulae of Laplace inversions (Oberhettinger and Badii (1973)) are used:

L™ [Ko(asr)] = jf?(t__(j:))f L [KO(SQST)] — 't —ar) cosh™ (%)
L1 [Ko(sc;sr) = At — ar) [t cosh™! <£> — 12— (ar)2] :
L (s — a0t {Kl(asr)] A=) s
ary/t? — (ar)? s ar
1 [Kl(;;sr) _ %(z;; ar() é 7 () — (ar)? - <atr>}
L [Ko(ars'?)] = Lo, {WK;(SZS”?)} _

Finally, applying the inverse Laplace transform to Eqs. (4.2.37)-(4.2.46) and then using
the above-mentioned formulae and the convolution theorem of Laplace transform, we

arrive at the following solution in physical domain:
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1. For the MTRDTT model:

t _
u(r,t) =e " u11M + w1 (t — ajor)\/t? — (asor)?
12 — (aqor)?
-1 t f44 ! a2 r)?
— Ulge%(t — alo’f') cosh — + — (t — T) dT (4247)
a7 @207 Jo
t
o(r,t) =e= ! {gbll,%”(t — ayor) cosh™! (ﬂ) — G120 (t — aror)\/t? — (alor)2]
10
t 2 t — agT 2
+&/ i E/ A (4.2.48)
2 Jo T 2 Jo T
00 1) et | o 2L ZN0T) ot — agor) cosh™! (L)
t2 — (ayor)? ar
— 912%(t — Cllo’F) 2 — (al()?”) :| + @/ — 7- (GQOT) dT (4249)
2 Jo T
t %( CL10T (t - CLloT’)
O (1, t) ==t / 8t —1) dr + o7
v [f S b v R e rrven

+ 07, (t — aer) cosh™! <L> 013 7C (t — aior)\/1? — (alor)Q]

aior
t t
1 (agn)? t— (agq7) (agqr)?
+@/ —6_2‘1()Td7+&/ T, fo /(t—T)e_ T dr,
2 o T 2 0 T CLQOT’Q 0
(4.2.5())
y 7' —(1,107’ (t— alor)
Tpp(r, 1) = 5 t—7) dr + of| ———=
\/7' — (110’7’ 2 \/ (1107’
t
+ 08, (t — ayor) cosh™ (ﬂ) o I (L — aror)\/ 12 (a,lor)Q]
10
t t
1 (agn)? t— (aggr)? (agom)?
—l-@/ _e%ffd7-+@/ Te*% f70 /(f—T)e i dr,
(4.2.51)
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2. For the TTGL model:

t
u(r,t) =e % u14/ o (t — %(T — blor (t — bor)
0 \/ — (byor)? \/ — (bior)?
+ ’LLlG%(t - blo’l") 2 — (blor)Q] + U17€_b20T, (4252)

o(r.t) =2 ¢13<%”(t — byor) cosh™' (bli ) — QI (t — bior)\/1? — (5107")2]

+rze (4.2.53)
[ ! — byor) HC(t — bior)
O(r,t) =e 2 / §(t—7) 10 +6 10
( ) _g50 0 ( m 13— F— \/Tor
+ 914%(15 — b107’> COSh_1 <L>:| + ‘9156_b20T, (4254)
6107"
—b —b
(1) / 8" (t—7) AT = buor) d - 014/ o (¢ AT = bior) dT
( 107 7' — (blof)
, T%(T — blo’f’ (t — bloT’
+o7 o' (t T+o
' / \/ blo’F \/ blo’r

t
+ g5 (t — byor) cosh™ [ — | — go4 St — bior)V/EE — (bior)2| + ope 707,
blo’f’ b107’2

(4.2.55)

¢ B . B
Tpp(r, t) =€ [%7/ 8" (t — T)Mch + Uf4/ o' (t — T)Mch
0 0

t —_ J—
+Uf5/ 5,(t B 7') T%(T blor)d + ) %(t bl()?”)
0

+ G707 (t — bior) cosh™ <L) -~ I H(t — bior)\/t2 — (byor)?| + o e 207

where ay = Zi; .

These expressions (4.2.47)-(4.2.56) denote the final short-time approximated solutions
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in the domain (r,t).

4.2.7 Analysis of the Analytical Results

In this subsection, the solutions for short-time approximation discussed above are ex-
amined. From the solution as given by (4.2.47)-(4.2.56), one can clearly observe that
the solution of each field variable is made up of two distinct parts. The first part, which
includes the term J#(t — ayor), expresses the role of an elastic wave that propagates
with finite speed 1/a; near the wavefront r = ﬁ Also, this wave decays exponentially
and the decaying exponent is found to be strongly influenced by the dimensionless two-
temperature parameter as. It is also concluded that the velocity of elastic waves depends
on the thermal relaxation parameters as well as other thermoelastic parameters. The
rest part of the solution does not contribute to any wave but this part was also found
to be dependent on the dimensionless two-temperature parameter as.

Like the case of MTRDTT model, the first part of solutions in the TTGL model
also contains the term (¢t — byor) which expresses the role of an elastic wave nearby
the wavefront r = % and propagates with finite speed 1/b19. As opposed to the
MTRDTT model, the decaying exponent in the first term does not depend on the
dimensionless two-temperature parameter as. Similar to the MTRDTT model, another
part of the solution makes no contribution to any wave, but it is dependent on the
dimensionless two-temperature parameter az. Therefore, the propagation speed is not
finite for thermal waves in the two-temperature models.

Moreover, we conclude that the conductive temperature is continuous under the
MTRDTT model and TTGL model, whereas other field variables including displace-
ment, thermodynamic temperature, and stresses are discontinuous in nature with an
infinite discontinuity at the elastic wave front.

Further comparison of the above results with the corresponding results as obtained

by Chandrasekharaiah and Murthy (1991) and also by Ezzat (1995) for the case of GL
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model, a significant difference is observed with the results predicted by MTRDTT and
TTGL models. The solution of each field variable in the GL model, unlike the MTRDTT
and TTGL models, consists of two waves decaying exponentially and each wave prop-
agates with finite speed. Moreover, at both the elastic and thermal wave fronts, the
temperature distribution shows discontinuity with finite jumps and the stresses o,
and o, show infinite discontinuity in the case of GL model (Chandrasekharaiah and
Murthy (1991), Ezzat (1995)). Such significant dissimilarity in the prediction of two-
temperature model as compared to the GL model is an important investigation of the

present subchapter.

4.2.8 Numerical Results and Discussion

To gain a more in-depth understanding of the behavior of short-time approximated
solutions including heat sources, as well as to graphically represent the analytical find-
ings, we carry out numerical work using computational tool MATLAB. Throughout this
computations, the copper material is considered. The values of physical parameters and

material constants are taken as (Shivay and Mukhopadhyay (2019))

A=T776x10" Nm™2 1 =386x10"Nm2 Cr=23831Jkg 'K,
To=293K, p=8954 kgm™>, Rp=1Wm™? a, =178 x107° K1,

K=36Wm K" 7 =015 7 =0.10.

The variations of these field quantities with respect to radial distance r are presented
in different figures. The computation of these field variables is carried out under two
different thermoelastic models, namely, the MTRDTT model and the TTGL model.
The parts (a) and (b) of each figure are used to exhibit the figures independently.
The part (a) in all the figures shows the effect of a non-dimensional two-temperature

parameter (a3) on the field quantities at a particular time ¢ = 0.4, whereas part (b)
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displays the variation of field variables at various instants of time (¢ = 0.25, 0.45, 0.65)
for a3 = 0.6. Our numerical results reveal that at the origin, all field variables have
an infinite jump, where the heat source is located. According to our observations, the
dimensionless speed of elastic waves is 1.0125 for both models. It is further observed that
all the field variables decrease to zero beyond the elastic wave front at any time. This
completely agrees with the corresponding theoretical results provided in Eqs. (4.2.47)-

(4.2.56). We also come across the following observations:

2 T T 3 T
——MTRDTT at a,=0.1 ——MTRDTT at t=0.25
s ——TTGL ata,=0.1 ——TTGL at t=0.25
— MTRDTT at a,=0.5 ——MTRDTT at t=0.45 ||
; ——TTGLata,=0.5 ——TTGL at t=0.45T
——MTRDTT at a,=1 ——MTRDTT at t=0.65 f{
— TTGL ata =1 ——TTGL at t=0.65
0.5 3
ol
S of =]
-1
0.5
2+
-1F
A15f 3
2 L L L -4 L L L
0 0.5 1 1.5 2 0 0.5 1 1.5 2
@ r (®) r

Figure 4.2.1: (a) Variation of u along r at t = 0.4. (b) Variation of u along r at ag = 0.6.

Fig. 4.2.1(a) shows the nature of displacement for the three different values of a3
(a3 = 0.1, 0.5, 1) with respect to radial distance r, whereas Fig. 4.2.1(b) displays the
variation of displacement at different values of time (¢ = 0.25, 0.45, 0.65) with respect
to r. From Figs. 4.2.1(a,b), it is concluded that as r increases, displacement decreases
from a very high value to zero for both models. However, just behind the elastic
wavefront location, the displacement begins to rise abruptly and reaches a high positive
value and jumps down to zero in the case of MTRDTT model. On the other hand, the
displacement suddenly decreases to a high negative value just near the elastic wavefront

location and then jumps up to zero value in the case of TTGL model. This is due to the
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impact of impulsive heat source. We further observe that as the value of a3 increases,
the displacement increases and decreases in the cases of MTRDTT model and TTGL
model, respectively. Hence, the two-temperature parameter has a prominent effect.
This is clearly verified in Fig. 4.2.1(a). Fig. 4.2.1(b) verifies that behind the position
of wave front, the displacement component attains a higher value at the initial time of
interaction (i.e., for smaller values of time). However, no disturbance has been observed
for both models after the elastic wavefront location. Thus, a significant difference is
observed in the results predicted by the MTRDTT and TTGL models for displacement

near the location of the elastic wave front.

50

60

—MTRDTT at a,=0.1 ——MTRDTT at t=0.25
45 —TTGLata=01 | ——TTGL at t=0.25

— MTRDTT at a,=0.5 sol ~——MTRDTT at t=0.45 |
40 —TTGLata=0.5 || ——TTGL at t=0.45
sl —MTRDITata=1 || ——MTRDTT at t=0.65

—TTGLata,=1 af ——TTGL at t=0.65

301

;
0 05 1 15 2
(a) r

Figure 4.2.2: (a) Variation of ¢ along r at t = 0.4. (b) Variation of ¢ along r at ag = 0.6.

The distribution of conductive temperature (¢) along the radial distance is depicted
in Figs. 4.2.2(a,b). Fig. 4.2.2(a) and Fig. 4.2.2(b) describe the variations of con-
ductive temperature along with = for various values of az (ag = 0.1, 0.5, 1) and time
(t = 0.25, 0.45, 0.65), respectively in the contexts of MTRDTT and TTGL models.
Figs. 4.2.2(a,b) show the similar nature of conductive temperature for the MTRDTT
and TTGL models demonstrating that ¢ for both the models begins with infinite value

and then, decreases to zero as r increases. Therefore, this field has a decreasing nature.
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It can be seen that the value of temperature is higher for the MTRDTT model in com-
parison to the TTGL model. From Fig. 4.2.2(a), it is further observed that conductive
temperature increases as the value of as increases for both the models. This indicates
that parameter az has a prominent effect on both models. Moreover, Fig. 4.2.2(b)
reports that the value of ¢ also increases with the increasing value of ¢ in the case of
MTRDTT model. In contrast, the value of ¢ remains the same for different values of
time in the case of TTGL model. Furthermore, conductive temperature follows almost

a similar trend under the MTRDTT and TTGL models at a given time.

100 T T T 100

50

or %
= 50 ——MTRDTT at a3=0.1 | .

——TTGL at ax=0.l
——MTRDTT at a,=0.5
-100 H ——TTGL at ax=0.5

——MTRDTT at t=0.25
——TTGL at t=0.25
——MTRDTT at t=0.45
——TTGL at t=0.45
——MTRDTT at t=0.65|
—TTGL at t=0.65

——MTRDTT ata =1
——TTGL at ax=1

-150

-200
0

05 i 15 2
(a) r (b) r

Figure 4.2.3: (a) Variation of 6 along r at t = 0.4. (b) Variation of § along r at az = 0.6.

Figs. 4.2.3(a,b) represent the variation of thermodynamic temperature (#) with
respect to r for MTRDTT and TTGL models. From Figs. 4.2.3(a,b), it is observed
that under the MTRDTT model, the thermodynamic temperature increases from a
negative infinity value, reaches a high value at the position of elastic wave front and
then jumps down to zero. At the same time, starting from a negative infinity value, 6
increases as r increases and just before the elastic wave front, abruptly decreases to a
high negative value and then approaches zero in view of the TTGL model. This field

shows an infinite discontinuity at the wave front under both models. This is clearly
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verified from Fig. 4.2.3(a) that before the position of elastic wavefront, ¢ decreases as
the value of a3 increases and it tends to zero after the elastic wavefront under both the
models. Fig. 4.2.3(b) discusses the variation of thermodynamic temperature at different
instants of time and indicates that 6 near the elastic wave front behaves differently with
time. In the context of MTRDTT model, 6 increases before the elastic wave front as
time increases, whereas 6 has a decreasing trend for the case of TTGL model. Hence, we
conclude that for this field variable, the MTRDTT model predicts prominently different

behavior in comparison to the TTGL model.
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Figure 4.2.4: (a) Variation of o,, along r at ¢ = 0.4. (b) Variation of o,, along r at
as = 0.6.

The variation of radial stress (o,,) in the contexts of MTRDTT and TTGL models
is illustrated by Figs. 4.2.4(a,b). Fig. 4.2.4(a) depicts the variation of radial stress for
various values of a3, whereas the variation of radial stress for different values of ¢ is
presented in Fig. 4(b). Figs. 4(a,b) indicate that the radial stress under the MTRDTT
and TTGL models behave similarly. From Figs. 4.2.4(a,b), it is seen that under the
MTRDTT model, the radial stress increases from a negative infinity value, attains a

very high positive value and then decreases to a zero value. This variation trend in o,
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is very similar to the TTGL model. Therefore, it is concluded that o, is an increasing
function of  under both the models before the location of wave front. We further notice
that o,, increases with the increase of a3 at the wave front location which is also clear
in Fig. 4.2.4(a). From Fig. 4.2.4(b), it is observed that o, attains a higher value at the
wave front position at the initial time. Under both these theories, the radial stress field
shows an infinite discontinuity at the wave front. Finally, we observe that the trend of

radial stress under the MTRDTT model agrees with the TTGL model.
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Figure 4.2.5: (a) Variation of o, along r at t = 0.4. (b) Variation of o,, along r at

Figs. 4.2.5(a,b) demonstrate the variations of circumferential stress (o) along with
to r for various values of a3 and time, respectively. From Figs. 4.2.5(a,b), it can be
seen that the circumferential stress for the MTRDTT model begins to decrease from
a positive infinity value and just before the elastic wave front, it suddenly increases to
a high positive value and then jumps to zero. However, the behavior of o,, under the
MTRDTT model is quite different as compared to the TTGL model indicating that o,
decreases with increasing r and jumps up to zero value after attaining a high negative

value at the elastic wave front. This fact is also clearly verified in Figs. 4.2.5(a,b). Also,
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from Fig. 4.2.5(a), it is found that the o, increases as a; increases under the MTRDTT
model, however, o, decreases with the increasing value of as under the TTGL model.
Furthermore, as shown in Fig. 4.2.5(b), the trend of variation of o, changes with time
near the elastic wave front for both the models. We finally conclude that the profile
of circumferential stress for the MTRDTT model differs from the case of the TTGL
model implying that the effects of temperature rate terms in two-temperature relation
play a significant role in the thermoelastic interactions due to the presence of a heat

source inside the medium.

4.2.9 Conclusion

In this subchapter, the thermoelastic interactions inside an isotropic and homogeneous
medium using the MTRDTT and TTGL thermoelastic models in the presence of a
continuous line heat source are investigated. In order to investigate the effect of heat
source on the field variables, the short-time approximated solutions are derived. To
compare the outcomes predicted by the MTRDTT model and the TTGL model, the
unified two-temperature relation is employed to study our problem. The theoretical
results under both the models (MTRDTT and TTGL) are graphically displayed for a
suitable example. Several important facts about the behavior of these field variables

are highlighted. Some of these details can be categorized as follows:

e Unlike the GL model that predicts finite speed for elastic as well as for thermal
waves, the short-time approximated solutions obtained in the MTRDTT model
and TTGL model clearly show that the solution for each field is divided into two
distinct parts. The first part expresses the role of an elastic wave propagating
with finite speed, whereas the rest part of the solution does not contribute to any
wave under both the models. This signifies the fact that the temperature-rate
dependent two-temperature models do not admit finite wave speed of the thermal

wave.
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In the same way as in the GL model, the effect of heat source under the MTRDTT
and TTGL models are limited to a bounded but time-dependent region of space

around it.

Except for the conductive temperature, which is continuous in both models, rest

of the field variables show discontinuity at the elastic wave-front.

For displacement, temperature, and circumferential stress fields, the difference
between MTRDTT and TTGL models seems to be more apparent. However, in
the case of radial stress, it is investigated that the variation of o, is similar in

nature under both the models.

As the value of a3 increases, the value of all the field variables at the position of
wave front increases under the MTRDTT model. As opposed to the MTRDTT
model, the value of u, 0, and o,, decrease with the increasing value of a3 at
the position of wave front in the context of TTGL model. However, as with the
MTRDTT model, the value of ¢ and o,, increase with the increasing value of as

in the TTGL model.

The two-temperature parameter on all the field variables has a prominent effect on
both the models. It is worth to be mentioned here that the effect of this modified
two-temperature relation indicates a clear difference in the corresponding results

predicated by the present models.
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