Chapter 5

Construction of Quantum and
LCD Codes from Skew
Constacyclic Codes over a Class of

Non-chain Rings

After thoroughly examining skew constacyclic codes over 7 in Chapter 4, the focus
in Chapter 5 shifts to exploring their applications in constructing quantum and
LCD codes. This chapter is divided into three main sections. In Sections 5.1 and
5.2, we investigate the Euclidean and Hermitian duals of skew constacyclic codes
over T, respectively. We establish dual-containing criteria for these codes and,
using these criteria, develop methods to construct quantum codes. As a result,
we present numerous new quantum codes, including several MDS codes and others
that outperform existing codes. Additionally, we demonstrate the construction of

quantum codes over nine different rings that belong to the general class of rings 7.
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In Section 5.3, we explore skew constacyclic LCD codes over 7. We provide methods
to construct both Euclidean and Hermitian LCD codes and prove that the Gray
image of LCD codes over T is also an LCD code over F,. Consequently, we find
numerous LCD codes, derived as Gray images of skew constacyclic LCD codes over
T, including some MDS, AMDS, and BKLCs. These codes are particularly notable
because they are not only not only LCD but also skew quasi-(aq1. 1, .., Q.0 )-

twisted codes, adding further interest to their structure and potential applications.

5.1 Euclidean dual of skew (O, a)-constacyclic codes

over 7 and construction of Quantum codes

This section is primarily concerned with the construction of quantum codes from
Euclidean dual-containing skew constacyclic codes over the ring 7. Initially, we es-
tablish some important results on Euclidean dual of skew constacyclic codes over T.
Further, we characterize Euclidean dual-containing skew constacyclic codes over T .
We then present a method to generate quantum codes from dual-containing skew
constacyclic codes over T, and we finally employ this method to produce some novel

quantum codes, some of which are MDS and some outperform the existing ones.

Lemma 5.1.1. Let © € Aut(T), n be a multiple of o(©) and o € U(T) be such
that ©(a) = a. Then the Euclidean dual of a skew (O, a)-constacyclic code C of
length n over T, denoted as C# is a skew (O, a~!)-constacyclic code of length n

over T.

Proof. Let v .= (VO,vi,... v"7 1) € Cand w = (WO, wh, ..., w"™1) € Ct% be arbi-

trary elements. Since C is given to be a skew (0, a)-constacyclic code, (g 1a) (v) =
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(a@n_l(vl)7 a@n—l(VZ)’ te 7Oé@n_1(vn71); @n—l(vO)) € C Therefore, we have
0= <0?’71a) (V),w>
= (a0 (), 00" (), ..., 00" (v, 1), 0" (W), (WO, wh, W)

n—1
= <Z O™ Hvp)wy_1 + a‘l@”_l(vo)wn_1>

k=1

E

Now since, 0o(0)|n and O fixes «, applying © on both sides, we obtain

n—1
0=a0 (Z O™ (v )wy_1 + 04_19”_1(v0)wn_1>

k=1
n—1
0=a (Z VO (wg_1) + Oz_lvo@(wn_l))
k=1
n—1
0= ka@(wk,l) + a veO(w,_1) (because « is a unit.)
k=1

0= ((Vo, V1, Vn1), (@'OW,1), O(Wp), . .., O(Wy2)) ),

0= <V,(f(@’ a—l)(W)>E

Hence, V w € CE, o(g, o-1y(W) € C+£. This proves that C= is a skew (0,a7')-

constacyclic code of length n over T. O
Remark 5.1.2. In particular, if o = 1 then C1# is also skew (O, a)-constacyclic.

Lemma 5.1.3. [19] Let C be skew (6;, 5)-constacyclic code of length n over F,

gencrated by f(y) € Fyly;01/(s" — B) such that 6,(8) = 6, B = 1, o(6) = 1
divides n and f(y) = 3.1, fi*. Then the Euclidean dual of C, denoted as C#,

is generated by the monic skew reciprocal polynomial of g(y) defined as gf(y) :=

7oy im0 O (gr—i)y’, where g(y)f(y) = y" — 5.

Theorem 5.1.4. Let ©; € Aut(7), n be a multiple of 0(©,), and o € U(T)

be such that ©;(a) = a and @ = Y, . . Niiy..i,Qiyiy...i,-  Furthermore, let C =
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@mgmir Nivig..irCivig..ir D€ a skew (O, a)-constacyclic code of length n over T such

that Ci iy, = (firin.i, (W) and firiy i, (V) Girvig..in (Y) = Y —Qiyiy..i,, fori; € {1, 2,
l;}, j=1,2,...,r. Then

(i) Ct2 = (g'(y)), where g'(y) = 3.0 o Miviain Ohiy.s, (U);

(11) |CJ_E| = qL’ Where L = Zihig,...,ir deg(leLZLr(y>)

Proof. The proof follows from Theorems 4.2.4, 4.2.5, Lemma 5.1.1 and Lemma 5.1.3.
O

Lemma 5.1.5. ([31]) Let C be a skew (6, 5)-constacyclic code of length n over
F, such that ord(6)|n and 8 € F; is such that 5 = 1. If f(y) is the generator
polynomial of C' such that g(y)f(y) = y™ — 5. Then C contains its Euclidean dual
if and only if g'(y)g(y) is divisible by ™ — « from the right, where g'(y) denotes the

left monic skew reciprocal polynomial of g(y).

Theorem 5.1.6. Let ©, € Aut(7), n be a multiple of 0(©,), and a € U(T)
be such that o = Y7 . Ny i, Qiyiy..i, and «* = 1. Furthermore, let C =
EBim...qzr Nivig..i»Ciyia.. i, D€ & skew (O, a)-constacyclic code of length n over 7 such
that C;iy...i, = (firio.i, () and firiy i (Y) Givig.ir (¥) = Y —Qiyig.iy, 05 € {1,2, ..., 15},
j=12,...,r. Then

(i) C contains its Euclidean dual if and only if g;bmir (Y)Yirin...ir. (y) is divisible by

Y" — @iy, from right, for all 4; € {1,2,...,[;},j=1,2,...,r.

(i) If g;rliz_”ir(y)giliz,__ir(y) is divisible by y" — 4,5, from right, for all i; €
{1,2,...,1;},7 = 1,2,...,r then there exists an [[N, K, D]], quantum code,
where N = lllQ R lrn, K = lllg R lTTL—Q Zilig...ir deg(fmgzr(y)) and D Z dL,

the Lee distance of C.



Chapter 5. Construction of Quantum and LCD codes... 111

Proof. (i) Let us suppose that C*# C C. Then by Theorem 4.1.9(iii), we get

1lE
D niiCifi € B miiniCisinir

1192...9r 1192...0r

Now taking modulo 7;,;, ;, both sides, we get Cirf , C Ciy,.,, for all i; €
{1,2,...,1;}, j =1,2,...,r. Then by Lemma 5.1.5, 93”'2.__1',,.(?/)giliz...u(y) is
divisible by y" — a4, 4, from right, V i; € {1,2,....;}, j = 1,2,...,r.
Conversely, if g;i%ir(y)gilizmir(y) is divisible by y™ — a;,4,. 4, from right, V i; €
{1,2,...,0;}, j = 1,2,...,r then again by Lemma 5.1.5, cte . C Civig..iins

1112...7p

for all 4; € {1,2,...,05;}, j = 1,2,...,r. Thus, @,,, ; Miir..i,Cik

1182...0p —

@D, i...i Miriz...i,Ciris...i, and hence by Theorem 4.1.9(iii), C*+* C C.

(ii) If g;iQ__.Z-T (Y)Giris...ir (y) 1s divisible by y" —a, s, ., fromright, Vi; € {1,2,...,1,},
j=1,2,...,r then by part (i), C*# C C. Therefore by Theorem 4.1.9(v), we
have ®(C)*# = ®(C1#) C ®(C). Then by Theorems 4.1.9(i) and 4.2.8, ®(C) is
an [lily ... Ln, Ly ln =32, . deg(fiiy..i,(y)), dr] dual-containing skew
quasi-(aq1..1, . . ., Qqy1,..1, )-twisted code over F,. Hence, by Lemma 1.3.6, there
exists a quantum code with parameters [[N, K, D||,, where N = l1ly...l.n,

K=Ul...l,n—-2 Zimm“ deg(fiyiy.i.(y)) and D > dy, the Lee distance of C.

0

Now we present an example to justify and explain the construction of a new quantum

code utilizing the technique discussed in this section.

Example 5.1.7. For ¢ = 27, consider F, = Fo; = F3[X]/(X? + 2X + 1) = F3(w),
where w?® + 2w + 1. Further, let T = T3 = For[u1, us, us]/(ud — uy, u3 — ug, u3 —
Uz, U1Ug — U2U1, U1U3 — U3UT, UU3Z — U,3U2>. Then i = (1 — U%)UgUg, T2 = (]_ —

u)ua(l — uz), mar = (1 — uwd)(1 — uz)ug, M2 = (1 — uf)(1 — u2)(1 — ug), nor1 =
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(uf—‘rul uf—i—ul uf+u1 uf+u1

5 Jugus, 212 = (5 )uz(l — us), n221 = (5—)(1 — ug)us, N22 = (5—)(1 —

2 2_ 2_
u2)(1 — ug), M3 = (u12u1)u2U3, N312 = (u12u1)uz(1 — ug), N321 = (u12u1)(1 — Ug)Us3

and 7309 = (ut“l )(1 — ug)(1 — u3) are the primitive orthogonal idempotents. Thus

: . 3 2 2
every element v € 7 can be uniquely written as v =37 | > 5 1 > " MiyigisViyigis-

Let us define an automorphism O3 : 7 — T as

3 2 2 3

2 2
3
E E E NivinizViyigis ’ E E § ni1i2isvi1i2i3'

i1=1149=113=1 11=1149=113=1
For n = 6, consider a factorisation of y" — 1 =y% — 1 € Fy[y; 03] given as
Y —1=(y+w+1)(y+w)(y+2w+w)(y+2w)(y + 2w + 1)(y + 2w + 2).

Let ui(y) = 1 and vy (y)ui(y) = y® — 1. Then v;(y) = 4% — 1 and vi(y) = y® — 1 and
so vl (y)v1(y) is divisible by 45 — 1 from right. Let us(y) = y + 2w + 2 = y + w?
and vy(y)ua(y) = ¥° — 1, then vo(y) = (y + w” + 1y + w)(y + 20* + w)(y +
20)(y + 2w + 1) = ¥° + (w + 2)y* + (w? + 2w)y® + 2y* + 2w + 1)y + 2w? + w
and vi(y) = o + w2 + Dy* + 2w + 1)y + 202 + (w? + 2)y + w + 2. Then
w(y)valy) = (' + (20” +w + 1)y + 2y + w? + 2w + 2)(y° — 1) Le. vh(y)ea(y)

divisible by 3® — 1 from right.

Next, let us consider one of the factorization of y® + 1 € Far[y; 03] given as y° +
1= (2 + 2wy + w?)(y* + wH)(y? + (w? + 2w + 1)y + 2w + 2). Let uz(y) = v* +
(w? + 2w + Dy + 2w + 2 = y* + w'® + w?? and v3(y)usz(y) = y® + 1. Then
vs(y) = (v° + 2wy + )y + w?) = y' + 20y + (20 + 2w + Dy* + (w? +
1)y + w? 4 2w and vi(y) = y* + (w+ 1y® + (2w + 2)y% + (w? + 2w + 2)y + 2w so
vi()us(y) = (y° + 20y + w? + 2w + 1) (y® + 1) i.e. vl(y)vs(y) is divisible by y + 1
from the right. Let us take fi11(y) = fi22(y) = fao2(y) = ua(y) € Forly; 03] /(y® — 1),
fue(y) = fin(y) = far(y) = forz(y) = foar(y) = fsu(y) = fo2(y) = foau(y) =
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ur(y) € Forly; 0s]/(y® — 1), and fan(y) = us(y) € Farly;0s]/(y° +1). Then C =
<Z§1=1 Zi:l 2?3:1 Mivigis firinis(Y)) 18 a skew (O, «a)-constacyclic code of length 6
over T, where av = 1111 + 112 + Mi21 + M2z + M211 + N212 + Mo21 + Naze + N311 + 312 +
N321 — N2z = 1 — 20300 € U(T). Let M = Moy 3 @ Mazo @ Mazo € GL1o(Fa7) be the

matrix used in the Gray map ¢ : T — Fi2, where

2w+ w w1 2

Moz 9 = , Moz 3 = w 2w w+1

wH+w+2 w  2wr4w

and MM7T = (2w+1)I5. Then ®(C) is a skew-0; quasi-(1,1,1,1,1,1,1,1,1,1,1, —1)-
twisted Euclidean dual-containing [72, 67, 4] code over Fy;. Hence, by Theorem 5.1.6,

there exists a [[72,62, 4]]2; quantum code which is a new code as per database [9].

Now, we conclude this section by enlisting the quantum codes constructed using

Theorem 5.1.6 in Tables 5.1, 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8 and 5.9.
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5.2 Hermitian Dual of Skew (6, «a)-Constacyclic
Codes over 7 and Construction of Quantum

Codes

This section deals with the construction of quantum codes from Hermitian dual-
containing skew constacyclic codes over the ring 7. We start the section with some
important results on Hermitian dual of skew (©,, «)-constacyclic codes over 7 and
then characterize Hermitian dual-containing skew constacyclic codes over 7. These
findings are then employed to outline the procedure for constructing quantum codes.
We wrap up this section by presenting examples of numerous new quantum codes

generated through this technique.

Lemma 5.2.1. Let © € Aut(7T), n be a multiple of 0o(©) and « € U(T) be such
that ©(a) = a. Then the Hermitian dual of a skew (©, a)-constacyclic code C of
length n over T, denoted as C1#, is a skew (O, @ !)-constacyclic code of length n

over T.

Proof. Let v= (vl ... .v"71) € Cand w= (W wl ..., w"1) € C1¥ be arbitrary
elements. Since C is given to be a skew (O, a)-constacyclic code, we have o la) (v) =

(O™ 1 (v1), a0 1 (v?),...,a®" (v, _1),0" 1(V?)) € C. Therefore, we have

= <(a®n_1(Vl), a®" (v, ... a0 Y v,_1), @n—l(vo)) ’ (Wo7 Wl aWn_1)>H

n—1
=« (Z @”_1(vl)Wl_1 + a_l@”_l(vo)wn_l)

=1
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Now since, o(0)|n and O fixes a, applying © on both sides, we obtain

n—1
0=a0O <Z e (e al@"l(vo)wnl)

=1

0=a (Z_: viO(W;—1) + OélVo@(Wnl)>

=1

l
n—1
0=a ( viO(w,_1) + a_lvo@(wn_l))

=1
1

Vl@(Wl—l) + Voafl@(wn_l)
1

(Vo, Vi, -y V1), (a’l@(wn,l),@(wo),...,@(Wn,g))>H

n

0

o~

/\/\

Vo6, )y

Hence, V w € C'¥, 0(g 5 1)(W) € C*#. This proves that C*7 is a skew (0, @™ ')-

constacyclic code over T. O

Lemma 5.2.2. ([19, Theorem 1]) Let v € I} and 6; € Aut(FF,) which fixes . Fur-
ther suppose that C is a skew (6, v)-constacyclic code of length n over F, generated
by f(y) such that o(#)|n. Then, there exists a polynomial g(y) € F,|y; 8] such that
y" —v = g(y)f(y) and the Hermitian dual C+# is generated by the skew Hermitian
reciprocal polynomial g'(y) of g(y), where g'(y) is obtained by taking conjugates of

the coefficients of ¢'(y).

Theorem 5.2.3. Let ©; € Aut(T) and o =, . Miyiy..i, Viriy..iy, € U(T) be such
that ©;(a) = o and 0(6;) divides n. Furthermore, let C = D, ;. ; Miin..i,Ciyin..i, bE
a skew (O, a)-constacyclic code of length n over T such that C;s,. i = (firiy..i.(y))

and filiz---ir (y)gilizmir(y) = yn = Wiyig.ips for Z‘j € {1: 27 s lj}a j = 17 27 cee T Then

(i) Ct = (g'(y)), where g7 (y) = >, 0 i Mivinein ' (W )ivige.iv:

(if) [CHo] =g, where L =37, , ; deg(fii.i, ().
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Proof. The proof easily follows by combining Theorems 4.2.4, 4.2.5, Lemma 5.2.1
and 5.2.2. ]

Lemma 5.2.4. ([75, Lemma 9]) Let C' = (u(y)) be a skew (6, v)-constacyclic code
of length n over F,2, where v € F .2 such that 4% = 1. Then, C is Hermitian dual-
containing if and only if y" —~ divides v'(y)v(y) from right, where " — v = v(y)u(y)

and o' (y) denotes the skew Hermitian reciprocal polynomial of v(y).

Now, we present the main result of this section which provides the construction of

quantum codes from Hermitian dual-containing skew constacyclic codes over T =

Fozlur, ug, .. ur] /(filwi), wing — ujug).

Theorem 5.2.5. Let o= 3", . . 7iyiy..i, Qiyiy...i, € U(T) be such that o® =1, 0, €
Aut(7) and n be a multiple of 0(0;). Furthermore, let C = eailig...ir Nivin..irCitin..ir D€
a skew (O, a)-constacyclic code of length n over T such that C; i, i = (fiiy.i.(Y))
and giiy..i, (y) € Fe2[y; 0] be such that g, () firigein(¥) = ¥ = Qigigeoir, i €
(1,2,....L}, j=1,2,....r.

(i) C contains its Hermitian dual if and only if gzm...ir (Y)Yiyis..i (y) is divisible by

Y" — 0G4y, from right, Vi; € {1,2,...,0}, j=1,2,...,r.

(i) Ig!,, 5 ()i, (y) is divisible by y" — s, ;. from right, Vi; € {1,2,...,1;},
Jj = 1,2,...,r then there exists an [[N, K, D]|, quantum code, where N =
lllg Ce lrn, K = lllg R lrn — 221-11-2.“” deg(f“m%(y)) and D 2 dL, the Lee

distance of C.

Proof. (i) Let C = @iﬂ.zmir Nivio..i,Ciyio.i. De a skew (O, a)-constacyclic code
of length n over T such that C*# C C. Then by Theorem (iii), we get
@7:17:2“-7:7* 77711277~CZJ;1{;ZT g ®7-/17:2---7;r 777:17:2“.7:er17‘/2“_7:7.- SlnCe O(@f) | n and a2 = ]_’

by taking modulo 7;,;, .. in above equation, we get Cflgz, C Ciyig...i, forall i; €
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{1,2,...,1;}, 7=1,2,...,r. Therefore, by Lemma 5.2.4, G (V)irin.. i) Girig...ir (Y)
is right divisible by y" — a,4,.4., Where Y™ — &G iy i = Givig..in(Y) firis..i, (y) and

G'(Y)iyiy...i, is the skew Hermitian reciprocal of g;,i,. .4, (y).

Conversely, let G7(Y)i .0, Giri..s, (y) be divisible by y™ — ay,4,.;, from right
for all i; € {1,2,...,};}, j = 1,2,...,r. Then by Lemma 5.2.4, we get
CH . C Ciyy.i for all i; € {1,2,...,0;}, 7 =1,2,...,r. This implies that

11%9...0p

J—H 1y
@1‘11‘2_,,” niliz...irc' C @iu‘z...ir T]iliQ.._irCiliQ__ir and hence, C CC.

111909

(ii) Ifg,jm._.ir (Y)Giris...ir (y) is divisible by y" —av, i, ., fromright, Vi; € {1,2,...,1,},
j=1,2,...,7, then by part(i), Ct# C C. Since, the Gray map ® is bijective,
linear, distance preserving (by Theorem 4.1.2), and it preserves Hermitian or-

thogonality (by Theorem 4.1.6), we have, ®(C) is a [l1la...l,n, Y (n —

ivig...ir
deg(fivin..i,(y)), dz] linear code over F 2 such that ®(C)*# C &(C). (In fact, by
Theorem 4.2.8, it is a skew-0, quasi (o111, - .. Qyy1,..1,))-twisted code.) Then,
®(C)*# is a sclf-orthogonal code of length 4y . ..I,n = N (say) and dimension
Lly.o lm =30 0 o (0= deg(fiyinin (V) = D iy (deg(fiyin. i (y) = ¥
(say). Hence, by Lemma 1.3.7, there exists an [[N, K, D]], QECC, where
where N = Lily...[in, K = Lly...l,n — 2%, . . deg(fiir..i,(y)) and D =

min{wt(c) : ¢ € (B(C)LH)Ln \ D(C)LH = B(C) \ B(C) 1} > dy.

Now, we present an example to justify and explain the construction of a new quantum
code utilizing the technique discussed in this section. Finally, we’ll conclude this
section by enlisting the quantum codes constructed using Theorem 5.2.5 in Tables

5.1,5.2,5.3,5.4, 5.5, 5.6, 5.7, 5.8, and 5.9.

Example 5.2.6. For ¢ = 5, Fo = Foy = F5[X]/(X? +4X + 2) = F5(w), where

w? + 4w + 2. Further, let T = Ty = Fos[uy, ug, us]/(u? — uy, ud — ug, ud — usz, uyug —
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UgU1, UTU3 — UIUL, U2U3 — 'LL3U2>. Then M = (1 — 'LL%)/U,Q(l — ug), M2 = (1 —
u2+u uZ—u
ud)ug(52), s = (1 — u)ua(5%2), mar = (1 — u)(1 — ug)(1 — ul), mae =

’LL2 U, U2—U ’LL2 U
(1 - U%)(l — u2)( ‘”’3 3)7 Moz = (1 — U%)(l — ug)( s 3)7 na11 = ( 1J2r 1)U2(1 - u§ )
u3+us

)
uz(Z572), s = (5 )ua(H572), e = (F)(1 — u2)(1 — u)),
)
)

2 2 2
ugtul u3—u3 ug+ul

7212 Z( D)

)
_ u%—&-ul u%—i—u?, _ u?—i—ul u%—u;; _ u%—ul 2
N2z = ( D) ))(1—uz)( 2 )s 223 = (T)(l_UQ)(T)a M3 = ( 2 Jug(1—uj
uy—u u2+u u?—u u2—u u?—u
m312 = ( 3 = Jua( 3; %), M3z = ( 5 = Jua( 4 %), M3 = (171)(1 — ug)(1 — u3),
)

(1 - W)(@) and 733 = (u%_ul)(l — uQ)(u%;—us) arc the primitive

773222( 5 2

orthogonal idempotents. Thus, every element v € 7T can be uniquely written as

3 2 3 .
V=D 1 D i1 Diaet MivinisVivinis- et us define an automorphism ©, : 7 — T as

3 2 3 3 2 3
5
E E E NivizizViyisis 7 § E E NivizisViigis-

11=1149=113=1 11=1149=113=1

For n = 10, consider a factorisation of y* — 1 = ¢! — 1 € Fosly; 03] as y'¥ — 1 =
(y+3w+3)(y+3w+4)(y+3w+3)(y+3w+4)(y + 3w+ 3)(y + 3w+ 4)(y + 3w +
3)(y+3w+4)(y+3w+3)(y+3w+4). Let uy(y) = 1 and vy (y)us(y) = y*° — 1. Then
v1(y) = y°—1 and Tl (y) = y'°—1s0 B! (y)vy (y) is divisible by y°—1 from right. Let
us(y) = y+3w+4 = y+w? and v (y)us(y) = y'° —1. Then vy(y) = (y+3w+3)(y+
3w+4) (y+3w+3) (y+3w+4) (y+3w+3) (y+3w+4) (y+3w+3) (y+3w+4) (y+3w+3) =
Y2+ (3w+3) Y+ + (3w+3)y 4+ (Bw+3)y* + 1+ (3w+3)y> +y+3w+3 and Th(y) =
v+ Qw4+ 1)y +y"+ 2w+ 1)y +9° + 2w+ 1)y* +4° + 2w+ 1)y* +y+2w+1. Then
T3 (y)va(y) = (¥¥+(Aw+2)y"+3y5+ (Bw+4)y’+ (2w +1)y* + 2y +(w+3)y+4) (y° 1)

i.e. Uh(y)va(y) divisible by y'° — 1 from right.

Next let us consider one of the factorizations of y'+1 € Fos[y; 03] given as y'%+1 =
(y+w+3) (y+w+1)(y+w+3) (y+w+1) (y+w+3) (y+w+1) (y+w+3) (y+w+1) (y+w+
3)(y+w+1). Let uz(y) = y+w+1 = y+w? and vs3(y)uz(y) = y'°+1. Then v3(y) =
(y+w+3)(y+w+1)(y+w+3)(y+w+1)(y+w+3)(y+w+1)(y+w+3)(y+w+1)(y+

w+3) = ¢+ (w+3)y* +4y" + (4w +2)y° +y° + (w+3)y* + 4y + (4w +2)y* +y +w+3
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and T4 (y) = v +(w+1)y+4y" + (4w +4)y0 +y° +(w+ 1)y +4y>+ (dw+4)y* +y+w+1
so vj(y)us(y) = (y° +4¢° + " + 49> + 1) (4" + 1) L.e. Ty(y)us(y) divisible by y'*+ 1
from right. Let us(y) = (y +w+ D)y +w+3)(y+w+1)(y+w+3)(y+w+1) =
v+ (w+ Dyt + 23 + Qu+2)y? +y +w+ 1 =9° + w?y? + 2y° + w'y? + y + w?
and vy(y)us(y) = ¥+ 1. Then vy(y) = v° + (w+ Dy + 22 + Quw+2)y* +y+w+1
and T (y) = 15 + (w+3)y* + 242 + 2w+ 1)y? +y +w+3. Then T (y)va(y) = y0+1

i.c. Bl (y)va(y) divisible by y'° + 1 from right.

Let us take fin(y) = fai(y) = fan(y) = us(y) € Foly:6:]/(y'" + 1), finaly) =
fus(y) = fin(y) = fizs(y) = fore(y) = four(y) = fao(y) = Sars(y) = fora(y) =
fas(y) = fou(y) = fans(y) = wi(y) € Fa[y;02]/(w" — 1), froa(y) = fanu(y) =
uz(y) € Fszly; 0]/ (y'" — 1) and forz(y) = ua(y) € Faely; 0o]/(y" +1). Then C =
<Z?1:1 2?2:1 Zf’szl Mivigis firinis(Y)) 18 & skew (O, av)-constacyclic code of 10 over T,
where o = —n111 + 7112 + 7113 + 7ot + ez + 7123 — N1 + N1z — N1z + Na2n + N2z +
No23 +N311 41312 + N313 + M321 — N2z + a2z = 1 — 2ug — 2uqun + ug g + 2ug gtz +ugu3 —
uiug — uiui + 2ugui + 2ugugui — 2uiusuz € U(T). Let M = Mos o @ Mos o @ Mo 3
be the matrix used in Gray map ¢ : T — Fi8 where

dw+1 3w+2 w+3

Mos 9 = b  Moss= [3w+2 3w+1 w |and MM" = (4w + 2) 1.

1 4
4w + 2 4w 3w

Then ®(C) is a skew quasi (—1,1,1,1,1,1,—-1,1,—1,1,1,1,1,1,1,1, —1, 1)-twisted
Hermitian dual-containing [180, 170, 4] code over F5.. Hence by Theorem 5.2.5, there

exists a [[180, 160, > 4|]; quantum code which is a new code as per database [9].
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5.3 Euclidean and Hermitian LCD Skew (0, a)-

Constacyclic Codes over T

This section deals with the construction of Euclidean and Hermitian LCD codes over
T from skew constacyclic codes. We begin by reviewing the definition of LCD codes
and an essential criterion established by Boulanouar et al. [20] that identifies when
a skew constacyclic code over a finite field is LCD. Further, we present a technique
for deriving LCD codes from skew constacyclic codes over T, based on these criteria
and a decomposition method for skew constacyclic codes. Finally, we conclude this

section with illustrative examples.

Definition 5.3.1. A linear code C over T whose Hull is trivial, is called a Lincar

Complementary Dual (LCD) code.

Hullp(C) =CNC*E, Hullg(C) = CNC* are called Euclidean and Hermitian hulls
of C respectively and C is Euclidean (Hermitian) LCD if Hullg(C) = 0 (Hully(C) =
0).

Now, we recall a characterization of Euclidean and Hermitian skew constacyclic

codes over a finite field to be LCD, provided by Boulanour et al. [20].

Lemma 5.3.2. ([20, Theorem 2]) Let 6, € Aut(F,) and v € F}; be such that 4* = 1.
Furthermore, let C' = (f(y)) be a skew (6, ~v)-constacyclic code of length n over F,

such that ¢ | n, and let g(y) € Fy[y; 6;] be such that g(y) f(y) = f(y)g(y) = y" — .

(i) C is Euclidean LCD if and only if GCRD(f,g") = 1.

(i) If ¢ is an even power of a prime number i.e., ¢ = p*, L is Hermitian LCD if

and only if GORD(f,g") = 1.
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Theorem 5.3.3. A linear code C = @immir Nivig..irCirin..ir Of length n over T is
an LCD code if and only if C;,4, i, is an LCD code of length n over F,, for all

i;e{l,2,.. L}, j=1,2,...,r

Proof. Since C+ = Diin..i, Nivig...inCiF we have

1192...09)

cnet = (P miwiCuii) V(D MiizinCisiai)”

11%2...0p $1%2...9p

— 1

= (D iz isCiriz i) V(D vz i, Civiy )
11%2...0p 1192...0p

_ 1

- @ ni1’52~~-ir(cili2~~~irﬂc’ilig.“ir)
1192...0p

Therefore, Hull(C) = {0} if and only if Hull(C;,4,. ..) = {0}, foralli; € {1,2,...,1,},

7 =1,2...r. Hence, the result follows. O

Theorem 5.3.4. Let a = Eiﬂ'z...’ir Mirin..ir Qirig...in € U(T) be such that o® = 1, ©; €
Aut(T) and n be a multiple of 0(©;). Furthermore, let C = €D, ;, ; 7iyis..i,Ciri..i, bE
a skew (O, a)-constacyclic code of length n over T such that C; s, ;. = (fiyiy..ir (y))
and g;,4,..0, (y) € Fyly; 0] be such that g; i, i, (V) firis.ir(Y) = ¥" — Qirig.i,. Then C
is Euclidean LCD if and only if GCRD(fi4 .4, 914, ) = 1 for all 4; € {1,2,...,1;},

j=12...r

Proof. Let C = Gam'g...ir Nivia..irCirig..ir. De a skew (O, a)-constacyclic code of length
n over T. If C is Euclidean LCD i.e. CNCY2 = {0}, then by Theorem 5.3.3, we have

Civig.in NCE = {0} for all 4; € {1,2,...,1;}, j =1,2,...7. As n is a multiple

192... 09

of 0(©,;) and a? = 1, we have n is a multiple of o(6;) and oF;

{1,2,...,1;},7=1,2...r. Therefore by Lemma 5.3.2, GCRD(me,,,Z-T,gjlign_ir) =1,

= 1 for all i; €

for all i; € {1,2,...,0;}, j = 1,2,...,r where " — Qiip..ir = Girig..i, (Y) firia. i (Y)

and g;bm” is the left monic skew reciprocal polynomial of g¢;,4, ;.. Conversely,
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let GCRD(fllzzzngqu”) =1 for all Z] < {1, 2, R ’lj}, j = 1’ 2, ., T Then by
Lemma 5.3.2, Ci i, ., NCirE . = {0} foralli; € {1,2,...,1;}, j = 1,2,...,r. Hence,

11%2...0p

by Theorem 5.3.3, C is a Euclidean LCD code. O

Theorem 5.3.5. Let ¢ be an even power of a prime number, say ¢ = p*, a =
> ivianis Mirineiy irig..i, € U(T) be such that o® = 1, ©, € Aut(T) and n be a
multiple of 0(0;). Furthermore, let C = @,mlr Nivig..irCivi..i, De a skew (O, «)-
constacyclic code of length n over T such that C, s, 5. = (fiyir..in(v)) and g4, (y) €
F,[y; 0;] be such that g; i, . (Y) firie. i, (Y) = Y™ — Q4iyiy.i,- Then C is Hermitian LCD
if and only if GCRD(fiyiy..iy, Ghiy.0,) = 1 for all i; € {1,2,...,l;}, 5 =1,2...7.

Proof. The proof is similar to that of Theorem 5.3.4. O

Lemma 5.3.6. For a linear code C of length n over T, ®(Hull(C)) = Hull(®(C)).

Proof. Let w € ®(Hull(C)). Since ® is onto, 3 v € Hull(C) such that ®(v) = w.
As v € Hull(C), v € C and v € C*. Therefore, w € ®(C) and w € ®(C*) and
sow € ®(C)N®(CH) = &(C)NP(C)t = Hull(®(C)). Since, w € ®(Hull(C)) is
arbitrary, we have ®(Hull(C)) C Hull(®(C)).

Conversely, let w € Hull(®(C)), i.e. w € ®(C) and w € ®(C)* = ®(C*+). Then,
Ju € Cand 3 v € C* such that ®(u) = w and ®(v) = w. Since @ is one-one as
well, we have u = v and so u(=v) € CNC*. Therefore, ®(u) =w € ®(CNC) =
O(Hull(C)). Since w € Hull(®(C)) is arbitrary, we have Hull(®(C)) C ¢(Hull(C)).
Hence, ®(Hull(C)) = Hull(®(C)). O

Theorem 5.3.7. A linear code of length n over 7 is LCD code if and only if its

Gray image is a g-ary LCD code of length /415 ... [n.

Proof. Let C be an LCD code of length n over the ring 7. Then by definition,
Hull(C) = {0}. By Lemma 5.3.6, we get Hull(®(C)) = ®(Hull(C)) = ®({0}) = {0}
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which concludes that ®(C) is an LCD code of length l4l5 ... [,n over T. Conversely,
if ®(C) is an LCD of length l4l5...1,n over F, then Hull(®(C)) = {0}. Therefore,
by Lemma 5.3.6, we have ®(Hull(C)) = Hull(®(C)) = {0} which implies that
Hull(C) = CNCt = {0}, as ® is one-one. Hence, C is an LCD code of length n over
T. O

Now, we utilize the results obtained in this section to provide some examples of
LCD codes over 7. For computation purposes, SageMath [90] and MAGMA [17, 23]

software arc used.

Example 5.3.8. Consider Fy = F3[X]/(X? 42X + 2) = F3(w), where w? = w + 1.
Let 0, : b — b3 be the Frobenius automorphism. For n = 4, consider a factorization
of y" — 1 as

yt=1=(y+2)(y+ 1)y +w+2)(y+w).

If we take u1(y) = 1 and vy (y)ur (y) = y* — 1, then vy (y) = y* —1 and vl (y) = y* — 1.
Clearly, GCRD(uy(y),vi(y)) = 1. Next, let uy(y) = y + w and vy (y)ua(y) = y* — 1.
Then, vy(y) = (y +2)(y + Dy +w +2) = ¢ + (w + 2)y* + 2y + 2w + 1 and
vl(y) = ¥* 4+ (2w + 1)y + 2y + w + 2. Thus, GCRD(uy(y), vi(y)) = 1.

Consider another factorization of y* — 1 as

yt—1=(y+2)(y+2w)(y+2)(y +w+2).

Let uz(y) = (y+2)(y +w+2) = y* + 2w+ 2)y + 2w + 1 = y* + w’y + w* and
vs(y)us(y) = y* — 1. Then, va(y) = (y +2)(y + 2w) = ¥ + (w + Dy +w, vi(y) =
Y2 4 2wy + w + 2, and GCRD(us(y), vi(y)) = 1.
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Further, let us consider a factorization of y* + 1 as
y' 1= (" + Qw+2)y+2)(y° + (w+ 1)y +2).

If we take uy(y) = y? + (w+ 1)y + 2 and vy(y)us(y) = y* + 1, then vy(y) = y? +
(2w + 2)y + 2 and vy(y)t = 42 + (2w + 2)y + 2. This gives GCRD (u(y), vi(y)) = 1.

Now, let Ty = Fylui]/(ui — w?). Then, n; = 2 and 7, = “2% are primitive
orthogonal idempotent elements. So, every element v of T} can be uniquely written
as v = nvy + 190y, for some vy, vy € Fy. Let us define ©1 : T7 — T as nyvy + novg —
nv? + nevy, which is an automorphism. Let fi(y) = us(y) and fo(y) = uz(y). Then,
by Theorem 5.3.4, C = (0 f1 + m2f2) is a skew (O1,w3u;)-constacyclic Euclidean
LCD code of length 4, size 9° and minimum Lee distance 4 over T}. Let ¢ : T} — Fz
be a Gray map defined as v — (v; + vg,v; — 209) and ® be the extension of ¢
over T}'. Hence, ®(C) is an [8,5, 4]y skew quasi-(—1, 1)-twisted Euclidean LCD code,

which is a maximum distance separable (MDS) code.

_ 2 3
Furthermore, let T3 = Foluy, ug, us)/(ui — ws, wiuy — wjug); ;-

Let x;1 = u; and
kjo =1 —wu;. Then, {n; iy, = K14, K2i,K54, 1 1; = 1,2} is set of primitive orthogonal
idempotent elements. So, every element v of T3 can be uniquely written as v =

2 2 2 .
D i1 Daiget Daiget MininisViyinis- Lt us define an automorphism O, : T3 — T as

2 2

2 2 2 2
3
E E E Uilizi3vi1izi3'—>§ E E MivizizVijigis-

i1=1142=1143=1 i1=1149=113=1

Let us take fi11(y) = fion(y) = fooo(y) = waly) € Foly; 6]/ (y* — 1), fia(y) =
fi22(y) = far2(y) = fan(y) = wi(y) € F9[y;92}/<3/4 — 1) and fonu(y) = us(y) €

Foly; 61]/(y* —1). From the above discussion, it is clear that GCRD(fi,iyis, g;rlmg) =
1, for all 4; = 1,2, j = 1,2,3, where ¢i iy, firinis(y)(y) = y* — 1. Then, C =
<Z?1:1 232:1 Z?3=1 Mivigis firinis) 18 @ skew ©p-cyclic LCD code of length 4, size 927
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and minimum Lee distance 4 over T3. The matrix M used in Gray map ¢ : Ty — F3§ is

11
given as M = Mg}Q ®M9,2 ®M972, where Mg72 = . Hence, (I)(C) isa [32, 27, 4]9

1 2
skew 8-quasi cyclic LCD code which is a best known linear code (BKLC).

Example 5.3.9. For ¢ = 25, consider F, = Fo5 = F5[X]/(X? + 4X + 2) = F5(w),
where w? + 4w +2 = 0. Let 0; : b — b be the Frobenius automorphism on Fy5. For

n = 6, consider a factorization of y® — 1 as
Y —1=W+Qu+y+4)(y*+ Buw+ 1Ly +4)(y+1)(y +4).

If we take u1 (y) = 1 and vy (y)ug(y) = y®—1. Then, v,(y) = y*—1 and vi(y) = y5—1.
Clearly, GCRD(u1(y), v (y)) = 1. Next, let us(y) = y + 4 and vy (y)ui(y) = y& — 1.
Then, vy(y) = (42 + (2w +4)y+4)(y* + Bw+ 1)y +4)(y+1) = ° +y* +y2 + 2 +y+1
and 551 (y) = v° +y* + 12 +y* +y+1. We have, GOCRD(us(y), 03" (y)) = 1. Consider

another factorization of % — 1 as
v = 1= (" + Bw+3)y +1)(y* + (2w + 2)y + 1)(y + 3w + 3)(y + 3w + 4).

Let us(y) = y + 3w + 4 and v3(y)us(y) = y® — 1. Then, v3(y) = (y* + (3w + 3)y +
D2+ Quw+2)y+1)(y+3w+3) =y° + Bw+3)y* +1* + Bw +3)y* + y + 3w +3
and 737 (y) = 3° + Qw + Dy* + v* + Quw + 1)y? + y + 2w + 1. Again, we get,

GCRD(u3(y),v3'(y)) = 1. Furthermore, let us consider a factorization of y% + 1 as
Y+ 1=+ Quw+4)y+2w+2)(y +2)(y + 3) (¥ + Bw + 1)y + 3w + 4).

If we take uy(y) = v* + (Bw + 1)y + 3w + 4 and vy(y)us(y) = y* + 1, then vy(y) =
(12 + (2w+4)y+2w+2) (y+2)(y+3) = y*+(2w+4)y* + (2w +3)y* + (2w +4)y+2w+2

and 71(y)" = y*+wyP+ (2w+3)y? +wy+2w+2. This gives GCRD(uy(y), 01 (y)) = 1.
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NOW, let 7- = T2 = F25[U1,U2}/<U? — 'UJZ',UZ'UJ‘ — Ujui>?’j:1.

Further, let x;1 = u;
and Kjo =1 —w;, j = 1,2. Then, {1, = K1,K24, : ©; = 1,2} is set of primitive
orthogonal elements. So, every v element of 75 can be uniquely written as v =

Zz:l Zi:l NiyisViyin- Let us define an automorphism 6, : 7 — T as

2 2 2

2
5
E E MivizViyig 5 § :E Niviz Vi is-

i1=1142=1 i1=1142=1

If we take fi1(y) = ua(y) € Fas[y; 01]/(v° — 1), fr2(y) = ua(y) € Fas[y: 01]/(y° + 1),
fa1(y) = ur(y) € Fos[y; 61]/(y° — 1) and for(y) = us(y) € Fasly; 61]/(y® — 1). From
the above discussion, it is clear that G’CRD(fili2(y),§Li2 (y)) =1, for all i; = 1,2,
J = 1,2, where fii,(y)fii(y) = ¢° — ay; with aq; = o1 = ag = 1 and agp =
—1. Then, C = (Zi:l 2?2:1 Nivin fivin) 15 a skew (01,1 — 2uy + 2ujus) constacyclic
Hermitian LCD code of length 6, size 25%°, and minimum Lee distance 4 over T = Tb.
The matrix M used in Gray map ¢ : T — 3 is given as M = Mos o @ Mas o,
1

1
where Moy o = . Hence, ®(C) is a [24, 20, 4]95 skew quasi-(1,-1,1,1)-twisted
1 4

Hermitian LCD code which is almost MDS.

Now, we conclude this section by enlisting Euclidean and Hermitian LCD codes over

T and their Gray images.
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