Chapter 2

Two-Dimensional Shifted Legendre Polynomial
Collocation Method for Electromagnetic Waves in

Dielectric Media via Almost Operational Matrices

2.1 Introduction

In recent years there has been a growing interest in the areas of fractional calcu-
lus (see for instant [82],[83],[84], [85], [86]). Fractional derivative has application
in physics, mathematics, engineering and applied science as physical sciences phe-
nomena in area like Damping law [87], Diffusion process [88], Electrochemistry [89],
Arterial sciences [90], the theory of Ultra-slow processes [91], etc. Now a days, we
can find applications and models involving fractional derivative in Probability, As-
trophysics, Anomalous diffusion, Chemical physics, Finance, Robust control, Elec-
tromagnetism, Optic and signal processing, Seismic analysis, Viscoelasticity, Acous-
tics, Biology,etc. In this chapter, we have discussed a fractional partial differential
equations which arises from electromagnetic waves in dielectric media (EMWDM)

(see [92]).

As we known that the dielectric relaxation in solids, which is described by the

complex frequency dependent dielectric sensitivity x~(w) = x'(w)—ix"(w), establish
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the universal power law dependence:

X(0) = x'(w) ~ ™ X" (w) ~ W™ w << wy,
(2.1)

1

X (0) ~ 0" X (W) ~ W w >> w,,

where, x/(0) is the static polarization, 0 < n,m < 1 and w, is the loss peak fre-
quency.

As aresult, we obtained fractional partial differential equations (FPDEs) for EMWDM
using the Maxwell equation. Such a power law dependence in the frequency domain
results in the connection between the electric field E and the polarization density B

expressed as a weakly singular Liouville integral and, as a result, the field equations

take a form of FPDEs (see [92]):

(oD{E)(t, 1) — Al(onE)(t, )+ \ao(grad divE(t,r) — VZE(t, 7)) = —u)\z%,
(2.2)
(L DIB)(t,r) — M(oDIB)(t, 1) — AoV2B(L, 1) = phgcurlj(t, r). (2.3)

Here the constant coefficient A\; and Ay depend on the frequency independent prop-
erties of a medium, p is the magnetic constant; 1 < 5 < a < 3. Note that such
a form allows simultaneous consideration of both systems, before and after the
peak frequency and the conversion between them. The last aspect can be perspec-
tively important due to its generality for the consideration of non-trivial transitions,
which occurs in modern composite materials formed by ferroelectric nanoparticles
in a polymer matrix [93].

For the simplicity of a pure mathematical example, we take Fq.(2.3), assuming

B = (0,u(t,x),0), urecurlj = (0, f(t,2),0). Then, Fq.(2.3) will be reduced to as
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follows:
(6Dfu)(t,x) = M(oDfu)(t,x) = Ao VPult, ) = f(t,), (2.4)
with initial condition
u(t,z) =0,vt<0, wu(t,z)#0,Vt>0,0<z<]1.

Here both fractional derivative existent in Eq.(2.4) are defined in the Riemann-
Liouville derivative sense and A\, Ay and f(¢,x) are known. In this chapter, our
aim is to find unknown function u(¢,z). The scalar Eq.(2.4) can be considered
as a generalization of Szabo equation [94], which describes lossy propagation of
acoustical waves in media with power law attenuation. It has more restricted form
in comparison with Eq.(2.4), since the case @ = 2 was considered and extensively
studied [95]- [96] only. The differential equations with derivatives of non integer
order proposed for describing the EMWDM solve numerically by the Grunwald-

Lenikov discretization scheme [97].

Since, we converted our problem Fq.(2.4) into a fractional partial integro-differential
equations (FPIDEs) then this FPIDEs (with 1 < § < a < 3, in our case ) is said
to be Volterra type. Although the theory of Volterra FPIDEs has undergone rapid

development during last four decades. So, it remains wide open for further progress.

Mostly, we used orthogonal function as Legendre polynomials [98], sine-cosine func-
tion [99], block pulse function [36], function [100], Chebyshev [101], Laguerre poly-
nomials [102], etc. The main aim of using an orthogonal basis is that our proposed
problem reduces to a system of linear or nonlinear algebraic equations. This can be
done by the solution of the proposed problem using the operational matrices (see for
instant [103], [104], [105], [106], [107],[108],). An important property of operational

matrix method is that it simplifies the problem and also speedup the computation.
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2.1.1 Function approximation

Let {(I)Qo(t7 .ZL'), (I)gl(t, .CL'), ceey (I)olw(t, ZU), cees (I)N()(t7 ZE), CI)Nl(ty .17), ceey (I)NM(t, ZL')} CL2(Q)
be the set of two-dimensional shifted Legendre polynomials (TDSLPs) defined in

Eq.(1.5) then we have
Xnm = span {@007 o1, ..., Do, Prg, Puts oo, Pawvs oo, Pvo, Py oy (I)NM} .

Let f(t,z) be an arbitrary function in L?*(2). Since Xy, is finite dimensional

vector space so f(t,x) has a unique best approximation as follows:

N M

Fta) =Y Y fum®un(t,2) = FTO(t,z) = &(t,2)"F,

n=0 m=0

where, F' and ®(¢,z) are (N + 1)? x 1 vector given by

F = [foo, fors - forrs f10, Ji1y ooy f1y oo 305 fNTy ooy far] T

¢ = [(1)007 (I)Olu ) (I)OMaq)107(I)11> "'7q)1M7 s (DNOJ (I)Nb ) q)NM]Ta

and

O (t, ) = @, (t, )P, (T, ).

2D shifted Legendre function coefficients f,,,, are obtained by

(f(t,2), Pum(t, x)) _

fnm =
H(I)nm(ta :L’)H%

Theorem 2.1.1 Let fy(t,x) = FL®(t,x) be the TDSLPs expansion of real suffi-

ciently smooth function f(t,z) in L*(Q), where

FN = [fOO; f017 LERE) fOM; f107 f117 tey f1M7 ) fNOa fN1> ceey fNM]T7
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and

fnm = (27’L + 1)(2m + 1) /01 /01 f(t,x)@nm(t, l‘)dtdl‘7

then there is a real number & such that

1f(t,2) = fn(t @)z <

(N + 1)122N+17
Proof Sec [103].

Remark 4 By theorem 2.1.1 we conclude as follows:

|f(t,x) — fn(t,z)]l2 =0 as N — oc.

2.2 Operational matrices

2.2.1 Operational matrix of differentiation

The relation between one dimensional shifted Legendre polynomial and their deriva-

tives can be described as follows:
[@(2)P1(2)Po(1)...Dx(2)]" = [Po(x) Py (2)Po(2)... PN ()] Dy
Let ®(t,z) be TDSLPs defined in Eq.(1.5) then

%@(t,x) = 8_896((1)(t) ® ()
0

= (10(1)) @ (DL®(x))
= (1 @ D)(®(t) @ (x))

- DL,:nq)<t7 l’),
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S0,

0
%Q(t,x) = D, O(t, ),

where, DL,m =1® DL,

again,

o 0
a@(t, r) = a(q)(t) ® ®(x))
— (D ®(t)) @ (ID(x))
= (D, ®I)(D(t) @ ®(x))

== DL,t@(t7 I’),

Where, DL,t = DL X I,

S0,

0
a(b(t, l’) = DLyt(I)(t, ZL'),

where, Dy, and I are (N + 1) x (N + 1) matrices.
When N is even,

0 20 2 2

006 0 0

0 0 0 2 10
Dy =

0000 AN — 6

0000 0

0000 0

when N is odd,

AN — 2

(2.6)
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020 2 2 0
006 0 6 0
0000 0 5

b 0000 0|
0000 ..4N=6 0
0000 .. 0 4N=2
\0 000 ... 0 0

we call Dy, Legendre operational matrix differentiation. Trivially ®(x) = ®,,(x) D%
for all positive integer k, where ®*(z) is the k' derivative of ®,(z). Since, in this
chapter, we deals with two variable functions, then the above mentioned matrix
must be extended to product of two matrices. So ®%(t,z) = @(t,J:)DiL’tDi’x ,

where 7,7 =0,1,2,..., N.

2.2.2 Almost operational matrix of integration with singularity for

variable t

Let ®(t,x) be TDSLPs defined in Eq.(1.5) then,we get
) Lo d
[ e, [Hewn,,
o (t—s)le} o (t—s)td

L)
:/0 md&@@(m)
~ (Qud(t) ® (19())
= (Qa @ )(2(t) © ()

= Qa,Lq)(tv x);
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S0,

/U %ds % Qur®(t, ), (2.7)

where, Qn.1 = Q0 ® 1.

Similarly, we find operational matrix as follows:

/t(CD(s,:c) ds_/ttb(s)@(b(x)ds

t—s)B (t — )16}

SO,
bd(s,a)
/0 mdS ~ Q@L(I)(t, Q]), (28)

Where, QﬁyL = Qﬁ ®I.

2.3 Method of the solution
Using Fq.(1.17) in Eq.(2.5), we get

ey (%) o / s = N %) o / ey

—Xo(ug(t, ) + uge(t, ) = f(t, ).
(2.9)
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To find the solution of converted fractional partial integro-differential equations
(FPIDEs) Eq.(2.9) by using the collocation method, we will first obtain matrix

form of FPIDEs. In this way, we suppose the approximation of u(¢, x) as follows
N M
u(t,z) =~ Z Z Crm®@rm(t,r) = CTO(t, 2), (2.10)
n=0 m=0

where, C,, ,, is unknown for n =0,1,2,...,. N, m =0,1,..., M.

Now, partially differentiate twice Fq.(2.10) with respect to t as follows:

utt(t, I’) ~ CT(DL7t)2(p(t, I), (211)
similarly,
Uge(t,2) = O (Dy . )?®(t, 7), (2.12)
9 [a]+1
(511 @(t,2) ~ Dyt ), (2.13)
0 (B]+1 ~

Grouping Fq.(2.9) and Eq.(2.10) as follows:

1 9\ It FOTD(s, 1) 1 8\ FOTD(s, 1)
(1 {a)) (&) / o NIy <&> / TEDIEAS
— Ao (ugt(t, @) + uga(t, x)) = f(t, ).
(2.15)
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Using Fgs.(2.11) — (2.12) in Eq.(2.15), we get

ﬁ (%) o /ot %d - Almﬁ—Tm %)W /ot %d

—X(CT(Dpy)?®(t,z) + CT(Dy )2 ®(t, 7)) = FTd(t, 1),
(2.16)

grouping Egs.(2.7) — (2.8) and Fq.(2.16) as follows

cT 8\ It T 9\ B+
o () @t dig gy () Qe

—X2 (CT(Dr3)* + C" (D)%) ®(t,2) = F'®(t, ),

or,

CT B [a]+1 OT 5 (841
(1 _—{a})Qa,L (a) O(t,z) — /MWQ,&L (a) O(t, )

00T ((Dpy)? + (D)) ®(t,x) = FTO(t, 7).

(2.17)

Grouping Fgs.(2.13) — (2.14) and Eq.(2.17) as follows:

il D A ¢ D M CT(DL)? = XCT (D 2)?
(P Qer Do =N (s Dro = € Pra = T 0. ')

(t,x) = FTd(t, x),
or,

c’ (F(l_—{a})Qa,LDL,a — Alr(l_—{ﬁ})Qﬂ,LDLﬁ — Xo(Drs)” — Aa(Dr.) > _ T,

SO

1 1 -
ct=r" {WQQ,LDL@ ~ Mgy @ Pre Ao(Drg)? = A2<DL,$)2}

(2.18)
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Grouping Fq.(2.10) and Fq.(2.18), we get

1 1 -t

U(t, 37) =F" mQa,LDL,a -\ WQB,LDL,,B - )\2(DL.t)2 - )\Q(DL,LE)2

O(t,x).
(2.19)

Now, we use the collocation method for solving FEq.(2.19). For this, we suppose
t={t:;} o= % and z = {z;}} ) = L are the set of (N + 1) nodes. We substitute
these nodes in Fq.(2.19) and then we find the numerical solution of Fq.(2.9) and

hence Eq.(2.5) solved numerically.

2.4 Convergence Analysis

Theorem 2.4.1 Let (8 ult, z)) , 7 > 0 be the approximation of (8 u(t, m)) and
N
assume that the mized derivative of (M) 18 bounded by a constant K.i.e.

—%T;; fj;) |< K, then we have the following upper bound of error:

2 K2 802

Iu(t,x)\  (0u(l, )
D" 0r7 ) |l 65536’

where, © s a polygamma function ,p = F3(—3/2+ N).

Proof Let (

g;g)N = Zzo:() znojzg anmq)nm (ta (17)7

after truncating upto N level, we get

(W> “ 33 anBon(te)

n=0 m=0

Now,
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0" u
nm n'm t
(axf) <3$T) n_zN:H m_ZN:Ha !

taking L? norm both side, we get

() (52, v () (),

or,
||<6Tu) ( > //(Z Za tx)dtd:z;
Oz Oz n=N+1m=N+1
or,
[ (am) ( > Z Z (2.20)
ox™ ox™ i N+1 2n+1 2m+ 1)’ '
where,

— 2+ 1)2m+ 1) /1 /1 w@nm(t,x)dtd:g,
=2n+1)2m+1 //aT ta: (1) P () dtd,

= (2n+ 1)(2m + 1) / / Ot ) | of — 1)L, (20 — 1)dtd.

Let 2t — 1 = s then, we get

(s+1 x)

=(2n+1)2m+1) /01 L2z —1) /_1 aTTLn(S)dex,

_ (2n+1)(2m +1) /1 Lo(22 1>/ w(LnH(g) — L,1(s))dsdz,

22n+1) O
2m+1 (! L griy(stl )
T / Lin(2e = 1) / o (Lnsa(s) = Lua(s))dsde,
2m+1 (! VO (3t %) Loya(s) — Lu(s)  Ln1(s) — Ly_a(s)
= Lm 2 - 1 2 n n . n n , |
1 /0 (2 =1) /_1 ds0x™ ( om+3 o — 1 ) dsdx

2m+1 [* Lot 2u(sH,2) Loio(s) — Ly Ly_1(8) — Ly_a(s)
= L,(2r — 1 2 = L —" = dsdz.
8 /0 m(2 )/1 9200\ on i3 1B
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Let 2z — 1 = r, then similar processing as done above, we get,

6T+4 5-517%)
o 64/ / 52z on(s)om(t)dsdr,

where,
o Ln+2(8) - Ln(s) Ln(s) - Ln—2(5>
onls) = =0 3 m—1
and,
om(s) = Lynya(s) — Lin(s) _ Lin(s) = Ln-2(s)
" 2m + 3 2m — 1
Now,

[ un = ’/ / il e () (r)dsdr |,
w1096 9s2gprtz  On\S)TmiT)asar

1 ar+4 (s+1 r+1
< 2 0 2 2 dsd / / " m 2 dsd
—4096/_1/_1‘ 9s20r™+2 ’ . _1"’ Jom(r) | dsdr

4K?
_4096 // | 0n(8)om(r) |? dsdr,

o7 +4y ( s+1 r+1)
Where ‘ W |< K

S0,

2 2 ! 2 ! 2
pm |“< | / Op\S dS/ Om\T dr. 2.21
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Now,
' ' (Lnga(s) = Lal(s)  (Lals) = La-2(s) )
2 _ n+2 n o n n—2
/_l\an(s)\dS—/_l( o 3 o 1 )ds
B /1 ( (2n — 1) Lyya(s) — (4n+2) L, (s) + (2n — 3) L,,—o(9) 2ds
) (2n+3)(2n —1) ’
IR URA RS o GRS U
_1 (2n + 3)2(2n — 1)2 ’
- 12(2n + 3)?
(2n +3)2(2n — 1)2(2n — 3)
Thus ,we get
/1 L on(s) |2 ds < 12 (2.22)
1 n (2n —1)2(2n — 3)° '
Similarly,
! 12
() 12 d . 2.23
[ e Par < i (2.23)
Grouping Fq.(2.21), Fq.(2.22) and F£q.(2.23),we get
KZ
| @ < 9 (2.24)

64(2n — 3)*(2m — 3)*’

| Anm |2 < 9K2
2n+1)2m+1)  64(2n — 3)4(2m — 3)¥’

which implies,

| @ |? 9K
Z Z 2n+1)2m+1) Z Z 64(2n — 3)*(2m — 3)*’ (2.25)

n=N+1m= N+l =N+1m=N+1

S0,

|anm] 9K?2 1 —1 2
Fs(— +N) ) .
Z Z @n+ D@m+1) = 64 9216 s(5 + ) (2.26)

n=N+1m= N+1
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Eqs.(2.20) and (2.26) together implies:

uT(t, )\ (OuT(t ) » 9K? 1 -1 2
”( 9z oo ), = o gane \ Pl TN )

ou’ (t, ) ou” (t, ) 9 K?
”( dx ) ( o ), 1< Game

where, p = F3 (_71 +N).

1.e.

Remark 5 By theorem (2.5.1), we conclude that

AU By ULON BN S U,
8967 ox™ N

Lemma 2.4.2 Let u(t,x) be the sufficiently smooth function in Q and (., )n(t, )
be the approximation of ug,(t,x). Assume that the mized second derivative of u(t,x)
18 bounded by a constant K.

i |(65£gﬁ )| < Ky, then ,we have the following upper bound of error :

Kl @
65536

| U — (um’)N <

where, p = F3(5 4+ N).

Proof Proof is similar to theorem 2.5.1 after taking 7 = 2.

Remark 6 By lemma (2.5.2), we conclude that

H Ugy — (U$I>N H%2—> 0, as N — oco.

Lemma 2.4.3 Let u(t,x) be the sufficiently smooth function in Q and (uy)n(t, x)

be the approzimation of uy(t,x). Assume that the mized second derivative of u(t,x)

is bounded by a constant Ks. i,e.|(8aizgﬁ))| < Ks, then ,we have the following

upper bound of error :
K3
65536

| e — (we) v ||%2<
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where, p = F3(5 + N).
Proof Similar proof as theorem 2.5.1.

Remark 7 By lemma 2.5.3, we conclude that

| we — () n ||32— 0, as N — oo.

2.5 Error Analysis

2.5.1 Error bound

Let un(t,z), (uy)n(t, ) and (uz.)n(t,7) be the N approximation of u(t,x),
uy(t,z) and wu.,(t, x) respectively, ey = u(t,z) — un(t,z) be the bounded error

and then substituting these approximation in Eq.(2.9), we get

gy (@) . [ s (a1) . [ s

=2 ((uee) v (8, @) + (uge ) (8, @) = fn (2, ).
(2.27)

Subtracting Fq.(2.27) from Fq.(2.9) as follows:

) L e st (7))

/o U(s’é)__sl)tfﬂgsw) ds = Ao (us(t, x) — (u)n (2, 2) (2.28)

+uxw(t7 1’) - (ux:c)N(t> LL’)) + f(t> LL’) - fN(ta (L’)
Taking L?*-norm both side in Fq.(2.28) as follows:

Iy () o [ty s (2) o

[ sl = Iatutt. ) ~ ()t

+uﬂvx(t> $) - (um’)N(t’ :E)) + f(ta :E) - fN(t7 x)”v



Chapter 2. 'Two-Dimensional Shifted Legendre Polynomial Collocation Method for EMW... 35

e (6) [ f—slfﬁf}s e w2 ()
[ e it < Dal(fua(t.2) = (s (1)

+\|um<t, )~ (gt 2)]) + (1) — f(t.)],

)~ unte o () g~ Ml
(2)" [ o < Pallluatt) — e )

e .2) = (o). 2)) + 1£0.2) = Fult. )],

tl—{oc} 1

[o]+1
futt.o) -t olg= 7o (51) (=D ~ M=)

o\ (2.29)
(5) " (=) < Pellloat) - (vt

+Huxx(tax) - (uz:t)N(tvw)H) + “f(t,.%') - fN(tvx)H>

since, 1 < 8 < a < 3 then

1, if 1<a<2,
[a] = (2.30)
2, if 2<a<3

and also,

18] = beodsres (2.31)
2, if 2<pB<3.

After grouping the Fg¢s.(2.29) — (2.31), we get three cases for the error bound as

follows:
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Case 1. f l <a<2and 1< <2 then Eq.(2.29) as follows:

1 N>, ttd 0 116}
a2~ sl () (rre) ~ el () oy )
< Dl (Jut.2) — (o)) + a6 2) — (et} + £2) — Flt. )]

or,

1
Pl —={a}) P {ﬁ})

< allfur(t; ) = (i) v (8 2) | + Aol [taa(t, 2) = (aa) v (8 2) | + [ (8 2) = fn (2 2)],

lu(t, z) — un(t, 2)]|(] (et = il DB

oy v o 2) = It @)l + Palllun(t, @) — (wa)n(t,2)]

|u(t, x) Nt )| < (|r(1 — |( {a})t—1- {a}+|)\1||rl Ty |)({B})t 1={8})
N Aell[tee (t, 2) — (Uaw)n (E, 7))
(e | (L + ey DABDE )
(2.32)
Since,
1 P 145}

g =ap!(tedt " + i {5})!)({5})16 )#0 VOo<t<l

Grouping remark 4, remark 6 remark 7 and Eq.(2.32) with N — oo,

|(u(t,z) —un(t,x))]| <0 as N — oo.

Since, [Ju(t, z) —un(t,x)| > 0 always V ¢ and ,
so, ||u(t,x) —un(t,z)|| =0V t and x,
thus,

ey —0 as N — oc.

Case 2. If 2 < a <3 and 2 < [ < 3 then Eq.(2.29) as follows:
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1 0 ti-{a}

ult, @) = un (¢, )15 i {a})l( )({} ) = Mllg T {5})|
0.4, t {8}

+||u:m(t>‘r> - (u:m:>N(t>$>||) + ||f<t,.’l]) - fN(t,$>H,

Jut, ) = wux (£ 2) g =y O L+ a2 — Il =)
(YL BN O) < allalt, ) — (w1, 2)]
Hallltsa(t,2) = ()t )|+ 15, 2) = (2],

1502)  Je(t 2] + Dot ) — (o), 2)]
(e o} (T {al)t 2T — [Ty DEBY(L+ (8162 0D)
Nolllta(t,2) = (ua)n(t, )]

lu(t, z) —un(t, z)|| <

+(|F<1 o @+ {aht2=ted — |\ | gy DB + {81t 10)
(2.33)
Since,
: a a})t? et — ~2-{8}
IFa—gap e+ =iz — {6})\){ﬁ}(1+{6})t ) £0V0<t<1.

Grouping remark 4, remark 6, remark 7 and Fq.(2.33) with N — oo, we get

l(u(t,z) —un(t,2))]| <0 as N — oc.

Since ||u(t, ) — un(t, z)|| > 0 always V ¢ and z,
so, |lu(t,z) — un(t,z)|]| =0V ¢ and =z,
thus,

ey —0 as N — 0.
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Case 3. If 2<a <3 and 1 < <2 then £q.(2.29) as follows:

1 o tl‘{"“}

d ., =18}
5) ({5} —) = Pef(lun(t, 2) = () n (t, 2)|

+||u:m:(t7x> - (u:m:)N(tax)H) + Hf(t7x) - fN(t7x)||7

Ju(t, z) —un(t, l‘)||(|m+{a}>’({@}(1 +{apt ) — Al = {ﬁ})l
(—{BE ) < Dol llun(t, #) = (uu)n(t, @)
FAel[tan (t, ) = (taa ) v (&, @) || + (| f (2, 2) — f(t @),

1£(t,2) = f(t )] + Polllunt, 2) = ()t 2)]
(| (o (1 + {a)E ) + [\ [y | ((BDE )
Dalle(t,2) — (a1, 2)]

lu(t, z) —un(t, z)|| <

+(|r(1 o |({a}(1+{@})t 2o} 4 |/\1||r 18D |({5})t 1={8h
(2.34)
Since,
(o a2l ~1-{8)

Grouping remark 4, remark 6, remark 7 and Eq.(2.34) with N — oo, we get

|(u(t,z) —un(t,x))]| <0 as N — oo.

Since ||u(t,x) — un(t,z)|| > 0 always V ¢ and z,

so, ||u(t,z) —un(t,z)|| =0V t and x,
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thus,
ey —0 as N — oc.

2.5.2 Numerical error

Let numerical approximate solution of Fq.(2.9) as follows:

1 (a)[“] /ths—M;(ﬁ)wm/ths
0 ) ot 0

L(1—{a})'d (t = s)ted L1 {8} (t — 508
—Aa((un)n (8 2) + (uaa) (8 ) + R(E, 7) = f(E, 7)),
(2.35)

where, R(t,x) is the residual of approximation.

Grouping Fg¢s.(2.9) and (2.35) as follows:

1 O\ [ (u—uy)(s, ) . 1 LN
T —{al) })( ) /0 (t — s)la} d /\IF(l—{B})(at)
[ s = a1 (1) + (12 = (1)) 0:2) = Rt ),
(2.36)
} 1 0 1 [* en(s,x) . 1 9.+
) = gy, e (2:37)

/0 %ds Xo((ew)n)(t, ) + (ere)n)(E, T)).

Finally, we can applied the proposed technique to approximate ey(¢,x) in the

Eq.(2.37).
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2.6 Numerical examples

In this section, we presents the implementation of our proposed numerical scheme
and investigate its accuracy and simplicity by applying it on numerical examples
(2.1-2.6) with known analytical solution. In all the error figures (2.1-2.6) the trun-
cation is done at level N =2 and M = 2.

Also, we calculated the computational order of the numerical collocation method

(CONCM) with following formula [110]:

E

—

)
2)

log(
log(

5]

>
—

>

For calculating the CONCM in space, F; and F, are [y —norm errors corresponding
to spatial step size hy and hy respectively.

: . _ 4 _ 5.
Example 2.1 Consider the following FPDE for a = 3 and § = 3:

4

(OD?U)(ta x) - i(thﬁu)(t, CL’) - %VQU(t, 33‘) = f(ta $),

u(t,0) =0,

N

f(t,.%’): T T

Ar(z) i)

For these conditions there is known analytical solution, u(t,z) = tz. The numerical

solution is u(t, z) = CT®(t, z),, where, CT is given by

CT =10.24999 0.24999 — 1.9165 x 107'6 0.24999 0.24999 5.5341 x 107

—1.3157 x 107 —4.3127 x 10717 1.0438 x 107'].
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2.5

2

1.5

Error

1

Figure 2.1: Absolute error graph for Example 2.1 at N =2, M = 2.

Example 2.2 Consider the following FPDE for a = % and = %:

(

(ODtau)(t? 1‘) - i(ODfu)@a J;) - %VQU(t7 -73) = f(tvx):

u(t,0) =0,

flt,x) = —F=2— — S

3t31(2) uﬁr(i)

For these conditions there is known analytical solution u(¢, x) = tx. The numerical

solution for is u(t,z) = CT®(t,x), where, CT is given by

CT =10.24999 0.24999 —9.9267 x 107'° 0.24999 0.24999 — 2.8321 x 10~'¢

2.8105 x 107" 2.8978 x 107" 4.0637 x 10719].
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Error

Figure 2.2: Absolute error graph for Example 2.2 at N =2, M = 2.

Example 2.3 Consider the following FPDE for a = g and § = %:

(

(0Dfu)(t ) — § (0D u)(t,x) — §V7ult,z) = f(t,),

¢ ull, 0) =0,

f(t,l’) = 471(1 -

For these conditions there is known analytical solution

u(t,r) = t.

The numerical solution is

u(t,r) = CTd(t, 1),



Chapter 2. 'Two-Dimensional Shifted Legendre Polynomial Collocation Method for EMW... 43

where, CT is given by

CT =10.24999 0.24999 — 1.3533 x 10~ 0.24999 0.24999 6.5635 x 107

—3.8669 x 107 —3.2937 x 107'* —2.1111 x 1079

Error

Figure 2.3: Absolute error graph for Example 2.3 at N =2, M = 2.

Example 2.4 Consider the following FPDE for a = % and = %:

p

(o6Dfu)(t, ) — §(0Dfu)(t, 2) — §VPult,z) = f(t, @),

u(t,0) =0,

1 . . 1716viz(1—z) (4—-1)(1—z)z 9z(z—1) (3t—4)x(x—1)
Jltw) =520 =0+ 2000 =) 45 TR T ) T i)

For these conditions there is known analytical solution

u(t,x) =te(t —1)(z — 1)).
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The numerical solution is

u(t,r) = CT®(t, 1),

where, C7 is given by

CT =[0.0278 5.3049 x 107> —0.0278 —1.1569 x 107" —3.8171 x 1076

8.1498 x 107" —0.0278 6.0421 x 107'% 0.0278)].

-8

x 10

Error

Figure 2.4: Absolute error graph for Example 2.4 at N =2, M = 2.

Example 2.5 Consider the following FPDE for a = % and § = %:

(

(UDtau)(tv x) - i(ODfu)(tv I) - %VQU(t,CL‘) = f(t,l‘),

{ u(t, 0) = 0,

3 2
_ 1 1 — - 1 764t1x([17m) _ St=11)(1—a)x 9t3x(z—1) (3t74)x(x71)'
f(t,2) = 5[2(1 = 1)t + 22(1 — )] + 4] 3303 1140(3) I+ ar(3) + 457(2)

For these conditions there is known analytical solution

u(t,x) =te(t — 1)(z — 1)).



Chapter 2. 'Two-Dimensional Shifted Legendre Polynomial Collocation Method for EMW... 45

The numerical solution is

u(t,r) = CT®(t, 1),
where, C7 is given by
CT =10.0278 1.6782 x 107" —0.0278 1.1944 x 10~ 1.1799 x 10~*?

1.4851 x 1071%  —0.0278 —5.2232 x 107'%  —0.0278].

-8

x 10

Error

Figure 2.5: Absolute error graph for Example 2.5 at N =2, M = 2.

Example 2.6 Consider the following FPDE for a = % and [ = %:

(

(UDtau)(tv J}) - %<0Dfu)(tv I) - %VQU(t7$) = f(t7x)7

4 u(t, 0) = 0,

3
—64td x(l—x — —x)x x(x— —Dx(x—
ft,2) = 1201 — )t + 20(1 — 2)] + 1] 6?;((%1) D By g e B,

For these conditions there is known analytical solution

u(t,z) =ta(t — 1)(z — 1)).
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The numerical solution for is

u(t,r) = CT®(t, 1),

where, O7 is given by

CT =[0.0278 1.8209 x 107" —0.0278 —1.5203 x 107" —1.4796 x 1075

—1.077 x 107'%  —0.0278 3.7497 x 10~** 0.0278].
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x10°

Error

Figure 2.6: Absolute error graph for Example 2.6 at N =2, M = 2.
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Table 2.1: Error for N =2 and M = 2.

(t, x) Example 2.1 Example 2.2 Example 2.3

(0.1,0.1)  5.97e-16 1 14e-15 6.85¢-15
(0.2,0.2)  5.70e-17 3.50e-16 6.20e-16
(0.3,0.3)  3.66e-16 2.15¢-15 4.18e-15
(0.4,0.4)  6.35¢-16 3.42¢-15 7.33¢-15
(0.5,0.5)  7.95e-16 3.64e-15 8.65¢-15
(0.6,0.6)  7.29-16 2.98¢-15 7.87e-15
(0.7,0.7)  4.44e-16 1.58¢-15 4.82¢-15
(0.8,0.8) 1.17¢-16 2.70e-15 8.40e-16
(0.9,0.9)  8.32¢-16 2.21e-15 9.23¢-15

Table 2.2: Normed error for l9-norm and [s,-norm at N = 2 and M = 2.

Norm Example 2.1 Example 2.2 Example 2.3
lo-norm 2.69e-15 1.29e-14 3.17e-14
lso-norm 1.81e-15 9.33e-15 2.08e-15

Table 2.3: Error for N =2 and M = 2.

(t, x) Example 2.4 Example 2.5 Example 2.6

(0.1,0.1) 6.48¢-9 6.57¢-9 6.446-9
(0.2,0.2) 2.05¢-8 2.12¢-8 2.15¢-8
(0.3,0.3) 3.53¢-8 3.63¢-8 3.52¢-8
(0.4,0.4) 4.61e-8 451e-8 4.61e-8
(0.5,0.5) 5.00e-8 4.99¢-8 5.00e-8
(0.6,0.6) 4.61e-8 4.72¢-8 4.68¢-8
(0.7,0.7) 3.53¢-8 3.41e-8 3.53¢-8
(0.8,0.8) 2.05¢-8 2.12¢-8 2.05¢-8
(0.9,0.9) 6.48¢-9 6.57¢-9 6.45¢-9

Table 2.4: Normed error for lo-norm and [.-norm at N =2 and M = 2.

Norm Example 2.4 Example 2.5 Example 2.6
lo-norm 1.17e-7 1.01e-7 1.01e-7
lso-norm 6.48e-8 4.99¢-8 5.00e-8

Table 2.5: CONCM for examples 2.1-2.6 with hy = % and hy = ?i'

Examples o« 5 CONCM
1 3 3 5.97364
2 % 8 5.59450
3 7 2 6.40291
4 3 5 6.59447
5 £ 9 5.59453
6 % 5 5.59450
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2.7 Conclusion

In this chapter, we presents a new almost operational matrix collocation method
based on two-dimensional shifted Legendre polynomial approximation process for
solving fractional partial differential equations subject to the initial condition. The
scheme is based on the transformation of fractional partial differential equations
into a equivalent weak singular fractional partial integro-differential equations by
using partial Riemann Liouville derivative operator. Moreover, we studied the
convergence analysis, error analysis and computational order of convergence for the
proposed method when 1 < 8 < a < 3. Finally from the convergence analysis,
error analysis, examples, computational order of convergence and table 2.2-2.5, it
should be noted that this is the first almost operational matrix collocation method
approach for which the accuracy can be justified both theoretically and numerically

for 1 <pg<a<3.

kkokokskokoskok skock >k



