CHAPTER 4

FIXED-TIME SYNCHRONIZATION OF
DIFFERENT NEURAL NETWORKS

4.1 Some Results on Fixed-Time Synchronization of
Memristor Neural Networks with Impulsive Ef-

fects

4.1.1 Introduction!

The dynamical behaviour of neural networks has been a subject of extensive study
due to its significance in various applications such as pattern recognition, optimization,
signal processing, and associative memories. In addition, since the pioneering work of
Pecora and Carroll [32] in 1990, chaos synchronization of chaotic neural networks has
been a fascinating problem. To date, researchers have explored and studied various
types of synchronization in neural networks [127, 130, 131| due to their theoretical
importance and practical applications in secure communication, tracking control and
image encryption. In this chapter, we have considered the synchronization scheme in
which drive and response systems are identical. Further, we have discussed two types of

problems in the synchronization of neural networks within fixed-time one is memristor

!The content of this sub chapter is published in Communications in Nonlinear Science and
Numerical Simulation, 118, 107038 (2023)
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neural networks and another is complex-valued neural networks.

The term and concept of memristor, which stands for memory and resistor, was
coined by Leon Chua [20] in 1971. It is well known that none of the three funda-
mental circuit elements viz. resistor, capacitor and inductor describe the relationship
between charge and flux. This missing relation between charge and flux is covered
by the fourth fundamental circuit element memristor. After the first physical demon-
stration of memristor at HP Lab in 2008, several models like the Strukov model and
Simmon tunnel barrier model have been introduced for different applications [132, 133].
Having the property of non-volatility and being a nanoscale element, the memristor is
the best electronic component to play a role as synapses to imitate neural networks
better. The memristor can be used to replicate the synapsis in the human brain since
it has the property of memorizing the direction of the past charge flow. Recently, the
memristor has gained more interest because of its essential role in the next generation
of computers and powerful human brain-like computers. Thus, the introduction of the
memristor in place of the resistor in neural networks opens a new door in the study
of the neural networks, known as memristor neural network (MNN), which has a vast
field of applications such as in image processing, secure communication, fault diagnosis
and pattern recognition. In the past two decades, researchers have made significant
progress in their understanding of the dynamical behavior of MNNs, and a wide range
of interesting results have been published in the references [134, 135, 136, 137, 138|.

In the present subchapter, the fixed-time synchronization of MNNs with impul-
sive effects and time delays have been investigated. Using the concept of comparison
principle and average impulsive interval, we have derived the sufficient conditions so
that the concerned MNNs will achieve fixed-time synchronization under the influence
of synchronizing impulses and desynchronizing impulses. Both, theoretically and nu-
merically it has been shown that the estimated settling-time is less conservative and of

high precision as compared to those results found in the existing fixed-time synchro-
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nization reported in [95, 96, 111, 139]. The fixed-time synchronization of MNNs for
desynchronizing impulses have not been discussed in prior results reported in [96]. In
this subchapter, an attempt has been made to find the condition under which MNNs

with desynchronizing impulses can achieve fixed-time synchronization.

4.1.2 Model Description and Preliminaries

Let us consider the state equation of MNNs with impulsive effects as

,

4p(t) = —dpzp(t) + 2221 hpg(2p(t)) f4(24(2))

+ 2 e Wog(2p(8))9q (24 (t — 74(1)) + L t 20, t# 1y, (4.1.1)

Azp(tl) = T]ZZp(tl—),t = tl,l - N,

where p = 1,2,...,n, z,(t) € R represent the voltages of capacitors; d, > 0 are
the self-inhibition; f,(.) and g¢,(.) denote the activation functions of the g-th neuron
; 74(t) corresponds to the time-varying delay satisfying 0 < 7,(¢) < 7; hy,(.) and
wp,(.) represent memristor-based connection weights; I, denotes the external input or
bias. The sequence {ti,ts,t5...} is strictly increasing impulsive instants, 7; denotes
the impulsive strength, Az,(t;) = 2,(t;) — 2,(¢;), where 2,(t;") = lim;_,+¢ 2,(t) and
2p(t;) = limy—yy,—0 2,(t). Suppose z,(t) is right continuous at t = #;, i.e., z,(t;") = 2,(t;).
The initial condition of system (4.1.1) is z,(s) = ¢,(s), s € [—7,0]. The memristor-

based connection weights in system (4.1.1) satisfy

ilpqa 12p(1)] < T, Wpg,  |2p(8)| < T,
hpg(2(1)) = } Wpq(2p(t)) =
hwgs  2p(8)] > T, Wy, |2p(t)] > T,
for p,q = 1,2,...n, where ﬁpq, fzpq, Wpq, Wy, are known constants with respect to

memristances, and 7}, is the non-negative threshold level. By following the theory of

differential inclusion and set valued map [140], it can be obtained that the system (4.1.1)
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is equivalent to the following differential inclusion:

4(t) € _dpzp(t)+z K (hpqg(2(2))) fa(zq(t +Z K (wpqg(2(1)))9q(2q(E—T74(8)) +1p, t # T,
q=1

(4.1.2)

where

g, 2(8)| < T,
K (hp(2(1))) = CO{inqa hpq}v |2(t)] =T,
Pipg, 12(8)| > T,

\

.
Wpg, 1z(t)] < T,

K (wpq(2(£))) = § co{ting, pe}, |2(t)] = T,

\wpm |2(t)] > 1.

In above equation, co{a, b} denotes the convex closure of a set. According to the mea-
surable selection theorem, there exists measurable function hs (z,(t)) € K(hpye(2(1)))

and wy (2,(t)) € K (wpe(2(t))) such that

(

G(t) = —dpzp(t) + Zq 1 pq( 2p(t)) fq(24(1))
T ZZ=1 w;q(zp(t))gq(zq(t - Tq(t)) +1, t #+ 1, (4.1.3)

Zp(tl) = (1 + ﬁl)Zp(tl_),t =t,l €N.

\

The system (4.1.1) is considered as the drive system. By similar arguments, the corre-

sponding response system with control input is given as

zp(t) = _dpzp( ) Zq 1 pq( p(t))fq(zq(t))

+ 31 Who (1)) 94 (Zg(t — 74(1) + I + up(t), ¢ # 1y, (4.1.4)

Z(t) = (L+m)2z(t ), t =t,1 €N,
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where u,(t) be the designed fixed-time synchronization control input to be designed
later and the initial condition is denoted as z,(s) = ¥,(s), s € [—7,0]. Assume e,(t) =
Zp(t) — zp(t) be the synchronization error and thus the synchronization error system can

be described as

/

ép(t) = —dpey(t) + Zgzl h;q(ep(t))fq(eq(t))
30wk (ep(1))ggleq(t — 74(1) +up(t), t#t, (4.1.5)

ep(tt) = (L+m)ep(t; ), t =t €N,

\

where the initial conditions of error system is assumed to be @, (s) = ¥,(s)—@,(s) for s €
[=7,0]. Further, we denote hy,(e,(t)) fo(€q(t)) = hyg(2()) fo(Z4(t)) = by (20(2)) fo (24(1)),

and wy, (e,(t))gq(eq(t — 74(1))) = wpe(Zp(£)) gq(Z4(t — 74(£)) — wpe(2p(£)) (24 (t — 74(2)).

To obtain the main results, the following assumptions have been made throughout this

subchapter.

Assumption 4.1.2.1. Suppose that the activation functions f; and g, are Lipschitz
continuous. That is, for any ¢ = 1,2,...,n, there exist positive real numbers L, and

M, such that

[fa(u) = fo(0)] < Lolu =], [gg(u) = g4(v)| < Mylu —v],

for all u, v € R, u # v.

Assumption 4.1.2.2. Suppose that the activation functions f, and g, are bounded.

That is, for any ¢ = 1,2, ..., n, there exist real numbers R, and S, such that

[fo()] < Ry, gq(uw)] < S,
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for all u € R.

A

Assumption 4.1.2.3. (See [96]) The impulse sequence {t;,! € N} belongs to Q(Tmin, Tmaz)
{to<ti <...<ty< ... limy 100 = 400, Timin < 6 — tic1 < Tinaz b, Where Thin, Tinas

are positive constants satisfying 7, < Timaz. Let w(t, s) be the number of impulsive

jumps on the time interval (s,t). Suppose that there exists a positive constant p such

that

t—s t—s
—pSLU(t,S)S

Tmaz Trmin

+ p.

We also recall the following lemmas and definitions:
Lemma 4.1.2.1. (See [84]) Suppose W : R" — R* be a radially unbounded and

continuous function which satisfies the following two conditions:

1. We(t)) =0 <= e(t) =0,

2. Wie(t)) < —aWe(e(t)) — bWH(e(t)) — W (e(t)),

where a, b, c >0, a>1and 0 < 8 < 1.

Then the origin of error system (4.1.5) is FxTS, and the settling-time 7'(ey) is bounded

Lemma 4.1.2.2. (See [141]) Suppose that the Assumptions 4.1.2.1 and 4.1.2.2 hold,

then for any u, v€ R", p, ¢ € N, following inequalities holds
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| K (Tpg (V) fo(vg) — K (hpg () fo(ug)] < quLq’Uq — ug| + qupq - hpq‘a

| K (wpq(v)) £y (vg) — K (wpg(u) fy(ug)| < Wy My|vg — ug| + Syltipg — Wyl

where hy,, = max{|hy,], ’hpq‘}a Wy = Max] [Wyq|, [Wpyl}-

Definition 4.1.2.1. (See [84]) The drive-response systems (4.1.1) and (4.1.4) are said
to be finite-time synchronized, if for any initial value eq, there exits a constant T'(ey) > 0
and e(t) = (e1(t), ea(t), ... €,(t))", such that limy_p(,) ||e(t)]| = 0,and ||e(t)|| = 0 V¢ >

T'(eg), where T'(eg) is called the settling-time.

Definition 4.1.2.2. (See [84]) The drive-response systems (4.1.1) and (4.1.4) are said
to be fixed-time synchronized, if the following two conditions hold:

(1) The system (4.1.4) can synchronize with the system (4.1.1) in finite-time.

(2) The settling-time function T'(eg) is bounded for any initial value ey, i.e., there

exits a fixed constant T,,, > 0 such that T'(eg) < T}z

Definition 4.1.2.3. (See [142]|) The Dini’s upper right-hand derivative of a continuous
function V() : R — R is defined by

D*(V(t)) = lim sup Vie+h) = V(t>.

h—0t h

4.1.3 Main Results

In order to establish some sufficient conditions to achieve the fixed-time synchronization

between the drive-response systems (4.1.1) and (4.1.4), let us consider the fixed-time
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controller u,(t) as follows:

up(t) = —ope,(t) — sign(ey(t)) [op + lilep ()™ + Laofe,(8)|* + Glep(t — 7(8))]], (4.1.6)

where 0, 0p, 5, are positive parameters to be designed later. [y, I, are some positive

constants, and the real numbers oy, oy satisfy a; > 1 and 0 < ap < 1.

Theorem 4.1.3.1. Under the Assumptions 4.1.2.1- 4.1.2.3, if the control gain param-

eters 0,, 0, and g, satisfy the following conditions:

;

op 2 —d, + Z” Equpa

S = 22:1 Wep My, (4.1.7)

\Qp = ZZ:1(Rq|hpq - qul + Sqltpg — Wpql),

for p,qg = 1,2,...,n, then the drive-response systems (4.1.1) and (4.1.4) can achieve
fixed-time synchronization under the controller (4.1.6). Furthermore, the settling-time

is estimated as

In |1+

11—« - In
,u,;)< 1>(l377'm};lz>
21

() T =T; 4T3, when 0 < iy 2 |14 <1,V 1 € N, where T} =

7o Inpy ) .
<13 Tmax (al 1)
_ 1—
l2uf( a2)
—p(l—ag) (7 Inp; \ - p(l—ag)
o 87 T ) 121

(M—[;;) (1—a2)

Tmax

In

(ii) T = IH[H%] | when py =1,VIieN.

I3(a1—-1)  I3(1-a2)’

Proof. Construct the Lyapunov function as

W(t) = le(t)], (4.1.8)
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for t # t;, and the derivative of W (t) along the trajectory of the error system (4.1.5)

can be calculated as

i.e., DT(W

- Zsign(ep(t))e (t)

‘Zs‘gn ea(0)(~oes (1 +Zh ) lealt)
* prq ep(t))gq(eq(t — 74(1))) + up(t))

< - Zd|€p |+ZZ| £)) fa(eq(t))]

p=1 ¢q=1
n

+ Z Z |wpq ep(t))gq(eq(t I+ Z sign (e, (t))(—opep(t)

p=1 ¢g=1

— sign(ep (1)) (2p + Llep (D)™ + Lalep ()| + plen(t — 7, (1)),

Zd|€p |+ZZ| £)) fa(eq(1))]

p=1 ¢q=1
n n

- ZZ |wpq(€p(t))gq(eq(t N = Zap|6p - Z

p=1 ¢=1 p=1

—h Z lep(t)[* — I Z |ep(8)]** — Z§p|€p(t — ()] (4.1.9)

According to Lemma 4.1.2.2, one has

‘h;q(ep(t))fq(eq(t)” < ﬁpqu‘eq(t)l + quilpq - kpq|7

(4.1.10)

|w;q(ep(t))gq(eq(t — 74(1))| < WypgMyleq(t — 74(t))] + Sglthpg — Wpql-

From Eq. (4.1.9) and Eq. (4.1.10), we have
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<Z —d, — op)|e(t H‘Zzhpq[”eq H‘Zzwqu‘eq

plql plql

7y(1))|

+ZZRq|inq Pq|+zzs|wm Wpq| — ZQp—l1Z|6p )|

p=1 g=1 p=1 ¢=1

— o Z lep(8)|** — Z§p|€p(t — 7p(t))]
< Z(— —0p+ thpL )en(t)| + Z qup p)lep(t —

p=1 ¢=1
n

(t))]

+ Z(Z(qum - qu| + Sqlthpg — Wypql) — —h Z lep(D)]* — L2 Z lex(t)]*2.

p=1 ¢=1

Ito, > —d,+ 22:1 hopLp, p > 2221 Wop My, 0p > 22:1(Rq|hpq — hpg| + Sqltbpg —

p7q:]‘727""n’

one can obtain

n

D —llz|€ |Oé1 _ZQZ|6p |OL2 _Zcp|ep(t)|7

p=1
where ¢, = d, + 0, — >, hopLy > 0.

Let I3 = min,{c,}, then we have

DHW () < =h ) lep®™ =1a D lep(t)]™ =15 ley(?)

In view of Lemma 3.2.1, we obtain

S lep()|* = nt (Z rep<t>\) D eyt > <Zlep(t)\> .

Now, the inequalities (4.1.13) and (4.1.14) yields

126

(4.1.11)

wP(ID7

(4.1.12)

(4.1.13)

(4.1.14)



CHAPTER 4. Fixed-time synchronization...

«

wav»s—m#M<§]%wo —b(Z]%wQ — 15> ley(t)]

= —LW(t) — LW (t) — W (1), (4.1.15)

where [} = 1in'= Iy =1y, I3 = 5.

When t = ¢;, it follows from Eq. (4.1.8) that

W) = lep(t)] =Y [(1+m)ey(t)]
p=1 p=1
< [+ W) = W (8, (11.16)
where p; = |1+ ], and we take 0 < g < 1.

Further, we construct the following comparison system to study the fixed-time synchro-

nization of error system (4.1.5) under the controller (4.1.6):

( ’—l_lval(t) — V), V(t) > 1,t £,
V() = 4 —BVee(t) — LV(E),0 < V(1) < 1,t £ 1,
0, t#1, (4.1.17)
V) = mV ().t =t,
V(0)=Vo =73 les(0)].

\

From Eq. (4.1.15), Eq. (4.1.16) with Eq. (4.1.17), we get the inequality 0 < W (t) <
V(t). That is, if there exists T > 0, for t > T such that V(¢) = 0, then W (¢) = 0 for
t > T. Therefore, to prove the system (4.1.5) is fixed-time synchronized, it is needed

to show that the zero solution of system (4.1.17) yields fixed-time synchronization.
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When V' (t) > 1, the transformation ¥(t) = V17%(¢) is considered. Since a; > 1 and
from Eq. (4.1.17), we get that ¥(t) — 07 as V(t) — +oo and ¥(t) — 1T as V(t) — 1T,

Therefore, we have

(

U(t)=l(ay — 1) +I3(a; — D), t #t, 0<¥(t) <1,
U(t) =m¥(t,),t=1, (4.1.18)

W<O) - ‘/E)l_al’

\

where Ji, = y; ~*'. It is not difficult to get that V(t) — 17 is equivalent to ¥(t) — 1~.
Let us take the transformation W (t) = V1722(t), where 0 < ap < 1 for 0 < V() < 1, so

that we have

U(t) = mP(t;), t =1, (4.1.19)

where ji; = p; 2. Tt follows that V() — 0T is equivalent to ¥(t) — 0F.

The fixed-time synchronization of Eq. (4.1.17) is decomposed into the following two
processes: (i) the trajectories of (4.1.18) approach 1 in a fixed-time 77; (ii) the trajec-
tories of (4.1.19) approach 0 from 1 in a fixed-time T3. Then we can get that V' (t) — 0
in the fixed-time T’ = TY 4+ Ty for any initial value V. Next we divide the proof into

following two cases: 0 < p; < 1 and p; = 1.
Case 1: Let 0 < gy < 1, then, i > 1 and 0 < i < 1. Thus, we have the conditions

V(t;) > 1and V() > 1. Now, from Eq. (4.1.18) and from the formula of variation of

parameters, we have
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t
w(t) = eV 0% (0) + 1 (o — 1) / elsten=1=s) t9) g (4.1.20)
0

Since ¥(0) = ﬂf(O’O)W(O) < land lim;_, ¥(t) = oo, there exists T} such that lim, 7= ¥(t) =

land 0 <¥(t) <1 for 0 <t <Tjf. According to Eq. (4.1.20), we have

t
e DG D(0) 4 Ty — 1) [ e Vs -,

0

which implies that
t

Loy —1) /el:”(o‘l_l)(t_s)uf(t’s)ds < 1.
0

t—s t—s

- wl(t,s — Ty +
It follows from Assumption 4.1.2.3 that ;™ F < i, (1) < p;mm p, we get

t

l_3(a171)t 71_3(011*1)3—7':;:33 -r 1

(& (& ds < ——.

/ Hu B ll(Ckl — 1)
0

After solving the above equation, we obtain
_ T In g
In {1 A (53(“1‘”*%2)]
t < =17.

I (a1—1)

(z},(al 1)+ 1—#)

Tmax

Substituting ji; = ull_o‘l into the above inequality, we have

1 {1 + “5)(1_&1)@3‘5252)}
n =
l1
Tr = — L . (4.1.21)
<l3 — lnm) (061 — ].)

Tmax

Similar to above analysis, we estimate the fixed-time 75 such that the system (4.1.19)

approach 0 from 1. From Eq. (4.1.20), we find that

t
W(t) = e B2t 10y (0) — (1 — ay) / e~ la(1—a2)(t=s) uts) (4.1.22)

0
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t— t—

Since 0 < ji; < 1, from Assumption 4.1.2.3, we have ,11[”“” "< uw(t #) < [f”““”

—p
. Now,

considering the fixed-time T3, ¥(t) changes from 1 to 0. Also, we know that, ¥(0) =1

and ¥(Ty) = 0. From Eq. (4.1.22), we therefore have

t
U(t) = e B (1 ) [ et g0

0

t
t

< e e (1 ag)e et [ e g
0
P L

mn

l_3(1 — 062) iy

Tmin

_ 6—l73(1—0¢2)tﬂl"mﬁ P lz(l - O‘Z)[Lf

< |7r _ Zg(l — Oé2>ﬂ20 _ e [13(1 az)f%]t o Z2(1 — 042)/];) _ 2 H(t)
o ! 13(1—(12)—% lg(l-@g)-%
Since H(0) = i, ” > 0, H(+00) = _blei ,and H(t) < 0, there exists a

1
I (1—ag)— 2EL

min

unique T3 satisfying H(7Ty) = 0, so that we can get

Zg(l-&g)-lnl ’

Tmin

H(T*) — ﬂ—P + _ ZQ(l - OQ)[I"ZO _ 67 [[3(1*042)*%]1‘/ . Z2<1 - aQ)ﬁlp
2 ! lg(l — CYQ) —

Tmin

which implies that

h’l Zz(l ag)ul
T* _ u (l3(1 a)— )+l2(1 a2)fi f

(22 5) (-

Substituting fi; = /Lll*‘” into the above equation leads to

p(l—ag)
In 2
—p(l—ag) (7 Inpy 7 p(l—ag)
My l3_7-7. +l2yl
Ty = (o) . (4.1.23)

(o~ 1) (1= )

Thus, when it comes to the second condition V' (¢,) > 1 and V/(¢;) < 1, this implies that
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the time interval of V'(t) > 1 converges to 1 is obviously smaller than 7} and the time
interval of 0 < V(¢) < 1 from 1 converges to 0 is obviously smaller than 7. Therefore,
we may conclude that the error system (4.1.5) can achieve synchronization in fixed-time
T} + Ty. In others words, when 0 < p; < 1, the systems (4.1.4) and (4.1.1) can be

synchronized within the fixed-time 7' = T, T+ 15,

where
#p(l—cn) l‘fi“i T Pl—a2)
B In {1 + Z gls maz) In u;p(lfocz)(Z‘ETM)H‘QM;?(P&Q)
T=—L + Tmin (4.1.24)
(13 — %) (Oél — 1) (% — lg) (1 — 062)

Case 2: Consider p; = 1. Then it can be obtained that fi; = ji; = 1 and using the

same formula as (4.1.20), one can get

t
W(t) = @D (0) + Iy (g — 1)elsr V! / e~lale1=Ds g,

0

Thus, we have

t
el_g(all)t/el_g(all)SdS < ;
- l1<051 — 1)7
0
In 1+ 5]
jent< —t
l3(a1 — 1)

Since ¥(0) = 1, ¥(Ty) = 0 and f; = 1, one can obtain from (4.1.22) that

= T7.

t

w(t) — e*l};(l*@@)t _ [2(1 _ a2)€l3(1a2)t/el3(lag)Sds’

0

t
U(Ty) = e lal-a2)t _ lo(1 — ag)e_i3(1_a2)t / els(1=02)s g — ().

0
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Solving the above equation, we get

Hence, when ; = 1, the drive-response systems (4.1.1) and (4.1.4) can be synchronized

within the fixed-time 7T given by

In [1 + 5—3] In [Zfzf}
o 1 2+I13
T =T+ T = — — - .
! 2 lg(Oél — 1) l3<1 — Oég)

(4.1.25)

Therefore, the proof is completed.

Remark 4.1.3.1. Theorem 4.1.3.1 establishes a novel fixed-time synchronization on
MNNSs constituting time-varying delay and synchronizing impulsive effects. As the
continuous part of Lyapunov inequality in the above mentioned theorem, defined as
Wie(t)) < —aW*(e(t)) — bWP(e(t)) — cW (e(t)), constitutes one more term than in
the previous article [96], where the continuous part of Lyapunov inequality is given as
W(e(t)) < —aWe(e(t)) — bWH(e(t)), the convergence rate of the system (4.1.5) under
Theorem 4.1.3.1 is faster than that of [96]. Also, a less conservative and high precision
estimate of settling-time is provided in the Theorem 4.1.3.1. The above mentioned

statements are numerically verified in the numerical section 4.1.4 of the subchapter.

Remark 4.1.3.2 It is well known that, impulses are of two types: synchronizing im-
pulses and desynchronizing impulses. One can easily notice that the impulse used in
Theorem 4.1.3.1 is of synchronizing kind, which is beneficial for synchronization of
systems. Certainly, a question arises, what happens if we consider desynchronizing im-
pulses! Can the systems (4.1.1) and (4.1.4) be synchronized in fixed-time in that case
too! The answer of this query is YES, which is verified by the next theorem, Theorem
4.1.3.2.
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Theorem 4.1.3.2. Under the assumptions 4.1.2.1-4.1.2.3 to hold, if the parameters
0p, 0p and g, satisfy Eq. (4.1.7) in Theorem 4.1.3.1 and the following inequality holds:

o
I > (4.1.26)

Tmin

then the drive-response systems (4.1.1) and (4.1.4) can achieve fixed-time synchroniza-
tion under the controllers (4.1.6) for desynchronizing impulsive effects. Furthermore,

the settling-time is estimated as T = Ty +T5, when 0 < py 2 1+ > 1, VI €N,
n|l+ [1Hlp(17a1> . n H;)(lfaz)(Z37%)+[2H7p(17042)
= gy and 15 = T
(l3 )(m 1) ( 13)(1 az)

Tmin Tmin

where T7

Proof. The proof of this theorem for ¢ # ¢; is similar as the proof of Theorem 4.1.3.1,
so this part is omitted here.

Now, when ¢ = ¢, it follows from Eq. (4.1.8) that

n n
Wit) =Y les(t)l = > 1(1+m)ey(ty)]
p=1 p=1
<[+ ndW () = iV (t7), (4.1.27)
where p; = |1 + ], and we take y; > 1. Now, the following comparison system is

constructed to study the fixed-time synchronization of error system (4.1.5) under the

controller (4.1.6) for desynchronizing impulsive effects,

/

—LVeL(t) = BV (), V() > 1,t # 1,

V() =S —LVez(t) — BV(1),0 < V() < 1,6 # 1,

0, t£1, (4.1.28)
V(tl) = Mlv(tl_)vt =1,

V(0) = Z;L:l lep(0)].

\
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Combining Eq. (4.1.15), Eq. (4.1.27) with Eq. (4.1.28), we get the inequality 0 <
W (t) < V(t). That is, there exists T > 0, such that V(¢) = 0 for t > T, then W (t) = 0
for t > T. Therefore, to prove that the system (4.1.5) is fixed-time synchronized, we
need to show that the zero solution of system (4.1.28) yields fixed-time synchronization.
When V (t) > 1, let us take the transformation ¥ () = V'=*1(¢). Since oy > 1 and from
(4.1.28), we have ¥(t) — 1T as V(t) — 17 and ¥(t) — 0" as V(t) — +oo. Therefore,
we find

U(t) =l(ay —1) +Il3(a; — D), t #t, 0<¥(t) <1,
U(t) =m¥(t)), t=1, (4.1.29)

w(0) = Vo,

\

1—ay

where [y = ;. It follows that V(t) — 17 is equivalent to ¥(t) — 1*. Now,
considering the transformation ¥(t) = V172(¢), where 0 < ap < 1 for 0 < V(¢) < 1,

we obtain

U(t) = (L), t =1, (4.1.30)

where ji; = ;2. Tt is straight forward that V(t) — 1 is equivalent to ¥(t) — 1.

Now from the above discussion, the fixed-time synchronization of Eq. (4.1.28) has
been transformed into the following two processes: (i) the trajectories of Eq. (4.1.29)
approaches 1 in a fixed-time 77 (ii) the trajectories of Eq. (4.1.30) approaches 0 from
1 in fixed-time 7. Then we can find that, V(¢) — 0 in the fixed-time T="T+T;
for any initial value V. The above two cases will be considered for impulsive strength

m > 1.
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It follows from Eq. (4.1.29) and from the formula of variation of parameters that

t
!p(t) _ el_s(mfl)tﬂ;v(t:o)Q(()) 4 [1(041 _ 1) /eis(all)(ts)la;‘)(t’s)ds_ (4.1.31)

0

Since ¥(0) = ﬂf(O’O)W(O) < 1 and lim;_,o ¥(t) = oo, when 0 < fi; < 1, there exists 77

such that lim; 7+ ¥(t) = 1 and 0 < ¥(t) < 1 for 0 <t < T7 that is,

t
el (=Dt O (0) 4 Ty (o — 1) / el D=t gs = 1.

0
Furthermore,

t
Loy —1) /eli‘(o‘l_l)(t_s)uf(t’s)ds < 1.
0

t—s t—s

— -
According to Assumption 4.1.2.3, ;™" "< /?Lf(t’s) < fimes ? so that

t

l_3(a171)t *1_3(011*1)5—7':2:; P 1

(& (& ds < ——.

/ a B ll(al — 1)
0

After solving above equation, we obtain
<l_3(04171)+71_n7ﬁ.l)
In {1 AT }
t< - .
<13(061 — 1) + M)

Tmin

=T,

Substituting i; = p; ", we get

Ty = —— b . (4.1.32)
(lg — nM) (Ckl — 1)

Tmin

Jy— A
i [1+ )]
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In similar way, one finds from Eq. (4.1.30) that

t

W(t) = e B i (0) — (1 — as) / ¢ la(1m02) (=) plt) (4.1.33)
0

t—s t—

s
in

Since 1 < fi; < 0o and from Assumption 4.1.2.3, we have fi;™*" ’ < ﬂf(t’s) < @

Now, considering the fixed-time T3, ¥(t) changes from 1 to 0, we know that, ¥(0) = 1
and ¥ (Ty) = 0.
From Eq. (4.1.33), we get

t

Lp(t) = e—fa(l—a2)tﬂ7(t,0) . l_2(1 . a2) /6—13(1—a2)(t—s)ﬂ<lu(t,s)d8

0

t
B(l—as)t = mmim TP 7 l—as)t [ Ts(1-az)s ~ 7 P
<e 3(1—ag) i, min - l2(1 o a2)e* 3(1—ag) e 3( *Oéz)slulrmaz ds
0

| o [B-az- 2L

Tmax

Zg(l — 062) — M

Tmax

_ t
—l3(1—a2)tlalfmm P 7 ~—p

- l2(1 - OfQ)Ml

=€

+ — — Tmin — —
a l3(1 — ap) — i I3(1 — o) — i

Tmax Tmazx

< [~p Zg(l — CYQ),[Ll_p ] ef[l_s(lfaz)fM]t . ZQ(l - OéQ)[Ll_p 2 H(t)

Since H(0) = af > 0, H(+0o0) = —% < 0and H(t) <0, there exists unique
3li—o2 " Tmaxz

Ty satisfying H(Ty) = 0, so that we can get

H(T3) =

9

i+ - Io(1 — 042)/11_7 o [BO-an) =2l (1 - 042)ﬂz_p~
: l3(1—a2)—1iﬂ l3(1—a2)—1—“ﬂ

Tmazx Tmazx

which implies that

l2(1—a2)fy, ”
~ 7 In g - .
;,Llp (lg(l*&g)*%)#»lg(lfag)ul P

(l—ﬂ (1 — az))

Tmin

15 =
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—ag

Substituting ji; = ull into the above equation, we obtain

In lfzu;ﬂ(lfaz)
B i O s ey
2 = —
(M — l3> (1 — 042)

Tmin

(4.1.34)

This implies that the time interval of V(¢) > 1 converges to 1 is obviously smaller
than 77 and the time interval of 0 < V(¢) < 1 from 1 converges to 0 is obviously
smaller than T%. Therefore, we may conclude that the error system (4.1.5) can achieve
synchronization in fixed-time 77 +75. In other words, when p; > 1, the systems (4.1.1)

and (4.1.4) can be synchronized within the fixed-time 7' = T} + T given by

(o)

R In |:1 + W] In |:Mf(1—a2><l3_j1“#l)+l2“—p(1—a2)

T=Ty+T5 = —— + e (4.1.35)
(lg - ﬁ) (a1 —1) (vmi - l3> (1= a)

Therefore, the proof is completed.

Remark 4.1.3.3 Contrary to the claim mentioned in the previous works reported in
[111] that the fixed-time synchronization of system (4.1.5) cannot be guaranteed when
the impulsive strength p; > 1, we have proved in Theorem 4.1.3.2 that if the condition
Is > :n—“i holds then the fixed-time synchronization of MNNs can be achieved under the
influence of desynchronizing impulsive effects and one can estimate the corresponding

settling time T as given above.
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4.1.4 Numerical Simulations and Discussions

Example 4.1.4.1. Consider the following MNNs with impulsive effects for two nodes

p(t) = —dpzp(t) + 25:1 hpg(2p(1)) fo(24(t)) + 25:1 Wpg(2p(1)) gq(2(t — T4(t)), t # 1,

Zp(tl) = ulzp(tl_),t = tl,l €N,

(4.1.36)

where p,q = 1,2, dy = dy = 1 and the memristive connection weights are taken as

(
1.2, || <1, 0.2, |a| <1,
hn(Zl) = h12<21) =
0.9, |z|>1, —0.5, || > 1,
;
—]_5, |22| S ]_, 04, |Zl| S ]_,
h21(22) = h22(22) =
—2.0, |22| > 1, 1.2, ’22| > 1,
?
—15, |Zl| < 1, —05, |Zl| < 1,
wi(z1) = wia(21) =
—0.7, |z|>1, 1, |z1| > 1,
?
0.3, || <1, —2.1, |z| <1,
woy(22) = Waz(29) =
15, Jal > 1, L1, |z > 1,

The neuron activation functions and time-varying delays are defined as f,(z) = tanh(z),

9p(2) = 3(Jz+ 1] — |z — 1|) and 7,(¢) = ftet, p = 1,2, then we have L, = M, = R, =

S, = 1. The initial values of MNN (4.1.36) are assumed as ¢1(s) = 0.6, ¢2(s) = 0.2,

s € [-1,0].

The corresponding response system with impulsive effects is given by

() = =dpZ(t) + oy g (D) fa(Za(8)) + Ximy wig (3(6)) 94 (Z(t = 74(8)) + (2),

:va(tl> = Mlgp(t;),t =1,l €N,
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for p, ¢ = 1,2, where u,(t) is the controller. The initial values of MNN (4.1.36) are taken
as YP1(s) = —0.5, ¥a(s) = 0.8, s € [—1,0]. The evolutions of drive-response systems

(4.1.1) and (4.1.4) under the controller are shown in Fig. 4.1.1 and Fig. 4.1.2.

Figure 4.1.1: Synchronization curves of z; and z.

5 \F\\

00 006 006 01 012 0 01

Figure 4.1.2: Synchronization curves of z, and Z.

According to the Theorem 4.1.31, the control gains o, g, and ¢, should satisfy

2 2
o1 Z —d1 + ZﬁqlLl = 22, 09 Z —d2 + Zﬁqug = 07,

q=1 q=1
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2
1> qulMl =3, & 2> qu2M2 =3.1,

q=1 q=1

2
o2 Z(quhlq - iqu| + Sqmlq - wqu = 2.9,

q=1
2

02 2 Z(qui@l - iL2q| + Sq|w2q - w2q|) =3.5

q=1

Let us choose 09y =250, =1, ¢g = 3.1, & = 3.2, 01 = 3, 0o = 3.6 and also [; = 3,
lo=2,13=10; =15, ay = 0.5, then we have [; = 2.1, [, =2, I3 = 1.

The impulsive strength is taken as p; = 0.8, indicating that the impulses are synchro-
nizing and the impulsive sequences {t;,l € N} are chosen which satisfy p = 2, 7 = 1.
According to Assumption 4.1.2.3 and [88], we can obtain that 7,,;, = 1.2, Typae = 0.8, It
can be shown that all the conditions (4.1.7) of Theorem 4.1.3.1 are satisfied. Thus, the
drive-response systems (4.1.1) and (4.1.4) can be achieved fixed-time synchronization
under the controllers (4.1.6) for synchronizing impulses and the settling-time can be
estimated as T = 1.874. The evolutions of the synchronization error system (4.1.5)
for synchronizing impulses under the controllers (4.1.6) are shown in Fig. 4.1.3. Also
it follows from Theorem 4.1.3.1, if the impulsive strength is taken as pu; = 1 that
means the impulses are inactive, and the same impulsive sequences and parameters
are chosen which are already defined above for synchronizing impulsive case, then the
drive-response systems (4.1.1) and (4.1.4) can achieve fixed-time synchronization un-
der the controllers (4.1.6) and the settling-time can be estimated as 7' = 1.589. The
evolution of the synchronization error system (4.1.5) under the controller (4.1.6) for
inactive impulses are shown in Fig. 4.1.4. This verifies, through the above numerical
simulations, that the estimated settling-time in Theorem 4.1.3.1 is much lesser then the

existing results reported in |95, 96, 139].
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Example 4.1.4.2. Considering the same systems in Example 4.1.4.1, the results ob-
tained in Theorem 4.1.3.2 can be verified. Let p; = 1.2 is the impulsive strength of the
impulsive sequence {t;,I € N} with average impulsive interval 7,5, = 1.2, Tpae = 0.8,
and the positive constant p = 2 such that the sufficient condition I3 > 21—“7’1 is satis-
fied. Therefore, the drive-response systems (4.1.1) and (4.1.4) can be achieved fixed-
time synchronization under the controller (4.1.6) for desynchronizing impulses and the
settling-time can be estimated as T = 1.973. The evolutions of the synchronization
error system (4.1.5) for desynchronizing impulses under the controller (4.1.6) are shown

in Fig. 4.1.5.

Figure 4.1.3: The trajectories of error system (4.1.5) for synchronizing impulses (y; =
0.8).

4.1.5 Conclusion

In this subchapter, the problem of fixed-time synchronization is studied for MNNs with
time-varying delay and impulsive effects. Synchronizing and desynchronizing impulsive
effects have been considered separately to investigate the MNNs to achieve the fixed-

time synchronization within the settling time. The results for desynchronizing impulses
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Figure 4.1.4: The trajectories of error system (4.1.5) for inactive impulses (u; = 1).

Figure 4.1.5: The trajectories of error system (4.1.5) for desynchronizing impulses (p; =
1.2).

have not been established in any previous works reported in (95, 96, 139, 111]. The
main highlight of the present work is that it provides the less conservative results
through numerical simulation and theoretical derivation for the case of synchronizing
impulses and desynchronizing impulses. Finally, numerical examples are provided to
validate the effectiveness of our proposed theoretical results. In this present subchapter,
the impulsive strength is considered as a constant. If the impulsive strength can be
considered as a function of time, which is more general, then investigating the dynamical
behaviour of MNNs is a more challenging task which would be thoroughly investigated

in the future research work.
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4.2 Fixed-Time Synchronization of Complex-Valued
Inertial Neural Networks with Time Delays and

Impulsive Effects

4.2.1 Introduction?

Complex-valued signals play an important role in many applications, which cannot be
handled by real-valued neural networks. Therefore, it is essential to investigate the
dynamical properties of complex-valued neural networks (CVNNSs) in many research
areas. Unlike real-valued neural networks, CVNNs consist of complex-valued states,
activation functions, connection weights, and bias parameters. The main aim of study-
ing CVNNSs is not only to investigate new dynamic performance but also to address
some issues that real-valued neural networks are unable to resolve. For instance, single
CVNNSs can solve the XOR problem and the detection symmetry problem, which cannot
be solved by single-neuron real-valued neural networks. To date, significant research
work has been proposed for CVNNSs, involving stability, synchronization, and passivity,
which are based on the direct method [143, 144, 145, 146] and the separation method
[147, 148, 149]. Using the separation method, the authors intended to change the system
into a real-valued one, covering various aspects of the study of many CVNNs. Based
on the separation method, the authors developed synchronization criteria for delayed
CVNNs and also designed two different controllers for the separated subsystems [147].

In view of the above discussion, different from the previous works about infinite-time
synchronization with impulses in [150, 151, 152|, this present subchapter investigates
the fixed-time synchronization of complex-valued inertial neural networks (CVINNS)
with synchronizing and desynchronizing impulsive effects. To achieve this, the original

CVINNSs are first transformed into first-order CVINNs using variable transformation.

2The content of this subchapter is under review in an International Journal
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Then, based on the average impulsive interval and the comparison principle method,

12—5 is derived to ensure the fixed-time synchronization

one sufficient condition, p >
of CVINNs subjeted to desynchronizing impulses, which is different from the existing
work in [153] where the class of impulsive sequence is taken to be of some specific type.

The settling-time, which depends on the parameters of the impulsive sequences, is also

estimated.

4.2.2 Model Formulation and Preliminaries
Let us consider the following model of CVINN with impulsive effects described as the
drive system:

(

iy (1) = =@y (1) — by, (£) + Sy oo s (15(1))

+EZ:1 drsgs(us(t_Ts)),T el, t 7£tl7 (4.2.1)

ur(tl) = ,uur(tl_)aur(tl) = Mur(tl_)a le N,

\

where r € I, u,(t) € C is the state of the rth neurons at time ¢ and its second deriva-
tive i,(t) is called an inertial term of system (4.2.1), a, > 0 and b, > 0 are the self
feedback connection weight, ¢, € C and d,s € C are complex-valued connection weight

of the neurons, fs(us(t)) € C and g4(us(t — 75)) € C are the complex-valued activa-

tion functions, and 7, > 0 denotes the time delay. The sequence {ti,ts,... %, ...}
is a strictly increasing impulsive moments such that llimtl = o0, p € RT repre-
—00

sents the impulsive strength. Assume that w,.(t) is right continuous at t = ¢, i.e.,
u (1) = limy 10 ur(t) = u.(t;) and u,(t;) = limy;,_ou,(t). Therefore, the solu-
tion of system (4.2.1) are piecewise right continuous at ¢ = t; for all [ € N. The
initial conditions of the system (4.2.1) are assumed as u,(m) = ¢.(m), @,.(m) = ¥,.(m),

—7 <m <0, where 7 = max{7,} and ¢,(m), ¥,(m) are continuous functions.
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Introducing the following variable transformation

(1) = ity (t) + Brun(2), (4.2.2)

where «,., (3, are nonzero positive scalars in R, then the system (4.2.1) can be rewritten

as

i (t) = —Zup(t) + 2o, (1), t# b,
Op(t) = —=Tr0p(t) + Yrur(t) + D11 arcrs f(us(t))

+ 00 apdraga(us(t — 7)), t#t, (4.2.3)
ur(t) = pur(t;),

ve(t) = nue(t;),l €N,

where m, = a, — %, Ve = a3 — g_% — a,b,, and n € RT be the impulsive strength. The

corresponding response system is considered as

ﬁT(t) = —arﬁr(t) — brup(t) + Zgzl crs fs(ts(t))

+ 0 drogs(Us(t — 7)) + Re(t),r €1, t#1, (4.2.4)

() = i (1), ar () = pian (8), L €N,

where R, (t) be the controller which will be designed later. The initial conditions are

defined as @, (m) = ¢,(m), t,(m) = ¥, (m), =7 < m < 0 and ¢,(m), ¥, (m) are contin-

uous functions.

Assume that 7,(t) = a0, (t) + 5,0,(t), U, (t) = - R,(t), and in similar way as above,

the system (4.2.4) can be rewritten as
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1.L’vr(t) = _&ar(t) + %57“(15)7 t#t,

+ Z =1 Qr rsgs(us(t - Ts)) + Ur(t), t # 1, (425)

ﬁr(tl) = /LﬂT(t;)a

B(t)) = 0. (), L € N.

Assumption 4.2.2.1. For any u, = x, + iy, and v, = z, + iy,, f(.) and g,(.) can
be separated into real and imaginary parts as f,.(u,) = fE(z.,y.) +if!(x,,y.) and
gr(uy) = gf(z,y.) +ig!(x,,y,). Assume that there exist positive Lipschitz constants
1“9 p¥ (w = R, I) such that

1"

‘fw( T’yr) fW( r’yr)| <ZWR|‘:E -z ‘+le|yr 7"|

6 (0, y.) — g%z y)| < peR|a, — 2| + pl |y, — v, |.

Remark 4.2.2.1. The uniqueness and existence of the solution to the systems (4.2.1)
and (4.2.4) can be ensured since the activation functions satisfy Assumption 4.2.2.1.
In contrast to Assumption 4.2.2.1, many existing articles [150, 151, 154] have chosen
more general type of assumption that describes the non-decreasing activation. In this

subchapter, the activation function is based on Assumption 4.2.2.1.

The synchronization error be i, (t) = u,(t) — u,(t), so that the corresponding error

system of Eq. (4.2.1) and Eq. (4.2.4) can be transformed into

U (t) = —aptiy (t) — by (t) + D o CrsFs(tis(t))

+ 300 desGy(is(t — 76)) + Re(t),r €1, t#1, (4.2.6)

(O ( ) :uur( ) ur(tl) Har(t;)v le N,

\
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where Fi(a,(t)) = fr(ur(t)) = fr(un(t)), Gs(iis(t = 75)) = gs(ts(t — 75)) — gs(us(t = 75)).

Assuming 0,(t) = v,(t) — v,.(t), another form of the error system can be obtained from

Eq. (4.2.3) and Eq. (4.2.5) as

&r(t) = _&ur(t) + Lﬁr(t)a t 7é iy,
Op(t) = =700 (1) 4+ Yt () + 329, rers Fs (1s(1))
+ 3 s Gy (s (t — 7)) + Un(t), t£1, (4.2.7)

(1) = pite (),

o (1) = b, (t),1 € N.

Let 4,(t) = x,.(t) + iy.(t), 0,(t) = &,.(t) + iy-(t), then the real and imaginary parts of

the error system (4.2.7) can be separated as

Er(t) = —%er(t) + O%'%T(t)v t # 1,
gr(t) = =2y () + L0 (1), L1,

Br(t) = —mrdr () + i (8) + 20y B FR (w(t), ys (1))

= Day e Bl (s(8), ys(4) + 200y and LG (st — 75), ys(t = 75))

+ 30 apd] (Gl (t — 75), ys(t — 75)) + UF(2), t#t,
Gr(t) = =m0 (1) + 3y (1) + 01y arefL Y (2(8), s (1))

+ 200 arel FE((t), ys (1) + Y1) ard B Gl (st — 7)), ys(t — 7))

+ 30 ond! GR(xs(t — 74),ys(t — 7)) + UL(), t£1,

xr(t) = pae(t)), yr(t)) = pye(t;),

£T<tl) = n‘%r(tl_)a ?)r(tl) = 77??7»(751_)7 leN.
(4.2.8)

For the main results of this subchapter, following essential definitions are required for
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further analysis.

Definition 4.2.2.1. (See [155]) The drive-response systems (4.2.3) and (4.2.5) are
called to have finite-time synchronization, if for any initial value ¢(0), there exits a con-
stant settling-time function T'(¢(0)) > 0, such that lim, 740y ||¢(¢)|| = 0,and ||¢(t)|| =

0 forallt > T(¢(0)),where ¢(t) = (1 (t), Ua(t) ... Gg(t), 01(¢), D2(t), . .. 04()7T.

Definition 4.2.2.2. (See [155]) The drive-response systems (4.2.3) and (4.2.5) are
called to have fixed-time synchronization, if following two conditions hold.
(1) The drive-response system (4.2.3) and (4.2.5) is finite-time synchronization.
(2) The settling-time function T'(¢(0)) is bounded for any initial value ¢(0), i.e.,

there exists a Ty,q, > 0 such that T'(¢(0)) < Thue-

4.2.3 Main Results

In this subsection, based on Lyapunov stability theory and comparison principle ap-
proach, it is aimed to derive some sufficient criteria for fixed-time synchronization of
inertial complex-valued drive-response systems (4.2.3) and (4.2.5) for synchronizing and
desynchronizing impulses. The feedback controllers for CVINNs (4.2.5) are designed as

follows:
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R,(t) = (U (t) + iU/ (1),

UJ(t) = =012, (t) — tarsign(@, (t))z,(t) — sign(@ () M|z, (6)[™ + Aop|2:.(£)[™2)
—sign (&, (1)) Orr |2, ()™ + 02,2 ()["?) — O2psign (2, (1)) D20 |2s(t — 7)),

U/ (t) = =039, (t) — tarsign(§,(8))y,(t) — sign(@r(¢)) Narlyr ()™ + Aar |9, (£) ™)

_Sign@r (t))<53r‘y7“ (t)|n3 + 547“@7“ (t)’M) - 04TSign@r(t>> 23:1 ’ys(t - 7—8)’7
(4.2.9)

where 0 < m, < 1, n, > 1 and 6,,, 0ur, tor Ao, © € S, r € I are some positive

parameters to be determined later on.

Theorem 4.2.3.1. Suppose that Assumption 4.2.2.1 holds, then the drive-response
systems (4.2.3) and (4.2.5) achieve fixed-time synchronization if the following conditions

are satisfied:

(

Ly > L ‘|‘ |'7r| + Z -1 |O‘r||C§s|l§R + Zzzl |O‘8||C7I~s|l£R
200 el 4300 fews]|ef LR,
lor 2> __‘I’ Ve +Z 1|Oés||0ﬁ|l51+23:1|O¢s||07{s|lfl

+ 30 ol le I+ 370 lasler |6,
(4.2.10)

1
917‘ > - 7Tr,

= |ar|

1
031" 2 [ ] — Ty,

Ors = 3701 ol (| Ip + [drglpr™ + [ Ipr" + |y pr™),

O1s > Dty || (JdE|pET + |dL |ptE + |dE |plT + |d]|pET).

No(1—n* Ing
In 1+4§ of ”E;(p Tq )
Moreover, the estimated settling-time function 7,,,,, satisfies T}, =

(pf%)(n**l)
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€1£N0(17m*)
N0 (, BE) ey Mo =)

(-

where 5 - maX{,Uvn} < 1, p = minre]{pw@rao—r;gr}a m* = maXvGS{mv}7 nt =

In

L for 0 < € < 1and Tpuy = 1;&,?% - L(E;]) for € = 1,

max,es{n,} and Ny is a positive integer.

Proof. Consider the Lyapunov function as

V() =Y Vo) =Yl + D Iy + D l36) + D 19:(2)]. (4.2.11)

r=1

When t # t;, the upper right Dini-derivative of V'(¢) along the trajectories of Eq. (4.2.8)

can be obtained as

D) a2 = ilsignww) (-t + 00
+ ésgn@r(t)) (v + -0 (0)
+ Zq:sign(@r(t))(—m o (t) + e (t) + Zar Blag(t — 1), yslt — 75))
+Zard£SG£ 2o(t = 7),ys(t = 7)) + UF(D)) + Zar B FR(2y(1), ys(1))

- Z et 2 (8, ) + 3 sign(i () (= (8) + 303 (1)
+Zar Crg 3 s +Za7’crstR 1'5 ys( ))
+ ZardR GI «Ts t - Ts) ys(t - TS))

+ Z O‘qu{st(xs (t - Ts)v ys(t - Ts)) + Uf@)) . (4.2.12)
s=1

It follows from Assumption 4.2.2.1 that
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| Fe(s(t), () 1< 17 [ as(t) |+ | ws(®) |,

| G (xs(t — 7o), ys(t — 75)) |< P | o(t — 75) | +027 | ys(t — 75) | - (4.2.13)

Using Eq. (4.2.9) and inequality (4.2.13), one can estimate from Eq. (4.2.12) as follows:

DHV(#) (a2 <Z( +|m—ur+Z|as|rcmuRR+Z|as|rcm|zm
s=1 s=1

+ Z sl efe 117 + Z sl L 1) [z (1)

+ Z( LS S (AT A

s=1 s=1

+Zrasuc |z”+Zrachm|zRf)|yr r+Z( — 7= 01, ) |2, (0)
q q
+Z(|a,,| 05 )]+ D23 (ol (1 %+ f

r=1 s=1

q

q
VAt 4 (AR ) = O (= 1)l + D0 D (el (12 o
r=1s

=1

+ ‘d£5|p + |d ‘p + |d7{s|p7{%1) _94r> Iyr(t — TS)|

M»@

(Marle ™ + Xarn (D™= + gy (O™ + A1)

1
I
—

M=

(Surln (O™ + 82y ()" + b g (O™ + Baelo (D). (42.14)

ﬁ
Il
i

In view of Eq. (4.2.10), we can find that

D+V Zpr‘l‘r ’ - ZQT“yT ZO—T":UT Z§T|y7'

q

q
= 3 (Ml (O™ + Rl (01 + Narlr (O™ + Aarlge (™) = 3 (Suvlar (1) ™

r=1 r=1

+ Oor |21 ()2 + O30 |y ()" + 54r|yr(t)|”4), (4.2.15)
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where p, = 2 — |y, + v = 00 e |[ef |1 = S0 o llef |17 = Y21 fosllefi |1 —

I |]RR _ Br R |JRI _

Z:l ’a$||crs| r o Or = a_T_|7r|+L2'r_ (51:1 |Oés||CTS| r ! lII—

g:l |a$||crs| r ZII_

3:1 |a5||ch;| r

q 1 |JRI _ 1 _ 1
s=1 ’OCSHCTSHT ; Op = Ty + 017" BRENE Sp = Ty _'_627“ o

Let 5\ - minvGS,TEI{)\UT’}7 5 - minUGS,TGI{6UT}7 p = minreI{Pm QTJUT7gT} ) then USiIlg

Lemma 3.2.1, it follows from inequality (4.2.15) that

DAV < =3 0]+ 20+ Y 0]+ 2 1 0)
)\(i |ml+z|x rm2+ZryT |m3+z|yr o)
(i ymzm |"2+Z|yT |”3+Z|yr )
_p(i 2. (8) + z £(0) + z :(8)] + Z (1))

(b @)™ + (X O™ + (3 )™ + (Xl (0)™)
r=1 r=1 r=1 r=1
— 5((117"1 O @)™ + ¢ (Z 20N + a2 O D)™ +a (O |?)r(t)|)n4)
r=1 r=1 r=1
4 4
<> Vilt) - e< Ve (8 + Z Ve (t ) (4.2.16)
v=1 v=1

where € = min,cs{\, ¢! }. Let m* = max,cs{m,} < 1, n* = max,es{n,} > 1, then

we can conclude that

V() 4 V() > %(vm (1) + VI (1): (4.2.17)
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Applying Lemma 3.2.1 and combining inequalities (4.2.16) and (4.2.17) yield

DTV(t) < —pV(t) - % (i V() + 2: |48 (t)>
< —pV(t) - §<é V() + g 0)
< —pV(t) - g(iww)m +€412” ( 3 Vi)
— V() - 61‘/:* (1) — V™ (1), - (4.2.18)

where €; = 5, €3 =

When ¢ = ¢, it follows from Eq. (4.2.11) that

V() = Vi(t)
= )]+ Y )]+ > )+ D ()]
="l )+ D nla )+ 3 wlye ()] + D nlg(t)]

< max{u,n} S Vi) = EV(E7), (4.2.19)

where & = max{y,n}, and we have 0 < £ < 1.
Further, in order to investigate the fixed-time synchronization of error system (4.2.7)

under the controller (4.2.9), the following auxiliary system is constructed for the proof
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using comparison method:

_EQUn* (t) - pU(t)7 U(t) > 1at 7é b,
Ut) = —e,U™ (t) — pU(t), 0<U®)<1,t#t
\0, U(t) =0,t #t, (4.2.20)

Ult) =80t ), t=1,

U(0) = 220y |2 (0)] + 250 [0 (0) + 220y [y (0)] + 220, 190 (0)]-

\

From Eq. (4.2.18), Eq. (4.2.19) and Eq. (4.2.20), we get the inequality 0 < V(¢) < U(t).
Thus, if there exists Tyuup > 0, for t > T4, such that U(t) = 0 then V(¢) = 0 for
t > Tyaz- Thus, in order to demonstrate that the error system (4.2.7) can achieve fixed-
time synchronization, it is needed to demonstrate that the origin of system (4.2.20) can

achieve fixed-time synchronization.

For U(t) > 1, take R(t) = U™ (t), where n* > 1. From Eq. (4.2.20), we obtain that
R(t) tends to 0 as U(t) tends to 400 and R(t) tends to 1 as U(t) tends to 1. Thus, we

have

(

R(t) = ex(n* — 1) + p(n* — 1DR(t), t#t,0<R(t) <1,
V R(t) =ER(t)), t =1, (4.2.21)

R<0) - Ugin:

\

where £ = 17" € [1,00). It is easy to see that U(t) tends to 1 is similar to R(t) tends
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to 1. Now, take R(t) = U™ (t), where 0 < m* < 1 for 0 < U(t) < 1, so that we get

(

R(t) = —e1(1 —m*) — p(1 —m*)R(t), t#1,0<R(t) <1,

R(t)) = ER(t]),t =1, (4.2.22)

where £ = £-™" ¢ (0, 1]. This implies that U(t) tends to 0 is similar to R(t) tends to 0.
The following two cases are considered for the system (4.2.20) to be fixed-time synchro-
nization : (i) the system’s state of Eq. (4.2.21) converges 1 in 77; (ii) the system’s state
of Eq. (4.2.22) converges 0 from 1 in 75. Then, we have U(t) — 0 in T = T1 + 1o
for initial condition U(0). Further, we separate the proof into two situations 0 < £ < 1

and £ = 1.

Case 1: When 0 < £ < 1, then £ > 1 and 0 < £ < 1. From Eq. (4.2.21) and by using

the method of variation of parameters, we have
t
R(t) — ep(n**l)thC(t’O)R(O) + Eg(n* . 1) /ep(n*l)(ts)gNg(t,s)dS. (4223)
0

From Definition 2.1.2.4 , Eq. (4.2.23) and R(0) = &N<®OR(0) < 1, it is observed
that R(t) is increasing and lim,_,., R(t) = 0o, when ¢ > 1. There exist T} such that
lim; 7, R(t) =1and 0 < R(t) < 1for 0 <t < T). In view of Eq. (4.2.23), one can get

that
t

ep(n*—l)thC(t,O)R(O) +e(nt—1) /ep(N*—l)(t—S)ch(t,S)ds =1,

0

which implies that
t

62(71* . 1)/ep(n*—l)(t—s)gNC(t,s)dS <1.

0
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In view of Definition 2.1.2.4 , it follows that & = ™0 < gNe(ts) < £ +No quch that

t
62(n* _ 1)€p(n*—1)t/e—p(n*—l)867:_jN()ds S 1.

0

After solving above equation, we obtain that
£No 1—m* +1L§
ln |:1+ : <p( *_i) Ta):|
T

e2(n

t< ——
(1 =) + 125]

Substituting ¢ = £€'"""into the above inequalities, we have

No(1—n™*)(,_In¢
ln{l—i-go (v TJ]

€2

ne (o= 25) (= 1)

(4.2.24)

Similar analysis as followed above estimate the fixed-time 75 by which the system

(4.2.22) converges to 0 from 1. In view of Eq. (4.2.22), we find that

t
R(t) = e PU=m N R(0) — €1 (1 — m*) / emPA=m)(t=s) ¢Ne(ts) g (4.2.25)

0

Since 0 < f < 1, and according to the Definition 2.1.2.4, we have ftf;as’LNo < éNﬁ(t’s) <
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gtr_Ts_NO for 0 < € < 1 and R(0) = 1. From Eq. (4.2.25), we therefore have

t
R(#) = e~ P=mENCE0) _ ¢ (1 — ) / e P(1=m")(1=5) ENe(19) g o

0
t

~ At—

< e rUmmIEE TN (1 —m) / eI N ds

0

= TGN (1 )Mo

&1 (1 —mn)Eho o (pamo=28)e el - m*)¢No 2

= [& 4+ A 2 A ().
(p(1 =) —25) (p(1 —me) - 25)
(4.2.26)
Since Q(0) = &N > 0 and Q(+o0) = —_al=mie 0, we get Q(t) < 0 and then

(p1—m=)—1£)
there exist unique 75 satisfies Q(73) = 0. This implies that Q(t) is decreasing. Since

R(0) =1 then R(t) — 0 as t — T5. From inequality (4.2.26), we therefore have

Ta

(p(1 = m) — 12) (p(1 = m) - 12£)

61(1 - m*)éNO 6_(p(1_m*)_£)T2 _ 61(]. — m*)éNO

Q(Tp) = |£M + =0,

which implies that

e ]

N0 (p(1-m*)— 125 ) et (1-m*)¢No

"o (11;_5 —p(1— m*))

Substituting f = 7™ into the above inequality leads to

g=(=mNNo (p—1n8) 1) c1=m™)No

T, = (11;_5 - p) o . (4.2.27)

When W(t) > 1 and 0 < W(t) < 1. The condition indicates that W (t) > 1 approaches

to 1 is definitely smaller than 7} and 0 < W (t) < 1 from 1 approaches to 0 is definitely
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smaller than 75. We can therefore draw the conclusion that the error system (4.2.7)
can ensure fixed-time synchronization and settling-time function is 7T}, = T1 + T5.
In order to 0 < £ < 1, the drive-response systems (4.2.3) and (4.2.5) can be ensured

fixed-time synchronization and settling-time function is 7},,, = T1 + Ts,where T},,,, is

In {1 + 5N0“‘"*’(pli‘f)] In { e No0-m") ]
9

€2 —No(l—m*)(p—lf—f)-i—el{No(l—m*)
a

Taz = (p_%> 1) + <th_a§—p> (1 —m*)

(4.2.28)

Case 2: When & = 1, it can be obtained that & = 5 = 1 and using the same formula

as discussed above (4.2.23), one can get that
t
R(t) = "™ "DIR(0) + ey(n* — 1) /e”("*l)(ts)ds.
0

Thus, we obtain
t

ea(n* —1) /ep(”*l)(ts)ds <1

0

After solving above inequality, we get

In[1+ 2]
1<

—L 2T
= o —1)

Since R(0) = 1,R(Ty) = 1 and & = 1, we can get from (4.2.25)

t
R(t) = e PI=mMt _ e1(1—m”") /e_p(l_m*)(t_s)ds,

0
t

Q(I3) = e P — ey (1 —m") / e~ PI=mI=9) s =

0
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After solving the above inequality , we find
L _ W Ex
9 = ———"-.
—p(1 —m*)

Hence, when & = 1, the drive-response systems (4.2.3) and (4.2.5) can be ensured

fixed-time synchronization and settling-time function 7, is given by

€1
n |:61+pi|

pln —=1)  p(l—m)

In [1%—%}

Tmax = Tl + T2 = (4229)

Remark 4.2.3.1. In previous articles [92, 154, 156, 157], two controllers were added
to a modified first-order system. However, in this subchapter, only one controller has
been added to the main system, rather than adding two to the modified one. This

configuration is often more suitable for practical applications.

Remark 4.2.3.2. In [153], the impulsive strength is dependent on the parameters of
the continuous Lyapunov inequality, i.e., V (u(t;")) < fﬁV(u(tl)), where 0 < o < 1. It
exhibits conservative discrete time behaviour in the Lyapunov inequality. However, in
the present subchapter, the impulsive strength does not depend on the parameters of
the continuous Lyapunov inequality, i.e., V(u(t;)) < £V (u(t;)). Therefore, the results
obtained in this subchapter are less conservative than those results obtained in the

previous studies.

Remark 4.2.3.3. Recently in [153], the authors have introduced fixed-time synchro-
nization of nonlinear impulsive systems and discussed about its application to inertial
neural networks. The class of impulsive sequence considered in their work relies on

the last impulsive point. However, in this particular study, a general class of impulsive
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sequence is taken which is based on the average impulsive interval. Further, the design
of the Lyapunov function in this study is different from that in [153]. In this study, the
Lyapunov function takes the form V (t) < —aV (t) — bV (t)* — ¢V (t)?, where a, b, ¢ > 0,
0 <a<1and f > 1. On the other hand, in [153], the Lyapunov function is of the

form V(t) < —aV (t)* — bV (¢)?, where a,b> 0,0 < a < 1 and § > 1.

Remark 4.2.3.4. Numerous CVINNs incorporating impulsive effects have been pro-
posed to achieve exponential synchronization [150, 151, 152, 158, 159| and asymptotic
synchronization [160]. Specifically, the use of impulsive control for exponential stabiliza-
tion of CVINNs has been investigated in [150]. Additionally, Guo et al. [155] recently
discussed the fixed-time synchronization for CVINNs without impulses. However, the
fixed-time synchronization of CVINNs with impulsive effects has not been explored in
the aforementioned literature. The current research is focused on filling this gap and

investigating towards this direction.

Remark 4.2.3.5. The obtained results in Theorem 4.2.3.1 show that the CVINNs
with impulsive effects can achieve fixed-time synchronization for synchronizing impulses
(¢ < 1) and inactive impulses (£ = 1). Moreover, the estimated settling-time depends
on the system’s parameters, impulsive strength and average impulsive interval. In ad-
dition, stabilizing impulse (¢ < 1) plays the role to stabilize the system within the

estimated settling-time.

Theorem 4.2.3.2. Suppose that Assumption 4.2.2.1 holds then the drive-response
system (4.2.3) and (4.2.5) achieve fixed-time synchronization under the controller (4.2.9)
for desynchronizing impulses if the parameters satisfy Eq. (4.2.10) as given in Theorem

4.2.3.1 and it satisfies the condition:
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In
p > Tf. (4.2.30)
Moreover, the estimated settling-time function is given by T},,,, = T1+15 = > +

T
1 €1§—N0(1—m*)

n * *
ENo(lfm )(P*%)+61§7N0(17m )

(B=0)1m)

Ta

,for € > 1, where £ = max{u,n} > 1, p = min.¢;{p,, 0r, 01,5},

m* = max,es{msy}, n* = max,cs{n,} and Ny is a positive integer.

Proof. The proof is similar to the proof of Theorem 4.2.3.1 for t # ¢;, and therefore,

this part is skipped here. Now, when t = ¢;, we have from Eq. (4.2.10)

4
V(tl) = Zvv(tl)v
v=1
=S et + S @]+ 3 )]+ S L (0)]
r=1 r=1 r=1 r=1

q q q q
= > wlae ()l D nln ()] Dl (6] + D nlin (6]
r=1 r=1 r=1 r=1
4
< max{p,n} > Vu(t;) =&V (t)), (4.2.31)
v=1

where £ = max{y,n}, and we have £ > 1.

Next, the comparison system is designed to discuss the fixed-time synchronization of

error system (4.2.7) under the controller (4.2.9) with desynchronizing impulses.

—eU™ (t) = pU(t), U(t)>1,t#1,

Ut) = — U™ (t) — pU(t), 0<U(t) <1,t#t

0, U(t) =0,t #t, (4.2.32)

Ult) =¢U(t;), t=1,

U(0) =320yl (0)] + 3201y [0 (0)] + D20 lye (0)] + 327 190 (0)].
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Combining Eq. (4.2.18), Eq. (4.2.31) and Eq. (4.2.32), we get the inequality 0 <
V(t) < U(t). Thus, if there exists Ty > 0, for ¢ > T4, such that U(t) = 0 then
V(t) = 0 for t > Tae. Thus, to obtain that the error system (4.2.7) can achieve
fixed-time synchronization, one has to prove the origin of system (4.2.32) can achieve

fixed-time synchronization.

For U(t) > 1, take R(t) = U™ (t), where n* > 1. From Eq. (4.2.32), we obtain that
R(t) tends to 1 as U(t) tends to 1 and R(t) tends to 0 as U(t) tends to +o0o. Thus, we

get

(

R(t) = ex(n* — 1) + p(n* — 1)R(t), t#t,0< R(t) <1,
R(t) =ER(t)), t =1, (4.2.33)

R(O) = Uolin*ﬂ

\

where £ = €17 € (0,1). And we can get U(t) tends to 1 is similar to R(¢) tends to 1.

Now, take R(t) = U'™™"(t), where 0 < m* < 1 for 0 < U(t) < 1, so that we have

(

R(t)=—e(1—=m*) —p(1—m*R(t), t#1t,0<R(t) <1,
R(t) =ER(t]), t =1, (4.2.34)

R(0) =1,

where £ = €™ € (1, 00). This implies that U(t) tends to 0 is similar to R(t) tends to
0. From above analysis, the fixed-time synchronization of Eq. (4.2.32) can be changed
into two cases: (i) the system’s state of (4.2.33) converges to 1 in fixed-time 7}; (ii) the
system’s state of (4.2.34) converges 0 from 1 in fixed-time 75. Thus, U(t) tends to 0

in fixed-time T}, = T + T5 for initial condition U(0), and the impulsive strength be

162



CHAPTER 4. Fixed-time synchronization...

¢ > 1. From Eq. (4.2.33) and method of variation of parameters, we have

t
R(t) — ep(”**l)thC(tvo)R(O) + 62(n* . 1) /Bp(n*l)(ts)ng(t’s)dS. (4'2.35)

0
From Definition 2.1.2.4, inequality (4.2.35) and R(0) = £M<(®0O R(0) < 1, we can observe

that R(f) is increasing and limy_,. R(t) = oo, when 0 < £ < 1. There exist T} such

that lim; .7, R(t) =1 and 0 < R(t) < 1 for 0 <t < T that is,

t
ep(n*—l)thC(t,O)Rm) +e(nt—1) /ep(n*—l)(t—S)ch(t,S)dS =1.

0

Furthermore,
t

ea(n* —1) ep(”*_l)(t_s)gNC(t’s)ds < 1.

0
According to Definition 2.1.2.4, &7 N0 < gNe(ts) < 27 No oo that
t

Ez(n* _ 1)€p(n*1)t/6p(n*1)357;”;9+N0d8 g 1.

0

After solving above equation, we obtain

<p(n*_1)+1§f)1

In |:1 + e2(n"—1)eNo
t <

© (o - )

:Tl-

Substituting £ = 17", we get

_Ing
In {1 + 62(;\,0%]
T, = — . (4.2.36)
(/) - ;) (n* —1)

Similar discussion as given above estimate the fixed-time 75 such that the system
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(4.2.34) converges to 0 from 1. Further, from Eq. (4.2.34), we have

t
R(t) = e PN R(0) — (1 — m*) /ep(lm*)(ts)éNC(t’s)ds. (4.2.37)
0

Since 1 < € < oo, from Definition 2.1.2.4, we have ft;TS_NO < ENelts) < ét:TS+N°. Now,
considering the fixed-time 75 from R(t) changes from 1 to 0. In the above equation we

get R(0) =1 and R(T,) = 0. From Eq. (4.2.37), we therefore have

t
R(t) — e—p(l—m*)téNC(t,O) _ 61(1 _ m*) /e—p(l—m*)(t—s)éNc(t,S)dS

0
t

e—p(l—m*)tf%ﬁ-]\fo . 61(1 o m*) / e—p(l—m*)(t—s)é

0

t—s
T

o Nods

IN

— e—p(l—m*)té%-ﬁ-Ng o 61(1 o m*)é—No

e1(1 —m*)ENo e_(p(l_m*)_lLé)t all- m*)ENo

o (p(1 = me) - =) (p(1 —me) —2)

(4.2.38)

Since G(0) = M > 0 and G(+00) = —% < 0, we get G(t) < 0 so that there
p(1—m* T e
exist a unique 75 which satisfies G(73) = 0. This implies that G(¢) is decreasing. Since

R(0) =1 then R(t) — 0 as t — T5. From inequality (4.2.38), we obtain that

e (1—m*)EN ~(pa-mn 287, el - m*)§ N

(p(l —m*) — hﬁ—g) (,0(1 —m*) — 1;1_5)

a

G(Tp) = £V +

=0,

which implies that

In |- 61(1_@*)571\]0 _
LNO (p-m") ) e (1= Yo

(12—5 —p(l - m*))

T, =
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Substituting f = &7 the above inequality leads to

n 61&71\70(17777,*)

T E e

(4.2.39)

When U(t) > 1 and 0 < U(t) < 1. The condition U(t) > 1 approaches to 1 is obviously
smaller than 77 and 0 < W (¢) < 1 from 1 approaches to 0 is definitely smaller than
Ty. Therefore, the error system (4.2.7) can achieved fixed-time synchronization and
settling-time function is given by T},,, = T1 +T5. For £ > 1, the drive-response systems
(4.2.3) and (4.2.5) can achieved fixed-time synchronization and settling-time function

is Thpar = 11 + To,where T, i

( —M) — N, (17m*)
P Ta elf 0
n {1 + —eﬁzvou-n*)} In [§No<1m*><plgﬁz)ﬁgwoam*)}

Trnaz = (p _ %) (n* _ 1) (% - ,0) (1 - m*)

(4.2.40)

Remark 4.2.3.6. The sufficient conditions guaranteeing the fixed-time synchroniza-
tion of CVINNs in Theorem 4.2.3.2 are established for the case of desynchronizing
impulses. The estimated settling-time function depends on the class of impulsive se-
quence with the condition p > % In addition, the condition states that the impulsive
perturbation to the system must be separated by the lower bound of 7, for the drive-
response systems (4.2.3) and (4.2.5) to be fixed-time synchronization. However, if the
condition p > % does not hold, then the impulsive perturbation destroys the system’s
stability which is verified numerically in the numerical and simulations section of this

subchapter.

Remark 4.2.3.7. Theorem 4.2.3.2 in this study is an extension of previous existing

articles [88, 95, 111] in which only stabilizing impulses have been considered. According
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to Theorem 4.2.3.2; the study identifies that the condition p > % is sufficient for
desynchronizing impulses. This condition plays a crucial role in ensuring fixed-time

synchronization of CVINN.

4.2.4 Numerical Simulations and Discussions

In this subsection, two numerical examples have been provided to verify the key theo-

retical results as given in previous sections.

Example 4.2.4.1. Consider the following two-dimensional system of model (4.2.1)

with the parameters as

a; = 035, a9 = 015, b1 = 045, b2 == 035, C11 = 0.45 — 7:, C1g = —14 + i, Co1 — 1+ 172, Co9 — 0.56 — i,

d11 - 25 - i, d12 - 1 + 257,, d21 - —15 - i, d22 - 25 + Z

The complex-valued activation function can be selected as fq(us(t)) = gs(us(t)) =

1767Rc(us ()

ety T i1+e,h},(u5(m , where ug(t) = x5(t) + iys(t) (s = 1,2) with z4(t) , ys(t)€ R.

It is easy to verify that the Assumption 4.2.2.1 hold with the Lipschitz constants (£t =
piRit =05, [F = plT = (.25 and [ = [Ift = pltl = pIf = (). Let us choose oy = 1.3,
az = 1.6, 81 = 0.7, B = 0.9 and the time delays are taken as 74(t) = 1.1|sin(¢)|. Here,
the initial value of CVINNSs are selected as w1 = 2+1, 17 = —0.440.44, us = 1.5+ 0.51,
Uy = 0.5 4 0.3i, s € [—1,0]. Then, the phase plot and state trajectories of variables
u1(t) and uy(t) without impulsive effects of CVINNs (4.2.1) is obtained and respectively

shown in Fig. 4.2.1.

For numerical verification, the initial value of drive-response systems (4.2.3) and (4.2.5)

are respectively taken as ¢y (m) = 2+1i, ¢po(m) = —0.4+0.44, 1 (m) = 1.5+1, a(m) =
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Figure 4.2.1: The phase plot of complex-valued inertial neural networks (4.2.1) without
impulsive effects.

—0.45 4+ 0.6i and ¢1(m) = —0.5 + 0.24, ¢o(m) = —0.45 + 0.25, Py (m) = 0.4 + 0.35,
Jg(m) = 0.5 4+ 0.607, where m € [—1.1,0]. The state trajectories of drive-response
systems (4.2.3) and (4.2.5) without impulses and without controller are depicted in
Fig. 4.2.2. From figure it is clear that the synchronization can not be achieved without

the designed controller (4.2.9).

Based on Theorem 4.2.3.1, by simple calculation the control gains given in Eq. (4.2.10)

should satisty

2 2 2 2

B

w2z =2kl 3 I 4 3 a7+ 3 ol IR + 3 e % = 3,03,
s=1 q=1 s=1 s=1

2 2 2 2

p

e 2 =22l + 3 Lol D el 157 + 3 el 1 + 3 o ™ = 3.26,
s=1 s=1 s=1 s=1

2 2 2 2
p
Lo 2 —a—i + Il + D Jadl e 1+ losllel i+ lasllef i+ fallef | = 1.6,
s=1 s=1 s=1 s=1

2 2 2 2
> 2 4 el + D lasllesilis” + ) laslles iz + ) lasllestlis’ + Y lawlleg i = 2.79.

Q
2 s=1 s=1 s=1 s=1
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011 = 031 >

—— —m = 0.95,
v |

1
010 =035 > — — 1y = 1.04.
o

Re(u, (0).Re(u, 1)

I, O, (0)

(b)
Figure 4.2.2: State trajectories of complex-valued inertial neural networks (4.2.1) with-
out impulsive effects and without design control (4.2.9).
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2
O > > |aa|(|d8 [pFR + |d]y ™ + |df |pl™ + |d]y |pf*) = 4.55,
r=1

2
O > Y laa|(|d5|pE" + |dly|pt" + [df|p" + |dly|piR) = 4.8,

r=1
2
O = Y loa|(ldipf + |d}yp" + |di ps + |y [p) = 1.46,

r=1
2

O > Y laa|(|d5pf" + |dly p!™ + |d[pl + |dly|pf) = 1.6,

r=1

Then the control gains of control (4.2.9) are chosen as 61; = 03 = 1.2, 015 = 035 = 1.5,
01 = 4.8, 020 =5, 041 = 1.6, 040 = 1.8, 111 = 3.2, 132 = 3.5, to1 = 2, 199 = 3, A1 = 3.4,
A2 = Az2 = 3.5, Aog = Agp = 3.6, Mgy = A\go = 4.4, Aoy = 4.6, 611 = Jo1 = d31 = 3.8,
d12 = 039 = 2.8, 041 = Oy2 = 4.4, 099 = 3.8. Thus, all the conditions (4.2.10) given
in Theorem 4.2.3.1 are satisfied. Further, some parameters are selected as p; = 1.24,
p2 = 1.36, o = 1.46, oo = 1.33, 01 = 0.25, 09 = 0.46, ¢; = 3.8, o = 3.97, my = 0.4,
me = 0.5, mg = 0.7, my = 0.8, n; = 1.3, no = 1.5, n3 = 1.7, ny, = 1.9, then we
have m* = 0.8, n* = 1.9, ¢ = 1.35, e = 0.39 and p = 0.25. The impulsive sequence
is taken as {¢;,! € N} which is chosen from [106], to assume the following constants:
average impulsive interval is 7, = 0.8, positive integer Ny = 2, ¢ = 0.5. For the case
of synchronizing impulses, the impulsive strength becomes p = 0.5 , n = 0.7 then we
have £ = 0.7. Therefore, the drive-response systems (4.2.3) and (4.2.5) yield fixed-time
synchronization under the control (4.2.9) for the case of synchronizing impulsive effects
and the estimated settling-time function is bounded by T}, = 6.11. The state trajec-
tories of drive-response systems (4.2.3) and (4.2.5) with impulsive effects are shown in
Fig. 4.2.3 and Fig. 4.2.5. Further, the evolutions of error system (4.2.7) with impulsive

effects are depicted in Fig. 4.2.4
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(a)

()

. : \j h,\g
(b)

S

(@)

Figure 4.2.3: State trajectories of derive-response system (4.2.3) and (4.2.5) with im-
pulsive effects and design control (4.2.9).

=

(©)

(b)

()

Figure 4.2.4: State trajectories of error system (4.2.7) with stabilizing impulsive effects

and design control (4.2.9).
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(©)

(@)

Figure 4.2.5: State trajectories of derive-response system (4.2.3) and (4.2.5) with im-

pulsive effects and design control (4.2.9).

(©

(b)

(d)

Figure 4.2.6: State trajectories of error system (4.2.7) with design control (4.2.9) and

To = 2> 1.88.

Example 4.2.4.2. Let us consider the same CVINNs systems as shown in Exam-

ple 4.2.4.1 to verify the results of Theorem 4.2.3.2. Now, we have taken similar type of
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control gain parameters as defined in Example 4.2.4.1 such that it satisfies all the condi-
tions (4.2.9) of Theorem 4.2.3.2. Let us choose other parameters as n* = 0.8, m* = 1.9,
€1 = 1.35, e = 0.39, p = 0.25 and the impulsive strength is taken as uy =13 ,n=1.6,

then we have ¢ = 1.6, which means that impulses are desynchronizing impulses. Now,

we calculate % = 1.88, and choose an average impulsive interval 7, = 2 and positive

number Ny = 2, ¢ = 0.6 from the impulsive sequence {t;,! € N}, which is taken from

106]. This implies that the sufficient condition p > 2& in Theorem 4.2.3.2 is satis-
[ p> =

fied and the drive-response systems (4.2.3) and (4.2.5) with the impulsive effects under
the design control (4.2.9) is fixed-time synchronization and the estimated settling-time
function is bounded by T},,, = 8.67 based on the selected parameters. The evolutions
of error system (4.2.7) are shown in Fig. 4.2.6. However, if the sufficient condition
p > % given in Theorem 4.2.3.2 is not satisfied then there exists a 7, = 0.75 so that
the state trajectories of drive-response systems (4.2.3) and (4.2.5) will not be fixed-time
synchronization. Let the average impulsive interval is chosen as 7, = 0.75 then it is
clear from the Fig. 4.2.7 that the system’s state trajectories are not stable. Hence, the
effectiveness of sufficient condition have been verified to achieve the fixed-time synchro-

nization of CVINNs for the case of desynchronizing impulsive effects numerically.

oL
\ \x nl \ \ N\ Y
\ \ \ \ = \\‘ \\ \
RIRYANAS: : NAVRVRR
\ \ \ WL o
13 7 8 0 o 2 3 4 3 1 8 9 0

(@) (b)
Figure 4.2.7: State trajectories of error system (4.2.7) with design control (4.2.9) and
7, = 0.75 < 1.88
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4.2.5 Conclusion

This subchapter discusses the problem of fixed-time synchronization for complex-valued
impulsive neural networks (CVINNs) with synchronizing and desynchronizing impulsive
effects. Here, the second-order CVINN is first reduced to a first-order complex-valued
system using variable substitution and then divide it into two equivalent real-valued
subsystems. Then, the sufficient conditions have been proposed for achieving fixed-
time synchronization of CVINNs by using the comparison principle and the average
impulsive interval. For desynchronizing impulses, it is shown that the condition p > h;—f
is required to achieve fixed-time synchronization of CVINNs. The settling-time function
obtained in this work depends on the impulsive sequence as well as on the parameters
of the continuous-time subsystems. Finally, two numerical examples are considered to
demonstrate the effectiveness of the proposed theoretical results. In future work, it

will be interesting to investigate fixed-time synchronization of time-delayed impulsive

systems with delayed impulses.
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