
CHAPTER 6

STUDY OF WAVE PROPAGATION IN AN

INFINITE SOLID DUE TO LINE HEAT

SOURCE UNDER

MOORE-GIBSON-THOMPSON

THERMOELASTICITY

6.1 Introduction1

The present Chapter is devoted to the study of a new thermoelasticity theory which is

recently developed by Quintanilla (2019; 2020) as the combination (or generalization)

of the Lord-Shulman and Green-Naghdi thermoelasticity theory of type III. This theory

is based on the Moore-Gibson-Thompson (MGT) heat model in its linearized form and

hence we refer this new thermoelastic model as Quintanilla-Moore-Gibson-Thompson

(QMGT) model. LS and GN-III models are recovered when we omit the dependence

with respect to suitable variables in QMGT model. MGT model is used for modeling of

high amplitude sound wave. Kaltenbacher et al. (2011) has studied the fully non-linear

version of MGT equation and gave the well-posedness and the exponential decay rates

arising in high intensity ultrasound. The spectral analysis for this model is also carried

out by Marchand et al. (2012). Lasiecka and Wang (2015; 2016), Dell'Oro et al. (2016)

investigated how the memory term can in�uence the damping mechanism and causes

1The content of this chapter is published in Acta Mechanica, 232 (2021): 4747-4760.
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energy decay on MGT system. Dell'Oro and Pata (2017) disscussed the exponential

stability condition for MGT equation and its relation with linear viscoelasticity. In

recent years, The QMGT model for thermoelasticity has gained great interest. The

results on this model as discussed by Abouelregal et al. (2020), Bazzara et al. (2021a)

and Abouelregal and Sedighi (2021) are worth mentioning here. The uniqueness of re-

sults and instability of some thermomechanical problems involving the Moore-Gibson-

Thompson equation has been reported by Pellicer and Quintanilla (2020), while the

interesting results on the decay of the energy for radial solutions in MGT thermoe-

lasticity are provided by Bazzara et al. (2021b). Kumar and Mukhopadhyay (2020)

applied the QMGT theory to understand the dynamic behaviour of a simply supported

microbeam resonator.

The main motive of the present chapter is to investigate the dynamics of the solu-

tions for the QMGT theory for isotropic elastic medium due to the presence of line heat

source. It is worth to be mentioned here that eminent researchers like Sherief and An-

war (1986), Dhaliwal et al. (1997), Chandrasekhariah and Srinath (1998), Ezzat (1995)

and Chandrasekharaiah et al. (1991), Prasad et al. (2011) investigated the thermoelas-

tic interactions due to continuous line heat source on a linear, homogenous unbounded

solid in the context of LS, GN-III, GN-II, GL, three phase-lags models, respectively.

The e�ects of such heat source has been discussed in details for the MGL thermoe-

lasticity in Subchapter 3.1. Some important observations about the responses of line

heat source under MGL model have been pointed out there and the present Chapter

is motivated to extend this concept and understand the e�ects of QMGT theory in

presence of line heat source. We investigate the short-time approximated expressions

for displacement, temperature and stress �elds in physical time-space domain in the

present context. We specially enumerate the points of discontinuity, velocity of thermal

and elastic disturbances and analyse the dependency of �eld variables on various phys-

ical parameters under QMGT theory. The �nite speed predictions for elastic as well
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as thermal disturbance by the present thermoelastic model is identi�ed analytically.

Furthermore, the damping nature of elastic and thermal waves are shown analytically.

The results of the present study are compared with the corresponding results of other

thermoelastic models as mentioned above. The analytical results are veri�ed with the

numerical results of the present problem for a suitable example and it has been shown

with graphical results that the �eld variables have no e�ect after the thermal wavefront,

which veri�es the correctness of our analytical results and reveals that QMGT model

show �nite domain of in�uence of the disturbance at any particular time. Similarity

and dissimilarity in prediction of this model with other existing models are highlighted

in detail.

6.2 Governing Equations

In this section, the formulation of the newly proposed thermoelasticity theory (QMGT)

is presented by considering the basic equations in the presence of heat source for

isotropic elastic medium in rectangular coordinate system.

The heat conduction equation as suggested by Quintanilla (2019) is given by

q + τq
∂q

∂t
= −k∇T − k∗∇v (6.2.1)

where

v̇ = T. (6.2.2)

Here k and k∗ are the thermal conductivity and conductivity rate respectively. In the

above equation v represents thermal displacement, a new variable that is characteristic

of GN-III and QMGT theories. A superposed dot denotes the partial di�erentiation

with respect to time. In above equation, if we consider the case when τq vanishes, we

recover GN-III model
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We consider the equation of motion in absence of any body force as given by

σij,j = ρüi (6.2.3)

where the stress-strain-temperature relation is given by

σij = λekkδij + 2µeij − γTδij (6.2.4)

The energy equation in presence of heat source is taken as

−∇q = ρcv
∂T

∂t
+ γT0

∂e

∂t
− ρQ (6.2.5)

Combining Eqs. (6.2.1) and (6.2.5), we obtain the new heat conduction equation based

on QMGT model in presence of heat source as

k∇2T + k∗∇2v =

(
1 + τq

∂

∂t

)(
ρcv

∂T

∂t
+ γT0

∂e

∂t
− ρQ

)
(6.2.6)

Taking time derivative in Eq. (6.2.6), we have

k∇2Ṫ + k∗∇2T =

(
1 + τq

∂

∂t

)(
ρcv

∂2T

∂t2
+ γT0

∂2e

∂t2
− ρQ̇

)
(6.2.7)

Further, by combining Eqs. (6.2.3) and (6.2.4), we have

ρüi = (2µeij + λekkδij),j − γT,jδij (6.2.8)

6.3 Problem Formulation

We consider the problem of an in�nite thermoelastic medium. The medium is assumed

to be homogenous and isotropic. Let us assume the body has an axisymmetric structure
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under the axisymmetric load, so the problem is one-dimensional and the physical �eld

variable displacement vector has only the radial component u (r, t). The stress tensor

has only two non-zero components σrr, σφφ that are in radial and transverse directions,

respectively. Therefore, kinematic relations in cylindrical coordinate system (r, ϕ, z)

are given by

err =
∂u

∂r
, eφφ =

u

r
, e =

∂u

∂r
+
u

r
, (6.3.1)

The equation of motion is therefore transformed to

ρ
∂2u

∂t2
=
∂σrr
∂r

+
σrr − σϕϕ

r
. (6.3.2)

Using Eq. (6.3.1) in Eq. (6.2.4), one can obtain the components of stress tensors in the

following forms:

σrr = (λ+ 2µ)
∂u

∂r
+ λ

u

r
− γT (6.3.3)

σφφ = (λ+ 2µ)
u

r
+ λ

∂u

∂r
− γT (6.3.4)

Eqs. (6.2.7 and 6.3.1) therefore reduce to the following forms :

(
k
∂

∂t
+ k∗

)
∇2T =

(
1 + τq

∂

∂t

)(
ρcv

∂2T

∂t2
+ γT0

∂2

∂t2

(
∂u

∂r
+
u

r

)
− ρQ̇

)
(6.3.5)

ρ
∂2u

∂t2
= (2µ+ λ)(

∂2u

∂r2
+

1

r

∂u

∂r
− u

r2
)− γ ∂T

∂r
(6.3.6)

where ∇2 = ∂2

∂r2
+ 1

r
∂
∂r
.

Now, we convert Eqs. (6.3.3-6.3.6) in the non-dimensional forms by using the following

notations:

(r∗, u∗) = c0n (r, u) , T ∗ =
T

T0
, (t∗, τ ∗0 , τ

∗
1 ) = c20η (t, τ0, τ1) ,
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(
σ∗rr, σ

∗
φφ

)
=

(σrr, σφφ)

(2µ+ λ)
, Q∗ =

γQ

kc40η
2

where

c20 =
(2µ+ λ)

ρ
, η =

ρcE
k
.

Therefore, Eqs. (6.3.3-6.3.6) can be reduced to the the following non-dimensional forms

(dropping the '∗' for convenience):

σrr = λ1
∂u

∂r
+
u

r
− a1T (6.3.7)

σφφ =
∂u

∂r
+ λ1

u

r
− a1T (6.3.8)(

∂

∂t
+ a0

)
∇2T =

(
1 + τq

∂

∂t

)(
∂2T

∂t2
+ a2

∂2

∂t2

(
∂u

∂r
+
u

r

)
− 1

a1
Q̇

)
(6.3.9)

∂2u

∂t2
=

∂

∂r

(
∂

∂r
+

1

r

)
u− a1

∂T

∂r
(6.3.10)

where

a0 =
k∗

kc20η
, a1 =

γT0
(2µ+ λ)

, a2 =
γ

ρcE
, λ1 =

λ

(2µ+ λ)
.

Introducing the thermoelastic potential function ψ de�ned by

u =
∂ψ

∂r
, (6.3.11)

Eqs. (6.3.9-6.3.10) reduce to

(
∂

∂t
+ a0

)
∇2T =

(
1 + τq

∂

∂t

)
∂

∂t

(
∂T

∂t
+ a2

∂

∂t
∇2ψ − 1

a1
Q̇

)
(6.3.12)

∂2ψ

∂t2
= ∇2ψ − a1T (6.3.13)

Using Eqs. (6.3.11) and (6.3.13) in Eqs. (6.3.7) and (6.3.8), the components of stress
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tensor can be written in terms of ψ as follows:

σrr =

[(
λ1 − 1

r

)
∂

∂r
+
∂2

∂t2

]
ψ (6.3.14)

σφφ =

[
(λ1 − 1)

∂2

∂r2
+
∂2

∂t2

]
ψ (6.3.15)

6.4 Conditions

We consider that the body is held at undeformed and unstressed state at the uniform

reference temperature T0 and therefore the initial conditions for all the �eld variables

are taken to be homogeneous. The heat source Q source of strength Q0, is taken in the

form

Q =
Q0

2πr
δ (r)H(t) (6.4.1)

whereH (t) and δ (t) represent Heaviside unit step function and Dirac delta function,

respectively.

6.5 Solution in Laplace Transform Domain

In order to solve the problem, we apply the Laplace transform to Eqs. (6.3.12-6.3.15)

and using the homogeneous initial conditions and using Eq. (6.4.1), we obtain

a1T̄ =
(
∇2 − s2

)
ψ̄ (6.5.1)

(s+ a0)∇2T̄ = (1 + τqs)

(
s2T̄ + a2s

2∇2ψ̄ − A1
δ (r)

r

)
(6.5.2)

σ̄rr =

[(
λ1 − 1

r

)
∂

∂r
+ s2

]
ψ̄ (6.5.3)
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σ̄φφ =

[
(λ1 − 1)

∂2

∂r2
+ s2

]
ψ̄ (6.5.4)

where A1 = Q0

2πa1

Replacing T̄ from Eq. (6.5.2) by using Eq. (6.5.1), we have

[
∇4 −

(
b1s

3 + b2s
2

s+ a0

)
∇2 +

(
1 + τqs

s+ a0

)
s4
]
ψ̄ = −A1a1 (1 + τqs)

s+ a0

δ (r)

r
(6.5.5)

where b1 = 1 + τq (1 + a1a2) , b2 = 1 + a1a2 + a0.

We may rewrite the above Eq. in the following form:

(
∇2 −m2

1

) (
∇2 −m2

2

)
ψ̄ = −A2

δ (r)

r
(6.5.6)

Here A2 = A1a1(1+τqs)

s+a0
, and m2

i (i = 1, 2) are the roots of the following biquadratic

equation:

x2 −
(
b1s

3 + b2s
2

s+ a0

)
x+

(
1 + τqs

s+ a0

)
s4 = 0 (6.5.7)

The solution of Eqs. (6.5.5) which is bounded at in�nity can be obtained as

ψ̄ (r, s) =
A2

m2
1 −m2

2

2∑
i=1

(−1)i−1 k0 (mir) (6.5.8)

where k0 (mir) is the modi�ed Bessel function of the second kind.

Now, we calculate the distributions of temperature and displacement by using the

relation given by Eq. (6.5.8) in Eq. (6.3.11) and (6.5.1) respectively, and using the

following identities:

∂

∂r
k0 (ar) = −ak1 (ar) ,

∂2

∂r2
k0 (ar) = a2k0 (ar) +

a

r
k1 (ar) ,∇2k0 (ar) = a2k0 (ar)

142



CHAPTER 6. Study of Wave Propagation...

Therefore, we get

ū (r, s) =
−A2

m2
1 −m2

2

2∑
i=1

(−1)i−1mik0 (mir) (6.5.9)

T̄ (r, s) =
−A2

a1 (m2
1 −m2

2)

2∑
i=1

(−1)i−1
(
m2
i − s2

)
k0 (mir) (6.5.10)

Using Eq. (6.5.8) into Eqs. (6.5.3) and (6.5.4), we have the components of stress tensor

as

σ̄rr =
A2

m2
1 −m2

2

2∑
i=1

(−1)i−1
{(

λ1 − 1

r

)
(−mi) k1 (mir) + s2k0 (mir)

}
(6.5.11)

σ̄φφ =
A2

m2
1 −m2

2

2∑
i=1

(−1)i−1
{(

λ1 − 1

r

)
(mi) k1 (mir) +

{
(λ1 − 1)m2

i + s2
}
k0 (mir)

}
(6.5.12)

Above solutions determine the expressions for temperature, displacement and stress

components in Laplace transform domain (r, s) . Due to mathematical complexity in

the explicit expressions of fundamental solutions in Laplace transform domain, the

determination of analytical solutions in physical domain seems to be a formidabe task.

However, in the next section, we facilitate the detailed examination of this model and

compare it with other models which are well established in the literature.

6.6 Short-Time Approximated Solution

Practically, this model is applicable only for short duration of time due to the depen-

dency on phase-lag parameters which are of very small values for most of the solid

materials. Therefore, the aim of this section is to �nd the analytical solutions of physi-

cal �eld variables of the present problem for small time by approximating the function

as obtained in previous section through Maclaurin's series expansions for large Laplace

transform paramter. As described in Chapter 2, after detailed manipulations we �nd
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m1 and m2 as the approximated roots of Eq. (6.5.7) for MGT model in the following

forms:

m1 = a41s+ a42 +
a43
s

(6.6.1)

m2 = b41s+ b42 +
b43
s

(6.6.2)

where

a41 =
a21a31√

2
, a42 =

a21a32 + a22a31√
2

, a43 =
a21a33 + a22a32 + a23a31√

2
,

b41 =
a21b31√

2
, b42 =

a21b32 + a22b31√
2

, b43 =
a21b33 + a22b32 + a23b31√

2
,

a31 =
√
a11, a32 =

a12
2
√
a11

, a33 =
−a12a12 + 4a11a13

8 (a11)
3
2

,

b31 =
√
b11, b32 =

b12

2
√
b11
, b33 =

−b12b12 + 4b11b13

8 (b11)
3
2

,

a21 = 1, a22 = −a0
2
, a23 =

3a20
8
,

a11 = b1 +
√
b21 − 4τq, a12 = b2 +

2b1b2 − 4 (τqa0 + 1)

2
√
b21 − 4τq

,

a13 =
−{2b1b2 − 4 (τqa0 + 1)}2 + 4 (b21 − 4τq) (b22 − 4a0)

8 (b21 − 4τq)
3
2

b11 = b1 −
√
b21 − 4τq, b12 = b2 −

2b1b2 − 4 (τqa0 + 1)

2
√
b21 − 4τq

,

b13 = −−{2b1b2 − 4 (τqa0 + 1)}2 + 4 (b21 − 4τq) (b22 − 4a0)

8 (b21 − 4τq)
3
2

Now, substituting the expressions formi (i =1,2) from Eqs. (6.6.1) and (6.6.2) into Eqs.

(6.5.9-6.5.12) we carry out long and detailed manipulations to obtain the expressions
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for �elds variables in the Laplace transform domain as

ū (r, s) =

√
π

2r

[
e−m1r

{
f41

s
3
2

+
f42

s
5
2

}
+ e−m2r

{
f43

s
3
2

+
f44

s
5
2

}]
(6.6.3)

T̄ (r, s) = A1

√
π

2r

[
e−m1r

{
d81

s
1
2

+
d82

s
3
2

}
+ e−m2r

{
d83

s
1
2

+
d84

s
3
2

}]
(6.6.4)

σ̄rr = A1

√
π

2r

[
e−m1r

{
f51

s
1
2

+
f52

s
3
2

}
+ e−m2r

{
f61

s
1
2

+
f62

s
3
2

}]
(6.6.5)

σ̄φφ = A1

√
π

2r

[
e−m1r

{
h31

s
1
2

+
h32

s
3
2

}
+ e−m2r

{
h41

s
1
2

+
h42

s
3
2

}]
(6.6.6)

Here, the di�erent notations used in above expressions are provided in Appendix III.

Next, taking the inverse Laplace transforms of Eqs. (6.6.3-6.6.6) and using the following

identities

L−1

(
e

−a
s

s
3
2

)
=
sin
(
2
√
at
)

√
aπ

, a > 0,

L−1

(
e

−a
s

s
5
2

)
=
sin
(
2
√
at
)

2
√
πa

3
2

−
t
1
2 cos

(
2
√
at
)

√
πa

, a > 0,

L−1

(
e

−a
s

s
1
2

)
=
cos
(
2
√
at
)

√
πt

, a > 0,

we get

u(r, t) = A1

√
π

2r

e−a42r
f41 sin

(
2
√
k12(t− k11)

)
√
k12π

+ f42

sin
(

2
√
k12(t− k11)

)
2k

3
2
12

√
π

−

(t− k11)
1
2 cos

(
2
√
k12(t− k11)

)
k12
√
π

H(t− k11) + e−b42r

f43 sin
(

2
√
k22(t− k21)

)
√
k22π

+f44

sin
(

2
√
k22(t− k21)

)
2k

3
2
22

√
π

−
(t− k21)

1
2 cos

(
2
√
k22(t− k21)

)
k22
√
π

H(t− k21)

 (6.6.7)
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T (r, t) = A1

√
π

2r

e−a42r
d81 cos

(
2
√
k12(t− k11)

)
√
π(t− k11)

+ d82
sin
(

2
√
k12(t− k11)

)
√
k12π

H(t− k11)

+e−b42r

d83 cos
(

2
√
k22(t− k21)

)
√
π(t− k21)

+ d84
sin
(

2
√
k22(t− k21)

)
√
k22π

H(t− k21)

 (6.6.8)

σrr (r, t) = A1

√
π

2r

e−a42r
g51 cos

(
2
√
k12(t− k11)

)
√
π(t− k11)

+ g52
sin
(

2
√
k12(t− k11)

)
√
k12π

H(t− k11)

+e−b42r ∗

g71 cos
(

2
√
k22(t− k21)

)
√
π(t− k21)

+ g72
sin
(

2
√
k22(t− k21)

)
√
k22π

H(t− k21)

 (6.6.9)

σφφ (r, t) = A1

√
π

2r

e−a42r
h31 cos

(
2
√
k12(t− k11)

)
√
π(t− k11)

+ h32
sin
(

2
√
k12(t− k11)

)
√
k12π

H(t− k11)

+e−b42r ∗

h41 cos
(

2
√
k22(t− k21)

)
√
π(t− k21)

+ h42
sin
(

2
√
k22(t− k21)

)
√
k22π

H(t− k21)

 (6.6.10)

where k11 = a41r, k12 = a43r, k21 = b41r, k22 = b43r.

Eqs. (6.6.7-6.6.10) represent the �nal solution of the present problem and give the

expressions for the distributions of �eld variables in physical domain.

6.7 Analysis of Analytical Results

The short-time approximated solutions for the �eld variables given by Eqs. (6.6.7-

6.6.10), it is observed that the solution of each �eld variable consists of two coupled

waves and that are expressed by adjoining two expressions. The �rst expression, con-

taining the termH (t− a41r) represents the wave that is propagating with �nite velocity

1/a41 near the wavefront r = t/a41 and the wave decays exponentially with an atten-

uation coe�cient a42. Another expression, containing the term H (t− b41r) identi�es

another wave propagating with �nite velocity 1/b41 near the wavefront r = t/b41 and

this wave also decays exponentially with an attenuation coe�cient b42. It is clearly
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noted that the decay coe�cient and velocity of both the waves depend on material

parameters as well as on the relaxation time parameter. Furthermore, it is investigated

from the analytical solutions that the displacement distribution is continuous, but tem-

perature and stress components su�er in�nite discontinuity at both the wavefronts at

t = k11 and t = k21. Here k11 and k21 are linear functions of radial distance r, and

therefore the point of discontinuity changes with time. Consequently, it can be con-

cluded from the solutions given by Eqs. (6.6.7-6.6.10) that at any given instant of time

t, the disturbance inside the medium can be observed only upto the particular distance

max{t/k11, t/k21} and beyond this region no disturbance can be observed. Thus this

result a�rms that the e�ect of the heat source are con�ned upto a �nite region of space

surrounding the source. Hence, unlike the MGL theory, the new model of thermoe-

lasticity (QMGT model) that is considered in the present Chapter clearly admits the

�nite speed of disturbance and �nite domain of in�uence. This observation perfectly

matches with the domain of in�uence results for this theory as reported by Jangid and

Mukhopadhyay (2021).

By comparing our results with the corresponding results predicted by other theories,

it must be pointed out that in the case of GN-III model, Dhaliwal et al. (1997) had

reported that the solution for each �eld consists of two parts, the �rst part indicating the

wave nature that decay exponentially with radial distance and another part is di�usive

in nature which shows in�nite speed of heat propagation. Hence, we conclude that the

QMGT model eliminates the unrealistic prediction of in�nite speed of heat propagation

as observed in the context of GN III model. In the GN III model, authors have further

indicated that temperature, stress components are continuous in nature.

In the case of LS model as investigated by Sherief and Anwar (1986) and in case

of GL model as studied by Ezzat (1995) and also by Chandrasekharaiah and Murthy

(1991), one can �nd that the solution for each �eld consists of superposition of two

waves, both propagating with �nite velocity and decaying exponentially with radial
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distance. Furthermore, in case of LS model, Sherief and Anwar (1986) have indicated

that temperature and stress components are discontinuous in nature showing in�nite

jump discontinuities at the two wave fronts. However, in case of the GL model as re-

ported (Ezzat (1995); Chandrasekharaiah and Murthy (1991)), the temperature �eld

shows �nite jump discontinuity, but radial and circumferential stress components have

in�nite jump discontinuities at the wavefronts. Interestingly, in the context of GN-II

model it has been reported by Chandrasekharaiah and Srinath (1998) that the solution

of each �eld consists of two undamped waves both propagating with �nite speed but

without any decay coe�cient. In�nite jump discontinuities at the wave fronts by tem-

perature and stress �elds are also observed in this case. Hence, it can be concluded that

the new model admits �nite speed of elastic and thermal waves like LS and GL and

GN-II theories, but predicts more similar behaviour of �eld variables like LS model.

6.8 Numerical Results & Discussion

In this section, an attempt is made at illustrating the analytical results obtained in the

previous section and compare the results under present study with the corresponding

results in the contexts of other models (Sherief and Anwar (1986); Dhaliwal et al.

(1997); Chandrasekharaiah and Srinath (1998); Ezzat (1995); Prasad et al. (2011)),

which are well established in the literature. The material property of copper is chosen

for the thermoelastic analysis. The physical data for such material is given in Chapter

2. We assume the values of phase-lag parameters as τq = 0.2 (dimensionless) and

k∗ = 500Wm−1K−1.
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Figure 6.8.1: Variation of temperature (T ) at three di�erent times

Figure (6.8.1-6.8.4) represent the variations of the dimensionless �eld quantities such

as temperature, displacement, and stress components with respect to radial distance

at three di�erent instants of time (t = 0.2, 0.4, 0.8). We �nd that the elastic and

thermal wavefront is located at points r = 0.2 and r = 0.45 respectively at time

t = 0.16. Similarly we observe (0.4, 0.9) ,and (0.8, 1.79) are the points for elastic and

thermal wavefront at non-dimensional time 0.4 and 0.8 respectively. We �nd that the

non-dimensional speed of the slower wave (elastic) and the faster wave (thermal) are 0.99

and 2.24, respectively. The radial distributions of di�erent �eld variables are plotted in

di�erent �gures which demonstrate that each of the four �elds shows an in�nite jump

at the origin which is the position of heat source and this e�ect decreases with time.

Further, it can be observed that the �eld variables show no e�ect beyond the thermal

wavefront. This is completely in agreement with our theoretical results given in Eqs.

(6.6.7-6.6.10). We further notice the following important observations:

149



CHAPTER 6. Study of Wave Propagation...

r

0 0.5 1 1.5 2 2.5 3

U

-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

0.05

QMGT Model at t=0.8

QMGT Model at t=0.4

QMGT Model at t=0.2

Figure 6.8.2: Variation of displacement (U ) at three di�erent times

In �gure (6.8.1), that represents the temperature distribution with radial distance

(r) at three di�erent instant of times, indicate that the temperature �eld decreases from

very high value to zero as r increases. However, just behind the position of elastic and

thermal wavefronts, the temperature suddenly starts increasing and reaches to a very

high value at both the wavefront positions and also no disturbance is observed beyond

the thermal wavefront. Thus, the heat source's e�ects are con�ned to a bounded but

time-dependent region of space surrounding the heat source. In the GN II model, as

reported by Chandrasekharaiah and Srinath (1998), the temperature �eld increases in

the region between source and the position of elastic wavefront. Here, GN II model gives

�nite value of temperature at r = 0, which is quite unusual behaviour for a continuous

line heat source. However, in the context of GN III model (Dhaliwal et al. (1997)),

authors had shown that temperature �eld decreases from in�nity (at r = 0) to zero

as r tends to in�nity. This model shows di�erent behaviour corresponding to QMGT

model, as GN III model gives in�nite domain of in�uence. On the other hand, in the

cases of LS model (Sherief and Anwar (1986)) and GL model (Ezzat (1995)), the same
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behaviour for temperature �eld has been observed with a signi�cant di�erence that in

case of GL model, the �eld shows �nite jump discontinuity at the wavefronts, whereas

LS model predicts in�nite jump discontinuity at the wavefronts and this fact completely

matches with the results of the present case. However, after the location of thermal

wavefront, no disturbance has been observed for LS as well as for GL models, like the

QMGT model.

Figure (6.8.2) shows that displacement curve is continuous and its e�ect has been

con�ned to time-dependent �nite region. It is also noted that displacement increases

from very high negative value at origin (r = 0) to a maximum value near the location

of thermal wavefront and then starts decreasing and �nally reaches to zero value. A

similar behaviour of this �eld has been found in the case of other models as mentioned

above.
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Figure 6.8.3: Variation of radial stress (σrr ) at three di�erent times

Figure (6.8.3) shows the variation of the radial stress with radial distance at three

di�erent instants of time (0.2, 0.4, 0.8). One can note that between the location of
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heat source and elastic wavefront, the radial stress is tensile. Whereas the compressive

stress is occurring in other parts. However, just before the position of elastic and

thermal wavefront, the radial stress suddenly starts increasing and reaches to very high

numerical value. Further, we note that no disturbance can be observed beyond the

thermal wavefront. This �eld also indicates discontinuity at both the wavefronts and

also shows quite similar behaviour in the close neighbourhood of the wavefronts under

GN II model (Chandrasekharaiah and Srinath (1998)). In this case also the compressive

stress is observed in the region between the two wavefronts. In the case of LS model

(1986), both compressive and tensile stresses are observed in the region between heat

source and elastic wavefront. Whereas similar behaviour to QMGT model are observed

in the region between two the wavefronts. In case of the GL model (Ezzat (1995)), the

nature of stress �eld is similar to QMGT model. However �nite jump discontinuities

are observed at both the wavefronts under GL model. Beyond the thermal wavefront,

no e�ect has been observed for LS and GL models as reported in literature.
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Figure 6.8.4: Variation of circumferential stress (σϕϕ) at three di�erent times
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Figure (6.8.4) reveals that the circumferential stress is tensile in the region between

heat source and elastic wavefront, but compressive in the region between the wavefronts.

Also, circumferential stress decreases in the region between the source and elastic wave-

front, but it starts increasing in a region just behind the wavefront and reaches to a

very high magnitude. Beyond the elastic wavefront, the circumferential stress starts

with �nite value and decreases but at the points very close to T-wavefront (thermal),

it again achieves very high value of compression. Beyond this point, no e�ect of this

�eld is observed. This �eld also indicates discontinuity at both the wavefronts and also

shows quite similar behaviour in the neighbourhood of wavefronts like the case of GN

II model as shown by Chandrasekharaiah and Srinath (1998). Compressive nature of

stress can be observed in between the wavefront regions. In LS model (Sherief and

Anwar (1986)), the behaviour of stress �eld shows di�erent behaviour as compared to

QMGT model, since compressive stress is observed in the region upto the elastic wave

front. It also shows quite opposite nature at r = 0. Further, the compressive stress has

been observed in the region between the two wavefronts. In case of GL model (Ezzat

(1995)) a similar prediction like LS and QMGT model is indicated showing an in�nite

jump discontinuity at both the wave fronts and no e�ect of disturbance can be observed

beyond the thermal wavefront. It must be pointed out here that GN-II model (Chan-

drasekharaiah and Srinath (1998)) is in agreement with LS, GL and QMGT model in

this respect as compared to GN-III model which predicted continuous nature of all �eld

variables.

6.9 Conclusion

In this Chapter of the thesis, the investigation focuses on the analysis of thermoelastic

e�ects using the Moore-Gibson-Thompson thermoelasticity theory due to the presence

of a continuous line heat source in an in�nite medium. This study enlighten some
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similarities and dissimilarities between the predictions of the recently proposed QMGT

theory with well established corresponding results under other existing theories (LS,

GL, GN). The characteristic features of the present investigation may be summarized

as follows:

� The analytical solutions obtained for short time in the context of QMGT model

reveals that the solution for each �eld consists of superposition of two waves, both

propagating with �nite velocity and with an exponential decay. The relaxation

time parameter as well as material property have prominent e�ect on velocity and

decay coe�cients of the waves.

� Like LS, GL and GN-II theories, the QMGT model predicts that the e�ect of the

continuous line heat source is con�ned to a time-dependent bounded region of the

space surrounding the heat source. However, the elastic and thermal waves in the

present case are damped in nature. This is further in agreement with the results

under LS and GL models, but it is unlike the case of GN-II model which shows

undamped wave propagation.

� For the cases of LS, GL, GN-II and QMGT models, the temperature and stress

components are discontinuous, unlikely for GN-III model which predicts the phys-

ical �eld variables to be continuous. However, like the case of LS theory and GN-II

theory, we obtain in�nite jump discontinuity of temperature and stress distribu-

tions at the elastic and thermal wavefronts under the new theory (QMGT), as

compared to the case of GL model where the temperature is discontinuous with

�nite jump and stress �elds show in�nite jump discontinuities at the wave fronts.

� The new thermoelasticity theory is a realistic model like the LS and GL theories,

although the new model shows much similar features like the LS model.

� The predictions of responses due to continuous line heat source by the two new

theories (the QMGT theory and MGL theory) considered in the present thesis
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are signi�cantly di�erent. QMGT theory shows more realistic results as com-

pared to the MGL theory which indicates an in�nite speed of thermomechanical

disturbances like the classical theory of thermoelasticity and viscoelasticity.
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