Chapter 3

Design of Switched High-Gain

Observer for Nonlinear Systems

3.1 Introduction

Estimating the states from output measurements in dynamic systems is an essential task in
control theory. This Chapter focuses on the design of switched high-gain observer, where
observer’s states can be estimated to the actual states in a chosen desired /predefined time
independently of system parameters or initial conditions. Such development is important
as in most of the existing works the expression for settling time bound involves certain
parameters or constants and is not entirely independent, and hence it may sometimes be
difficult to attain desired convergence time.

The observer design can be categorized into exponential convergence, asymptotic
convergence, finite-time convergence, and fixed-time convergence. The finite-time observer
is introduced [31], where the convergence time is finite but depends on the system’s initial
conditions and tuning parameters. To overcome this limitation, fixed-time observer is
developed [32], where the convergence time is invariant with respect to the initial values
of the system but depends explicitly on the system’s parameters. Although fixed-time
observers outperform finite-time observers in terms of the system’s initial values, finding a
direct relation between the convergence time and tuning parameters remains a challenge.
To address this issue, predefined-time stability is developed, where the system’s state
converges to the equilibrium point within the desired settling time, and the convergence

time is independent of the initial conditions and tuning parameters [37,39]. This concept
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has been utilized in various control problems and applications [17,38].

The motivation behind this chapter is the need for complete state information and the
desired settling/convergence time, which may not be feasible in practice due to unavailable
or expensive sensors. Hence, an alternative technique is required that can estimate all
other states using a known state. Furthermore, the convergence time can be selected
according to the designer’s preferences.

The main contributions of this chapter are as follows:

1. A switched high-gain observer is designed such that the observer’s state converges

to the actual state within the desired settling time.

2. The proposed method is invariant to the homogeneity property, which eliminates
the need for careful selection of homogeneity powers and weights. As a result,
the computational complexity of the proposed switched high-gain observer-based

method is significantly reduced as compared to existing methods [31,40-42].

3. In the proposed approach, the system’s gain varies linearly (rather than quadrat-
ically) with the order of the system. Consequently, the proposed method requires

less gain value to stabilize the system than the existing method [31].

A brief outline of this chapter is organized as follows. Section 3.2 contains prelimi-
naries and problem formulation of the high-gain observer. Section 3.3 presents switched
high-gain observer followed by respective proof. Section 3.4 includes the simulation re-
sults of the Van der Pol oscillator circuit and the Genesio-Tesi chaotic system. Finally,

Section 3.5 summarizes the chapter.

3.2 Preliminaries and Problem Formulation

Consider the nonlinear dynamical system

T =f(z,u); x(ty) = xo

y =h(z)

(3.1)

where x € R" denotes the state vector, u € R" represents the control input, ¥y € R

indicates the measured output and ¢, € R is the initial time.
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Suppose that the system (3.1) can be represented as:
T =F(z) + Z G(z)uy; x(to) = xo
j=1 (3.2)
y =h(z)
where the functions F', h and G;(j = 1,--- ,r) are assumed to be sufficiently continuous
differentiable in a domain D C R". The mappings F' : D — R" and G; : D — R" are

vector fields on D and A : D — R is the scalar function on D.

Remark 3 Note that D is a compact set which can be chosen by the designer based on

the concerned system.

Assumption 1 We assume that the system (3.2) is detectable, i.e., the information of
the output y(t) on any finite time interval [ty. tf], t; > to completely determines the initial

state xz(1y).

If the nonlinear system (3.2) is observable, then, by using change of variables, it can

be represented as follows:

z=U(z) = col (h(z), Lyh(x), -, L} 'h(x)) (3.3)

Oh(z)

where the function ¥ : D — R” is a diffeomorphism and L;h(z) = =5~ f.

Now, by using change of variables, the system (3.2) can be written as observable

canonical form (2.4).

Assumption 2 Assume the functions g;; and ¢ are Lipschitz with constant k and u be

the bounded input such that ||u|| < ug € Rxg.

We require the following lemmas to prove the switched high-gain observer with the

desired time convergence, which will be very useful for proofing our proposed method.

Lemma 4 [8]: The positive-definite symmetric matriz S(«) can be written in the fol-

lowing way,
S(a)iy = SWij—m=r> 5 (@i = S7HD)ija (3.4)
where 1 <1i.j < n.
Lemma 5 [38]: For every z € R, the following condition holds
—z(l—e7) <~z (1 - c"zl) . (3.5)
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3.3 Design of Switched High-Gain Observer

In this section, we will design the high-gain observer by applying a switching technique
for the nonlinear system (2.4). Next, the sufficient condition for the Lyapunov stability
will prove for the system (3.6) and (3.11).

The switched high-gain observer is presented into two parts. The first part is given
when time ¢ € [ty, t5). And, the second part is stated when the time ¢ > ¢,. For the region
t € [to, ts), the high-gain observer is introduced in (3.6). And, for the region ¢ > t,, the
high-gain observer is switched and is presented in (3.11).

Part A: For the region ¢ € [to, ts) :

In view of (2.4), we design a high-gain observer and it can be represented as follows:

2’1=22+l1<061+7( P— ) Zglj Z1)u

ézzég-l-lg (061+7( P— >+ZQQJ 21, Z9)u

s R (1—e™ .
Zn :Q)(Zl?"' ,Zn) + 1 (051 VYV t _ t +Zgn,j Zl; HR) n)uj

where v € Ry, ¢ is the positive constant, and ¢, is the desired convergence time and the
designer can explicitly choose this settling time t,.

The gain values Iy, Iy, ---, [, are given as:
L, Iy, -+, L)' =S Ha)C" (3.7)

where S(a) is positive-definite symmetric n x n matrix having unique solution which

satisfies the matrix equation [31]:

ATS(a) + S(a)A+ aS(a) - CTC =0 (3.8)
S(a) = ST(a), a>0 (3.9)

with A, », being the anti-shift operator A : R* — R", (A);; = 0;j-1, 1 <i,5 <n [§].

Note that the explicit solution of (3.8) is given as [7]:

( )H_] CH—J 2.

aiti—1

S(a);; = ; 1<i,j<n (3.10)
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From Eqn. 3.6, it is evident that the dynamics of the observer states become unde-
fined or infinite when time t equals the settling time ¢,. This phenomenon is known as a
singularity.

Part B: For the region t > ¢, :

In this region, the term y(1—e~")/(¢,—t) is not present. Since, the term y(1—e~)/(t;—t)
is introduced only for the region ¢ € [ty, ts) (sece Lemma 1). Then, the high-gain observer

is switched into the following form:

2 =5+ lLioe + 291,3‘(5’1)%‘

=1

ég 223 + 120'61 + Z 92’]’(2’1, 22)16]'
j=1 (3.11)

G =0(21, ) Flaoer + Y gng(Gr, e By,
j=1

For the system (3.6) and (3.11), the block diagram of the switched high-gain observer
is presented in Figure 3.1. Note that the part of the Figure 3.1 shown in blue dotted box
will not be present when ¢t > t,. In this figure, we have constructed both the actual
system’s states, denoted as z, and the observer’s states, represented as 2. Based on the
knowledge of state z;, we have estimated the unmeasured states.

For the region t € [to, t5) :

From (2.4) and (3.6), the dynamics of the observation errors are represented as:

ts —t

L —e — o€ u - () — a1 (3 ) ) s
& = zl( 494 ))+;(914( D = (G

) 1—e“
€9 =€3 — lg (061 Jr’}/ﬁ

> + ) (g25(21. 22) — g2 (51, 22))u
=1

(3.12)
: :¢(21>"' ,Zn) . ¢(21>"' 72n) -1, (061 +7%>

+ Z(gn,j<zla ) Zu) - gn,j<£1a Ty én))uj-
j=1
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Figure 3.1: Block diagram of the switched high-gain observer.

Eq. (3.12) can also be represented as:

él €9 0 ll
é2 €3 0 ZZ
I, . N (e =)
=1 : — | o€ —_
: : : 1T (ts — 1)
én_l €n 0 ln—]
L é'n, ] _0_ _¢(Z17“' 7Zn)_¢(217”' 7271)_ L ln i
Z](g1,j(21) — 915(%1))wy
j=1
(92,5 (215 22) = go,5(%1, 22)
j=1
+ : . (3.13)

T

D Gn1i(2 1) = gn1 (B Be1))uy

Jj=1

Zl(gn,j(zlv e ,Zn) - gn,j(éla e aén))uj
Jj=

From (3.13), one can also rewrite the observation error dynamics into the following form:

1 — ¢
¢ =Ac — oS (a)CTe — vsl(a)CTﬁ + oz, s zn) — (21, 2n)
+Z(gj(zlv 1Z7L) _gj(éla"' 7’2‘1L))uj (314)
j=1
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Oo10 --- 0
o001 .--- 0
where A = [ . . Ml gy )T = STH)OT, € = ey, €, 6T,
000 0 O
L - nXxXn
9;’(2'17'" 7Zn) = [914(21), 92,]'(21,22)7"' =9n,j(217"' 7Zn)]T

and p(z1,- -+ ,2,) =10, 0, , (21, -+, 22)]".

By substituting ¢; = Ce in (3.14), one gets

(-
(ts =)

where (B(z,u) — B(2,u)) = @(21,- -+ ,2n) — ©(21,** , Zn)

D I RS P HCRETE 8 I

j=1
For the region t > t, :

¢ =Ac — 08 (a)CTCec —vS™H(a)OT + (B(z,u) — B(2,u)) (3.15)

In this region, the term (1 — e™')/(ts — ) is not present. Then, in view of (2.4) and

(3.11), the dynamics of the observation error € is written as:
¢ = Ae — S Ha)CTCe + (B(z,u) — B(2,u)). (3.16)

Theorem 1 Consider the system (3.6) and (3.11). Suppose that the system (2.4) and
input u holds the Assumptions 1 and 2. If there exist v € Ry and a; € (0 00), such that
the following inequality hold v > 7* (1 > 1) and 0 < a < ay. Then, the observer’s stale

converges to the actual state within the desired settling time.

Proof: The proof of the switched high-gain observer is presented into two parts.
Part A: For the region ¢ € [ty t,):

Let us consider the Lyapunov function as:
V(e) = 'S(a)e. (3.17)
Taking time derivative of (3.17), one obtains
V(e) = e'S(a)é + éT'S(a)e. (3.18)

In view of (3.15) , we can write (3.18) as:
(1—e)

V(e) =eT(ATS (o) + S(a)A)e — 20€T CTCe — 2veT CT
(ts = 1) (3.19)

+2e7S(a)(B(z,u) — B(2,u)).
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Eq. (3.19) can also be written as:

V(e) =" (ATS(a) + S(a)A — CTC + CTC)e — 207 CTCe
(1—e ) (3.20)
- Q’YETCTW + 26" S(a)(B(z,u) — B(2,u)).

By substituting (3.8) in (3.20) and simplifying the equation, then one can represent (3.20)

| : T T AT 7w (L —e™)
Vie) = —ael S(a)e — (20 — el CTCe — 27l CTA—— 2
© (@)~ (20— 1) et =t o
+2¢7S(a)(B(z,u) — B(2,u)).

Since ¢; = Ce and in view of Lemma 1 and using ||2||s) for (275(a)z)"/?

(3.21) as

, one can write

' 2 2 (1—el)
V(e) < = allell§ay = (20 = ey = le|-——7r—=

(ts — 1)
+ 2|lel s [(B(2,u) = B(2, u))[s5(a)- (3.22)
Eq. (3.22) can also be written as:
V(e) < = allel[§a) — (20 = 1)éf — 27|61|%
+ 2llells0) (B(z,u) = B(2,u))" S(a)(B(z,u) — B(£,u)))"2. (3.23)

By using quadratic form, i.c., (TQ( = ZQL ;Gi¢; where @ is symmetric matrix, one
73

obtains (3.23) as

. 1 — e lal
V() < — allelf — (20— 1) - 27|€1|(<t—t>)

1/2
 2lelsor( 0 S(@es(Blea) ~ Bt (B0 - Blga)) (320

where z; = [21, -++, z]T and By(z;,u) : R* — R (see [8] for the details of the last term of
(3.24)).

Since g;;(1 =1, ---, n, j=1, ---, r) and ¢ are Lipschitz with constant k& and ||ul|
is bounded by wuq (recall the previous Assumption 2). From (3.24), B;(z,u) : R" — R is
Lipschiz with constant k;.

Now, by using Lipschitz condition and Lemma 4, one can represented (3.24) as:

. 2 2 (1 - €7|61|)
Vie) < = allellie — (20 = Dl = Nl —5—

1/2
+2||eus<a>(uo+1 Z ﬂlkueyuwue,uw) : (3.25)
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By setting k = sup; k; and S = sup;, ; [S(1);], we obtain

' 2 2 (L—e7l)
V(e) < — allells@) — (20 — 1)e — 27\€1|W

1/2
2,272 i &
+2|6H5(a)<(u0+1) r kSaZ‘ el | b Rj) . (3.26)
7’)]
Let us assume & = ¢;/a’. Clearly, one can write | Sl < 1€ Iri < |[€][rn (for a > 1).

Eq. (3.26) can be rewritten as:

(1—elah)
(ts - t)

1/2
+ 2||€] | s(a) (k’QnQ(uo + 1)27’25a||£||2) ) (3.27)

V(e) < = allel[§a) — (20 = 1)ef = 27e]

By using norm equivalence, if there exists > 0 such that [[¢]|7,, < ull¢][¢), V€ € R™,

€ 2
then, by using ||¢][¢,) = H HS(“), one can write (3.27) as:

[e%

. 1—elal
V(e) < = allelli - (20— 1)é - wm% + 2pbn(ug + Drv/Slel 3 (3.25)

If there exists 7 > 1, such that the following inequality holds

|lells(@) < 7lea (3.29)

then, (3.28) can be expressed as:

_lells (o)
. ) el - llellse \\ ¢
V(e) < = allells) = (20 = 1)—F= = 2y—— 01 (3.30)

+ 2/1,k7n(710 + 1)r\/§||6”§(a)'

In accordance with (3.17), we can rewrite (3.17) as:
V= lel 8- (3.31)

In view of (3.31), one can represent (3.30) as:

: 1%
V<—aV—(20-1)— -2y
T

_ <20—1—K)V—27\/TV(1_6@). (3.32)
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where K = 2ukn(ug + 1)rV/S.
Substituting o > (K72 +1)/2 into (3.32) yields

w(-e7)

V< -2 3.33
A Ty (3.33)
Let o = v/V /7, then the time derivative is
11 N (1—ee
TNV T2 (ts —1)
It can also be written as:
: (1—e)
< —yp——=, o <t < 1y 3.34
0= ts—1) 0> ( )
where 7o = v/72 > 1= v > 72
Part B: For the region t > t,:
Consider the previous assumption
V(e) = e''S(a)e. (3.35)
By taking time derivative of (3.35) along the solution of (3.16), one gets
V(e) = —ael'S(a)e — (20 — 1)e'CTCe + 27 S(a)(B(z,u) — B(%,u)).
By using ||2]|s() for (275(a)2)"/? and the results of [8], it can be written as
V(e) < — allell$) — (20 — Ded + 2[lells(|(B(z,u) = B(2, 1))l 5(0)
= — allel[§) — (20 = )i + 2/|ellso) <Z S(@)ij(Bi(z;, u) — Bi(z;, u))
i,
1/2
(B0 - Bz, 0)) (330

Since, for t > t,, the term y(1—e~1)/(ts—1) is not present. Then, the Eq. (3.32) becomes

V<o (2" —1 K) V. (3.37)

72

From the previous assumption, i.e., (2‘;51 — K) > 0, then, we can write (3.37) as:

} 2 —
VS—AV;A:<021—K>. (3.38)

T

According to the discussions, as mentioned above and invoking the Lemma 4, it is

ensured that the (3.34) shows the desired time convergence where state ¢ converges to
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zero within the desired settling time ¢;,. Thus, using (3.34), one obtains ¢ = 0 for all
t > t,. Since g = \/V/T = 0, then one gets € = 0V ¢t > t,. Hence, the observer’s state
converges to the actual state within the desired settling time t,. The proof of Theorem 1

is completed. [ ]

Remark 4 In the proof of Theorem 1, we utilized the switching structure and predefined
techniques. The switching structure plays a pivotal role in avoiding the singularity of the

observer’s state and achieving the desired convergence.

3.4 Simulation Results

To verify the efficacy of the proposed approach, we have considered two practical nonlinear
systems. The first system is the Van der Pol oscillator circuit, shown in Figure 3.2
(see [14]). The second system is the Genesio-Tesi chaotic system, illustrated in Figure 3.5

(see [34)).

—— 0 L v Resistive
Element

Figure 3.2: Van der Pol oscillator circuit.

Example 1: Let us consider the Van der Pol oscillator circuit [14]:

21 =29
By =—2+2(1 = 23)z (3.39)
Yy =z1.

The matrices S(a) can be represented as follows [8]:

1 1 )
a —g 200 «
S(a) = , SN a) =
1 2 9 3
2 @ o«

For the region t € [ty ) :
In view of (3.6), the proposed switched high-gain observer for the Van der Pol oscillator
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system (3.39) is given as:

s (1—e™)
21 =%+ O’€1+’7W

. 1 —e ¢
22 = — 21 + 2(1 — 2%)22 + l2 (0’61 +’Y%)

2 and o are the tuning parameters.

where I; = 20,1, = «
For the region t > ¢, :

In accordance with (3.11), the proposed observer is represented as:

21 :22 + 110'61

22 = — 21 + 2(1 — 2%)22 + 120'61.

In the simulation, the initial conditions z(0) = [1,5 _1} and the settling time t; = 1
sec. are assumed for Figures. 3.3 and 3.4. The gain values are considered as o = 0.5 and
v = 15, the initial observer’s states 2(0) = [0_5 2} for Figure 3.3. For the simulation (in
Figure 3.3), 0 = 1.5 is sclected for ¢t < tg and o = 10 is taken for ¢ > t,. Similarly, for
Figure 3.4, the gains a = 1.5, = 12 and the initial observer’s states 2(0) = [2 —5} are
assumed. For t < t,, o is selected as 1.5. For t > t,, o is taken as 10. The simulation
results is depicted in Figure 3.4. The time evolution of the observations error is shown in
Figures. 3.3 and 3.4. It can be noticed that the initial observations error for both systems
are different, and the convergence time is obtained within the same desired settling time
(ts = 1 sec.).

Example 2: Let us consider the Genesio-Tesi chaotic system [34]:

21 =29
22 —=2Z3
(3.40)
43 = —az — bzy — czy + dz}
Yy ==

where a, b, ¢ and d are the constant parameters such that ab > c¢. For the simulations, the
constant parameters are assumed as « = R/Rs =1, b= R/Ry = 1.1, c = R/Rs = 0.44
and d = R/(10Rg) = 1, where R is the change of variable parameter (see [34] for the
details of the Eq. (3.40)).
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Proposed Method Menard et al., 2010 Menard et al., 2017

1 T T T T

t, =1 sec.

z1(t) — 2(t)

3 4 5
3 4 5
Time (sec.)
Figure 3.3: Observations error with t; = 1 sec., the initial observation states 2(0) =

{0.5 2]

Menard et al., 2017 |

Proposed Method Menard et al., 2010

0-3 T T T T
&0
| \
Ny t, =1 sec.
_0.5 1 1 1 1
0 1 2 3 4 5
4 T T T T
& 2r 7
|
= or
" \ ts =1 sec.
_2 1 1 1 1
0 1 2 3 4 5
Time (sec.)

Figure 3.4: Observations error with ¢, = 1 sec., the initial observation states 2(0) =
)

The matrices S(«) can be represented as follows [42]:

1 1 17
5 PR 3a¢ 302 o
1 2 3 _
S(a) = 2 2 il S7Ha) = |3a% 5a® 2at
1
— —% % a® 20t o
L « « a’
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Figure 3.5: Circuit of Genesio-Tesi.

For the region ¢ € [ty ts) :
In view of (3.6), the proposed switched high-gain observer for the chaotic system (3.40)

is given as:

. 1—e“
2’1 :7:’2 + ll <0'61 + 'Yg)

(ts - t)
I3 R l—e«
2o =23+ ls ((761 +’Yﬁ>

: e ra a2 (1—e)
23:—0,21—622—CZ3+dZ]+Z3 J€1+’YW

where [} = 3o, 1, = 302, I3 = o® and ¢ are the tuning parameters.
For the region t > ¢, :

In accordance with (3.11), the observer is represented as:
é’l :22 + llO'El
é’g :23 + 120'61

23 = — (121 — béQ — CZA’3 +d2% + Z30’€1.

In the simulation, the initial conditions z(0) = [1 -1 0,1} and the settling time
ts = 2 sec. are chosen for Figures. 3.6 and 3.7. By selecting the gains a = 1.7 and
v = 200, we assume the initial observer’s states 2(0) = [71 5 1} for Figure 3.6. ¢ =1
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Proposed Method Menard et al., 2010 Menard et al., 2017

—~ - 6 10'3I _
= 2 t, = 2 sec. X
3 i

A1 A
= ws
et 1.8 2 2.4 2.8

® 0 | S—

0 1 2 3 4 5
10 T T T T

Z9 (t) — 22 (t)

Zg(t) — 23 (t)

Time (sec.)

Figure 3.6: Observations error with t; = 2 sec., the initial observation states z(0) =

[—1 5 1]-

is selected for ¢t < t, and o = 25 is taken for ¢ > t,. The simulation results is presented in
Figure 3.6. Similarly, for Figure 3.7, the gains o« = 2,y = 350 and initial conditions of the
observer 2(0) = [3 —4 6} are selected. o = 1 is taken for ¢ < ¢, and o = 220 is chosen
for t > t,. The simulation results are illustrated in Figure 3.7. The time evolution of
the observations error is depicted in Figures. 3.6 and 3.7. It can be clearly observed that
the initial observations error for both systems are different, and the convergence time is

achieved within the same desired settling time (t; = 2 sec.).

Moreover, a comparison with the global high-gain finite time observer [31] and fixed-
time observer [32] has also been shown in Figs. 3.3, 3.4, 3.6, and 3.7. It is observed
that the proposed method provides the convergence within the desired settling time (5 =
1 sec. in Figs. 3.3, 34 and t; = 2 sec. in Figs. 3.6, 3.7), which is invariant with
respect to the initial conditions. Note that, the existing results on finite-time observer
[31] and fixed-time observer [32] provides a larger convergence time than the proposed
approach. Morecover, in finite-time observer [31], the time of convergence depends on the

system’s initial errors and tuning parameters whereas in fixed-time observer [32], the time
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Proposed Method Menard et al., 2010 Menard et al., 2017 |

S 0
TT 1 M | _
— ts = 2 sec. —
® -9x10°3 /
. 18 2 | 24 2.8
3 4 5
3 4 5
P —— — T
0 1 2 3 4 5
Time (sec.)

Figure 3.7: Observations error with t; = 2 sec., the initial observation states 2(0) =

[3 —4 6}.

of convergence depends on the tuning parameters. However, in the obtained results, the
convergence time is independent on the initial observations error and tuning parameters
and allows the observations error to converge to zero within the chosen time t,. This imply
that the observer’s state converges to the actual state within the desired time ¢, without
concerning the system’s initial errors and tuning parameters. Moreover, the designer can
choose smaller ¢, for strict time-constraint problems. Therefore, it can be noticed that
in the proposed approach the observation happens within the chosen time t,. And, the
designer can explicitly choose it without worrying for the initial observations error and

tuning parameters.

From the above discussions, in the finite-time observer, the settling-time function
depends on the initial observation error and may become large if the initial observation
error is large. A solution to this problem results in a stronger notion called fixed-time
observer, where the convergence time is upper-bounded with respect to the system’s initial
conditions. But, it is often difficult to express a direct relationship between the tuning

parameters and the fixed stabilization time. Thus, the convergence time is different for
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the different tuning parameters. In the proposed method, the convergence/settling time
is independent with respect to the initial conditions and the time of convergence can be
chosen as per our own choice. Thus, the designer can explicitly choose this desired settling

time t;. Moreover, the designer can choose smaller ¢, for strict time-constraints problems.

3.5 Summary

This chapter designed a switched high-gain observer with the desired convergence time for
nonlinear systems. With the switching structure, the proposed observer avoids the sin-
gularity phenomena. In the obtained results, the observer’s state converges to the actual
state within the desired settling time ¢,, and can be chosen as per our own choice. The
Lyapunov theorem is used to investigate the stability analysis of the proposed approach.
The simulation result of two practical systems (i) Van der Pol oscillator circuit, and (ii)

Genesio-Tesi chaotic system demostrated the effectiveness of the proposed method.
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