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ABSTRACT In this paper, we concerned to achieve an asymptotic stabilization of a generalized nonlinear
system with significant uncertainties by rendering a relatively lesser amount of control. Here, a combined
control consist of Hands-Off control and an adaptive sliding mode control is allowed to adjust the movement
of the system state to the interior of [/, K L] sector and compensate the unknown disturbance, respectively.
The adaptation methodology consists of a low-pass filter to filter-out the high-frequency component and
searches for minimum possible value to cancel the effect of the unknown disturbance throughout the
dynamical system. Finally, a design example is shown with the simulation results for [/C, KCL] sector design.

INDEX TERMS [/, K L] sector, Hands-Off control, adaptive sliding mode control.

I. INTRODUCTION
Consider a nonlinear-affine system represented by a differen-
tial equation (1) as

¢ =F( 9 1))+ G, 9(&, D)y

y = h©) (1)
where F(¢, (¢, t)) and G(¢, ¢(¢, t)) are unknown bounded
nonlinearities with system state { € D C R" and ¢(¢, t) is
an unknown exogenous/model uncertainty. The control input
is piecewise continuous and bounded function of ¢, V > 0
for nonlinear system described as v € V C R" (m < n)
and system output is y : R" — RP. The most important
objective of control theory is to provide a control to obtain
a stable nonlinear system, despite of uncertainties. To design
such a control law, it is suitable to transfer the system (1) to
the normal form (Byrnes-Isodori) [1] as

n = fo(n,x,d(x,1))

X =f(x)+ g +dx, 1) @)
where f : R" — R"and g : R" — R" are smooth
functions. The system (2), 7 = fo(n, x, d(x, t)), represents the
zero-solution of the system and d(x, #) shows the uncertain-
ties that may be vanishing/non-vanishing. For nonvanishing
uncertainty, a continuous memoryless controller is not able
to stabilize the nonlinear system, but Input-to-State Stability
(ISS) [2] with respect to uncertainties d(x, t) can be achieved.
However, a control algorithm based on advance controllers
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such as sliding mode control (SMC) [3], [4], model predic-
tive control (MPC) [5], [6], repetitive control [7], [8], active
disturbance rejection control [9], [10] and so on to have the
capability to fully alleviate the unknown exogenous/model
uncertainty and stabilizes the nonlinear system. The above
discussed controllers require the information of full states to
achieve the desired tracking/regulation. The major disadvan-
tage of all these controllers are that the use of superfluous
control effort because of control action to remain online,
even after reaching the stable/good region. Therefore, some
type of switching controller is designed such that control
action remains active only till the stabilization is ensured and
subsequently reaches to zero.

For d(x,t) = 0, consider a fresh nominal system
% = f(x) which is classified as being defined on good region.
Therefore, the remaining unforced function of system (2)
ie,x =f(x) —f(x) is categorized as lying in the unstable/bad
region. This peculiar strategy for partitioning the system
is done within the framework of Matrosov’s theorem [11].
The boundary to decide the separation between two regions
is named as a sector which allows the good region to be
inside the sector while the bad region to be outside. Here,
the requirement of the control action is to bring the system
states into a good region which are initially lying in the
bad region. Subsequently, the control action is turned-off
for further convergence to achieve equilibrium point. This
control algorithm is termed as Lazy or Hands-Off control [12]
whose basic nature resembles a switching control followed by
an ON-OFF (relay) logic.
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Based on the characteristics of Matrosov’s theorem [11],
the design for sector formation is firstly done in [13] by decid-
ing the boundary of a sector with the derivative of Lyapunov
function for the linear system. Further, the detailed analysis
for stabilization of continuous and discrete-time system is
done with the design of linear sector and a switching control
based on ON-OFF (relay) logic [14]. Furthermore, based on
a state-dependent time-varying system, a nonlinear sector is
designed such that the asymptotic stability is ensured with
the help of various nonlinear controls in [16]. Here, a for-
ward integration is done for solving a differential Ricatti
equation (DRE) while designing the sector. Here in [17],
a nonlinear inverted pendulum is illustrated for the design
of nonlinear sector to show the stabilization with the lim-
ited amount of control. However, all the above discussed
methodologies for designing a sector involves the Ricatti
equation, which can be replaced by the introduction of a
control-Lyapunov function. As the idea of control-Lyapunov
function is well established in the literature [20] and [21]
and the choice of smooth and positive-definite Lyapunov
function implies the system to have asymptotic stabilizability.
Nevertheless, there is no standard procedure for construction
of a Lyapunov function for generalized nonlinear system
and can be intuitively exhibited by trial and error method to
compute a basin of attractive region by Zubov’s method [15].
In order to refine the study of generalized nonlinear system
for stability analysis, we allow the Lyapunov function to be
generated by class oo function and the convergence nature
is satisfied with KCL— stability property. These functions
are commonly named as comparison functions [18], [19].
Recently, a new nonlinear sector [22] is designed in perspec-
tive of comparison function with a Hands-Off control to avoid
the superfluous control effort. This elegant sector is termed
as [/C, L] sector and it smoothly achieves the stabilization
property for a disturbance-free system.

However, in a prototypical system with significant uncer-
tainties (2), the sliding mode control [3] is a popular strategy
due to its finite-time convergence and insensitive nature. But
this convergence comes at the cost of numerical chattering.
To compensate these chattering, one often the higher-order
sliding mode control techniques by artificially increasing the
relative degree and capable of providing continuous control
signals. These higher-order sliding mode controllers involve
the nested-structures of the signum functions [23], [24] and
these signum functions are pre-multiplied with some constant
gain magnitudes. But, even by increasing the relative degree
cannot totally eliminate the numerical chattering. So an alter-
native approach is often allows by an idea of adaptation
law in sliding mode control [25]-[29] for designing the sys-
tem exhibiting the dynamic properties by utilization of cur-
rent information. As the chattering amplitude is proportional
to the magnitude of control, the gain magnitude can be
adjusted to a minimum admissible value for sliding mode
to exist.

Majorly, the adaptation law under sliding mode may be
discussed by two ways:
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o The adjustment of gain magnitude withing reaching
phase and terminates afterward [25], [26].

o The estimation of equivalent control obtained by a
first-order low-pass filter and the adaptation exists
throughout the process [27]-[29].

A. MOTIVATION AND MAIN CONTRIBUTION

The motivation of this paper is to form a nonlinear sector
in the case of exogenous/model uncertainty such that the
concept of a nonlinear sector for nominal case is extended
to a perturbed one. The design of nonlinear sector is done in
the framework of comparison function to deal with the depen-
dency of time so as to achieve asymptotic stability. In [/C, ICL]
sector [22], a switching control based on ON-OFF logic is
procured to drag the system states to the interior of the
sector and becomes off-line for further movement towards
equilibrium point. The adaptation law based on sliding mode
control [27], [28] is designed to reject the exogenous/model
uncertainties and adjust the chattering amplitude to circum-
vent the high-frequency switching. So far, the design of
[KC, KL] sector is never done for a perturbed nonlinear sys-
tem. Therefore, the Hands-Off control is combined with the
adaptive sliding mode control to obtain the advantage of
both controls in a single algorithm and according to the best
of author’s knowledge, such an algorithm is never used in
literature. This combined algorithm allows the asymptotic
stabilizability in case of nonlinear system subjected to exoge-
nous/model uncertainty.

Il. PROBLEM FORMULATION
In this paper, a nonlinear system is generalized in the form of
an input-affine dynamical system

£ = f((0) + g (WD) + @, x)  3)

where x(t) € R" and w(f) € R refers to state and control
vectors respectively, f, g : X — R is Lebesgue measurable
and locally uniformly bounded in closed set X C R” where
|X|| denotes the sup{||x|| : x € X}, and d(z, x(¢)) is the
uncertainty which involves matched exogenous and model
disturbances.

Assumption 1: The uncertainty d(x,t) is bounded as
d(x, t) < D, where D is the upper bound of exogenous/model
uncertainty.

Assumption 2: The rate of change of uncertainty d(x, t) is
bounded as |d (x,1)] < A, where A is a known bounded for
the time derivative of uncertainty.

Let, the stability of the closed-loop system (3) is examined
with an existing Lyapunov theory as described in [30]. Here,
Lyapunov-like storage function V : X — R" to be contin-
uously differentiable on the domain X C R” containing the
origin is defined for class C and KL function over the region
[0, o0) and provided in the corollary given below.

Corollary 1 [31]: For the nonlinear system (3), let X C
R” be closed and bounded set that contains origin. Let V :
X — R" is bounded between Lipschitz class /C function
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i.e., ay, ay € K such that

ar(lx]) < V(x) < aa(llx|), Vxe X )
V(x) < —as(llxl) o)

where &3 is Lipschitz class K function on X, choose r > 0

such that B, = {x € R"| |x|| < r} C X and let
c= ”nﬁin V(x) with ¢ > 0 and x(#) is a solution to (3) which
x||=r

is bounded and satisfies

Vx)— 0 ast— oo. (6)

lll. REVIEW OF [/C, L] SECTOR

The design of [KC, KL] sector is summarized in this section
for the disturbance-free nonlinear system. The detailed analy-
sis for sector design is discussed in [22]. The idea of [/C, L]
sector is based on suggested methods of Furuta and Pan [14],
Young and Ozgiiner [32].

The [/C, KL] sector for a nonlinear system (3) is defined
as a subset of n-dimensional space where a Lyapunov-like
storage function (4) decreases automatically to attain asymp-
totic stability. The partition of nonlinear system is done within
the framework of Matrosov’s theorem [11]. The preceeding
inequality (5) for some states x € R" is classified as defined
on good region. While the contrast in (5) i.e., V > —as(|Ix])
for remaining states x € R” is categorized as lying in
bad region. Henceforth, the good region is pretend to be as
[IC, KCL] sector.

Definition 1: The [KC, L] sector g is a subset of R” for
disturbance-free nonlinear system is defined as

= {x] 0*(x) < £%(x), Vx € R"} 7

where the invariant surface o(x) is used to determine the
boundaries of [/C, L] sector and &(x) as a square root for
the derivative of Lyapunov-like storage function for without
and with control action are respectively represented as

ox)=8, S:R"—>R )
() = ves(lx) — asdllxl ©)
where @3 and a3 are Lipschitz class K and class K functions

respectively.

For the nonlinear system, a [IC, L] sector is designed with
the concept of control-Lyapunov function [20]. The solution
of nonlinear system (3) should be lies inside the [, L]
sector, then the derivative of Lyapunov-like storage function
should be negative and system states will converge to the
origin asymptotically and determined as

. aVv
V) = ——f(x) = 02 (x) — £2(x) — &3 (x|
Vx € p (10)

IA

—az([lxID).

However, if the system states lie outside the [/, K L] sector,
then we need some external force to change the inequality
relation for the derivative of Lyapunov-like storage function.
So that, the system state approaches to the interior of [/C, ICL]
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sector and further converges to the origin asymptotically is
written as

. A% aV
Vx) = a—f(X) + —8g@upe < —az(|lx]) (11)
X 0x

In order to procure the invariant surface o(x), we need to
calculate the instant where an unstable system is transformed
to a stable system be reformulating the above equation (11)
in such a manner as

. aVv aVv
Vix) = Ef(x) < — o7 8®une —es(lixlly - (12)

Here, the control action is replaced with some dummy

L T
control-Lyapunov function ie., s = —}T (%—L/g(x))
then (12) can be able to render a constructive choice of
invariant surface o(x) in the aftergoing inequality.

IA

) Vv 19V T
Vx) ——g(X)<———g(X)) —as([x])

19V 19V T
(——g( )) <——g(X)) —az(llx]) (13)

2 dx

With this explanation, the design of the invariant surface on
the basis of Lyapunov analysis is discussed in below Lemma.

Lemma 1: Consider the [/IC,KL] sector (7) for any
disturbance-free nonlinear system (3) such that a3(]|x]||) —
asz(lx]) = pas(||lx]]) with strictly positive constant p(0 <
p < 1), then [IC, K L] sector defined in (7) can be redesign as

p = {x| o) <&x) Vx eR"} (14)
where
10V
o(x) = ——g(X) (15)

§(x) = \/az(IIXII) —a3(llx|) = (,00l3(ll)6|l))2 (16)
Proof 1: For state vectors to occur inside the [/C, L]
sector, the inequality (13) follows

) 19V 19V T
Vx) < (——g( )) <——g( )) —a3(|lx|)

20

10V 19V T
= (Ea_g( )) <——g(x)>
—a3(llx|) + &3(llx 1) — a3(llx])
0> (x) — £2(x) — a3(lIx|)
—az(lx[), Vx € gp.

IA

Therefore, the simplified form of [/C, L] sector is defined.
Remark 1: For the design of [K, L] sector g (7),
the selection of various functional are as follows

1) Define a Lyapunov-like storage function for nonlinear
system.

2) Select a choice of class Ko function (a3 € Kso) to
decide the rate of convergence for the derivative of
Lyapunov-like storage function.

3) The class K function @3 and class K, function a3 used
in Definition 1 to satisfy the relation as follow
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£2(x) = paz(x[)) and &3(l|x]) = (1 — p)az(|lx[)
where p is a positive functional (0 < p < 1)
The [/C, L] sector acknowledged in the above discus-
sion, suggest the division of state-space with the idea of
Matrosov’s results. As the inequality |o(x)| < &(x) reported
in Theorem 1, the system state appeared to be inside of
[KC, KLL] sector and converges toward the origin. While the
external force is only needed if system state lies outside the
[KC, L] sector. Thus, a switching controller is designed to
circumvent the superfluous control effort.
Lemma 2: The Hands-Off control for disturbance-free
nonlinear system (3) is designed as

S 1738
u=—X(Q(X),§(X))<£g(X)> (af(X)JrKQ(X)) (17)

with the switching logic x(o(x), £(x)) depend on o(x) and
&(x) and designed as

1 h R”
x(g<x>,s(x>>=[ whenx € Rf\p

0 whenx e p

which enable the movement of system state to the interior
of [IC, KL] sector and decreasing of Lyapunov-like storage
function at every time instant ¢ > 7y to achieve a globally
asymptotically stable results for sufficiently large positive
constant K that satisfies the inequality.

3S T 38
2K/>Ol3(||)6||)+<—a f(X)> o(x)+o" (—f(X)> >0 (18)
X 0x

where K holds the restriction that controller gain is large
enough to show the condition that K > (%g(x)) /2.

Proof 2: One can initially assume that the state vectors
to lie outside the [/C, L] sector and follows the constraints
lo(x)| > &(x). Therefore, the control signal is turned on with
a switch x (o(x), £(x)) to be 1, such that

. av aV
Vx) = () + =g
0% (x) — £2(x) — &a(llx|)) — 20(x)

0S -1 /758
><|: (a—gm) (—f(x) 4 K@<x)) ]
X 0x
3S -
_ (2 (8—g(x>> K- 1) %) — £2(x)
X

S —1as .
—20(x) (ag(X)) af()é) —as(]lx|D)

IA

A

0S -1 9S
- (a—gm) (zKpa3<||x||> + 0" (X)—f ()
X 0x

aS T .
+ (—a f(x)> Q(X)> — az(llx])
X

In order to assume K to be sufficiently large to satisfy the
inequality (18), then
V < —a(lxl). vxeR"\p. (19)
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Once the state vectors enter inside the [/C, KL] sector,
the inequality constraint is modified to |o(x)] < &(x) and
control signal is turned off with a switch x (o(x), £(x)) tobe 0,
such that

. 8‘/ 2 2 ~
Vix) = af(x) =07 (x) —&7(x) — az(|lx])
Vx € p (20)

IA

—as(llxD,

Therefore, the energy of the overall system keeps decreasing
and the below inequality,

V(x) < —as(lx]), Vx eR” 1)

is asymptotically stable for disturbance-free nonlinear
system.

IV. ROBUST CONTROLLER DESIGN FOR [/C, CL] SECTOR
For the prototypical nonlinear-affine system with exoge-
nous/model uncertainty as represented in (3), a combined
control strategy is obtained to achieve asymptotic stabil-
ity with relatively lesser amount of control to circumvent
superfluous control effort. The combined control consists
of Hands-Off control to render an ON-OFF logic to drag
the system state to inside the sector and adaptive sliding
mode control for compensation of unknown disturbance. The
detailed discussion for robust control is written as follow.

Consider the dynamics of the system (3) at the boundary
of the sector p(x) = %%—Zg(x) = &. Then, the first order
equation of invariant function is represented as

aS
o(x) = T (f (o) + g)w(t) + d(x, 1)) (22)

For ensuring the sliding motion at the boundary of the sector,
the condition o " (x)o(x) < 0 should be satisfied. Therefore,
the combined control consists of a Hands-Off control [22] to
define the convergence rate for the system trajectories outside
the [/C, L] sector and an adaptive sliding mode control to
alleviate the unknown disturbance with minimum admissible
value of gain magnitude and the need to design such a control
is justified below in Theorem 1 such that

-1
w(t) = — (gg(xg (Ef(X) + KQ(X))
dx ox
— (k(t) +n) sgn(o(x))  (23)

where 1 is some small positive constant and k(¢) is a guided
control magnitude which satisfied the adaptation law with
condition k(¢) > |d(x, t)|. While the parameters depending
on Hands-Off control is discussed in previous Section.

On substituting the control law (23) in (22), the dynamics
of invariant function o(x) becomes

. )
o) = - (8—g<x)> (k) +m sene)
X

—d(x.1) —Ko(x) (24

On reaching at the boundary of the [/C, L] sector, o(x) = 0,
It should be confined that the derivative of invariant function
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i.e., 0(x) = 0 gives

0S
0= — <§g(x)> ((k(r) + n) sgn(e(x)) —d(x, 1)) (25)
that leads to

(k@) + ) sgn(@(0)))leg = —d(x, 1) = veg (26)

This shows that the unknown uncertainty is exactly
cancelled-out during the sliding motion i.e., [ve(t)] =
|d(x, t)|. Although, a close approximation of the discontin-
uous function sgn(o(x)) at high frequency switching was
conceived to obtain a low pass filter which can filter-out
the high frequency component. Thus, the estimated value of
equivalent control v, (t) satisfies

TVeg(t) + Veq(1) = —(k(2) + m)sgn(o(x)) 27

where small time constant T > 0 and the output of the filter
Veq(t) is relatively close to the actual control i.e.,

”Veq(t) — VgDl < €0

where € is any positive number and a condition |[o(x) < A]is
obtained in [33] such that a constant § (0 < § < €p) provided
0 <7 < §and % < § to define the filter bandwidth %
It should be noted that error in the estimation of equivalent
control ¢ - 0as 7 — Oand% — 0.

Furthermore, the bandwidth of filter helps to decide an
appropriate level of accuracy for the estimated value of equiv-
alent v,4(7). Here, the estimated value is used to design the
adaptive scheme for k(). We introduce a safety margin € to
maintain the sliding motion and controller gain should be

I _
k(t) > —|veql + € (28)
B
where scalar constant 0 < 8 < 1 and € > 0 are chosen to
ensure the estimated control v, satisfies
1
B

Therefore, the error variable §(¢) as

_ €
Veq()] + 5 > Ve (29)

1
8(t) = k(1) — E|‘_}eq| —€ (30)

When adaptive gain exactly matches the control design
ie, 8(r) = 0, then k(1) = %|veq| + e > | =
|d(x, t)|. Thus, the controller gain k(¢) is sufficiently large for
enforcing sliding motion and forcing the error variable §(¢) to
converge toward zero (6(¢) — 0).

The error variable §(¢) in (29) for exact estimation of
equivalent control is described as

. . 1
(1) = k(1) — Eqﬁ(t) (3D

where ¢(t) = % [Veq(?)| and considered as the rate of .change
of exogenous/model uncertainty for |p(t)] < gqld(x,1)|,
where ¢ > 1 is the safety margin to ensure the inequality
(30) even for the worst case analysis. Then the controller
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gain can be exploited in the adaptation scheme is explicitly
described as

k(t) = =T (t)sgn(8(1)) (32)

where the time varying parameter Y'(¢) allows the condition
that Y(¢) > 94 (o ensure the convergence of error variable
to sufficiently close to zero. This adaptive scheme helps
the sectored nonlinear system to achieve asymptotic stability
with relatively lesser amount of control action.

Theorem 1: For the nonlinear-affine system subjected to
exogenous/model uncertainty (3) satisfying |d(x,)] < D
and |d(x, 1)| < A where D and A are finite quantities repre-
senting the maximum bound for uncertainty and its derivative
respectively. Then the feedback law (23), under the objective
to ensure the decrease in Lyapunov-like storage function to
achieve an asymptotically stable results is given as

w(t) = u(t) + v(t) (33)

where the Hands-Off control u(t) allows a switching logic
x(e(x), £(x)) on o(x) and &(x) as defined in (17). The
[K, KL] sector g (14) is designed in Lemma 2 with £2(x) =
paz(llx])) and a3(llx[) = (1 — p)az(llx]) for any Class Koo
function a1, oz, a3 and Class K function @3 along with some
positive functional p (0 < p < 1) to obtain a good region
for disturbance-free system. While, the adaptive sliding mode
control v(¢) in (26) forces 8(¢) = 0 in finite-time and conse-
quently compensates an exogenous/model uncertainty with
adaptation gain as small as possible to maintain the sliding
motion. Then, the control design for inner and outer side of
[KC, KKL] sector (14) are respectively defined as

ui(t) = —(k(r) + n)sgn(e(x)) Vx € p (34

3S ~1 /a8
uy(t) = — (8—5'()6)) <—f(X) + KQ(X))
X 0x
— (k(t) + n)sgn(o(x)) Vx e R"\p (35

where K is sufficiently large positive constant and an adaptive
scalar function k(¢) satisfy the following inequalities as

9S T 0S
2Kpaa(||x||)+(a—f(x)) o) +o" (—f<x>)>o (36)
X ox

1
k(1) = = |Veq| + € > |d(t, x)| (37)

Proof 3: Consider the Lyapunov-like storage function in
case of adaptation law is as V(x, §) which shows its depen-
dency on system state x(¢) and error variable §(¢). The sim-
plified form for the adaptive-scheme in Lyapunov function is
written as

82
V(x,8)=Vx)+ ) (38)

The [/C, KL] sector for the nominal system (3) can be
designed by the use of control-Lyapunov function as shown
in (13). Thus, it the initial state is assumed to be lied outside
the [/C, K L] sector g, a control algorithm u,(¢) is mentioned
to move the system state to the interior of the sector. There-
fore, the derivative for square of invariant function o?(x) for
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inequality condition o2(x) > £2(x) and control law uo(¢) (35)
is represented as

4 2(x) = 20(x)o(x)
dtQ x) = 20(x)ox
S
= 20(x) (5(1‘()6) + g(x)(up +d(x, t))))

S
= 20(x) (a—x(f(X) + g(x)d(x, t)))

0S 0S -1 /a8
- 2.9()6)55'()6) <Eg(X)> (Ef (x)

oS
+ Kg(x)) — 2(k(t) + 1) (agm) lo(x)|
0S
= 20(1)—g()d(x, 1) - 2K 0% (x)

S
— 2(k(1) + ) a—g(X) lo(x)]
X
By assuming the adaptive gain k(¢) > |d(x, t)|, we get

d , 2

Q7)< “2KQ(v), (39)
for all x € R™"\gp and x(o(x),&(x)) = 1. This implies
that the value of 02(x) decreases and system state moves to
the interior of [/C, L] sector in finite-time depending on
the selection of constant K to sufficiently large and control
input u;(¢) (34) inside the [/C, ICL] sector is as

ui(t) = —(k(r) + n)sgn(e(x)) (40)

to compensate the effect of exogenous/model uncertainty,
while convergence of system state toward equilibrium point.

With the movement of system state from outside to the inte-
rior of [/C, kL] sector with combined control algorithm (35),
the Lyapunov-like storage function decreases according to
Lemma 1 with £2(x) = pas(|lx[) and &3([x[) = (1 — p)
a3(]|x|) for any Class s function o, oo, @3 and Class IC
function &3. Due to the adaptation nature of the designed con-
trol, the derivative of simplified Lyapunov function based on
adaptive scheme (30) for the closed-loop system is written as

V(x,8) = V(x)+ 88
v v
= a_f (x) + —g(x)w(t) + d(x, 1))
X ox

. 1d _
+4 <k(t)_ EEI‘Q(]') 41)
One can show the stability analysis with constraints to be

outside of [/C, L] sector i.e. |o(x)] > &(x) and a switch
x(@(x), £(x)) to be 1, such that

V = 0%(x) — £2(x) 4 20(x)(uo(r) + d(t, x))
. 1
— &(|xl) + 8 (k(t) - Eqm)) 42)

where o(x) = %%g(x).
We supplant the derivative of square of invariant function

Qz(x) as given in (39) and the value of ic(t) in (32) in above
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equation as

) S 14

V = 0*(x) — &2 (x) — as(llxI) + (a_g(")) —0*(x)
X dt

5 (28 -1 S sl Ls
- (a—xg(X)> o(x) <a—xf(X)>— ] I—E ¢

IA

2 2 - as R
0"(x) = §°(x) —a3(IIXI|)—2(ag(X)> Ko”(x)

5 8S -1 aS s 1 5
- (ag(x)> o(x) <§f(x))— ] l_El o]

35S ! ) > X
_ z(a_xg(x)) K —1) 0% — £2(0) — as(llxl)

39S ! S 1
2 (5‘?@) o(x) (Ef(x)> = Y®)|8| - EI5||¢>|

Now substituting 0%(x) > &2(x) and |¢| < gA in the above
equation

V<=2 (Eg(x)>
0x

1
d
KQ2(X)_&3(||X||>_W>|5|+_qﬂl 18]

S -1 S
i (a—g(x>> 0(x) (—f(x))
X 0x

If K is sufficiently large to satisfy the inequality (36) and
Y(t) > % then

V < —as(lxl),  Vx € R"\p and x(o(x), §(x)) =1 (43)

After being entered to the interior of [/C, L] sector,
the Hands-Off control is gone to be offline and only adap-
tive sliding mode control is active to compensate the exoge-
nous/model uncertainty. The constraints on the interior of
[KC, KL] sector is modified as |o(x)] < &(x) and a
switch x(o(x), £(x)) is set to be zero. The derivative of
Lyapunov-like storage function for an adaptive scheme is
given as,

V = 0%(x) — £2(x) + 20(x)(wi(t) + d(t, x))
. 1
—&(lIxID + 8 (k(r) - Bcﬁ(t)) (44)

The adaptive term occurs in the Lyapunov function is calcu-
lated to be negative in the above discussion (43), then

V < 0’(0) — E2(0) — &a(llx])
+20(x)(—(k(2) + m)sgn(o(x)) + d(z, x))  (45)
With the inequality |o(x)| < &(x) and k(¢) > |d(x, )|, we get
V < —&(lxl), Vx e pand x(o(x). E(x) =0  (46)

Therefore, as the system state remains inside the [/C, L]
sector, the control will set at off position and if its state
reaches at the boundary of [/C, ICL] sector, then the control
becomes active and forced to move the system state to inside
of [IC, KL] sector. In this process, the energy of the system
keeps decreasing and the following inequality holds:

V() < —as(Ixl), Vx eR" (47)
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Thus, the nonlinear system (3) is asymptotically stable about
an equilibrium point.

V. DESIGN EXAMPLE
Consider a first-order input-affine nonlinear differential
equation as

%= —05x + x> +w) +d(x, 1) (48)

where the control signal w(t) is the combination of two
mutually independent controllers. The first controller allows
the convergence of the solution towards the origin for
disturbance-free nonlinear system. However, the second con-
troller act as a disturbance observer to remove the unknown
uncertainty. For simplicity in the simulations, the unknown
uncertainty is chosen as d(x,t) = 0.1 4 sin(3¢). However
the disturbance |d(x,¢)] < D = 1.1 and the bound for
rate of change of disturbance d(x,t) is to be ld(x, )| <
A = 3. The design parameters for adaptation law follows
n = 0.05 8 = 099, ¢ = 0.01 and ¢ = 1.1. The time
constant of the low-pass filter is t = 0.01. The initial value
of design example is 5.0. However, initially the adaptive
gain and an estimation of equivalent control is suggested as
4 and 3 respectively. Furthermore, the fixed gain for Hands-
Off control is considered to be K = 0.8 and the variable gain
based on adaptation law is able to track the variation in the
disturbance with inequality k(¢) > |d(x, t)| such that the error
variable is transposed towards zero.

As there is no proper approach to select an appropriate
Lyapunov function, so one can intuitively select a smooth
Lyapunov function which consists of system state and an error
variable is shown as V = x2 + §2. However, the derivative of
Lyapunov-like storage function is directed to a stable/good
region with combined control algorithm for a case of per-
turbed system and afterward, only adaptive sliding mode
control remains active for further movement of system state
towards the origin.

Hands-Off+SMC
CLF+SMC
Hands-Off+ASMC -
CLF+ASMC

0 1 2 3 4 5 6 7 8 9 10
Time(Seconds)

FIGURE 1. Evolution of system state.

For the design example, the convergence of the solution
towards the origin is depicted in Fig. 1 for various con-
trollers. In this, a Hands-Off and a control-Lyapunov function
are allowed to define the convergence rate. While the slid-
ing mode control and adaptive sliding mode are considered
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Hands-Off control
control-Lyapunov Function

A
<)

Control Input
o]
o

Time(Seconds)

(a)

ASMC

Control Input
o

o0 1 2 3 4 5 6 7 8 9 10
Time(Seconds)

(b)

Hands-Off+SMC
CLF+SMC
Hands-Off+ASMC
CLF+ASMC

Control Input

0 1 2 3 4 5 6 7 8 9 10
Time(Seconds)

(©)

FIGURE 2. Simulation results. (a) Evolution of nominal control (u(t)).
(b) Evolution of disturbance rejection controls (v(t)). (c) Evolution of
combination of overall controls (w(t)).

as a disturbance observer to attenuate the unknown exoge-
nous/model uncertainty. Thus, the state vector for combined
controls are overlapped to one another. Here, the control
action involved in shifting the system state to the interior
of [IC, L] sector by an involvement of switching mech-
anism depends on the values of nonlinear functions o(x)
and £(x) such that the Hands-Off control show its presence
only at the constraint condition o(x) > £&(x). However,
a control-Lyapunov function as discussed in [20], mono-
tonically decreases toward the origin as time progresses to
obtain asymptotic stability. Thus, both these controllers for
disturbance-free nonlinear system is shown in Fig. 2(a).
While the sliding mode control and the adaptive sliding mode
control for attenuation of unknown disturbance are depicted
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FIGURE 3. Evolution of time-varying adaptive magnitude k(t).

in Fig 2(b) respectively for fixed gain and for adjustable
gain to a minimum value to control the magnitude of numer-
ical chattering. Finally, the response of all four combina-
tions for above nominal controllers and disturbance observers
are shown in Fig. 2(c). Moreover, the absolute tracking of
unknown disturbance to extract a minimum admissible value
of gain magnitude is depicted in Fig. 3.

VI. CONCLUDING REMARKS

This paper shows an elegant and succinct design of [KC, ICL]
sector by decomposition of n” dimensional space based on
results of the derivative of Lyapunov function. The study of
a nonlinear system is done in perspective of the comparison
function. Here, the control algorithm is designed such that the
minimum support is provided to the nonlinear system holding
significant uncertainties to achieve asymptotic stability. Thus,
the design of a Hands-Off control allows the system state
to move to the interior of [/C, L] sector while the adap-
tive sliding mode obtains a low-pass filter to filter out the
high frequency and cancel the effect of unknown disturbance
throughout the system.
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