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Abstract

®
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We study the population dynamics in a two-atom setup in which each atom is driven independently
by different light fields, but coupling the same Rydberg state. In particular, we look at how an
offset in the Rabi frequencies between two atoms affects the dynamics. We find novel features
such as amplifying the Rabi frequency of one atom, together with strong Rydberg-Rydberg
interactions freezes the dynamics in the second atom. We analyze this Rydberg-biased freezing
phenomenon in detail, with effective Hamiltonians obtained for various limits of the system
parameters. In the absence of Rabi-offset, the doubly excited state population exhibits a Lorentzian
profile as a function of interaction, whereas for very small offsets it shows splitting and thus peaks.
Using an effective Hamiltonian, as well as the perturbation theory in the weak interaction limit, we
show that the peak arises from a competition between Rabi-offset and Rydberg-Rydberg
interactions when both are sufficiently small, together with the Rydberg blockade at large
interactions. The effective Hamiltonians provide us with analytical results for long time dynamics,
which are in an excellent agreement with exact numerical solutions. Also, we analyze the growth
and the dynamics of quantum correlations such as entanglement entropy/quantum discord for the
coherent dynamics. Finally, we extend our studies to the dissipative case in which the spontaneous
emission from the Rydberg state is taken into account and in particular, we look at how the Rabi-
offset modifies the purity and quantum discord in the steady states. We conclude that the local
manipulation of an atom by introducing a Rabi-offset can be a useful tool to control the quantum
correlations and in general, the quantum states of the composite two-qubit systems.

Keywords: Rydberg atoms, coherent quantum control, Rydberg blockade

(Some figures may appear in colour only in the online journal)

1. Introduction

Rydberg excited atoms have emerged as a great platform to
test and study various quantum phenomena [1-4], due to the
multifaceted nature in engineering their properties using
external fields. In particular, the strong Rydberg—Rydberg
interactions [5] lead to a well-known phenomenon called the
Rydberg or dipole blockade [6-8] and is a crucial mechanism
for applications from quantum many-body physics [9-17] to
quantum information protocols [1, 18-21].

3 Author to whom any correspondence should be addressed.
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A typical Rydberg setup has been modeled as a gas of
interacting two-level atoms (qubits), with interactions of either
dipolar or van der Waals type. The minimal setup constitutes of
either two atoms or two excitations and has been a usual scenario
in many of the Rydberg-based experimental studies
[5, 7, 8, 19, 20, 22-30]. On an equivalent note, the atom-based
technologies have progressed in such a way that it is possible to
probe and manipulate at a single particle level [17, 31, 32].
Recently, involving Rydberg excitations, single atom addressing
has been used to quantify the imperfections in Rabi oscillations
[33], proposed to engineer phonon modes in ion crystals [34, 35],
to achieve controlled local operations to manipulate two atom

© 2019 IOP Publishing Ltd  Printed in the UK
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Figure 1. (a) Schematic picture of two atoms trapped using microtraps with a separation of R. Each of the atoms is assumed to be driven
independently by different laser fields, but they couple the ground state |g) to the same Rydberg state |r). I is the decay rate from the Rydberg

state |r). (b) shows the level scheme for two atoms and the corresponding laser parameters associated with each state including the Rabi
couplings. The two primary trajectories by which the state |rr) is populated from |gg), via |gr) and |rg) are shown by curved arrows.

quantum states [24], controlling resonant dipole—dipole interac-
tion between Rydberg atoms [3], as well as freezing spin exci-
tation dynamics [27] and controlled quantum gates [30, 36].
On the other side, to characterize quantum correlations in
composite systems is a nontrivial and important task for
developing scalable quantum technologies. In particular,
entanglement entropy and quantum discord have gained a
vital importance because of their applications in condensed
matter physics, especially in characterizing various quantum
phases [37—44], including topologically ordered ones [42,
45-47] and spin liquids [48, 49]. While entanglement entropy
measures the entanglement between two subsystems [50, 51]
in pure states, discord is treated as a more general non-clas-
sical correlation, may possess a nonzero value even for
separable mixed states [52, 53] and is highly relevant for
deterministic quantum computation with a single qubit [44,
54-56]. Associated to entanglement entropy in pure states, an
alternate measure for entanglement in mixed states is the
entanglement of formation [50]. So far, using ultracold atomic
setups, only the dynamics of entanglement (Rényi) entropy
have been measured in quantum quench experiments [57, 58].
In this paper, motivated by the above developments on
single particle control and manipulation, we study a minimal
setup of two two-level Rydberg atoms driven continuously and
independently by two distinct laser fields. In particular, we look
at the effect of an offset in Rabi frequencies between the fields on
the population dynamics, in the presence of Rydberg—Rydberg
interactions. Interestingly, the population dynamics reveal quali-
tatively novel features. An interesting scenario emerges when
amplifying the Rabi coupling in one atom freezes the dynamics
in the second atom, in the presence of strong atom-—atom inter-
actions. This phenomenon we term as Rydberg-biased freezing,
and is well captured by the effective Hamiltonians at different
limits of system parameters. Without the Rabi-offset, the time-
averaged doubly excited state population exhibits a Lorentzian
profile as a function of interaction strength. Whereas for small
offset, the Lorentzian profile gets deformed, showing a non-
monotonous behaviour with peaks at small interaction strengths.
Anew, obtaining an effective Hamiltonian, as well as using the
second order perturbation theory, we show that the peak arises

from a competition between the Rabi-offset and the Rydberg—
Rydberg interaction when both are sufficiently small, together
with Rydberg blockade at large interactions. The striking quality
of the effective Hamiltonians obtained is that we can attain
analytical solutions for long-time dynamics for the various limits.
Further, we analyze the growth and temporal evolution of
quantum correlations such as the entanglement entropy or the
quantum discord for the coherent dynamics. While entanglement
entropy serves as a good measure for quantum correlations only
in pure states, the quantum discord is used for both pure and
mixed states. The correlation dynamics also reveals the compe-
tition between the inter-atomic interactions and Rabi-offset when
both are sufficiently small. We extend our studies to the dis-
sipative case in which the spontaneous emission from the Ryd-
berg state is taken into account and in particular, we look at the
effect of Rabi-offset on the purity and quantum discord in the
steady states [59, 60]. Finally, we demonstrate and conclude that
the Rabi-offset can constitute an easy tool to control quantum
correlations between the composite two-qubit systems.

The paper is structured as follows. In section 2 we discuss
the schematic setup, the model Hamiltonian, the master equation
and define the quantum correlations that we analyze. In section 3
we study the coherent dynamics of the system as a function of
Rabi-offset and interaction strength. In section 4 we obtain
effective Hamiltonians describing the long-time dynamics in
various limits of the system parameters. In section 5 we study
the dynamics of quantum correlations such as entanglement
entropy/quantum discord for the coherent dynamics discussed
in section 3. Finally, in section 6 we consider the spontaneous
emission from the Rydberg state and look at the dynamics and
steady-state quantum correlations. In the appendix, we provide
details on the perturbation theory calculations in the weak-
interaction limit as well as the analytical results for the steady
state density matrices and purity for the system and subsystems.

2. Setup, model and quantum correlations

We consider two two-level atoms or qubits, each of them
being strongly confined in two independent micro traps (see
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figure 1(a)), and are driven by distinct laser fields with Rabi
frequencies €2; and detunings A,, coupling the electronic
ground state |g) to a Rydberg state |r). Let Vo = Ce/R® pro-
vides us with the strength of the van der Waals interaction
between the two Rydberg excited atoms. In the frozen gas
limit [61, 62], ignoring the motional dynamics of the atoms,
the internal state dynamics of the setup is governed by the
Hamiltonian (h = 1):

2 2
> NG+ Z
i=1 i=

where &, = |a)(b| with a, b € {r, g}, 6, = G5 + G
Introducing Ay =A, Ay=A+6, Q=0 and Q, =
Q4+ w with w>0, we rewrite the Hamiltonian in
equation (1) as,

ﬁ:—AZ

In the absence of Rabi couplings (2 = w = 0), the eigenstates
of the Hamiltonian in equation (2) are |gg), |rg), lgr) and |rr)
with eigenvalues E,, =0, E,=-A, E,=-A-0
and E,. = —2A — 6 + V. The coherent dynamics of the
system is obtained by numerically solving the Schrodinger
equation: i8/8t|w(t)> = I-?W(t)) and we use the two-atom
basis {|gg), lgr), [rg), |rr)}. Throughout we take [¢) (+ = 0)) =
|gg) and assume both the fields are at resonance (6 = A = 0)
with |g) — |r) transition and we focus on how the Rabi-offset w
affects the population dynamics. With the above assumptions,
the Hamiltonian reduces to

Q l 2
N ; Opr a'rr’ 1
3 (D

32 0%+ Vody, oy, — 667, + 207 (2)

ai o Wao Al 22
2i:1 x+2x+vorrrr‘ (3)
The level scheme of our two-atom setup with laser parameters is
shown in figure 1(b) and the two primary trajectories by which
the state |rr) is populated from |gg), via|gr) and |rg) are shown
by curved arrows. When w vanishes, the system is identical to
the scenario in which both the atoms are driven by a global field.
In that case, for sufficiently large Vy (>(2) starting from |gg), the
system undergoes coherent Rabi oscillations between |gg) and
|[+) = (lgr) + |rg))/~/2 with an enhanced Rabi frequency of
V2 Q. These dynamics are attributed to the Rydberg blockade. A
non zero w breaks the symmetry between the two atoms and
hence, the state |+ ) lost its significance in the dynamics.
Apart from the state dynamics, we also look at how the
quantum correlations develop and evolve in our setup in
particular, the entanglement entropy or the quantum discord.
Since the initial state |gg) is not an eigenstate of the Hamil-
tonian given in equation (3), our scenario is identical to that of
a quantum quench problem in which the Rabi frequencies are
instantaneously quenched from zero to a finite value at t = 0.
Let us label the first atom as subsystem A and the strongly
driven second atom as subsystem B. The entanglement
entropy of the subsystems are Sy = —Tr(p, log, p,) and
Sp = —Tr(pglog, pg) where p, (pp) is the reduced density
matrix for A (B), which is obtained by the partial trace of the
total density matrix, p = |¢(¢)) (¢ (¢)|. The partial trace over
p leaves the subsystems A and B in a classical mixture of pure

. 0.5
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Figure 2. Density plot for time average populations: (a) 15gg, (b) B,,
(c) P, and (d) B, as a function of V,/$ and w/Q for A = § = 0 and
[t = 0)) = |gg) at 7 = 5000. For large values of V,/$2 and w/Q
both B, and B, are negligible, leading to the phenomenon of

Rydberg-biased freezing. Also (b) reveals us that the blockade
condition is weakly affected by the Rabi-offset w.

quantum states. In terms of the eigenvalues () of p,, we have
Sy = —Ziz:l Ailog, \;, and for a pure state 4 = Sp.

To define the quantum discord, we briefly sketch the
mutual information in the classical information theory. The
classical mutual information between two subsystems A and B
is defined as Z = Hy + Hy — Hyp where H, (Hp) is the
Shannon entropy of the subsystem A (B), and H,p is the joint
entropy of A and B. An equivalent expression for mutual
information is J = Hp — Hpja, Where Hp4 is the conditional
entropy, the information needed to describe B when A is
known. Though, in the classical theory 7 = [J, in the
quantum version, in which the Shannon entropy is replaced
by the von Neumann entropy, a discrepancy between Z and
J exists, which is quantified by the quantum discord.

In the quantum theory, we have Z = Sy + S — Sap and
J(B : A) = Sp — Spja, where Sup = —Tr(p log, p) is the von
Neumann entropy for the state p, and Sy = 0 for a pure state.
Given a complete set of von Neuman projective measure-
ments {fIlA} on the subsystem A with probabilities {p‘}, the
conditional entropy of the subsystem B is Sgja = >, p'Spyi»
where Spj; is the von Neumann entropy for the reduced

density operator p, = Try[(IT, ® I) ﬁAB(ﬁZ ® Ip)f/p' with
Pt = Trygl(ITy, @ Tp)py ({1, © I and T is the identity
operator. It has been shown that the total classical correlation
can be obtained as J(B: A) = max (i1 [(Ss — >.p'Spyil [52].
The maximization (max ) is camed across all the possible

orthonormal measurement bases {H A} of subsystem A.
Similarly one can obtain J(A: B) where the measurements
are being carried out on subsystem B. Finally, the quantum
discord is defined on both ways by swapping A and B as,

DA :B) =7T— J(A:B), 4)
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Figure 3. (a) The population dynamics at V,/Q = 10 and w/Q2 = 5. (b) The time average populations as a function of w/S for Vo = 259,
6 = 0 and Q7 = 5000. Since V,, > €, the numerical results (solid points) are in excellent agreement with the analytic results (solid lines)

given in equations (10)—(12).

and
DB:A) =T — J@B:A). (5)

Note that the quantum conditional entropy depends on the
choice of the observables being measured on the other sub-
system, and this results in a discrepancy between Z and
J(B : A) or J(A : B), which is quantified as the quantum dis-
cord. For a bipartite pure state |¢(¢)) the quantum discord
coincides with the entanglement entropy, ie., D(A: B) =

Once the spontaneous emission from the Rydberg state is
taken into account, the dissipative dynamics and the steady
state correlations are analyzed using the master equation for
the two-particle density matrix p,

ap = —ilH, pl + LIp), 6)
with the Lindblad operator given by

PRI

~ A A AT 1 At AL ~
LIp1 =22 GG = 232G Gp + G ) (7

where the operator, éi =JT 6;8 with T as the spontaneous
decay rate of the Rydberg state |r). At the steady state,
0,p = 0 and the dissipative mechanism drives the system
eventually into a mixed state even though the system is
initially prepared in a pure state. Note that, for a mixed state,
the discord is no longer the same as the entanglement entropy
and, infact, S4 5 has been ruled out from being a good mea-
sure of quantum correlations or entanglement since it fails to
distinguish between classical and quantum correlations
[50, 64, 65], whereas the quantum discord remains a good
measure. For a mixed state in general, D(A: B) = D(B : A)
since the conditional entropy is not symmetric for all states
[38]. The exception is, i.e. D(A : B) = D(B : A) when the
states are symmetric under the exchange of A and B.

3. State population dynamics
Here, we analyze the effect of Rabi-offset w on the Rydberg

excitation dynamics, in particular, how it affects the Rydberg
blockade. We look at the time averaged populations (see

figures 2 and 3): Py = 1/7 [[" Pp(t)dt with o, B € {r, g} of
the states {|a3)}, as a function of w and Vj,. For w = 0 and
sufficiently large V,/€2, the interaction induced level shift in
|rr) state results in the well-known Rydberg blockade with
average populations approaching P, — 0.5, B, — 0, P, —
0.5, where P, = P,, + P,,. For w < Q, we have B, ~ P,
independently of V. When w is significantly large, the results
shown in figure 2 reveal interesting features. The first thing to
notice from figure 2(b) is that the blockade condition is
merely affected by w for sufficiently large w. This is under-
stood as follows: as w becomes large, the second atom is
driven strongly compared to the first one, and that results in
the augmentation of P,, at the cost of P,,. Hence, to attain
blockade the Rydberg—Rydberg interactions just have to
dominate the Rabi coupling of the weakly driven atom, i.e.,
Vo > €, leaving the blockade condition almost independent
of w, which becomes more apparent in section 4. It also
implies that the blockade dynamics do not necessarily always
result in the generation of the symmetric entangled state |+)
as in the case for w = 0. Summing up, we have an interesting
scenario: for sufficiently large w/Q) and V/<Q, the dynamics
of the first atom nearly freezes and the system exhibits
coherent Rabi oscillations between |gg) and |gr) with P, = 0
and P,, ~ 0 as shown in figures 3. Note that the freezing of
the first atom emerges as a combined effect of both the
Rydberg blockade from large interactions and the strong
driving in the second atom, and we term this as Rydberg-
biased freezing.

To gain more insights into the population dynamics, in
figure 4 we show explicitly the average populations as a
function of V; /Q for different values of w/2. When V, = 0,
the two atom states are simply the product of single-atom

Qt Q4+ w)t
states and we have P, (1) = 005270052 =5 B ()=

2 Q. 2 (2 +w)t o 2 (2 +w)it o
cos” — sin" ——, B4 (t) = sin — COs” —— and P, (t) =

sin? % sin? m%)t for the initial state |[1)(t = 0)) = |gg). The

corresponding time average values are P, = B, = 0.375,
B, =P,=0.125 for w=0 and Py=PF, =P, =P, =
0.25 for w = 0. The effect of a nonzero w on the time average
populations at V; = 0 has an influence as well as when
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Figure 4. The time average populations: (a) B, (b) B,, (¢) B, and (d) B, as a function of V,/Q for different w/€, with A = § = 0,
[¢(r = 0)) = |gg) and Q7 = 5000. For very small values of w/<Q, the populations £, B, and F,, depend non-monotonously on |Vg|.

W = 0, and qualitatively noticeable especially, at small w and
Vo as seen in figure 4.

As previously mentioned, when w = 0 and V; = 0 , the
population is transferred from |gg) to |rr) state via the
entangled state |4), thus preserving the exchange symmetry
between the two atoms at any instant, and P, decreases
monotonously with increasing |Vp| whereas F,, and Py
increases and saturates to 0.5 at large |Vj|. As soon as w = 0,
the symmetry is broken, resulting in B, = P, and as expec-
ted, B, gets larger with larger w for any V; = 0. As seen in
figure 4(b) (also in figure 2(b)), for small values of w, B,
exhibits a non-monotonous behaviour as a function of |Vy|.
For w = 0, we get a single Lorentzian profile of B, centered
at Vo = 0. However, for small values of w, the single Lor-
entzian undergoes a partial splitting, exhibiting two peaks at
+Vy around V= 0. This arises from the competition
between the terms associated with V;, and w in equation (3) for
small values of V and w. This is also evident from the plots
of B, P,, and B, shown in figure 4. Focusing on B,
(figure 2(b)), for very small w such that _g, ~ P,g, increasing
| Vo from zero suppresses the effect of the offset w, leading to
the recovery of P, to the value obtained for w = 0. Once |V
dominates, B, starts to decrease as expected from the block-
ade effect. As a result, the peaks separation (2V{') increases
with increasing w until it reaches a value for w such that V,
can no longer nullify the effect of w, see figure 5(a). At that
point, there is a substantial difference between the magnitudes
of Pg, and P, and V§ decreases with further increase in w,
reaches zero. Thus, when w becomes greater than a particular

value, the population B, becomes a Lorentzian function of Vj,.
The peak separation follows, V{’ o« +/w for small values of w.
The width of the Lorentzian v,, as a function of w is shown in
figure 5(b). The shaded region for small w in figure 5(b)
indicates the existence of a double-peak structure, and v,,
saturates to a constant value at large values of w. The latter
also indicates that the blockade condition is not affected by w
at large values of w, as we have discussed above. In section 4,
using an effective Hamiltonian obtained in the limit {w,
Vo} < Q, we explain the initial increment of B, in V, at small
w and also the same is done in appendix A using the second-
order perturbation theory obtained in the weak interaction
limit. Alternatively, one could also think, the peaks in B, vs
Vo emerge as a consequence of quantum interference since
both w and V, introduce additional phase shifts in the
amplitudes of quantum paths populating the state |rr). Note
that the emergent splitting of B, in the V, axis has a resem-
blance to the Autler-Townes effect, but here using two par-
ticle states and also consequently the antiblockade effect [66].

4. Effective Hamiltonians

At this point, we obtain the effective Hamiltonians
describing the long-time behaviour of our setup in different
limits. First we consider the limit of V, > {(), w} and we
introduce the unitary transformation, U = exp(iVy6.621) to

the Hamiltonian in equation (3). The new Hamiltonian,



J. Phys. B: At. Mol. Opt. Phys. 52 (2019) 184001

V Srivastava et al

302 -1 0 1 2 3

Vo /2

02 03 04 05 06
w/Q

0 0.1

of (a).
= UAU" + i@d0/dn 0" is

R 9 )
H' = E[Igg> (grl + lgg) (rgl + e ™ (lgr) (rr|
+ |rg) (rr]) + H.c.]

+ §<|gg> (gr + Irg) (rrle~™" + H.c.) ®)

In the second step, we obtain a period average Hamiltonian,
Ay = (1/T) f H'(t)dt, with time period T = 27/V,
whrch provides us with

(W+Q)&1 "2

ge0x T

QA1A2

N
- SO0

H €))
The second step is identical to removing the fast oscillations
emerging from large V,. Even after integrating out the
interaction dependent terms, still the effective Hamiltonian

H (ﬁf) cannot be written as a sum of two single particle terms,

(4
indicating the existence of quantum correlations between the
two atoms, which we quantify later. The first term in
equation (9) leaves the first atom in the ground state while
driving the second atom with a Rabi coupling w + €2, and is
vice versa for the second term but with a Rabi coupling
for the first atom. The two terms, being the correlated Rabi
couplings [67], are also identical to the density assisted
interband tunneling for atoms in optical lattices [68]. When
w > (Q, the second term in equation (9) is merely a per-

turbation to the first term, leading to the scenario of Ryd—

berg-biased freezing. In the effective Hamiltonian H( MO

equation (9), we see that the basis gets truncated to
{lgg), lgr), |rg)}. This happens because, in the large Vj
limit, the |rr) state only gets minimally populated due to
Rydberg blockade. By using the effective Hamiltonian in the
Schrédinger equation, we can explicitly obtain the time-
dependent populations as,

Py (1) = cos? (3t (10)

2
P(1) = (QZZ‘*’] sin? Bt

(11)

6
w/Q

Figure 5. (a) The half of the peak separation VL in B, (see inset) as a function of w/Q. The dashed line is the analytical result given by
equation (27) obtained for small w. (b) shows the Lorentzian width (v,,) of B, as a function of w/Q. The width is obtained at the half-
maximum of B, distribution in V,/€2. The shaded region for small w indicates the existence of double peak structure in B, shown in the inset

(12)

QY.
Py(1) = (ﬁ) sin? 3t,

where 32 = [(Q + w)® + Q%]/4. Note that, at t=0,
U(0) = Z, the identity operator that leaves the initial state
unchanged is also same for the different transformations we
consider below. The time average populations become

By=1/2,B, = [(Q +w)/28P/2 and B, = (Q/25)2/2.
From equations (11) and (12) we can see that for w < (2, we
have Pg, = P,g, which is consistent with numerical results
shown in figure 2. For w > Q we have P, (t) ~ sin? 3t with
B ~ w/2, indicating the Rabi oscillations between the states
|gg) and |gr) with a Rabi frequency approximately w. We
compare these results with the numerical solutions obtained
by solving the full Hamiltonian in equation (3),and is found
to be in an excellent agreement when Vj > Q (see
figure 3(b)).

Now we derive the effective Hamiltonian in the limit
w > {Q, Vy} by doing a similar procedure as above. For that
we introduce a local unitary operator U = exp(iwd'=>1/2)
acting only on the second atom, which gives us the new
Hamiltonian

1 4+ coswt | .o
- A~ Y%

coswt .1 .
=23 ot Lol +

s1nth1 2
Opr vy

13)

and then averaging over a time period of T = 27/w, we get

Z

(w) Vo 5

(14)

The effective Hamiltonian H ofF ) can be written as a sum of two
single particle Hamiltonians, with an effective detuning V,/2
for the first atom. Note that, in the new rotating frame, the
Rabi coupling of the second atom is reduced to €2. From I:Ie(];)
it is clear that, for V;, > €, the first atom is merely excited
resulting in the Rydberg-biased freezing and also indicates
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that the two atom correlations get suppressed in the large w
limit (see section 5).

Finally, we consider the limit {VO, w} < 2, and intro-
ducing the unitary operator U = ¢/2 @+ we obtain,

A = %[(COS Ot — 1)?|gg) (gg| + (cos Qt + 1)?|rr) (rr]

+ sin? Q¢ ((1gr) (grl + |rg) (rgl) + (Igr> (rgl + Hc))
+ (cos?Qr — 1)(|gg) (rr] + H.c.)] + 50 52

n [”’ﬁ#a — cos Q1) (lgg) (grl + lgg) (rgh + H-C-]
- [—WO S;n 21+ cos Qu)(gr) (vl + Irg) () + HC]

15)

Then, the effective Hamiltonian after averaging over
T = 27/%, in the basis {|gg), |gr), |rg), [rr)}:

3V /8 w/2 0 —Vp/8

o | w2 V/8 Vo/8 0 16)
T 0 V/8 Vo/8 w/2 |
~V%/8 0 w/2 3V,/8

and together with the basis vectors transformations
isin Qr
2

A Qt .,
Ulgg) = 00527|g8> + (Igr) + Irg)) — sm27|rr>

A isin ¢ Qt .,
Ulgr) = 5 (Igg) + Irr)) + cos27|g”> - Sln27|rg>
N isin Q¢ ., Qt Qt
Ulrg) = 5 (Igg) + Irr)) — 81n2—lgr> + COSZ—Irg>
Ulrr>=—sin2%lgg> fsin t(lgr>+|rg>)+cos 7Irr>

a7)

we can estimate the time average populations at small w and
Vo. For instance, when V; = w = 0 and with the initial state
in the rotating frame, |z (r = 0)) = Ul (r = 0)) = |gg), the
time average populations can be estimated directly from
Ulgg), which gives us P, = B, = 0375 and B, = B, =
0.125, as expected. But, when either w = 0 or Vj = 0, we
need to first use the Hamiltonian evolution of I—AI:;). Taking
Vo = 0 and w = 0, in the rotating frame, the initial |gg) state
undergoes coherent Rabi oscillations with |gr) according to I-Ale( Q),
ie., [¢Yr(1)) = cos %t|gg> — isin %’|gr>. Then, the population
in |rr) state is obtained by projecting |t (¢)) along U|rr). The
latter provides us with the same result discussed in section 3.
Now, we take w = 0 and V, = 0, but V, < Q. The A, ﬁc ) results

in [Yr()) = [cos W \gg) + isin —|rr>:|exp(—l3V0t/8) and

then projecting onto the rotated basis states given in
equations (17), we get for w = 0 and V,, < €2
Q VR
Py (1) = cos* 2 o2 0L + sin? Tt sin? Yot (18)
1 . 2
Py (t) = Pg(t) = Zsm Qt (19)

2 @. (20)

P,.(t) = cos ? sin + sin* 4 $u —Cos
These results are in excellent agreement with the numerical
results obtained by solving the Schrodinger equation using the
Hamiltonian in equation (3) when V,, < (2 is satisfied. For both
w and Vj are non zero but very small compared to €), it is clear
from the effective Hamiltonian in equation (16) that a competi-
tion between V; and w exists in coupling the state |gg) to other
states, as we have already discussed in section 3. With the initial

|gg) state, the unitary evolution of H e(é}) results in

[Wr(t)) = e~ ™1/4 x [%(n(cos wt/2 + cosnt/4)
n
— iVpsinnt/4)|gg)

- 4L(n2 sinnt/4 + 2wy sinwt/2 — VZsinnt/4)|gr)
wip

+ “L(n2 sinnt/4 — 2wnsinwt/2 — Vg sinnt/4)|rg)
wri

— L(77(cos7)t/4 — coswt/2) — iVysin 77t/4)|rr)],
21 @1

and then projecting to the rotated basis states given in
equations (17) we get for {V,, w} < Q

2 2
f)gg(t) p— l(cos w + cOS n_t) + & Sin2 n_t
4 2 4) Tty
(22)
2
P (t) = —s nw L Yein (23)
2 2 n o
2
Py(t) = [ L sin @ 2D gt (24)
2 2 0o
2 2
Br(l‘) — _( M CcOS n_t) -+ V_O lnzn_t (25)
4 2 4) T ap

where ) = \/V§ + 4w?. The time average values become
Pe =By = 1/4 + V2 /812,

ng =

and B, = B, = 1/8 + w?/(2n?). When w = 0, we retrieve the
old results. For w = 0, B, is an increasing function of V{, which
explains why P, increases initially with |V;| at small values of w.
The saturation point V{; shown in figure 5(a) for small w can be
obtained by equating the B, given in equation (26) to the Lor-
entzian profile, f(V,/Q) = 3Q2/8[0? + (Vy/14,)?], obtained
for B, with w = 0, in which v, is obtained by fitting to the exact
numerical results. Doing so, we get

Ve = \/g\/w(Zw + y4w? + 302.0%),

which is shown as a dashed line in figure 5(a). A comparison of
time average populations from exact numerics, perturbation
theory (appendix A) and using the effective Hamiltonian is
shown in figure 6 for small values of w/Q2 and V;,/<2, and they
are in good agreement with each other.

(26)

27)
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Figure 6. Comparison of results from three different methods: exact numerical solution (solid lines), perturbation theory (dotted-dashed lines)
for weak interactions and using the effective Hamiltonian ﬁe(; ) (dashed line) for w/Q = 0.1. (a) is for the time average populations Py, and B,

and (b) is for P, and B,.
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Figure 7. (a)—(e) The time evolution of the entanglement entropy S,(¢) obtained from the reduced density matrix of the first atom for different
w/Q and V,/Q corresponding to the coherent dynamics discussed in section 3. In this case S, is same as the discord D. The values of w/Q
and V,/Q are indicated in the left and top sides respectively.
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Figure 8. (a) The maximum of S,(¢) as a function of w/Q and V,/Q corresponding to the coherent dynamics discussed in section 3. The
lower cutoff of V,/Q = 0.5 in the vertical axis is because for smaller values, the time taken to attain maximum S,(t) becomes extremely
large. (b) The dynamics of Sy(¢) when the Rabi-offset w is varied in time with o = 0.1€2 (see text), Vo/Q = 10 and wpa /2 = 4. When w
reaches the maximum, S,(¢) is significantly suppressed, and is retrieved back to the initial dynamics once w is brought back to zero. (c) shows
the overlap of |¢)(¢)) on the states |gg) and |+) for the dynamics shown in (b).

5. Quantum correlations: entanglement entropy

In this section, we analyze the growth and subsequent evol-
ution of the entanglement entropy S, for the coherent
dynamics discussed in section 3. Att = 0, we have §4(0) = 0
since the initial state |gg) is a separable state. Figure 7 shows
Su(t) for different values of V/€2 and w/2 and, is an oscil-
lating function of time. Each row of four plots is for a fixed
w/€ and different V;)/€2, and vice versa for the columns. For
Vo = 0, there is no correlation (S, = 0) between the atoms.
When w =0 and for any interaction strengths (|Vp| = 0),
Sa(t) oscillates between 0 and its maximum possible value of
log,2 = 1. The larger the value of V|, the maximum corre-
lation is attained between shorter intervals of time. For suf-
ficiently large Vp, Sq(f) exhibits clean periodic oscillation
between 0 and 1, indicating a complete blockade in which the
system exhibits coherent Rabi oscillations between the
separable |gg) state and a maximally entangled |+) state.
Making w = 0 significantly changes the growth and dynam-
ics of the quantum correlations depending on the value of V.
Not only does w slow down the correlation growth but also
lowers the maximum correlation that can be attained. When
both w and Vj, are very large compared to €2, the correlations
are very well suppressed due to the Rydberg-biased freezing
(see figure 7). For sufficiently small V), increasing w slowed
down the growth of S(¢) but did not affect the maximum
value of S, attained over time (see along the first column in
figure 7 and also figure 8(a) in which the maximum of S,(¢) is
shown). It indicates that w effectively reduces the effect of
interaction strengths between the two atoms for small V,, or in

other words, a competition between V, and w exists, as we
pointed out earlier in sections 3 and 4. The maximum value of
Su(1) as a function of V;,/Q and w/<2 is shown in figure 8(a).
We introduced a lower cutoff for V, in the vertical axis in
figure 8(a) since the time taken to attain the maximum cor-
relation becomes extremely large for such small values of V
with large w.

The above results opens up the possibility that the
quantum correlations between the two atoms can be easily
controlled by means of the Rabi-offset. To demonstrate that,
we consider a time-dependent w (see figure 8(b)) as follows:

0, O0<ar<n/2
cos*(at), w/2<at<m
w(t) /Wmax = 1, < at <21 (28)

cos2(at), 27 < at < 57/2
0, S7/2 < afr <37

where o determines the rate at which w is varied. We take
sufficiently large V, such that the two-atom setup is in the
fully blockade region, thus Sy(¢) exhibits periodic oscillation
between 0 and 1 in the absence of any Rabi-offset. Starting
from the initial state |gg), first we slowly ramp w(f) t0 Wax-
The w(f) suppresses the population in |rg) and consequently in
|+) state (see figure 8(c)). The latter results in a significant
loss of quantum correlations between the atoms. As we
reduce w(f) back to zero, the correlations are again built up in
the system and completely retrieve its maximum value of 1 as
w vanishes. In the example shown in figures 8(b) and (c), the
value of « is taken such that not only the correlations are
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Figure 9. The steady state populations: (a) pge, (b) oy (€) pgr and
(d) pye as a function of w/Q and V,/Q with I'/Q = 0.1.

rebuilt, but also the initial blockade dynamics is retrieved
completely. The latter is verified by calculating the overlap
functions  [(X|¢(#))|> where |X) € {|gg), |+)}, see
figure 8(c).

6. Dissipative dynamics: steady states and quantum
discord

At this point, we discuss the effect of spontaneous emission
from the Rydberg state |r) on the dynamics as well as the
steady-state quantum discord by solving the master equation
in equation (6). Since the dissipation drives the system into a
mixed state, entanglement entropy is no longer a good mea-
sure for quantum correlations [50, 64, 65], and we restrict
ourselves to quantum discords. As stated before, for a mixed
state, D(A: B) may not be always equal to D(B:A)
(figure 11). In our two atoms setup with an initial state
Peg = L, D(A : B) = D(B : A) only when w = 0, due to the
exchange symmetry between the atoms. Since the initial state
is a product state, we have vanishing discords at ¢t = 0. In
addition to discord, more insights into the steady states can be
attained from the purity of the system and the subsystems
(figures 10(a)—(c)). The quantity Tr (ﬁjB) measures the purity
of the total system, and Tr(p;) [Tr(p;)] measures that of the
subsystem A [B]. As we see below, we have D(B : A) >
D(A : B) since the purity of p, remains larger than pj at any
1nstant.

The steady state populations pge, g Prg, and p,, as a
function of w/2 and V,/Q? with I'/2 = 0.1 is shown in
figure 9. Two features are directly evident from figure 9(b): (i)
the doubly excited state (p,,) is completely suppressed at large
Vo due to the blockade, and (ii) for sufficiently large w the
blockade criteria is independent of w similar to that in the case
of coherent dynamics. In the blockade regime with very small
(w< ) we have pg, ~ 0.5 and p,, =~ p,e ~ 0.25 at the
steady state. At sufficiently large values of V; and w, both p,,

10

(figure 9(b)) and p,, (figure 9(d)) approaches zero and the
populations are shared among p,, (figure 9(a)) and p,,
(figure 9(c)), which is consistent with the results in the
coherent case and thus Rydberg-biased freezing is robust
against dissipation.

For small values of V;(<2), independent of the value of
w, at the steady state the total system [Tr (p;,) ~ 0.25] as well
as the subsystems [Tr(f)j) ~ 0.5 and Tr(,ﬁ;) ~ (.5] are
completely mixed with no quantum correlations between the
subsystems; see figure 11 for the corresponding discords.
Thus, the steady state of the system is a product state, p g =
pa ® pp and consequently Tr(p;,) = Tr(p;) x Tr(p;). In
otherwords, for sufficiently small Vj, the correlations that
initially build up in the system from the interaction between
the subsystems have been washed out eventually by the
dissipation.

As Vj increases Tr (p; ) increases and saturates to a value
of 0.5 in the blockade region. Interestingly, the latter happens
independent of the value of w (figure 10(c)), but a complete
picture is accessible only through Tr (pﬁ) and Tr (pé). For
instance, the purity as a function of w/) in the blockade
region (Vo/2 = 10) is shown in figure 10(d). Though
Tr (pi ») ~ 0.5 is independent of w at large Vo, the purity of
the subsystems depends strongly on w/{2 as shown in
figures 10(a)—(b). The purity in the strongly driven atom
(subsystem B) decreases as a function of w/) and becomes
maximally mixed at sufficiently large values, whereas that of
the first atom (subsystem A) increases with w and eventually
becomes a pure state at very large values of w/(2. Thus, the
total system is in a product state for large V|, and w, and the
purity of the system becomes Tr (f)jB) =Tr (,?)i) X Tr (f);) as
shown in figure 10(d).

Concerning the quantum discord, when Vj, increases, for
sufficiently small w, the correlations survive in the steady
state as shown in figure 11, and their magnitude increases
with an increase in Vj,, and eventually saturates to a constant
value (I'-dependent) at large values of Vy( ~ 1092). The
strong correlations at large V|, for small w is attributed to the
Rydberg blockade [60]. The maximum quantum discord
possessed by the system at large V;, decreases with an increase
in the rabi-offset w as shown in figure 10(d), similar as in the
case of the coherent dynamics discussed in section 5.

Since, Rydberg-biased freezing is one of the main fea-
tures in our studies, we explicitly discuss the dissipative
dynamics in that regime, see figure 12. In figure 12(a), we
show the time evolution of the populations [p,s(f) with «,
G € {g r}lforw/Q =Vy,/Q =5and T'/Q = 0.1. At shorter
times we see the damped Rabi oscillations between the states
|gg) and |gr) (inset of figure 12(a)) whereas the states |rg) and
|rr) are almost suppressed. Eventually, the system reaches the
steady state with almost equal populations between |gg) and
|gr). Figure 12(b) shows the corresponding dynamics of both
the quantum discord and the purity as a function of time. Note
that Tr(ﬁj) remains close to unity during the dissipative
evolution with small fluctuations initially, and becomes
steady at unity as the system converges to the steady state.
This makes sense, because the first atom remains frozen in the
ground state due to the Rydberg-biased freezing and thus, in a
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Figure 10. The steady state purity of the subsystems (a) A and (b) B, and (c) the full system (AB) as a function of w/2 and V,/. (d) shows
the purity and the quantum discords as a function of w/2 for V;,/Q2 = 10 (blockade region). I'/Q = 0.1 for all figures. In (d) the solid lines
are the analytical results given in appendix B and points are from the full numerical calculations for the steady state purity. Dashed lines show
the quantum discords. The open squares show Tr ([)j) x Tr ([)é) which matches to Tr (f)j ) at large w.
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Figure 11. The steady state quantum discords (a) D(B : A) and (b) D(A : B) as a function of w/§2 and V/$2 for I'/Q2 = 0.1. For w = 0 we
have D(B : A) = D(A : B). For w = 0, the correlations maximally saturate at large V,, due to blockade, and they start to diminish as w
increases. Discords vanish in the Rydberg-biased freezing regime where the system is described by a product state.

pure state. Whereas, for the second atom (subsystem B),
Tr (ﬁ;) decreases and eventually converges to 1/2 indicating
that it is in a completely mixed state, i.e. a mixture of |g) and
|r) with equal populations. As a consequence, the density
matrix of the whole system is not completely mixed and
Tr ([)ZB) converges to 1/2. The dynamics of discord shown in
figure 12(b) is as expected, in the initial period of time the
correlations build up in the system due to large interactions,
but exhibiting non-periodic oscillations, and eventually
converge to a small value due to the Rydberg-biased freezing,
as the system approaches steady state.

Note that we also obtained the analytical results for
steady state density matrices, the purity of the system and

11

subsystems, see appendix B, and are in excellent agreement
with the exact numerical calculations. The comparison is
made in figure 10.

7. Conclusions

In conclusion, we studied the dynamics and the quantum
correlations in a minimal setup of two two-level Rydberg
atoms driven continuously and independently by two distinct
laser fields. In particular, we analyzed the effect of an offset in
Rabi frequencies between the coupling fields on the Rydberg
excitation dynamics, in the presence of Rydberg—Rydberg



J. Phys. B: At. Mol. Opt. Phys. 52 (2019) 184001

V Srivastava et al

(a) — (b) lr*\ T ,\.., T
os| \ N\ A AN NN A | S Tr(pip)
R URTRYRVAVRTRTRVAY Y AB
[V RN 0814 | TI'( 2)
04| \ [ ‘/ Wi 1 A
() 02 /I \\'/ \\/ \ \V "\_\“ Tl'( B )
=t 06— LN O VERENE B 0.6 My
= Wy | t Yo,
= '"lﬂllﬂlnl'I ' il i AR r00001 e
a I I“u‘.”v‘l l" A pq(] 0.4}
o I L D(B - 4)
(=W " . pg r — ( 4
_____ Prgi 02 D(A: B)
e 01T J Mﬂ\N;\MHM i
2030 40 5(5 0 % 10 20 30 40 30 60

Ot

30
2t

Figure 12. (a) The populations versus time for w/Q = V,/Q = 5 and I'/Q2 = 0.1. The inset shows the same for the initial period of time.
(b) shows the time evolution of both the quantum discords, and the purity of the total system and subsystems, for the dynamics shown in (a).

interactions. Interestingly, we identified novel features in the
system: amplifying the driving in one atom freezes the
dynamics in the second atom, in the blockade regime. In
addition to the Rydberg-biased freezing effect, a non-mono-
tonous behaviour of doubly excited state population as a
function interaction strength for small Rabi-offsets is
observed. The effective Hamiltonians obtained via unitary
transformations at various limits of system parameters pro-
vide us with analytical solutions for the dynamics. They are
found to be in excellent agreement with the complete num-
erical calculations. The quantum discords for both the
coherent and dissipative dynamics are studied. We also
demonstrate that the quantum correlations can be controlled
using a time-dependent Rabi-offset. Our studies open up a
new possibility to engineer quantum states or correlations in a
Rydberg atom setup or in any coupled two-level system. As
an outlook, the immediate questions would be to extend the
studies to more than two atoms, and also at different
geometries.
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Appendix A. Perturbation theory in the weak
interaction limit

We write the Hamiltonian in equation (3) as H = He + I:IV
where He = (/)22 _ 61 + (w/2)82 and Hy = V,6,.52.
Treating Hy as a perturbation, we obtain the perturbative
corrections to the eigenvectors and eigenvalues of Hc using
non-degenerate perturbation theory, which demands that
w = 0. The eigenvalues of the unperturbed Hamiltonian Hc

12

and the eigenvectors in the basis {|gg), |gr), |rg), |rr)}:

1
—29Q + w) o 1l—1
gl =T T = — Al
! 5 i (A1)
| 1
11
11

EY =%, g A2
2= 5 [¥2) 51 1 (A2)

I ]

1

—w 1

E==2 wd=—|1! (A3)

) -1

1

1

20 + w 0 11
E) = o = = A4
4 > [¥y) 511 (A4)

1

The first-order correction to all the eigenvalues is simply
= (UV|H,|TY) = Vj,/4, and we get the second-order cor-
rections as:

2
E2 = _12 20 + w)? + QAU + w) - (AS5)
16Q2(Q2 + w)(2Q2 4+ w)
E22 — fVZ M fE32. (A.6)
16Qw (2 + w)
The first-order correction to the eigenstates is obtained by
(UAHYIED)
U)) =3 —5——- ¥, (A7)
= E —Ej
which then gives us
—1 —1 1
n_ —V/8 [ -1 _ W/8| 1 Vo/8 |1
) = == A - e
Q+wl1 Q [-1] e+ w]l
1 1 1
(A.8)

Thus, we have up to the first-order correction in Vj, the first
eigenvector:
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) = 7)) + |¥)) =

[ 1w Vo Vo i
4(Q+w + Q 2(]+w)+1
o v )y

1] 4\0+w Q 204w
L S
4 Q+w Q 20+ w
1 Vo Vo W
4(S2+w Q 2Q+w)+ 1_
(A9)

Similarly, the remaining eigenvectors are obtained as

[T2) = [93) + )

[Ws) = |B9) + [P3) =

[Wy) = [U9) + W) =

N =

1
4
1=
2(_
1
_4
1
4
1|
2%(
1
_4

(

(

Then, writing the general time-dependent solution as:

|U(1)) = Ae Ert|W)) + Be B2 Wy)

-+ CeiiE3t|\I/3> =+ DeiiE4t|\I/4>,

with E; = E? + E! + E? and |¥(t = 0)) = |gg). Using the
initial condition and solving a set of coupled linear equations

- By
sz‘fu + % - %) -1
(Qvfw +2 4 %) +1
R
(A.10)
%Jr% Q‘fw)i |
‘s/(z) - % SZ:/Sw) +1
(% + % Q‘fw) -1
% N % N Q‘-/Ew) +1
(AL
-+
_mviw - % + Q‘fw) +1
_mviw % o Q‘fw) +1
il R e Rl
(A.12)
(A.13)

we get the expressions for the co-efficients:

A

_20@ + w2 + )

A

+ 16Vow? Q2 (Q + w)?
X (W2 4 3w + 302) + 4VZQ(Q 4+ w)(2Q + w)
X (w* 4 4w3Q + 5% 4 2w + QY

+ V3 = 3Q5(Q + w) + 303(Q + w)?
=300 + w)’ + (2 + w)9)]

[64w*B(Q + w)3(2Q + w)
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Figure A1. The time average population in |rr) state obtained using
the perturbation theory (solid lines) in the weak interaction limit and
the exact numerical solution (dotted lines) as a function of V|, for
different w. The initial increment of B, in V,/2 for small w/<2,
discussed in section 3, is well captured by the second-order
perturbation theory.

20w + w)

B [64w3(Q + w)3(2Q + w)?

+ 16V 2 (Q + w)2(2Q + w)?

X (W2 4 wQ 4+ Q) + 4VZwQ(Q + w)

X (W + 43 + 5w2Q? + 2003 + OY)

+ V3(Q0 + 30%(Q + w) — 303(Q + w)?

+ 32 + w)’ + (Q + w)9)]

2Quw (2 + w)
S e—

+ 16522 (Q + w)?(2Q + w)?

X (W? + wQ 4+ Q) — 4V5wQQ + w)

X (w* 4 4w3Q + 5w202 4+ 2w + QY

+ V5 (0 + 30%(Q + w) — 303%(Q + w)?

+ 32 + w)° + (2 + w)®)]
200 + w2 4+ w)
B A

x (2Q + w) — 16Vyw?Q3(Q) + w)?

x (W2 + 3w + 30%) + 4V + w22 + w)

X (w* + 430 + 5wE2 + 2w + QY

+ V5 (=0 + 305(Q + w) — 3B3(Q + w)?

+ 32 + w)’ — (Q 4+ W),
where A = 256w2Q4(Q 4+ w)*(2Q + w)? + 32VFQX(Q + w)?
@+ @ + wH+ T@ + (@ + W + 2 + W),
From above expressions it is straightforward to obtain P, (%),

and finally we have the time average population in the |rr)
state as

c [—64wQ3(Q + w)32Q + w)?

D [64w>Q3(Q + w)?

B, = Af*(w, Q) + B’ (w, Q)

+ C%%(w, ) + D} (w, Q) (A.14)
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where the functions

1 V| Q2+ w? + Q0+ w)

)= 40 Al
el ) =2 8[ A2+ 022 + w) ] (A-15)
1 Wl QQ + w) — W?

)=t | == = | A.16
81w, 8 2 8[ Qw( + w) ] (A10)

The perturbation theory results comparing that of exact
numerical solutions are shown in figure Al.

Appendix B. Analytical results for the steady state
density matrices and purity of the system and
subsystems

On solving p(#) = 0, the steady state density matrix of the
system is obtained as:

1
pap = —LOGA? + P + (2 + 0
R

+ @2+ )T + (2 + w)?)lgg) (g8l
F(VE + T2 4+ O(Q + w)lgr) (gr] + Q2(V3 + T2
HQ + wD)rg) (rgl + Q(Q + w)|rr) (7]
+Q(V5 + IH(Q + w)(lgr) (rgl + Hc)
+((Q + W) (T — V)2 + Q* — iVyT)|gg) (gr] + H.c)
HOQU=Vo + DT + (Q + w)* — VD) gg) (rgl + H.e)
+(=T@V% + D)QUQ + w)lgg) (rr] + H.c.)
+((—Vo + iDUQ + w)?|gr) (rr| + H.c.)
+((iVo + D)Q2(Q + w)|rg) (rr| + H.c))l,
(B.1)

and that of subsystems are

P4 = l[(Vg(r2 + 2w + 4w + 302)
KR

+ @2 4+ P)T? + 22 + w)?)g) (gl
+ OV + T2+ 22 + W) (] + (QGVET
= 2Vo(Q + w)? + iD@? + 2(2 + w)?)|g) (r] + H.c.)]

Pp = l[(vg(r2 + w? 4 2w + 302
R

+ T2 + 200 T2% + (2 + w)))lg) (gl
+(Q+ WwA(V5 + T2+ 200)|r) (] — (Q + w)(K — i)
x (T2 + 202 — iyD)|g) (r] + H.c.)]

where

k=Vi([[? 4 2w? + 4Qw + 402)

+ T2 4+ 200 T2 4 2(Q + w)?). (B.2)

The purity of the system and subsystems are obtained as:

14

1
Tr(p3,) = ?[(F“ + 41202 + 204

x (0% 4+ 4T2(Q 4+ w)? + 2(2 + w)b

+ Vo (T 4+ 472202 4 20w + w?) + 22092

+ 20w + w?)?)

+ V@O + 474202 + 2Qw + w?)

+40%(Q + w)2 202 + 2Qw + w?)

+ 212 (W + 4w3Q + 11w2Q? + 14003 + 7Q%)]

Tr(p%) = %[Q“(VO2 +I? +2(Q + w)?)?
K
+ 2V + TH2((T2 4 2(2 + w)?? + VgT?)
+ (T4 4 202(Q + w)? + VT2 + 2w? + 30?)
+ 4QwVE + T2Q2w? + 302 4 40w))?]
Tr(py) = %[(Q + w(Vy + I'? 4 202)?
K
+2(VE + TH(Q 4 w)2((T2 4 202)% 4+ ViT2)
+ (T* 4+ 202(Q 4 w)? + VZ(I? + W2 + 30
+ 2QwV§ + T2(w? 4 302 + 2Qw))?].
For w = 0, the expressions for purity become
Tr(p%) = Tr(p3) = iz[v(;‘(r4 + 8202 + 100%)
K
+ VZ@2I® + 167402 4 32204 + 240)
+ T8 4 8T002 + 22T40* + 247200 + 808]
(B.3)
Tr(p%,) = %[(F4 +4T202 + 2042 + VI + 8T202 + 80Y)
K
+ 2V3(T0 4 8T#Q? 4 14T20* + 8Q9)],
(B.4)
and for w = 0, the parameter  reduces to,

k= VE(I? +40%) + (T2 4 202)2. (B.5)
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