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ABSTRACT
We consider the monotone inclusion problems in real Hilbert
spaces. Proximal splitting algorithms are very popular tech-
nique to solve it and generally achieve weak convergence
under mild assumptions. Researchers assume the strong con-
ditions like strong convexity or strong monotonicity on the
considered operators to prove strong convergence of the
algorithms. Mann iteration method and normal S-iteration
method are popular methods to solve fixed point prob-
lems. We propose a new common fixed point algorithm
based on normal S-iteration method using Tikhonov reg-
ularization to find common fixed point of non-expansive
operators and prove strong convergence of the generated
sequence to the set of common fixed points without assum-
ing strong convexity and strong monotonicity. Based on pro-
posed fixedpoint algorithm,weproposea forward–backward-
type algorithm and a Douglas–Rachford algorithm in con-
nection with Tikhonov regularization to find the solution of
monotone inclusion problems. Further, we consider the com-
plexly structured monotone inclusion problems which are
very popular these days. We also propose a strongly con-
vergent forward–backward-type primal–dual algorithm and
a Douglas–Rachford-type primal–dual algorithm to solve the
monotone inclusion problems. Finally, we conduct a numeri-
cal experiment to solve image deblurring problems.
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1. Introduction

Throughout the paper, H denotes a real Hilbert space with inner product 〈·, ·〉
and norm ‖ · ‖, respectively. Consider T : H → 2H is a set-valued monotone
operator. The monotone inclusion problem is to find x ∈ H such that

0 ∈ T(x). (1)
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2 A. DIXIT ET AL.

The monotone inclusion problem (1) plays important role in nonlinear analysis.
Many problems arising in engineering, economics and physics can be framed as
monotone inclusion problem (see [1–7]). Martinet [8] has proposed proximal
point algorithm, which is very popular to solve monotone inclusion problem.
The proximal point algorithm is given by

xn+1 = JλnT(xn) ∀n ∈ N, (2)

where JλnT = (Id + λnT)−1, λn > 0 is a regularization parameter and x1 ∈ H.
Rockafellar [9,10] has proved that proximal point algorithm converges weakly to
solution set of inclusion problems in real Hilbert space framework. Further, he
has introduced the inexact proximal point algorithm as follows:

xn+1 = JλnT(xn + εn), ∀n ∈ N, (3)

where {εn} is an error sequence in H. The sequence {xn} also converges weakly
to solution set of inclusion problem provided

∑∞
n=1 ‖εn‖ < ∞. Guler [11] has

shown by an example that sequence generated by proximal point algorithm (2)
converges weakly, but not strongly. It becomes amatter of interest for the research
community to modify the proximal point algorithm to obtain the strong con-
vergence. In such consequences, Tikhonov method has been proposed which
generates as follows:

xn+1 = JλnT(x), (4)

where x ∈ H and λn > 0 such that λn → ∞. Detailed study of Tikhonov reg-
ularization method can be found in [12–16]. Lehdili and Moudafi [17] have
combined the idea of proximal algorithm andTikhonov regularization to develop
an algorithm that converges strongly to solution of inclusion problem (1). They
have solved the inclusion problem (1) by solving inclusion problem of fixed
approximation of T, which is Tn = T + μnId, i.e.

find x ∈ H such that 0 ∈ Tn(x),

where μn is regularization parameter of T. The proximal-Tikhonov algorithm is
given by

xn+1 = JλnTn(xn).

The Tikhonov regularization term μnId has impelled the strong convergence
of the algorithm. In the absence of Tikhonov regularization term, proximal-
Tikhonov algorithm becomes proximal algorithm which shows only weak con-
vergence in most of the cases. The strong convergence of the algorithm can be
obtained by using some other techniques also, some of them can be found in
[18,19].

Evaluation of resolvent is sometimes as hard as the original problem. This
problem has tried to resolve by splitting the operator in two operators, i.e. T =
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A + B, whose resolvents are easy to compute. For T = A + B, the monotone
inclusion problem (1) becomes

find x ∈ H such that 0 ∈ (A + B)x, (5)

where A : H → 2H is maximally monotone operator and B is an operator.
Problem (1) is also a generalization of the variational inequality problem:

find x1 ∈ H such that (∃x∗ ∈ g(x1))(∀x2 ∈ H)〈x1 − x2, x∗〉 ≤ f (x2)− f (x1),

where f : H → H is a proper, convex, lower semicontinuous and g : H → 2H

is a maximally monotone operator. Problem (1) serves as a blanket for various
nonlinear problems viz. image denoising problem; clustering problem; wireless
sensor network localization problem; matrix factorization problem; generalized
Nash equilibrium problem and many more (see [20–24]).

Forward–backward splitting algorithm and Douglas–Rachford algorithm
have been proposed to solve Problem (5). Forward–backward splitting method
has been proposed by Lions and Mercier [25], Passty [26], which is given by

xn+1 = (Id + λnA)−1(Id − λnB)xn, (6)

where λn > 0 and B : H → H is a cocoercive operator. Mercier [27] and Gabay
[28] have studied the convergence behaviour of forward–backward method
when A−1 is γ -strongly monotone with γ > 0. They have proved that for-
ward–backward algorithm converges weakly to the point in the solution set
provided λn < 2γ , is constant. In addition, if A is strongly monotone, then {xn}
shows strong convergence to the unique solution of Problem (5). Chen andRock-
afellar [29] have also assumed the strong monotonicity of A to prove the strong
convergence of forward–backwardmethod which depends on Lipschitz constant
and modulus of strong monotonicity. Further, forward–backward method has
been extensively studied, few of them can be found in [29–32] and references
therein.

Douglas–Rachfordmethod has been proposed to solve problem (5) when both
A and B are set-valued. It has been originally proposed by Douglas and Rach-
ford [33] to solve linear equations arising in heat-conduction problems. Lions
and Mercier [25] have extended the Douglas–Rachford algorithm to monotone
operators. Douglas–Rachford algorithm is given as follows:

xn+1 = RBRAxn, ∀n ∈ N, (7)

where RB and RA are reflected resolvent of operators B and A, respectively.
Lions andMercier [25] have proved that Douglas–Rachford algorithm converges
weakly to a fixed point of operator T which helps to obtain the solution of the
Problem (5). Svaiter [34] has supported the results of Lions andMercier by prov-
ing the weak convergence of the shadow sequence to a solution. Further analysis
of the Douglas–Rachford algorithm can be found in [35–38].
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Let C be a non-empty closed convex subset of H and S : C → C be a non-
expansive operator. There are a number of iterative methods for finding fixed
points of non-expansive operators. We recall some well known fixed point
methods, which are given below:

• Mann iteration method [39]:

xn+1 = (1 − βn)xn + βnS(xn), ∀n ∈ N;

• S-iteration method [40]:

xn+1 = (1 − αn)S(xn)+ αnS[(1 − βn)xn + βnSxn], ∀n ∈ N;

• Normal S-iteration method [41]:

xn+1 = S[(1 − βn)xn + βnSxn], ∀n ∈ N;

where αn,βn ∈ (0, 1). The importance of these algorithms are not limited to
solve fixed point problems, but these algorithms are also useful for solving
inclusion problems of sum of a set-valued maximally monotone operator and
a single-valued cocoercive operator, and inclusion problems of sum of two set-
valued maximally monotone operators. The S-iteration methodology has been
applied for solving various nonlinear problems, inclusion problems, optimiza-
tion problems and image recovery problems. Recently, it has been demonstrated
by Avinash et al. [42] that the inertial normal S-iteration method has better
performance compared to the inertial Mann iteration method. The S-iteration
method and normal S-iteration method are also useful for finding common
fixed points of non-expansive operators. Since last few years, these properties
of normal S-iteration make it popular among research community to find fixed
point. Several research articles related to S-iteration and normal S-iteration can
be found in [43–47]. The weak convergence of the fixed point algorithms have
reduced its applicability in infinite dimensional spaces. To achieve the strong
convergence of algorithms one assumes stronger assumptions like strong mono-
tonicity and strong convexity, which is difficult to achieve in many applications.
This situation leaves a question to research community: can we find the strongly
convergent algorithms without assuming these strong assumptions? The answer
to this question is replied positively by Boţ et al. [48]. They have modified the
Mann algorithm as follows:

xn+1 = enxn + θn(S(enxn)− enxn), (8)

where en, θn are positive real numbers. The strong convergence of algorithm (8)
for non-expansive operator S has been studied by Boţ et al. [48] when set of fixed
points of S is non-empty and parameters θn and en satisfy the following:

(i) 0 < en < 1 for all n ∈ N, limn→∞ en = 1,
∑∞

n=1(1 − en) = ∞ and
∑∞

n=1
|en − en−1| < ∞;

(ii) 0 < θn ≤ 1 for all n ∈ N, 0 < lim infn→∞ θn,
∑∞

n=1 |θn − θn−1| < ∞.



OPTIMIZATION 5

We consider the following more general problem:

Problem 1.1: Consider T ,S : H → H are non-expansive operators. Find an
element x ∈ H such that x ∈ Fix(T ) ∩ Fix(S).

The study on the common solutions of system of problems can be found in
[49–52]

Remark 1.2: The algorithm (8) proposed by Boţ et al. [48] can not directly apply
to solve inclusion problem (1).

In this paper, we introduce the normal S-iteration method based fixed point
algorithm to find common fixed point of non-expansive operators T ,S : H →
H, which converges strongly to common solutions of fixed point problem of
operators S and T . Based on the proposed fixed point algorithm, we develop
a forward–backward algorithm and a Douglas–Rachford algorithm contain-
ing Tikhonov regularization term to solve the monotone inclusion problems.
In many cases, monotone inclusion problems are very complex, they con-
tain mixture of linear and parallel sum monotone operators. Recently, many
researchers have proposed primal–dual algorithms to precisely solve the con-
sidered complex monotone inclusion system [20,53–56]. We have proposed a
forward–backward type primal–dual algorithm and a Doughlas–Rachford type
primal–dual algorithm having Tikhonov regularization term to find the com-
mon solution of the complexly structured monotone inclusion problems. The
proposed algorithms have a special property that resolvents of all the operators
are evaluated separately.

The paper is organized as follows: Next section recalls some important def-
initions and results in nonlinear analysis. In Section 3, we propose a nor-
mal S-iteration based Tikhonov regularized fixed point algorithm and study
its convergence behaviour. In Section 4, we propose a forward–backward-type
algorithm and a forward–backward-type primal–dual algorithm to solve inclu-
sion problem and complexly structured monotone inclusion problem, respec-
tively. In Section 5, we propose Douglas–Rachford-type algorithms to solve
monotone inclusion problems and complexly structured monotone inclusion
problems of set-valued operators. In the last section, we perform a numerical
experiment to show the importance of proposed algorithms in solving image
deblurring problems.

2. Preliminaries

This section devotes some important definitions and results fromnonlinear anal-
ysis and operator theory. Let N and R denote set of natural numbers and set
of real numbers, respectively and ‘Id’ denotes identity operator. Consider the
operator T : H → 2H. Let Gr(T) denote the graph of T, Zer(T) denote set of
zeros of operator T and Fix(T) denote set of fixed points of T. The symbol m
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is used to denote a strictly positive integer throughout the paper. The set of
proper convex lower semicontinuous functions fromH to [−∞,+∞] is denoted
by�(H). Let f ∈ �(H), then argminx∈Hf (x) = {x∗ ∈ H : f (x∗) ≤ f (y), ∀y ∈ H}
and argmaxx∈Hf (x) = {x∗ ∈ H : f (x∗) ≥ f (y), ∀y ∈ H}. Let A : H → 2H be an
operator. Domain of A is dom (A) = {x ∈ H : Ax �= ∅}. Range of A is denoted
by ran (A) = ∪x∈H Ax. A is said to be monotone if

〈x − y, u − v〉 ≥ 0, ∀(x, u), (y, v) ∈ Gr(A).

A is said to be maximally monotone if there exists no monotone operator B :
H → 2H such that Gr(B) properly contains Gr(A). A is strongly monotone with
constant β ∈ (0,∞) if

〈x − y, u − v〉 ≥ β‖x − y‖2 ∀(x, u), (y, v) ∈ Gr(A).

The resolvent of A is defined by JA = (Id + A)−1 and the reflected resolvent of A
is RA = 2JA − Id. Consider f : H → [−∞,∞]. The conjugate of f is defined by
f ∗ : H → [−∞,∞],

u �→ sup
x∈H

(〈x, u〉 − f (x)
)
.

Let f : H → [−∞,∞] be a proper function. The subdifferential of f is ∂f : H →
2H is defined by

x �→ {u ∈ H|f (y) ≥ f (x)+ 〈y − x, u〉 ∀y ∈ H}.

If f ∈ �(H), then ∂f is maximally monotone. The resolvent of subdifferential of
f is proxf , where proxf : H → H defined by

proxf (x) = argminy∈H
{
f (y)+ 1

2
‖y − x‖2

}
.

Definition 2.1: Let C be a non-empty subset ofH. Then: (i) interior of C is

int C = {x ∈ C : (∃ρ > 0)B(0; ρ) ⊂ C − x};

(ii) strong relative interior of C is

sri C = {x ∈ C : cone(C − x) = span(C − x)};

(iii) strong quasi-relative interior of C is

sqri C = {x ∈ C :
⋃
ρ>0

ρ(C − x) is a closed linear subspace of spaceH}.

In caseH is finite dimensional, sqri and sri are equivalent.
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Definition 2.2: Let C be a non-empty subset of H, and T : C → H be a non-
expansive operator. T is said to be

(i) non-expansive if

‖Tx − Ty‖ ≤ ‖x − y‖ ∀x, y ∈ C;

(ii) firmly non-expansive if

‖Tx − Ty‖2 + ‖(Id − T)x − (Id − T)y‖2 ≤ ‖x − y‖2 ∀x, y ∈ C;

(iii) β-cocoercive (β > 0) if

〈x − y,Tx − Ty〉 ≥ β‖Tx − Ty‖2 ∀x, y ∈ C

(iv) α-averaged for α ∈ (0, 1) if there exists a non-expansive operator R : C →
H such that T = (1 − α)Id + αR.

An operator T : H → 2H is strongly monotone with β ∈ (0,∞) implies T−1 :
H → H is β-cocoerceive.

Definition 2.3 ([57]): Let C be a non-empty subset ofH. Then:
(i) The indicator function iC : H → [−∞,+∞] is defined by

iC(x) =
{
0, if x ∈ C
∞ otherwise . (9)

(ii) The projection of a point x ∈ H on C is defined by projC(x) = {u ∈ C : u =
argminz∈C‖x − z‖}.
(iii) Suppose C is convex, then normal cone to C at x is defined by

NC(x) =
{
u ∈ H : sup〈y − x, u〉 ≤ 0 ∀y ∈ C, if x ∈ C
∅, otherwise. (10)

Definition 2.4 ([57, Proposition 4.32]): The parallel sum of two operators
T1,T2 : H → 2H is T1�T2 : H → 2H defined by T1�T2 = (T−1

1 + T−1
2 )−1.

The subdifferential of parallel sum of operators T1 and T2 is ∂(T1�T2) =
∂T1�∂T2.

Remark 2.5: If T1 and T2 are monotone then the set of zeros of their sum
Zer(T1 + T2) = JγT2(Fix(RγT1RγT2)) ∀γ > 0 and RγTi = 2JγTi − Id, i = 1, 2.

Proposition 2.6 ([57]): Consider T1,T2 : H → H be α1,α2-averaged operates,
respectively. Then the averaged operator T1 ◦ T2 is α = α1+α2−2α1α2

1−α1α2 -averaged.
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Lemma2.7 ([57, Corollary 4.18]): Let T : H → H be a non-expansivemapping.
Let {un} be a sequence in H and u ∈ H such that un ⇀ u and un − Tun → 0 as
n → ∞. Then u ∈ Fix(T).

Lemma 2.8 ([16, Lemma 2.5]): Let {an} be a sequence of non-negative real
numbers satisfying the inequality:

an+1 ≤ (1 − θn)an + θnbn + εn ∀n ≥ 0,

where

(i) 0 ≤ θn ≤ 1 for all n ≥ 0 and
∑

n≥0 θn = ∞;
(ii) lim supn→∞ bn ≤ 0;
(iii) εn ≥ 0 for all n ≥ 0 and

∑
n≥0 εn < ∞.

Then the sequence {an} converges to 0.

3. Tikhonov regularized strongly convergent fixed point algorithm

This section devotes to investigate a computational theory for finding common
fixed points of non-expansive operators. We introduce a common fixed point
algorithm such that sequence generated by the algorithm strongly converges to
the set of common fixed points of mappings.

Algorithm 3.1: Let S , T : H → H be non-expansive mappings. Select {en},
{θn} ⊂ (0, 1) and compute the (n + 1)th iteration as follows:

yn+1 = S[(1 − θn)enyn + θnT (enyn)] for all n ∈ N. (11)

We now study the convergence behaviour of Algorithm 3.1 for finding the
common fixed point of S and T .

Theorem 3.2: Let S , T : H → H be non-expansive mappings such that � :=
Fix(T ) ∩ Fix(S) �= ∅. Let {yn} be a sequence inH defined by Algorithm 3.1, where
{θn} and {en} are real sequences satisfy the following conditions:

(i) 0 < en < 1 for all n ∈ N, limn→∞ en = 1,
∑∞

n=1(1 − en) = ∞ and
∑∞

n=1 |
en − en−1| < ∞;

(ii) 0 < θ ≤ θn ≤ θ < 1 for all n ∈ N, and
∑∞

n=1 |θn − θn−1| < ∞.

Then the sequence {yn} converges strongly to proj�(0).

Proof: In order to prove the convergence of the sequence {yn}, we proceed with
following steps:
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Step 1. Sequence {yn} is bounded.
Let y ∈ �. Since S and T are non-expansive, we have following

‖yn+1 − y‖ = ‖S[(1 − θn)enyn + θnT (enyn)] − y‖
≤ ‖(1 − θn)enyn + θnT (enyn)− y‖
≤ (1 − θn)‖enyn − y‖ + θn‖T (enyn)− y‖
≤ ‖enyn − y‖
= ‖en(yn − y)− (1 − en)y‖
≤ en‖(yn − y)‖ + (1 − en)‖y‖
≤ max{‖y0 − y‖, ‖y‖}.

(12)

Thus, {yn} is bounded.
Step 2. ‖yn+1 − yn‖ → 0 as n → ∞.

Using non-expansivity of S and T , we have

‖yn+1 − yn‖ = ‖S[(1 − θn)enyn + θnT (enyn)]
− S[(1 − θn−1)en−1yn−1 + θn−1T (en−1yn−1)]‖

≤ ‖(1 − θn)enyn + θnT (enyn)
− (1 − θn−1)en−1yn−1 − θn−1T (en−1yn−1)‖

= ‖(1 − θn)enyn − (1 − θn−1)en−1yn−1

+ θnT (enyn)− θn−1T (en−1yn−1)‖
≤ ‖(1 − θn)(enyn − en−1yn−1)+ (θn−1 − θn)en−1yn−1)‖

+ ‖θn(T (enyn)− T (en−1yn−1))

+ (θn − θn−1)T (en−1yn−1)‖
≤ ‖enyn − en−1yn−1‖ + |θn − θn−1|C1
= ‖en(yn − yn−1)+ (en − en−1)yn−1‖ + |θn − θn−1|C1
≤ en‖yn − yn−1‖ + |en − en−1|C2 + |θn − θn−1|C1,

for some C1, C2 > 0. By applying Lemma 2.8 with an = ‖yn −
yn−1‖, bn = 0, εn = |en − en−1|C2 + |θn − θn−1|C1 and θn = 1 − en, ∀
n ∈ N, we obtain that ‖yn+1 − yn‖ → 0.

Step 3. ‖yn − T yn‖ and ‖yn − Syn‖ → 0 as n → ∞.
Let y ∈ �. Note

‖yn+1 − y‖2 = ‖S[(1 − θn)enyn + θnT (enyn)] − y‖2

≤ ‖(1 − θn)enyn + θnT (enyn)− y‖2

= (1 − θn)‖enyn − y‖2 + θn‖T (enyn)− y‖2
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− θn(1 − θn)‖enyn − T (enyn)‖2

≤ (1 − θn)‖enyn − y‖2 + θn‖enyn − y‖2

− θn(1 − θn)‖enyn − T (enyn)‖2

= ‖enyn − y‖2 − θn(1 − θn)‖enyn − T (enyn)‖2, (13)

which implies that

θn(1 − θn)‖enyn − T (enyn)‖2

≤ ‖enyn − y‖2 − ‖yn+1 − y‖2

= ‖enyn − eny + eny − y‖2 − ‖yn+1 − y‖2

= (1 − en)‖y‖2 + en‖yn − y‖2

− en(1 − en)‖yn‖2 − ‖yn+1 − y‖2

≤ (1 − en)‖y‖2 + en‖yn − y‖2

− en(1 − en)‖yn‖2 − en‖yn+1 − y‖2

= en{‖yn − y‖2 − ‖yn+1 − y‖2} + (1 − en)‖y‖2

− en(1 − en)‖yn‖2. (14)

Since,

‖yn − y‖2 ≤ ‖yn − yn+1‖2 + ‖yn+1 − y‖2 + 2‖yn − yn+1‖‖yn+1 − y‖
which can be rewritten as

‖yn − y‖2 − ‖yn+1 − y‖2 ≤ ‖yn − yn+1‖2 + 2‖yn − yn+1‖‖yn+1 − y‖.
Thus (14) becomes

θn(1 − θn)‖enyn − T (enyn)‖2

≤ en{‖yn − yn+1‖2 + 2‖yn − yn+1‖‖yn+1 − y‖}
+ (1 − en)‖y‖2 − en(1 − en)‖yn‖2. (15)

Using Step 1, Step 2 and condition (ii) in Theorem 3.1, we obtain θn(1 −
θn)‖enyn − T (enyn)‖2 → 0. Now

‖yn − T yn‖ = ‖yn − enyn + enyn − T (enyn)+ T (enyn)− T yn‖
≤ ‖yn − enyn‖ + ‖enyn − T (enyn)‖ + ‖T (enyn)− T yn‖
≤ 2(1 − en)‖yn‖ + ‖enyn − T (enyn)‖ → 0 as n → ∞.

Observe that

‖yn − Syn‖ ≤ ‖yn − yn+1‖ + ‖yn+1 − Syn‖
= ‖yn − yn+1‖ + ‖S[(1 − θn)enyn + θnT (enyn)] − Syn‖
≤ ‖yn − yn+1‖ + ‖(1 − θn)enyn + θnT (enyn)− yn‖
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≤ ‖yn − yn+1‖ + (1 − θn)‖enyn − yn‖
+ θn‖T (enyn)− yn‖

≤ ‖yn − yn+1‖ + (1 − θn)(1 − en)‖yn‖
+ θn‖T (enyn)− T yn + T yn − yn‖

≤ ‖yn − yn+1‖ + (1 − θn)(1 − en)‖yn‖
+ θn‖enyn − yn‖ + θn‖T yn − yn‖

= ‖yn − yn+1‖ + (1 − en)‖yn‖
+ θn‖T yn − yn‖ → 0 as n → ∞.

Since en → 1 and ‖yn − yn+1‖ and ‖yn − T yn‖ → 0 as n → ∞, we
have ‖yn − Syn‖ → 0.

Step 4. {yn} converges strongly to ȳ = proj�(0).
From (12), we set

‖yn+1 − ȳ‖ ≤ ‖S[(1 − θn)enyn + θnT (enyn)] − ȳ‖
= ‖(1 − θn)enyn + θnT (enyn)− ȳ‖
= ‖(1 − θn)(enyn − ȳ)+ θnT ((enyn)− ȳ)‖
≤ ‖enyn − ȳ‖. (16)

Hence

‖yn+1 − ȳ‖2 ≤ ‖enyn − ȳ‖2

≤ ‖en(yn − ȳ)− (1 − en)ȳ‖2

≤ e2n‖yn − ȳ‖2 + 2en(1 − en)〈−ȳ, yn − ȳ〉 + (1 − en)2‖ȳ‖2

≤ en‖yn − ȳ‖2 + 2en(1 − en)〈−ȳ, yn − ȳ〉 + (1 − en)‖ȳ‖2.
(17)

Next we show that

lim sup
n→∞

〈−ȳ, yn − ȳ〉 ≤ 0. (18)

Contrarily assume a real number l and a subsequence {ynj} of {yn}
satisfying

〈−ȳ, ynj − ȳ〉 ≥ l > 0 ∀j ∈ N. (19)

Since {yn} is bounded, there exists a subsequence {ynj} which converges
weakly to an element y ∈ H. Lemma 2.7 along with Step 3 implies that
y ∈ �. By using variational characterization of projection, we can easily
derive

lim
j→∞〈−ȳ, ynj − ȳ〉 = 〈−ȳ, y − ȳ〉 ≤ 0, (20)
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which is a contradiction. Thus, (18) holds and

lim sup
n→∞

(
2en〈−ȳ, yn − ȳ〉 + (1 − en)‖ȳ‖2

) ≤ 0. (21)

Consider an = ‖yn − ȳ‖2, bn = 2en〈−ȳ, yn − ȳ〉 + (1 − en)‖ȳ‖2, εn = 0
and θn = 1 − en in (17) and apply Lemma 2.8, we get the desired
conclusion. �

Corollary 3.3: Let R1,R2 : H → H be α1,α2-averaged operators, respectively,
such that Fix (R1) ∩ Fix(R2) �= ∅. For y1 ∈ H, let {yn} be sequence in H defined
by

yn+1 = R2{enyn + θn(R1(enyn)− enyn)} ∀n ∈ N, (22)

where {θn} and {en} are real sequences satisfy the condition (i) given in Theorem 3.2
and the conditions:

0 < 
 ≤ α1θn ≤ 
 < 1 for all n ∈ N and
∞∑
n=1

|θn − θn−1| < ∞.

Then the sequence {yn} converges strongly to projFix (R1)∩Fix(R2)(0).

4. Tikhonov regularized forward–backward-type algorithms

In this section, we propose a forward–backward algorithm based on
Algorithm 3.1 to simultaneously solve the monotone inclusion problems of the
sum of two maximally monotone operators in which one is single-valued. Fur-
ther, we also propose a forward–backward-type primal–dual algorithm based
on Algorithm 3.1 to solve a complexly structured monotone inclusion problem
containing composition with linear operators and parallel-sum operators.

4.1. Tikhonov regularized forward–backward algorithm

LetA1,A2 : H → 2H bemaximally monotone operators and B1,B2 : H → H be
α1,α2-cocoercive operators. We consider the monotone inclusion problem

find x ∈ H such that 0 ∈ (A1 + B1)x ∩ (A2 + B2)x. (23)

We propose a forward–backward algorithm to solve the monotone inclusion
problem (23) such that generated sequence converges strongly to the solution
set of the Problem (23).

Theorem 4.1: Suppose Zer(A1 + B1) ∩ Zer(A2 + B2) �= ∅ and γ1 ∈ (0, 2α1)
and γ2 ∈ (0, 2α2). For y1 ∈ H, consider the forward–backward algorithm defined
as follows:

yn+1 = Jγ2A2(Id − γ2B2)
{
(1 − θn)enyn + θnJγ1A1(enyn − γ1B1(enyn))

} ∀n ∈ N.
(24)
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where {θn} and {en} are real sequences satisfy the condition (i) given in Theorem 3.2
and the conditions:

0 < 
 ≤ 2α1
4α1 − γ1

θn ≤ 
 < 1 for all n ∈ N and
∞∑
n=1

|θn − θn−1| < ∞.

Then {yn} converges strongly to projZer(A1+B1)∩Zer(A2+B2)(0).

Proof: Set T1 = Jγ1A1(Id − γ1B1) and T2 = Jγ2A2(Id − γ2B2), then
algorithm (24) can be rewritten as:

yn+1 = T2{(1 − θn)enyn + θnT1(enyn)} ∀ n ∈ N. (25)

Since Jγ1A1 is 1
2 -cocoercive [57, Corollary 23.8] and Id − γ1B1 is γ1

2α1 -averaged
[57, Proposition 4.33], T1 is 2α1

4α1−γ1 -averaged. Similar arguments show that
T2 is 2α2

4α2−γ2 -averaged. Using the fact that Zer(Ai + Bi) = Fix(Ti), i = 1, 2 and
assumption Zer(A1 + B1) ∩ Zer(A2 + B2) �= ∅ [57, Proposition 25.1], Fix(T1) ∩
Fix(T2) �= ∅. Therefore, Theorem 4.1 follows from Corollary 3.3. �

Further, we consider the following minimization problem and propose a
proximal-point-type algorithm to solve it.

Problem 4.2: Consider strictly positive real numbers β1,β2. Let f1, f2 : H →
R ∪ {∞} be proper convex lower semicontinuous functions and g1, g2 : H → R

be convex and Frechet-differentiable functions with 1
β1
, 1
β2
-Lipschitz continuous

gradients, respectively. The problem is to find a point y ∈ H satisfying

y ∈ argminx∈H
{
(f1 + g1)(x)

}⋂
argminx∈H

{
(f2 + g2)(x)

}
. (26)

Theorem 4.3: Consider the functions f1, f2, g1 and g2 are as in Problem 4.2. Let
argmin(f1 + g1) ∩ argmin(f2 + g2) �= ∅.For γ1 ∈ (0, 2β1] and γ2 ∈ (0, 2β2], con-
sider an algorithm with initial point y1 ∈ H,

yn+1 = proxγ2f2(Id − γ2∇g2){(1 − θn)enyn
+ θnproxγ1f1(enyn − γ1∇g1(enyn))} ∀n ∈ N, (27)

where θn ∈ (0, 1] and en ∈ (0, 4β1−γ12β1 ) satisfy the condition (i) in Theorem 3.2 and
the conditions:

0 < 
 ≤ 2β1
4β1 − γ1

θn ≤ 
 < 1 and
∞∑
n=1

|θn − θn−1| < ∞.

Then {yn} converges strongly to minimal norm solution y of Problem 4.2.
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Proof: Consider A1 = ∂f1,A2 = ∂f2,B1 = ∇g1,B2 = ∇g2. Since

Zer(∂fi + ∇gi) = argmin(fi + gi), i = 1, 2

and ∇g1,∇g2 are β1,β2-cocoercive, respectively (Ballion-Hadded Theorem [57,
Corollary 16.18]). Thus, by Theorem 4.1, {yn} converges strongly to a point y in
argmin(f1 + g1) ∩ argmin(f2 + g2). �

4.2. Tikhonov regularized forward–backward-type primal–dual algorithm

Problem 4.4: Suppose�1, . . . ,�m are real Hilbert spaces. Consider the follow-
ing operators:

• A,B : H → 2H are maximally monotone operators,
• C,D : H → H are μ1,μ2-cocoercive operators, respectively, μ1,μ2 > 0,
• Pi,Qi,Ri, Si : �i → 2�i are maximally monotone operators such that Qi is νi-

strongly monotone and Si is δi-strongly monotone, νi, δi > 0, i = 1, . . . ,m,
• non-zero continuous linear operators Li : H → �i, i = 1, . . . ,m.

The primal inclusion problem is to find ȳ ∈ H satisfying

0 ∈ Aȳ +
m∑
i=1

L∗
i (Pi�Qi)(Liȳ)+ Cȳ

and

0 ∈ Bȳ +
k∑

i=1
L∗
i (Ri�Si)(Liȳ)+ Dȳ

together with corresponding dual inclusion problem

find v̄1 ∈ Ω1, . . . , v̄m ∈ Ωm such that ∃y ∈ H and⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−∑m
i=1 L

∗
i v̄i ∈ Ay + Cy

v̄i ∈ (Pi�Qi)(Liy)
and
−∑m

i=1 L
∗
i v̄i ∈ By + Dy

v̄i ∈ (Ri�Si)(Liy), i = 1, . . .m.

(28)

A point (ȳ, v̄1, . . . , v̄m) ∈ H ×Ω1 × · · · ×Ωm be a primal–dual solution of
Problem 4.4 if it satisfies the following:⎧⎪⎪⎨

⎪⎪⎩
−∑m

i=1 L
∗
i v̄i ∈ Aȳ + Cȳ,

−∑m
i=1 L

∗
i v̄i ∈ Bȳ + Dȳ,

v̄i ∈ (Pi�Qi)(Liȳ),
v̄i ∈ (Ri�Si)(Liȳ) i = 1, . . . ,m.

(29)
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Algorithm 4.1: To optimize the complexly structured Problem 4.4
Input:
(1) initial points (y1, v1,1, . . . , vm,1) ∈ H ×Ω1 × · · · ×Ωm,
(2) real numbers τ , σi > 0, i = 1, 2, . . . ,m,
(3) θn ∈ (0, 4β1ρ−1

2β1ρ ], en ∈ (0, 1) .

For n ∈ N;
pn = JτA[enyn − τ(en

∑m
i=1 L

∗
i vi,n + C(enyn))]

un = enyn + θn(pn − enyn)
For i = 1, . . . ,m;

qi,n = J
σiP−1

i
[envi,n + σi(Li(2pn − enyn)− Q−1

i (envi,n))]
ui,n = envi,n + θn(qi,n − envi,n)

yn+1 = JτB[un − τ(
∑m

i=1 L
∗
i ui,n + D(un))]

vi,n+1 = J
σiR−1

i
[ui,n + σi(Li(2yn+1 − un)− S−1

i (ui,n))]
Output: (yn+1, v1,n+1, . . . , vm,n+1)

Theorem 4.5: Consider the operators as in Problem 4.4. Assume

0 ∈ ran

(
A +

m∑
i=1

L∗
i ◦ (Pi�Qi) ◦ Li + C

)⋂
ran

(
B +

m∑
i=1

L∗
i ◦ (Ri�Si) ◦ Li + D

)
. (30)

Let τ , σ1, . . . , σm > 0 such that

2ρmin{β1,β2} ≥ 1,

where

ρ = min
{
1
τ
,
1
σ1

, . . . ,
1
σm

}⎛⎝1 −
√√√√τ m∑

i=1
σi‖Li‖2

⎞
⎠

β1 = min{μ1, ν1, . . . , νm} and β2 = min{μ2, δ1, . . . , δm}.
Consider the algorithm with initial point (y1, v1,1, . . . , vm,1) ∈ H ×Ω1 × · · · ×
Ωm and defined by

where sequences {θn} and {en} satisfy the condition (i) and the conditions:

0 < 
 ≤ 2β1ρ
4β1ρ − 1

θn ≤ 
 < 1 and
∞∑
n=1

|θn − θn−1| < ∞.

Then there exists (ȳ, v̄1, . . . , v̄m) ∈ H ×Ω1 × · · · ×Ωm such that sequence
{(yn, v1,n, . . . , vm,n)} converges strongly to (ȳ, v̄1, . . . , v̄m) and satisfies the
Problem 4.4.



16 A. DIXIT ET AL.

Proof: Consider the real Hilbert spaceK ≡H ×Ω1 × · · · ×Ωm endowed with
inner product

〈(x, u1, . . . , um), (y, v1, . . . , vm)〉K = 〈x, y〉H +
m∑
i=1

〈ui, vi〉Ωi

and corresponding norm

‖(x, u1, . . . , um)‖K

=
√√√√‖x‖2H +

m∑
i=1

‖ui‖2Ωi
, ∀(x, u1, . . . um), (y, v1, . . . , vm) ∈ K.

Further we consider following operators on real Hilbert space K:

(1) φ1 : K → 2K, defined by (x, u1, . . . , um) �→ (Ax, P−1
1 u1, . . . , P−1

m um),
(2) φ2 : K → 2K, defined by (x, u1, . . . , um) �→ (Bx,R−1

1 u1, . . . ,R−1
m um),

(3) ξ : K → K, defined by (x, u1, . . . , um) �→ (
∑m

i=1 L
∗
i ui,−L1x, . . . ,−Lmx),

(4) ψ1 : K → K, defined by (x, u1, . . . , um) �→ (Cx,Q−1
1 u1, . . . ,Q−1

m um),
(5) ψ2 : K → K, defined by (x, u1, . . . , um) �→ (Dx, S−1

1 u1, . . . , S−1
m um).

These operators are maximally monotone as A,B, Pi,Ri,Qi, Si, i = 1, . . . ,m are
maximally monotone, C,D are μ1,μ2-cocoercive, respectively and ξ is skew-
symmetric, i.e. ξ∗ = −ξ ([57, Proposition 20.22, 20.23 and Example 20.30]).
Now, define the continuous linear operator V : K → K by,

(x, u1, . . . , um) →
(
x
τ

−
m∑
i=1

L∗
i ui,

u1
σ1

− L1x, . . . ,
um
σm

− Lmx

)
,

which is self-adjoint and ρ-strongly positive, i.e. 〈x,Vx〉K ≥ ρ‖x‖2K ∀x ∈ K [56].
Therefore inverse of operator V exists and satisfy ‖V−1‖ ≤ 1

ρ
.

Now, consider the sequences

∀n ∈ N

⎧⎨
⎩
yn = (yn, v1,n, . . . , vm,n),
un = (un, u1,n, . . . , um,n),
xn = (pn, q1,n, . . . , qm,n).

(31)

By taking into account the sequences {yn},{xn} and {un} and operator V,
Algorithm 4.1 can be rewritten as

∀n ∈ N

⎧⎨
⎩
enV(yn)− V(xn)− ψ1(enyn) ∈ (φ1 + ξ)(xn)
un = enyn + θn(xn − enyn)
Vun − Vyn+1 − ψ2un ∈ (φ2 + ξ)yn+1.

(32)

On further analysing Algorithm 4.1, we get

∀n ∈ N

⎧⎨
⎩
xn = JA1(enyn − B1(enyn))
un = enyn + θn(xn − enyn)
yn+1 = JA2(un − B2un),

(33)
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where A1 = V−1(φ1 + ξ), B1 = V−1ψ1, A2 = V−1(φ2 + ξ) and B2 = V−1ψ2.
The Algorithm (33) is in the form of Algorithm (23) for γ = 1 and Ai = Ai and
Bi = Bi, i = 1, 2. Now, we define the real Hilbert space KV ≡ H ×Ω1 × · · · ×
Ωm endowed with inner product 〈x, y〉KV = 〈x,Vy〉K and corresponding norm
is given by, ‖x‖KV = √〈x,Vx〉K ∀x, y ∈ KV.

In viewof realHilbert spaceKV andAlgorithm4.1,we observe the following:

(i) since dom(ξ) = K, φi + ξ are maximally monotone on K and thus maxi-
mal monotonocity of Ai and Bi on KV are followed, for i = 1, 2 [56].

(ii) Bi are βiρ-cocoercive onKV asψi are βi-cocoercive inK [56, Page 672], for
i = 1, 2.

(iii) Zer(Ai + Bi)=Zer(V−1(φi + ξ + ψi))=Zer(φi + ξ + ψi), i = 1, 2 and
from condition (30), we can easily obtain that Zer(A1 + B1) ∩ Zer(A2 +
B2) �= ∅.

SinceV is self-adjoint and ρ-strongly positive, weak convergence and strong con-
vergence of sequences are the same in both Hilbert spacesK and KV. Operators
Ai,Bi, i = 1, 2 and sequences {θn}, {en} satisfy the assumptions in Theorem 4.1,
therefore, according to Theorem 4.1, {yn} converges strongly to (ȳ, v̄1, . . . , v̄m) ∈
projZer(A1+B1)∩Zer(A2+B2)

(0, . . . , 0) in the space KV as n → ∞. Thus, we obtain
the conclusion as (ȳ, v̄1, . . . , v̄m) ∈ Zer(φ1 + ξ + ψ1) ∩ Zer(φ2 + ξ + ψ2), also
satisfy primal–dual Problem 4.4. �

Next, we define a complexly structured convex optimization problem and their
Fenchel duals. Further, we propose an algorithm to solve the considered problem
and study the convergence property of algorithm to find simultaneously the com-
mon solutions of optimization problems and common solutions of their Fenchel
duals. Letm be a positive integer. We consider the following problem:

Problem 4.6: Let f1, f2 ∈ Γ (H) and h1, h2 be convex differentiable function
with μ−1

1 ,μ−1
2 - Lipschitz continuous gradients, for some μ1,μ2 > 0. Let Ωi

be real Hilbert spaces and gi, li, si, ti ∈ Γ (Ωi) such that li, ti are νi, δi-strongly
convex, respectively, and Li : H → Ωi be non-zero linear continuous operator
∀i = 1, 2, . . . ,m. The optimization problem under consideration is to find y ∈ H
such that

y ∈ argminx∈H

{
f1(x)+

m∑
i=1
(gi�li)(Lix)+ h1(x)

}

⋂
argminx∈H

{
f2(x)+

m∑
i=1
(si�ti)(Lix)+ h2(x)

}
(34)

with its corresponding Fenchel-dual problem is to find (v∗
1, . . . , v

∗
m) ∈ Ω1 ×

· · · ×Ωm such that

(v∗
1, . . . , v

∗
m) ∈ argmax(v1,...,vm)∈Ω1×···×Ωm
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{
−(f ∗1 �h∗

1)

(
−

m∑
i=1

L∗
i vi

)
−

m∑
i=1

(
g∗
i (vi)+ l∗i (vi)

)}
⋂

argmax(v1,...,vm)∈Ω1×···×Ωm{
−(f ∗2 �h∗

2)

(
−

m∑
i=1

L∗
i vi

)
−

m∑
i=1

(
s∗i (vi)+ t∗i (vi)

)}
. (35)

In the following corollary, we propose an algorithm and study its convergence
behaviour. The point of convergence will be the solution of Problem 4.6.

Corollary 4.7: Assume in Problem 4.6

0 ∈ ran

(
∂f1 +

m∑
i=1

L∗
i ◦ (∂gi�∂ li) ◦ Li + ∇h1

)⋂
ran

(
∂f2 +

m∑
i=1

L∗
i ◦ (∂si�∂ti) ◦ Li + ∇h2

)
. (36)

Consider τ , σi > 0, i = 1, 2, . . . ,m such that

2ρmin{β1,β2} ≥ 1.

where

ρ = min{τ−1, σ−1
1 , . . . , σ−1

m }
⎛
⎝1 −

√√√√τ m∑
i=1

σi‖Li‖2
⎞
⎠ ,

β1 = min{μ1, ν1, . . . , νm} and β2 = min{μ2, δ1, . . . , δm}.
Consider the iterative scheme with intial point (x1, v1,1, . . . , vm,1) ∈ H ×Ω1 ×
· · · ×Ωm and defined by

∀n ∈ N

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pn = proxτ f1
[
enxn − τ

(
en
∑m

i=1 L
∗
i vi,n + ∇h1(enxn)

)]
un = enxn + θn(pn − enxn)
For i = 1, 2, . . . ,m
qi,n = proxσig∗

i

[
envi,n + σi(Li(2pn − enxn)− ∇l∗i (envi,n))

]
ui,n = envi,n + θn(qi,n − envi,n)
xn+1 = proxτ f2

[
un − τ

(∑m
i=1 L

∗
i ui,n + ∇h2(un)

)]
vi,n+1 = proxσis∗i

[
ui,n + σi(Li(2xn+1 − un)− ∇t∗i (ui,n))

]
,

(37)

where sequences {θn} and {en} satisfy the condition (i) in Theorem 3.2 and the
conditions:

0 < 
 ≤ 2β1ρ
4β1ρ − 1

θn ≤ 
 < 1 and
∞∑
n=1

|θn − θn−1| < ∞.
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Then, there exists (x̄, v̄1, . . . , v̄m) ∈ H ×Ω1 × · · · ×Ωm such that sequence
{(xn, v1,n, . . . , vm,n)} converges strongly to (x̄, v̄1, . . . , v̄m) as n → ∞ and
(x̄, v̄1, . . . , v̄m) satisfies Problem 4.6.

5. Tikhonov regularized Douglas–Rachford-type algorithms

In this section, using Algorithm 3.1 we propose a new Douglas–Rachford
algorithm to solve monotone inclusion problem of sum of twomaximally mono-
tone operators. Further using proposed Douglas–Rachford algorithm, we pro-
pose a Douglas–Rachford-type primal–dual algorithm to solve complexly struc-
tured monotone inclusion problem containing linearly composite and parallel-
sum operators.

5.1. Tikhonov regularized Douglas–Rachford algorithm

Let A,B : H → 2H be maximally monotone operators. In this section, we con-
sider the following monotone inclusion problem:

find x ∈ H such that 0 ∈ (A + B)x. (38)

We propose a new Douglas–Rachford algorithm based on Algorithm 3.1 such
that generated sequence converges strongly to a point in the solution set.

Theorem 5.1: Consider x1 ∈ H and γ > 0, then algorithm is given by:

∀n ∈ N

⎧⎪⎪⎨
⎪⎪⎩
yn = JγB(enxn)
zn = JγA(2yn − enxn)
un = enxn + θn(zn − yn)
xn+1 = (2JγA − Id)(2JγB − Id)un.

(39)

Let Zer(A + B) �= ∅ and sequences en ∈ (0, 1) and θn ∈ (0, 2] satisfy the condition
(i) in Theorem 3.2 and the conditions:

0 < 
 ≤ θn

2
≤ 
 < 1 and

∞∑
n=1

|θn − θn−1| < ∞.

Then the following statements are true:

(i) {xn} converges strongly to x̄ = projFixRγARγB(0).
(ii) {yn} and {zn} converges strongly to JγB(x̄) ∈ Zer(A + B).

Proof: Consider the operator T ≡ RγARγB : H → 2H. From the definition of
reflected resolvent, and definition of operator T, algorithm (39) can be rewritten
as

xn+1 = RγARγB{enxn + θn

2
[(RγARγB)(enxn)− enxn]}
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= T{enxn + θn

2
(T(enxn)− enxn)}. (40)

Since resolvent operator is non-expansive [57, Corollary 23.10(ii)], T is non-
expansive. Suppose x∗ ∈ Zer(A + B) and results from [57, Proposition 25.1(ii)],
we have Zer(A + B) = JγB(Fix(T)), which collectively implies that Fix (T) �=
∅. Applying Theorem 3.2 with S = T = T, we conclude that {xn} converges
strongly to x̄ = projFix(T)(0) as n → ∞.

The continuity of resolvent operator forces the sequence {yn} to converge
strongly to JγBx̄ ∈ Zer(A + B). Finally, since zn − yn = 1

2(T(enxn)− enxn),
which converges strongly to 0, concludes (ii). �

Problem 5.2: Let f , g : H → R ∪ {∞} be convex proper and lower semicontin-
uous functions. Consider the minimization problem

min
x∈H

f (x)+ g(x). (41)

Using Karush-Kuhn-Tucker condition, (41) is equivalent to solving the inclu-
sion problem

find x ∈ H 0 ∈ ∂f (x)+ ∂g(x). (42)

In order to solve such type of problem, we propose an iterative scheme and study
its convergence behaviour which can be summarized in the following corollary.

Corollary 5.3: Let f, g be as in Problem 5.2with argminx∈H{f (x)+ g(x)} �= ∅ and
0 ∈ sqri(dom f − dom g). Consider the following iterative scheme with x1 ∈ H:

∀n ∈ N

⎧⎪⎪⎨
⎪⎪⎩
yn = proxγ g(enxn)
zn = proxγ f (2yn − enxn)
un = enxn + θn(zn − yn)
xn+1 = (2proxγ f − Id)(2proxγ g − Id)un,

(43)

where γ > 0 and sequences {θn} and {en} satisfy the condition (i) in Theorem 3.2
and the conditions:

0 < 
 ≤ θn

2
≤ 
 < 1 and

∞∑
n=1

|θn − θn−1| < ∞.

Then we have the following:

(i) {xn} converges strongly to x̄ = projFix(T)(0) where T = (2proxγ f − Id)
(2proxγ g − Id).

(ii) {yn} and {zn} converge strongly to proxγ g(x̄) ∈ argminx∈H{f (x)+ g(x)}.

Proof: Since argminx∈H{f (x)+ g(x)} �= ∅ and 0 ∈ sqri(dom f − dom g) ([57,
Proposition 7.2]) ensures that Zer(A + B) = argminx∈H{f (x)+ g(x)} �= ∅. The
results can be obtained by choosing A = ∂f ,B = ∂g in Theorem 5.1. �
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5.2. Tikhonov regularized Douglas–Rachford-type primal–dual algorithm

In this section, we propose Douglas-Rachford-type primal–dual algorithms to
solve the complex-structured monotone inclusion problem having mixtures of
composition of linear operators and parallel-sum operators. We consider the
monotone inclusion problem as follows:

Problem 5.4: LetA : H → 2H be amaximally monotone operator. Consider for
each i = 1, . . . ,m, Ωi is a real Hilbert space, Pi,Qi : Ωi → 2Ωi are maximally
monotone operators and Li : H → Ωi is a non-zero linear continuous operator.
The primal inclusion problem is to find x̄ ∈ H satisfying

0 ∈ Ax̄ +
m∑
i=1

L∗
i (Pi�Qi)(Lix̄)

together with dual inclusion problem

find v̄1 ∈ Ω1, . . . , v̄m ∈ Ωm such that (∃x ∈ H)

×
{−∑m

i=1 L
∗
i v̄i ∈ Ax

v̄i ∈ (Pi�Qi)(Lix), i = 1, . . . ,m. (44)

Here, operators Pi,Qi, i = 1, . . . ,m are not cocoercive, thus to solve the
Problem 5.4, we propose the Douglas–Rachford algorithm based primal–dual
algorithm and investigate its convergence behaviour in the following theorem:

Theorem 5.5: In addition to assumption in Problem 5.4, we assume that

0 ∈ ran

(
A +

m∑
i=1

L∗
i ◦ (Pi�Qi) ◦ Li

)
. (45)

Consider the strictly positive integers τ , σi, i = 1, . . . ,m satisfying

τ

m∑
i=1

σi‖Li‖2 < 4. (46)

Consider the initial point (x1, v1,1, . . . , vm,1) ∈ H ×Ω1 × · · · ×Ωm. The pri-
mal–dual algorithm to solve Problem 5.4 is given by
where sequences {θn} and {en} satisfy the condition (i) in Theorem 3.2 and the
conditions:

0 < 
 ≤ θn

2
≤ 
 < 1 and

∞∑
n=1

|θn − θn−1| < ∞.

Then there exist an element (x̄, v̄1, . . . , v̄m) ∈ H ×Ω1 × · · · ×Ωm such that fol-
lowing statements are true:
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Algorithm 5.1: To optimize the complexly structured monotone inclu-
sion Problem 5.4
Input:
(1) initial points (x1, v1,1, . . . , vm,1) ∈ H ×Ω1 × · · · ×Ωm.
(2) strictly positive real numbers τ , σi, i = 1, 2, ...,m be such that

τ
∑m

i=1 σi‖Li‖2 < 4.
(3) sequences en ∈ (0, 1), θn ∈ (0, 2]

For n ∈ N;
p1,n = JτA(enxn − τ

2 en
∑m

i=1 L
∗
i vi,n)

w1,n = 2p1,n − enxn
For i = 1, . . . ,m;

p2,i,n = J
σiP−1

i
(envi,n + σi

2 Liw1,n)

w2,i,n = 2p2,i,n − envi,n
z1,n = w1,n − τ

2
∑m

i=1 L
∗
i w2,i,n

u1,n = enxn + θn(z1,n − p1,n)
For i = 1, . . . ,m;

z2,i,n = J
σiQ−1

i
(w2,i,n + σi

2 Li(2z1,n − w1,n))

u2,i,n = envi,n + θn(z2,i,n − p2,i,n)
q1,n = JτA(u1,n − τ

2
∑m

i=1 L
∗
i (u2,i,n))

s1,n = 2q1,n − u1,n
For i = 1, . . . ,m;

q2,i,n = J
σiP−1

i
(u2,i,n + σi

2 Lis1,n)
s2,i,n = 2q2,i,n − u2,i,n

d1,n = s1,n − τ
2
∑m

i=1 L
∗
i (s2,i,n)

xn+1 = 2d1,n − s1,n
For i = 1, . . . ,m;

d2,i,n = J
σiQ−1

i
(s2,i,n + σi

2 Li(xn+1))

v2,i,n = 2d2,i,n − s2,i,n
Output: (xn+1, v1,n+1, . . . , vm,n+1)

(a) Denote
p̄1 = JτA(x̄ − τ

2
∑m

i=1 L
∗
i v̄i)

p̄2,i = J
σiP−1

i
(v̄i + σi

2 Li(2p̄1 − x̄)), i = 1, . . . ,m. Then the point (p̄1, p̄2,1,
. . . , p̄2,m) ∈ H ×Ω1 × · · · ×Ωm is a primal–dual solution of Problem 5.4.

(b) {(xn, v1,n, . . . , vm,n)} converges strongly to (x̄, v̄1, . . . , v̄m).
(c) {(p1,n, p2,1,n, . . . , p2,m,n)} and {(z1,n, z2,1,n, . . . , z2,m,n)} converge strongly to

(p̄1, p̄2,1, . . . , p̄2,m).

Proof: Consider the real Hilbert spaceK and operators

(i) φ : K → 2K, defined by (x, u1, . . . , um) �→ (Ax, P−1
1 u1, . . . , P−1

m um),
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(ii) ξ : K → K, defined by (x, u1, . . . , um) �→ (
∑m

i=1 L
∗
i ui,−L1x, . . . ,−Lmx),

(iii) ψ : K → 2K, defined by ψ(x, u1, . . . , um) = (0,Q−1
1 u1, . . . ,Q−1

m um).

We can observe the following:

(i) operator 1
2ξ + ψ and 1

2ξ + φ aremaximally monotone as dom ξ = K ([57,
Corollary 24.4(i)]),

(ii) condition (45) implies Zer(φ + ξ + ψ) �= ∅,
(iii) every point in Zer(φ + ξ + ψ) solves Problem 5.4.

Define the linear continuous operatorW : K → K, defined by

W(x, u1, . . . , um) = (
x
τ

− 1
2

m∑
i=1

L∗
i ui,

u1
σ1

− 1
2
L1x, . . . ,

um
σm

− 1
2
Lmx)

which is self-adjoint. Consider

ρ = (1 − 1
2

√√√√τ m∑
i=1

σi‖Li‖2)min{ 1
τ
,
1
σ1

, . . . ,
1
σm

} > 0.

The operator W is ρ- strongly positive in KW [56] and satisfies the following
inequality

〈x,Wx〉K ≥ ρ‖x‖2K ∀x ∈ K.

Thus the inverse ofW exists and satisfies ‖W−1‖ ≤ 1
ρ
. Consider the sequences

∀n ∈ N

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xn = (xn, v1,n, . . . , vm,n)

yn = (p1,n, p2,1,n, . . . , p2,m,n)

zn = (z1,n, z2,1,n, . . . , z2,m,n)

un = (u1,n, u2,1,n, . . . , u2,m,n)

qn = (q1,n, q2,1,n, . . . , q2,m,n)

sn = (s1,n, s2,1,n, . . . , s2,m,n)

dn = (d1,n, d2,1,n, . . . , d2,m,n).

(47)

Using the definition of operators φ, ξ ,ψ and W, Algorithm 5.1 can be written
equivalently as

∀n ∈ N

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W(enxn − yn) ∈ ( 12ξ + φ)yn
W(2yn − enxn − zn) ∈ ( 12ξ + ψ)zn
un = enxn + θn(zn − yn)
W(un − qn) ∈ ( 12ξ + φ)qn
sn = 2qn − un
W(sn − dn) ∈ ( 12ξ + ψ)(dn)
xn+1 = 2dn − sn,

(48)
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which is further equivalent to

∀n ∈ N

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yn = (Id + W−1(12ξ + φ))−1(enxn)
zn = (Id + W−1(12ξ + ψ))−1(2yn − enxn)
un = enxn + θn(zn − yn)
qn = (Id + W−1(12ξ + φ))−1(un)
sn = 2qn − un
dn = (Id + W−1(12ξ + ψ))−1(sn)
xn+1 = 2dn − sn.

(49)

Now, consider the real Hilbert space KW = H ×Ω1 × · · · ×Ωm with inner
product and norm defined as

〈x, y〉KW = 〈x,Wy〉 and ‖x‖KW = √〈x,Wx〉K respectively.
Now, define the operatorsA ≡ W−1(12ξ + ψ) and B ≡ W−1(12ξ + φ), which

are maximally monotone on KW as 1
2ξ + φ and 1

2ξ + ψ are maximally mono-
tone on K. The Algorithm 5.1 can be written in the form of Douglas–Rachford
algorithm as

∀n ∈ N

⎧⎨
⎩
yn = JB(enxn)
un = enxn + θn

(
JA(2yn − enxn)− yn

)
xn+1 = (2JA − Id)(2JB − Id)un,

(50)

which is of the form Algorithm (39) for γ = 1. From assumption (45), we have

Zer(A + B) = Zer(W−1(M + S + Q)) = Zer(M + S + Q).

Applying Theorem 5.1, we can find x̄ ∈ Fix(RARB) such that JBx̄ ∈ Zer(A + B).
�

At the end of this section, we study iterative technique to solve following
convex optimization problem:

Problem 5.6: Let f ∈ �(H). Consider Ωi are real Hilbert spaces, gi, li ∈ �(Ωi)

andLi : H → Ωi are linear continuous operators, i = 1, . . . ,m. The optimization
problem is given by

inf
x∈H

[
f (x)+

m∑
i=1
(gi�li)(Lix)

]
(51)

with conjugate-dual problem is given by

sup
vi∈Ωi,i=1,2,...,m

{
−f ∗

(
−

m∑
i=1

L∗
i vi

)
−

m∑
i=1
(g∗

i (vi)+ l∗i (vi))

}
. (52)

Consider stricly positive integers τ , σi, i = 1, . . . ,m and initial point (x1, v1,1,
. . . , vm,1) ∈ H ×Ω1 × · · · ×Ωm. The primal–dual algorithm to solve Prob-
lem 5.6 is given by



OPTIMIZATION 25

Algorithm 5.2: To optimize the complexly structured monotone inclu-
sion Problem 5.6
Input:
(1) initial points (x1, v1,1, . . . , vm,1) ∈ H ×Ω1 × · · · ×Ωm.
(2) Positive real numbers τ , σi, i = 1, 2, ...,m be such that τ

∑m
i=1 σi‖Li‖2 < 4.

(3) The sequences {θn}, {en} satisfying the assumptions in Theorem 5.5.

For n ∈ N;
p1,n = proxτ f (enxn − τ

2 en
∑m

i=1 L
∗
i vi,n)

w1,n = 2p1,n − enxn
For i = 1, . . . ,m;

p2,i,n = proxσig∗
i
(envi,n + σi

2 Liw1,n)

w2,i,n = 2p2,i,n − envi,n
z1,n = w1,n − τ

2
∑m

i=1 L
∗
i w2,i,n

u1,n = enxn + θn(z1,n − p1,n)
For i = 1, . . . ,m;

z2,i,n = proxσil∗i (w2,i,n + σi
2 Li(2z1,n − w1,n))

u2,i,n = envi,n + θn(z2,i,n − p2,i,n)
q1,n = proxτ f (u1,n − τ

2
∑m

i=1 L
∗
i (u2,i,n))

s1,n = 2q1,n − u1,n
For i = 1, . . . ,m;

q2,i,n = proxσig∗
i
(u2,i,n + σi

2 Lis1,n)
s2,i,n = 2q2,i,n − u2,i,n

t1,n = s1,n − τ
2
∑m

i=1 L
∗
i (s2,i,n)

xn+1 = 2t1,n − s1,n
For i = 1, . . . ,m;

t2,i,n = proxσil∗i (s2,i,n + σi
2 Li(xn+1))

v2,i,n = 2t2,i,n − s2,i,n
Output: (xn+1, v1,n+1, . . . , vm,n+1)

where {θn} and {en} are real sequences.

Corollary 5.7: In addition to assumptions in Problem 5.6, consider

0 ∈ ran

(
∂f +

m∑
i=1

L∗
i ◦ (∂gi�∂ li) ◦ Li

)
. (53)

Then, there exists an element (x̄, v̄1, . . . , v̄m) ∈ H ×Ω1 × · · · ×Ωm such that
following statements are true:

(a) Denote
p̄1 = proxτ f (x̄ − τ

2
∑m

i=1 L
∗
i v̄i)
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p̄2,i = proxσig∗
i
(v̄i + σi

2 Li(2p̄1 − x̄)), i = 1, . . . ,m. Then the point (p̄1, p̄2,1,
. . . , p̄2,m) ∈ H ×Ω1 × · · · ×Ωm is a primal–dual solution of Problem 5.6.

(b) {(xn, v1,n, . . . , vm,n)} converges strongly to (x̄, v̄1, . . . , v̄m).
(c) {(p1,n, p2,1,n, . . . , p2,m,n)} and {(z1,n, z2,1,n, . . . , z2,m,n)} converge strongly to

(p̄1, p̄2,1, . . . , p̄2,m).

6. Numerical experiment

In this section, we make an experimental setup to solve the wavelet-based image
deblurring problem. In image deblurring, we develop mathematical methods
to recover the original, sharp image from blurred image. The mathematical
formulation of the blurring process can be written as linear inverse problem,

find x ∈ R
d such that Ax = b + w (54)

where A ∈ R
m×d is a blurring operator, b ∈ R

m is blurred image and w is an
unknown noise. A classical approach to solve Problem (54) is to minimize
the least-square term ‖Ax − b‖2. In the deblurring case, the problem is ill-
conditioned as the norm solution has a huge norm. To remove the difficulty,
the ill-conditioned problem is replaced by a nearly well-conditioned problem.
In wavelet domain, most images are sparse in nature, that’s why we choose l1
regularization. For l1 regularization, the image processing problem becomes

min
x∈R2

F(x) = ‖Ax − b‖2 + λ‖x‖1, (55)

where λ is a sparsity controlling parameter and provides a trade-off between
fidelity to the measurements and noise sensitivity. The l1 regularization produces
sparse images having sharp edges since it is less sensitive to outliers. Using sub-
differential characterization of the minimum of a convex function, a point x∗
minimizes F(x) if and only if

0 ∈ AT(Ax∗ − b)+ ∂λ‖x∗‖1.

Thus we can apply forward–backward Algorithm (24) with A1 = A2 =
AT(Ax∗ − b) and B1 = B2 = ∂λ‖x∗‖1 to solve the deblurring problem (55).

For numerical experiment purposes, we have chosen images from publicly
available domain and assumed reflexive (Neumann) boundary conditions. We
blurred the images using gaussian blur of size 9 × 9 and standard deviation 4.We
have compared the algorithm (24)with [48, Algorithm8]. The operatorA = RW,
whereW is the three stage haar wavelet transform and R is the blur operator. The
original and corresponding blurred images were shown in Figure 1. The regular-
ization parameter was chosen to be λ = 2 × 10−5, and the initial image was the
blurred image. The objective function value is denoted by F(x∗) and function
value at n th iteration is denoted by F(xn). Sequences {en} and {θn} are chosen
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Figure 1. The original and blurred images of Lenna and crowd. Peak signal to noise ratio (PSNR)
of image (b) is 28.3111 and of image (d) is 21.3171. (a) Original. (b) Blurred. (c) Original. (d) Blurred.

Figure 2. The variation of F(xn)− F(x∗)with respect to number of iteration for different images.
(a) Lenna. (b) Crowd.

as {1 − 1
n+1} and {0.9}, respectively. The images recovered by the algorithms for

1000 iterations are shown in the figure. The graphical representation of conver-
gence of F(xn)− F(x∗) is depicted in Figure 2. For deblurring methods, lower
the value of F(xn)− F(x∗) higher the quality of recovered images.
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Figure 3. The recovered images using different algorithms for 1000 iterations. (a) Algorithm (24).
PSNR = 34.8448. (b) [48, Algorithm 8]. PSNR = 34.5123. (c) Algorithm (24). PSNR = 29.3581. (d)
[48, Algorithm 8]. PSNR = 28.5764.

Figure 4. The variation of PSNR value of recovered image at each iterationwith original image as
a reference image. (a) Lenna. (b) Crowd.

It can be observed from Figures 2 and 3 that proposed Algorithm (24) outper-
forms over [48, Algorithm 8]. This can also be confirmed from the peak signal
to noise ratio (PSNR) value of the recovered images and the fact that higher
the PSNR value, better the image quality. The variation of PSNR value of recov-
ered image at each iteration with original image as a reference is also plotted in
Figure 4.
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