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ABSTRACT ARTICLE HISTORY
We consider the monotone inclusion problems in real Hilbert Received 3 May 2022
spaces. Proximal splitting algorithms are very popular tech- Accepted 27 May 2023

nique to solve it and generally achieve weak convergence

d ild . R h h KEYWORDS
under mild assumptions. Researchers assume the strong con- Fixed points of
ditions like strong convexity or strong monotonicity on the non-expansive mappings;
considered operators to prove strong convergence of the Tikhonov regularization;
algorithms. Mann iteration method and normal S-iteration splitting methods;

method are popular methods to solve fixed point prob- forward-backward
lems. We propose a new common fixed point algorithm  algorithm;
based on normal S-iteration method using Tikhonov reg- ~ Douglas-Rachford

algorithm; primal—dual

ularization to find common fixed point of non-expansive .
algorithm.

operators and prove strong convergence of the generated
sequence to the set of common fixed points without assum- AMS CLASSIFICATIONS
ing strong convexity and strong monotonicity. Based on pro- 47)25; 47H09; 47H05; 47A52
posed fixed point algorithm, we propose a forward—backward-

type algorithm and a Douglas—-Rachford algorithm in con-

nection with Tikhonov regularization to find the solution of

monotone inclusion problems. Further, we consider the com-

plexly structured monotone inclusion problems which are

very popular these days. We also propose a strongly con-

vergent forward-backward-type primal-dual algorithm and

a Douglas-Rachford-type primal-dual algorithm to solve the

monotone inclusion problems. Finally, we conduct a numeri-

cal experiment to solve image deblurring problems.

1. Introduction

Throughout the paper, H denotes a real Hilbert space with inner product (-, -)
and norm || - ||, respectively. Consider T : H — 2" is a set-valued monotone
operator. The monotone inclusion problem is to find x € H such that

0 € T(x). (1)
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The monotone inclusion problem (1) plays important role in nonlinear analysis.
Many problems arising in engineering, economics and physics can be framed as
monotone inclusion problem (see [1-7]). Martinet [8] has proposed proximal
point algorithm, which is very popular to solve monotone inclusion problem.
The proximal point algorithm is given by

Xn4+1 = ]AnT(xn) Vn e N, (2)

where J,, 7 = (Id + A, T)~%, Ay > 0 is a regularization parameter and x; € H.
Rockafellar [9,10] has proved that proximal point algorithm converges weakly to
solution set of inclusion problems in real Hilbert space framework. Further, he
has introduced the inexact proximal point algorithm as follows:

Xnt+1 = ]AHT(xn +€,), VneN, (3)

where {€,,} is an error sequence in H. The sequence {x,} also converges weakly
to solution set of inclusion problem provided Y ;7 |l€,|l < oo. Guler [11] has
shown by an example that sequence generated by proximal point algorithm (2)
converges weakly, but not strongly. It becomes a matter of interest for the research
community to modify the proximal point algorithm to obtain the strong con-
vergence. In such consequences, Tikhonov method has been proposed which
generates as follows:

Xnt1 = Jn,T(X), (4)

where x € H and A, > 0 such that 1, — o00. Detailed study of Tikhonov reg-
ularization method can be found in [12-16]. Lehdili and Moudafi [17] have
combined the idea of proximal algorithm and Tikhonov regularization to develop
an algorithm that converges strongly to solution of inclusion problem (1). They
have solved the inclusion problem (1) by solving inclusion problem of fixed
approximation of T, which is T, = T + u,Id, i.e.

find x € H such that 0 € T, (x),

where (i, is regularization parameter of T. The proximal-Tikhonov algorithm is
given by

Xn1 = I, 1, (Xn).

The Tikhonov regularization term p,Id has impelled the strong convergence
of the algorithm. In the absence of Tikhonov regularization term, proximal-
Tikhonov algorithm becomes proximal algorithm which shows only weak con-
vergence in most of the cases. The strong convergence of the algorithm can be
obtained by using some other techniques also, some of them can be found in
[18,19].

Evaluation of resolvent is sometimes as hard as the original problem. This
problem has tried to resolve by splitting the operator in two operators, i.e. T =
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A + B, whose resolvents are easy to compute. For T'= A + B, the monotone
inclusion problem (1) becomes

find x € H such that 0 € (A + B)x, (5)

where A :’H — 2" is maximally monotone operator and B is an operator.
Problem (1) is also a generalization of the variational inequality problem:

find x; € H such that (Ix* € g(x1))(Vx2 € H)(x1 — x2,x™) < f(x2) — f(x1),

where f : H — H is a proper, convex, lower semicontinuous and g : H — 27
is a maximally monotone operator. Problem (1) serves as a blanket for various
nonlinear problems viz. image denoising problem; clustering problem; wireless
sensor network localization problem; matrix factorization problem; generalized
Nash equilibrium problem and many more (see [20-24]).

Forward-backward splitting algorithm and Douglas-Rachford algorithm
have been proposed to solve Problem (5). Forward-backward splitting method
has been proposed by Lions and Mercier [25], Passty [26], which is given by

Xpi1 = (Id + Ay A) 1 (Id — 1yB)xp, (6)

where A, > 0 and B: H — H is a cocoercive operator. Mercier [27] and Gabay
[28] have studied the convergence behaviour of forward-backward method
when A™! is y-strongly monotone with y > 0. They have proved that for-
ward-backward algorithm converges weakly to the point in the solution set
provided 1, < 2y, is constant. In addition, if A is strongly monotone, then {x,}
shows strong convergence to the unique solution of Problem (5). Chen and Rock-
afellar [29] have also assumed the strong monotonicity of A to prove the strong
convergence of forward-backward method which depends on Lipschitz constant
and modulus of strong monotonicity. Further, forward-backward method has
been extensively studied, few of them can be found in [29-32] and references
therein.

Douglas-Rachford method has been proposed to solve problem (5) when both
A and B are set-valued. It has been originally proposed by Douglas and Rach-
ford [33] to solve linear equations arising in heat-conduction problems. Lions
and Mercier [25] have extended the Douglas-Rachford algorithm to monotone
operators. Douglas—Rachford algorithm is given as follows:

Xp+1 = RpRax,, VneN, (7)

where Rp and R4 are reflected resolvent of operators B and A, respectively.
Lions and Mercier [25] have proved that Douglas-Rachford algorithm converges
weakly to a fixed point of operator T which helps to obtain the solution of the
Problem (5). Svaiter [34] has supported the results of Lions and Mercier by prov-
ing the weak convergence of the shadow sequence to a solution. Further analysis
of the Douglas-Rachford algorithm can be found in [35-38].
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Let C be a non-empty closed convex subset of H and S : C — C be a non-
expansive operator. There are a number of iterative methods for finding fixed
points of non-expansive operators. We recall some well known fixed point
methods, which are given below:

e Mann iteration method [39]:
Xnt1 = (1 = Bu)xn + BuS(xn), VneN;
e S-iteration method [40]:
Xpp1 = (1 — an)S(xn) + anS[(A = Bp)xn + BnSxnl, Vn e N;
e Normal S-iteration method [41]:

Xni1 = S[(1 — Bu)xn + BnSxn], VneN;

where oy, By € (0,1). The importance of these algorithms are not limited to
solve fixed point problems, but these algorithms are also useful for solving
inclusion problems of sum of a set-valued maximally monotone operator and
a single-valued cocoercive operator, and inclusion problems of sum of two set-
valued maximally monotone operators. The S-iteration methodology has been
applied for solving various nonlinear problems, inclusion problems, optimiza-
tion problems and image recovery problems. Recently, it has been demonstrated
by Avinash et al. [42] that the inertial normal S-iteration method has better
performance compared to the inertial Mann iteration method. The S-iteration
method and normal S-iteration method are also useful for finding common
fixed points of non-expansive operators. Since last few years, these properties
of normal S-iteration make it popular among research community to find fixed
point. Several research articles related to S-iteration and normal S-iteration can
be found in [43-47]. The weak convergence of the fixed point algorithms have
reduced its applicability in infinite dimensional spaces. To achieve the strong
convergence of algorithms one assumes stronger assumptions like strong mono-
tonicity and strong convexity, which is difficult to achieve in many applications.
This situation leaves a question to research community: can we find the strongly
convergent algorithms without assuming these strong assumptions? The answer
to this question is replied positively by Bot et al. [48]. They have modified the
Mann algorithm as follows:

Xnt1 = enXy + 0n(S(enxn) — enxn), (8)

where e, 6, are positive real numbers. The strong convergence of algorithm (8)
for non-expansive operator S has been studied by Bot et al. [48] when set of fixed
points of S is non-empty and parameters 6, and e, satisfy the following:

(i) 0<es<lforallneN, limyooen =1, vo (1 —e,) =00 and > oo,
len —en—1| < 00;
(ii)) 0 <6, <1lforallneN,0 <liminf, o On, Y vy |00 — On_1] < 00.
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We consider the following more general problem:

Problem 1.1: Consider 7,8 : H — 'H are non-expansive operators. Find an
element x € H such that x € Fix(7) N Fix(S).

The study on the common solutions of system of problems can be found in
[49-52]

Remark 1.2: The algorithm (8) proposed by Bot et al. [48] can not directly apply
to solve inclusion problem (1).

In this paper, we introduce the normal S-iteration method based fixed point
algorithm to find common fixed point of non-expansive operators 7,S : H —
'H, which converges strongly to common solutions of fixed point problem of
operators S and 7. Based on the proposed fixed point algorithm, we develop
a forward-backward algorithm and a Douglas-Rachford algorithm contain-
ing Tikhonov regularization term to solve the monotone inclusion problems.
In many cases, monotone inclusion problems are very complex, they con-
tain mixture of linear and parallel sum monotone operators. Recently, many
researchers have proposed primal-dual algorithms to precisely solve the con-
sidered complex monotone inclusion system [20,53-56]. We have proposed a
forward-backward type primal-dual algorithm and a Doughlas—Rachford type
primal-dual algorithm having Tikhonov regularization term to find the com-
mon solution of the complexly structured monotone inclusion problems. The
proposed algorithms have a special property that resolvents of all the operators
are evaluated separately.

The paper is organized as follows: Next section recalls some important def-
initions and results in nonlinear analysis. In Section 3, we propose a nor-
mal S-iteration based Tikhonov regularized fixed point algorithm and study
its convergence behaviour. In Section 4, we propose a forward-backward-type
algorithm and a forward-backward-type primal-dual algorithm to solve inclu-
sion problem and complexly structured monotone inclusion problem, respec-
tively. In Section 5, we propose Douglas—Rachford-type algorithms to solve
monotone inclusion problems and complexly structured monotone inclusion
problems of set-valued operators. In the last section, we perform a numerical
experiment to show the importance of proposed algorithms in solving image
deblurring problems.

2. Preliminaries

This section devotes some important definitions and results from nonlinear anal-
ysis and operator theory. Let N and R denote set of natural numbers and set
of real numbers, respectively and ‘Id’ denotes identity operator. Consider the
operator T : H — 27, Let Gr(T) denote the graph of T, Zer(T) denote set of
zeros of operator T and Fix(T) denote set of fixed points of T. The symbol m
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is used to denote a strictly positive integer throughout the paper. The set of
proper convex lower semicontinuous functions from H to [—o00, 4-00] is denoted
by '(H).Letf € T'(H), then argminycrf(x) = {x* € H : f(x*) < f(y),Vy € H}
and argmaxyenf(x) = {x* € H: f(x*) > f(»),Vy € H}. Let A: H — 2" be an
operator. Domain of A is dom (A) = {x € H : Ax # (J}. Range of A is denoted
by ran (A) = Uxey Ax. A is said to be monotone if

x—y,u—v) >0, V(xu),(v) e Gr(h).

A is said to be maximally monotone if there exists no monotone operator B :
H — 2™ such that Gr(B) properly contains Gr(A). A is strongly monotone with
constant 8 € (0, 00) if

(x—y,u—v) > Blx—ylI* Y(x,u),(v) € Gr(A).

The resolvent of A is defined by J4 = (Id + A)~! and the reflected resolvent of A
is R4 = 2J4 — Id. Consider f : H — [—00, 00]. The conjugate of f is defined by
ffiH — [—o0,00],
u > sup ((x,u) — f(x)).
xeH

Letf : H — [—o00, 00] be a proper function. The subdifferential of f is of : H —
2M is defined by

x> {ueH|f(y) > f(x)+ (y —x,u) Vy € H}.

Iff € I'(H), then df is maximally monotone. The resolvent of subdifferential of
f is proxy, where prox; : H — H defined by

. 1 2
proxy(x) = argminyep 1f(y) + E||y —x||“ .

Definition 2.1: Let C be a non-empty subset of H. Then: (i) interior of C is
intC={xeC:3p > 0)B(0;p) CC—x};
(ii) strong relative interior of C is
striC = {x € C : cone(C — x) = span(C — x)};
(iii) strong quasi-relative interior of C is

sqriC ={x e C: U p(C — x) is a closed linear subspace of space H}.
p>0

In case H is finite dimensional, sqri and sri are equivalent.
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Definition 2.2: Let C be a non-empty subset of H, and T : C — H be a non-
expansive operator. T is said to be

(i) non-expansive if
ITx — Tyll < llx—yllVx,y € G
(ii) firmly non-expansive if
ITx = Tyll* + [|(Id = T)x — (Id = T)y|* < [lx = y|* Vx,y € G;
(iii) B-cocoercive (B > 0) if
(x—yTx—Ty) = Bl Tx — Ty|* Vx,y € C

(iv) o-averaged for o € (0, 1) if there exists a non-expansive operator R : C —
‘H suchthat T = (1 — «)Id + «R.

An operator T : H — 2™ is strongly monotone with 8 € (0, 00) implies T~ ! :
‘H — 'H is B-cocoerceive.

Definition 2.3 ([57]): Let C be a non-empty subset of H. Then:
(i) The indicator function i¢c : H — [—00, +-00] is defined by

0, ifxeC
0o otherwise

ic(x) = { 9)
(ii) The projection of a point x € H on C is defined by proj.(x) ={u € C: u =
argmingecllx — z||}.

(iii) Suppose C is convex, then normal cone to C at x is defined by

ueH:sup(y —x,u) <0VyeClC, ifxeC

@, otherwise. (10)

Ne(x) = {
Definition 2.4 ([57, Proposition 4.32]): The parallel sum of two operators
Ty, Ty : H — 2" is TiOT, : H — 2M defined by T/0T, = (T, + T, )7L

The subdifferential of parallel sum of operators T} and T, is 9(T,0T,) =
dT 10 T.

Remark 2.5: If T7 and T, are monotone then the set of zeros of their sum
Zer(Ty + T2) = J, 1, (Fix(Ry1,Ry1,)) VY > 0and R, 1, = 2], 1, — Id,i = 1,2.

Proposition 2.6 ([57]): Consider T1, T, : H — H be o1, az-averaged operates,

. i — A1t —2aia)
respectively. Then the averaged operator Ty o T is o = =-1=22P1=2 -averaged.
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Lemma 2.7 ([57, Corollary 4.18]): Let T : H — 'H be a non-expansive mapping.
Let {uy,} be a sequence in H and u € 'H such that u, — u and u, — Tu, — 0 as
n — o0o. Then u € Fix(T).

Lemma 2.8 ([16, Lemma 2.5]): Let {a,} be a sequence of non-negative real
numbers satisfying the inequality:

aﬂ-‘rl S (1 - Qn)an + ann + €n V}’l Z 0,

where

(i) 0<6,<1foralln>0and}_, o0 = 00;
(ii) limsup,_, ., by <0;
(iii) €, > 0foralln > 0and ano €, < 00.

Then the sequence {a,} converges to 0.

3. Tikhonov regularized strongly convergent fixed point algorithm

This section devotes to investigate a computational theory for finding common
fixed points of non-expansive operators. We introduce a common fixed point
algorithm such that sequence generated by the algorithm strongly converges to
the set of common fixed points of mappings.

Algorithm 3.1: Let S,7 : ' H — H be non-expansive mappings. Select {e,},
{6,} C (0,1) and compute the (n + 1)th iteration as follows:

Ynt+1 = S[(1 — On)enyn + 0,7 (enyn)] forallm e N. (11)

We now study the convergence behaviour of Algorithm 3.1 for finding the
common fixed point of S and 7.

Theorem 3.2: Let S,7 : H — 'H be non-expansive mappings such that Q :=
Fix(T) N Fix(S) # 0. Let {y,} be a sequence in H defined by Algorithm 3.1, where
{6,} and {ey} are real sequences satisfy the following conditions:

(i) 0 <ey, <1lforallneN,lim,oe, =1, Zzozl(l —e,) = 00 and ZZ.;H
ey — en—1] < o0
(i) 0<0<6,<6 <1forallnc N, and Y52 1 |0y — 6y—1| < o0.

Then the sequence {y,} converges strongly to projg(0).

Proof: In order to prove the convergence of the sequence {y,}, we proceed with
following steps:
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Step 1. Sequence {y,} is bounded.
Let y € Q. Since S and 7 are non-expansive, we have following

ynt1 — yIl = ISIA = On)enyn + 00T (enyn)] — i
< 1A = On)enyn + 0,7 (enyn) —
< (I =On)llenyn — ¥l + Ol T (enyn) — yll
< llenyn =yl (12)
= llea(yn —y) — (1 — eyl
<enlln =PI+ QA —elyl
< max{llyo — yl lyll}.

A

Thus, {y,} is bounded.
Step 2. [|¥n+1 — yull = Oasn — oo.
Using non-expansivity of S and 7, we have

[ynt1 = yull = ISIA — On)enyn + 00T (enyn)]
— S[(1 = Op—1Den—1yn—-1+ On—17 (en—1yn-D]|
< (X = On)enyn + 0,7 (enyn)
— (1= Op—1)en—1yn—1 — On—17 (en—1yn—1)|l
= (1 = On)enyn — (1 — Opn—1)en—1yn—1
+ 00T (enyn) — On—17 (en—1yn—1) |
< [[(X = On)(enyn — en—1yn—1) + (On—1 — On)en—1yn—1)|l
+ 10n(T (enyn) — T (en—1yn-1))
+ (0n — 0n—1)T (en—1yn-Dl
< llenyn — en—1yn—1ll + 16n — O4—11C1
= llen(yn — yn—1) + (en — en—1)yn—1ll + 160 — Ou—11Cy
< eullyn — yn-1ll + len — en—11C2 + [0 — On—11Cy,
for some Cj, C, > 0. By applying Lemma 2.8 with a, = ||y, —
Yn—1lbbn =0, €, =len —en—11C2 + |0, — Op—1|Cr and 0, =1 — ¢,V
n € N, we obtain that ||y,4+1 — yul — 0.

Step 3. |lyn — Tyull and ||y, — Synll — 0asn — oo.
Let y € 2. Note

Iynt1 — Y12 = IS[A — O)enyn + 0T (enyn)] — ¥l

< (X = On)enyn + 6,7 (enyn) — yII*
= (1= ) llenyn — ¥I* + 6ullT (enyn) — yII?
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— 0u(1 = On)lenyn — T (enyn)II”
< (1= 60)llenyn — yII* + Onllenyn — yII?
— On(1 — O llenyn — T (enyn)|I?
= llewyn — yI> — 01 = ) llenyn — T ey >, (13)
which implies that
On(1 — On)llenyn — T (enyn) >
< lenyn — y1I* = llyns1 — yII?
= llewyn — eny + eny — yI* — lynt1 — ylI?
= (1 —en)IylI* + enllyn — yII°
— en(1 = en) [yl — lyns1 — ¥l
< (1 —en)lyl* + enllyn — yII°
—en(1 = en)lynll® — enllynsr — yI?
= euf{llyn — yI> = llynt1 — y17} + (L — eIyl
—en(1— en) lynll*. (14)
Since,

lyn — yI1* < lyn — Y1 12 + yns1 — YI12 4 20yn — yas1 llyns1 — yl

which can be rewritten as
lyn = Y12 = 1ynt1 = y1% < 1yn = yerI? + 2090 = yusalllynsr = yll.
Thus (14) becomes
On(1 = O)llenyn — T (enyn) >
< en{llyn = yur1 I 4 2llyn — yarr llyns1 — ylI}
+ (1= e lIyll* — en(1 — e) [lynll*. (15)

Using Step 1, Step 2 and condition (ii) in Theorem 3.1, we obtain 8,,(1 —
O)lenyn — T (enyn)||*> — 0. Now

yn = Tynll = lyn — enyn + enyn — T (enyn) + T (enyn) — T yull
< lyn — enynll + llenyn — T (enyn) Il + 17 (enyn) — Tyl
<2(1 —en)llynll + llenyn — T (enyn)| — 0asn — oo.
Observe that
Iyn — Syull < llyn — ynt1ll + lynt1 — Synll
= llyn — ynt1ll + IS[(A — On)enyn + Ou7T (enyn)] — Synll
< Wyn = ynt1ll + 11 — On)enyn + OnT (enyn) — yall
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< lyn = yur1ll + (1 = On)llenyn — yall
+ 0l T (enyn) — yull

< yn = yurrll + (1 = 0,)(A — en)lyall
+ 0nllT (enyn) — Tyn+ Tyn — yull

< yn = yurrll + (1 = 0)(1 = en) [yl
+ Oullenyn — ynll + 0ullTyn — yull

= [lyn = ynt1ll + (1 — en)llyall
+ 04l 7yn — yull = 0asn — oo.

Since e, — 1 and ||yy, — yut1ll and |lyy — Ty,ll > Oasn — oo, we
have ||y, — Syl — 0.
{yn} converges strongly to y = proj(0).

From (12), we set

1 = Y1 < IS[QA = On)enyn + 0,T (enyn)] —
= 11 = On)enyn + 0nT (enyn) — I
= (1 = 6n) (enyn — ) + 6T ((enyn) = D)
< llenyn — . (16)
Hence
1ynt1 = 717 < llenyn — ¥II°
< len(yn — ) — (1 — ey l?
< epllyn — JII° + 2en(1 — en) (= yn — 3) + (1 — )’ |71

< enllyn — JlI* + 2ex(1 — ex) (=3, yn — ¥) + (1 — e 71>
(17)

Next we show that

lim sup(—y,y, —y) < 0. (18)

n— 00
Contrarily assume a real number [ and a subsequence {y,;} of {yn}
satisfying
(=Pynj—y) = 1>0VjeN. (19)
Since {y,} is bounded, there exists a subsequence {y,,;} which converges
weakly to an element y € H. Lemma 2.7 along with Step 3 implies that

y € Q. By using variational characterization of projection, we can easily
derive

lim (—7,y0, = 7) = (—3y = 7 <0, (20)
j—>o0
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which is a contradiction. Thus, (18) holds and

lim sup (2eq (=, yu — 7) + (1 — en) [71I?) < 0. (21)

n—oo

Consider a, = |lyn — 7|2 b = 2en(—5,yn — ) + (1 — e) |73 €0 = 0
and 6, =1 —e, in (17) and apply Lemma 2.8, we get the desired
conclusion. -
Corollary 3.3: Let Ry,Ry : H — H be a1, az-averaged operators, respectively,
such that Fix (R;) N Fix(Ry) # @. For y1 € H, let {y,} be sequence in H defined

by
Yn+1 = Rolenyn + On(Ri(enyn) — enyn)} Vn €N, (22)

where {0} and {e,} are real sequences satisfy the condition (i) given in Theorem 3.2
and the conditions:

o
0<®<af, <O <1forallnecNand Zl@n—én_1|<oo.

n=1

Then the sequence {y,} converges strongly 1o Projgy r,)nFix(r,) (0)-

4. Tikhonov regularized forward-backward-type algorithms

In this section, we propose a forward-backward algorithm based on
Algorithm 3.1 to simultaneously solve the monotone inclusion problems of the
sum of two maximally monotone operators in which one is single-valued. Fur-
ther, we also propose a forward-backward-type primal-dual algorithm based
on Algorithm 3.1 to solve a complexly structured monotone inclusion problem
containing composition with linear operators and parallel-sum operators.

4.1. Tikhonov regularized forward-backward algorithm

Let A, Ay : H — 2T be maximally monotone operators and By, B, : H — H be
a1, ap-cocoercive operators. We consider the monotone inclusion problem

find x € H such that 0 € (A; + B1)x N (A; + By)x. (23)

We propose a forward-backward algorithm to solve the monotone inclusion
problem (23) such that generated sequence converges strongly to the solution
set of the Problem (23).

Theorem 4.1: Suppose Zer(A; + By) NZer(A; + By) # @ and y; € (0,21)
and y, € (0,2a3). For y1 € H, consider the forward-backward algorithm defined
as follows:

Y1 = Jy,a,(Id — y2B2) {(1 — On)enyn + Oulya, (enyn — VlBl(en}’n))} Vn e N.
(24)
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where {0} and {e,} are real sequences satisfy the condition (i) given in Theorem 3.2
and the conditions:
20 >
1 —_—
0<®<—0,<0<1 lin e Nand On — Op— 00.
<__4(x1—)/1n_ < 1foralln an Zln h—1| <

n=1

Then {y,} converges strongly to PTOj Zer(A,+B1)NZer(Ar-+B,) (0)-

Proof: Set T =], 4,(Id—y1By) and T, =],4,(Id—y2B;), then
algorithm (24) can be rewritten as:

Yn+1 = T>{(1 — Qn)en}’n + QnTl(enyn)} Vnel (25)
Since J, 4, is %—cocoercive [57, Corollary 23.8] and Id — y1 B is ;Tll—averaged
[57, Proposition 4.33], T; is 4(121027/1 -averaged. Similar arguments show that
Ty is g 05220[—2}/2 -averaged. Using the fact that Zer(A; + B;) = Fix(T;),i = 1,2 and
assumption Zer(A; + B;) N Zer(A, + By) # ¥ [57, Proposition 25.1], Fix(T7) N
Fix(T;) # ¢. Therefore, Theorem 4.1 follows from Corollary 3.3. [ |

Further, we consider the following minimization problem and propose a
proximal-point-type algorithm to solve it.

Problem 4.2: Consider strictly positive real numbers By, 8. Let fi,f : H —
R U {oo} be proper convex lower semicontinuous functions and g1, ¢ : H — R
be convex and Frechet-differentiable functions with ﬁ%’ /SLZ -Lipschitz continuous
gradients, respectively. The problem is to find a point y € 'H satisfying

y € argminger {(fi + @)@} [ ) argmineern {(h + g)@}.  (26)

Theorem 4.3: Consider the functions fi,f»,g1 and g are as in Problem 4.2. Let

argmin(fy + g1) N argmin(f, + ) # V. Fory, € (0,261] and y» € (0,2p,], con-
sider an algorithm with initial point y; € H,

Ynd1 = Proxy,s, (Id — VZVgZ){(l - Qn)en)’n
+ Onprox,, f, (enyn — Y1V g1 (enyn))} Vn € N, (27)

where0,, € (0,1] and e, € (0, 4%IT_IVI) satisfy the condition (i) in Theorem 3.2 and
the conditions:

o0
0 <© < land Y |0y — Op 1| < co.

n=1

2
481 —

Then {y,} converges strongly to minimal norm solution y of Problem 4.2.
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Proof: Consider A = 9f, Ay = dfy, By = Vg1, B, = Vg. Since
Zer(3f; + Vg;) = argmin(f; + gi), i = 1,2

and Vg, Vg, are B1, B2-cocoercive, respectively (Ballion-Hadded Theorem [57,
Corollary 16.18]). Thus, by Theorem 4.1, {y,} converges strongly to a point y in

argmin(fy + g1) N argmin(fa + £2). n

4.2. Tikhonov regularized forward-backward-type primal-dual algorithm

Problem 4.4: Suppose 21,. .., Q2 are real Hilbert spaces. Consider the follow-
ing operators:

e A,B:H — 2" are maximally monotone operators,

e C,D:H — H are u;, u2-cocoercive operators, respectively, 11, ua > 0,

o PiQiRi,Si: Q2 — 2% are maximally monotone operators such that Q; is v;-
strongly monotone and §; is §;-strongly monotone, v;,8; > 0,i=1,...,m,

e non-zero continuous linear operators L; : H — Q;,i=1,...,m.

The primal inclusion problem is to find y € H satisfying

m
0€Ay+ Y LiPOQ)Ly) + Cy
i=1
and
k
0€By+ Y Li(ROS)(L) + Dy
i=1

together with corresponding dual inclusion problem

find V1 € §21,...,Vm € 82, such that Iy € H and

— 2L LivieAy+ Gy

vi € (P;UJQi)(Liy)

and (28)
—2it Livi € By+ Dy

Vi € (RiDSi)(Liy), i=1,...m.

A point (J,V1,...,Vm) € H X £21 X -+ X §2,, be a primal-dual solution of
Problem 4.4 if it satisfies the following:

— 2 i Livi € Ay + Gy,

— sz:1 L;’W_/i € By + Dy,

vi € (POQ)(Liy),

1_/1' € (RiDS,')(Li)_/) i=1,...,m.

(29)
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Algorithm 4.1: To optimize the complexly structured Problem 4.4
Input:
(1) initial points (Y1, V1,1, ->Vm1) € H X 821 X -+ X 24,
(2) real numberst,0;, > 0,i=1,2,...,m,

(3) 9?’1 € (Oa 4@13?;1]) e?’l € (0> ]-) .

Forn e N;

Pn=Jza [enyn — t(en Z:il L;‘kvi,n + C(enyn))]

Un = enyn + 0n(Pn — enyn)

Fori=1,...,m;
qin = ]aiplfl [envi,n + Ui(Li(ZPn - @n)’n) - Qi_l(enVi,n))]
Uip = epVin + 0 (Qi,n - envi,n)

Yn+1 = Jelun — T(Zlmzl L;kui,n + D(un))]

Vintt = oot in + 0i(LiQyn1 — tn) = S (uin)]

Output: (Yn+1, Vi,ntls- - > Vimnt1)

Theorem 4.5: Consider the operators as in Problem 4.4. Assume

m
0 € ran <A + ZL;" o (P;0Q))oL; + C) ﬂran

i=1
m
(B + Z L¥ o (ROS) o L; + D) ) (30)
i=1
Lett,01,...,0, > 0 such that
2p min{By, B2} > 1,

where

. {1 1 1}
p=miny—,—,...,— 1-—
T 0] Om

m
T Y oillLill?
i=1

B1 = min{ui,vi,..., vy} and By = min{uy, 81,...,8m}

Consider the algorithm with initial point (y1,v1,1,...,Vm1) € H X £21 X --- X
2, and defined by
where sequences {0,,} and {e,} satisfy the condition (i) and the conditions:

2 . o0
0<0<-PP 4 -6 -1and 3" 16 — 1] < o0,
4f1p —1 =
Then there exists (¥,Vi,...,Vm) € H X 21 X -+ X §2,, such that sequence
{Wn>Vins--->Vmn)} converges strongly to (y,Vi,...,V) and satisfies the

Problem 4.4.
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Proof: Consider the real Hilbert space X =H x 21 x --- x £2,,, endowed with
inner product

m

<(xa U ... )um)) ()/; Vise.. )Vm)>IC = (x’y>H + Z(ui’vi>9i
i=1

and corresponding norm

||(X,Ll1, cees um)”/C

m
= |3+ D Nuilly, Yo ur, .. tim), (35 v1s -, V) € K

i=1

Further we consider following operators on real Hilbert space C:

(1) ¢ : K — 2K, defined by (x, u1, ..., um) — (Ax,Pl_lul,...,P;llum),
(2) ¢y : K — 2K, defined by (x, u1, ..., um) — (Bx,Rl_lul, . ,R;qlum),
(3) &:K — K, defined by (x,u1,...,um) > O L¥uj, —Lix, ..., —Lyx),
(4) ¥ : K — K, defined by (x,uy,...,uy) — (Cx, Qflul,...,Q;Ium),
(5) ¥2: K — K, defined by (x, u1, ..., um) — (Dx, Sl_lul,. ..,S;lum).

These operators are maximally monotone as A, B, P;,R;, Q;,Si, i = 1,...,m are
maximally monotone, C, D are i1, u2-cocoercive, respectively and & is skew-
symmetric, i.e. £* = —& ([57, Proposition 20.22, 20.23 and Example 20.30]).
Now, define the continuous linear operator V : L — K by,

m
X [Z5] Um
*
(XUl . Uy) — ——E Liuj,— —Lix,...,— — Lux |,
L o1 Om

which is self-adjoint and p-strongly positive, i.e. (x, Vx)x > ,0||X||,2C Vx € K [56].
I <

Therefore inverse of operator V exists and satisty ||V~ | %.
Now;, consider the sequences

Yn = ()’na Vi -« Vm,n),
Vne N{u, = (Up, U - - > ), (31)

Xn = (pn: di,m> - - - ,Qm,n)-

By taking into account the sequences {y,},{x,} and {u,} and operator V,
Algorithm 4.1 can be rewritten as

enV(Yn) -V, — ¥ (enYn) € (1 +8)xn)
VneNqu, = enYn + 0, (Xn — enyn) (32)
Vu, — Vyn+1 —Youy, € (P2 +&E)ynt1.

On further analysing Algorithm 4.1, we get
Xy = ]Al (enYn - Bl(enYn))
Vn e Nu, = ey, + 0.(Xn — enyn) (33)
Y1 = Ja, (W — Bouy),
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where A; = V(¢ +£), Bi =V 1y, A, = V(¢ + &) and B, = V.
The Algorithm (33) is in the form of Algorithm (23) for y = 1 and A; = A, and
B; = Bj, i = 1,2. Now, we define the real Hilbert space Ky = H x £ x -+ X
£2,, endowed with inner product (x,y)xy = (X, Vy)x and corresponding norm
is given by, [|x|licy = V(X VX)c VX, ¥ € Ky.

In view of real Hilbert space Ky and Algorithm 4.1, we observe the following:

(i) since dom(§) = K, ¢; + & are maximally monotone on K and thus maxi-
mal monotonocity of A; and B; on Ky are followed, for i = 1, 2 [56].
(ii) B;are Bjp-cocoercive on Ky as y; are B;-cocoercive in K [56, Page 672], for
i=1,2.
(i) Zer(A;+ By)=Zer(V " (¢i + & + i) =Zer(¢; + & + ¥), i=1,2 and
from condition (30), we can easily obtain that Zer(A; + B;) N Zer(A; +
By) # 0.

Since V is self-adjoint and p-strongly positive, weak convergence and strong con-
vergence of sequences are the same in both Hilbert spaces K and Ky. Operators
A;,B;, i = 1,2 and sequences {6,}, {e,} satisfy the assumptions in Theorem 4.1,
therefore, according to Theorem 4.1, {y,} converges strongly to (¥, V1,..., V) €
PrOjZer(A1+B1)mZer(A2+B2)(0> ...,0) in the space Ky as n — oo. Thus, we obtain
the conclusion as (y,V1,...,Vm) € Zer(¢1 + & + Y1) N Zer(¢pa + & + y2), also
satisfy primal-dual Problem 4.4. |

Next, we define a complexly structured convex optimization problem and their
Fenchel duals. Further, we propose an algorithm to solve the considered problem
and study the convergence property of algorithm to find simultaneously the com-
mon solutions of optimization problems and common solutions of their Fenchel
duals. Let m be a positive integer. We consider the following problem:

Problem 4.6: Let f1,f» € I'(H) and h;, hy be convex differentiable function
with ,ul_l, My L Lipschitz continuous gradients, for some i, 1, > 0. Let £2;
be real Hilbert spaces and g;, l;, si, t; € I'(£2;) such that [;, t; are v;, §;-strongly
convex, respectively, and L; : H — £2; be non-zero linear continuous operator
Vi=1,2,...,m. The optimization problem under consideration is to find y € H
such that

y € argminyey {fl (x) + Z(giDli)(Lix) + hl(x)}

i=1

m
() argmincen {fz @) + Y (st (Lix) + hy (x)} (34)
i=1
with its corresponding Fenchel-dual problem is to find (vj,...,v},) € §£21 x

<+« X £2,, such that

% %
(Vis- w5 V) € ArgMax(y,,.. v,)es2:x - x 2m



18 (& ADIXITETAL

{—(fl*DhT) <— LTW) - (gon+ l;'k(Vi))}
i=1 j:

i=1

[—(fz*DhD (— > LTV;') =Y (sfo + t;"(vi))} : (35)
i=1

i=1

In the following corollary, we propose an algorithm and study its convergence
behaviour. The point of convergence will be the solution of Problem 4.6.

Corollary 4.7: Assume in Problem 4.6

m
0 €ran (8f1 + X:L;k o (dg;Jol;) o L; + Vhl) ﬂ ran

i=1

<3fz + ZLT o (ds;LJ0t;)) o L; + th) . (36)

i=1

Consider t,0; > 0, i = 1,2,...,m such that

2p min{By, B2} > 1.

where

0= min{r_l,ofl, .. .,0_1}

m
Y aillLill? |,
i=1

B1 = min{u1,vi,..., vy} and By = min{uy,81,...,0m)

Consider the iterative scheme with intial point (x1,v11,...,Vm1) € H X 21 X
-+ X 82, and defined by

Pn = prox.f, [enxn -1 (en Yo Livig + Vhl(enxn))]

Uy = epXy + en(pn — eyXn)

Fori=1,2,...,m

Vn € N{ qin = proxo,g: [envin + 0i(Li(2pn — enxn) — VI (eavin))]  (37)
Uin = epVin + en(qtn - enVi,n)

Xn+1 = ProxXcf, [“n -7 (Z;il L;‘kui,n + th(un))]

Vint1 = ProXes: [tin + 01(Li(2%Xn11 — tn) — VEF (Uin)] s

where sequences {0,} and {e,} satisfy the condition (i) in Theorem 3.2 and the
conditions:

2 . o0
0<0 < ﬂ9n§®<1and2|en—9n_l|<oo.
4p1p — 1

n=1
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Then, there exists (X,V1,...,Vm) € H X 21 X -+ X §2y, such that sequence
{(Xn> V> - - > Vmn)} converges strongly to (x,vi,...,Vpm) as n— oo and
(X, V1, . .., Vm) satisfies Problem 4.6.

5. Tikhonov regularized Douglas-Rachford-type algorithms

In this section, using Algorithm 3.1 we propose a new Douglas-Rachford
algorithm to solve monotone inclusion problem of sum of two maximally mono-
tone operators. Further using proposed Douglas—Rachford algorithm, we pro-
pose a Douglas—-Rachford-type primal-dual algorithm to solve complexly struc-
tured monotone inclusion problem containing linearly composite and parallel-
sum operators.

5.1. Tikhonov regularized Douglas—-Rachford algorithm

Let A, B: H — 2" be maximally monotone operators. In this section, we con-
sider the following monotone inclusion problem:

find x € H such that 0 € (A + B)x. (38)

We propose a new Douglas-Rachford algorithm based on Algorithm 3.1 such
that generated sequence converges strongly to a point in the solution set.

Theorem 5.1: Consider x|, € H and y > 0, then algorithm is given by:

Yn = ]yB(enxn)

Zn = Jya (2yn — enxn)

Uy = enXy + 0y(zy _)’n)

Xnt+1 = (2])/A - Id)(ZJyB — Id)uy,.

Let Zer(A + B) # () and sequences e, € (0, 1) and 6,, € (0, 2] satisfy the condition
(i) in Theorem 3.2 and the conditions:

VneN (39)

9 . o0
0<@§?n§®<land Ellén—en_1|<oo
n=

Then the following statements are true:

(i) {xn} converges strongly to X = projg;, RyaRys (0).
(i) {yn} and {z,} converges strongly to ], p(x) € Zer(A + B).

Proof: Consider the operator T = R, 4R, p : H — 2. From the definition of
reflected resolvent, and definition of operator T, algorithm (39) can be rewritten
as

0
Xnt1 = RyaRy Blenxy + f[(RyARyBxenxn) — enxy]}
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= T{enxn + %(T(enxn) — enXn)}. (40)

Since resolvent operator is non-expansive [57, Corollary 23.10(ii)], T is non-
expansive. Suppose x* € Zer(A + B) and results from [57, Proposition 25.1(ii)],
we have Zer(A + B) = J, p(Fix(T)), which collectively implies that Fix (T) #
@. Applying Theorem 3.2 with S =7 = T, we conclude that {x,} converges
strongly to X = projg;, ) (0) as n — oo.

The continuity of resolvent operator forces the sequence {y,} to converge
strongly to J,px € Zer(A + B). Finally, since z, —y, = %(T(enxn) — euXn),
which converges strongly to 0, concludes (ii). [ |

Problem 5.2: Letf,g: H — R U {oo} be convex proper and lower semicontin-
uous functions. Consider the minimization problem

min f(x) + g(). (41)

Using Karush-Kuhn-Tucker condition, (41) is equivalent to solving the inclu-
sion problem

findx € H 0 € af (x) + 9g(x). (42)

In order to solve such type of problem, we propose an iterative scheme and study
its convergence behaviour which can be summarized in the following corollary.

Corollary5.3: Letf, g beasin Problem 5.2 with argmin,en {f (x) + g(x)} # @ and
0 € sqri(dom f — dom g). Consider the following iterative scheme with x; € 'H:

Yn = proxyg(enxn)

Zn = proxyf(2yn — enXn)

Up = enXy + 0p(2zy _)’n)

Xnt1 = (2prox,f — Id)(2prox, g — Id)uy,

VneN (43)

where y > 0 and sequences {0,} and {e,} satisfy the condition (i) in Theorem 3.2
and the conditions:

<O < 1land Z|9n—9n_1| < 0.
Then we have the following:

(i) {xn} converges strongly to x = PrOjgiy(r) (0) where T = (2prox, s — Id)
(2prox, ¢ — Id).
(ii) {yn} and {z,} converge strongly to proxy¢(X) € argminyey {f (x) + g(0)}.

Proof: Since argminygen{f(x) + g(x)} # ¥ and 0 € sqri(dom f — dom g) ([57,
Proposition 7.2]) ensures that Zer(A 4+ B) = argminyen{f (x) + g(x)} # 9. The
results can be obtained by choosing A = df, B = dg in Theorem 5.1. |
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5.2. Tikhonov regularized Douglas-Rachford-type primal-dual algorithm

In this section, we propose Douglas-Rachford-type primal-dual algorithms to
solve the complex-structured monotone inclusion problem having mixtures of
composition of linear operators and parallel-sum operators. We consider the
monotone inclusion problem as follows:

Problem 5.4: Let A : H — 27! be a maximally monotone operator. Consider for
eachi=1,...,m, £2; is a real Hilbert space, P;, Q; : £2; — 2% are maximally
monotone operators and L; : H — $2; is a non-zero linear continuous operator.
The primal inclusion problem is to find x € H satisfying

m
0eAx+ > L¥(POQ) (LX)
i=1
together with dual inclusion problem

find vy € §21,...,Vy € 8§24 such that (Ix € H)

_— Z?;I L;k{/l € Ax . (44)
Vi € (PiDQi)(Lix), i=1,...,m.
Here, operators P;,Q;,i =1,...,m are not cocoercive, thus to solve the

Problem 5.4, we propose the Douglas—Rachford algorithm based primal-dual
algorithm and investigate its convergence behaviour in the following theorem:

Theorem 5.5: In addition to assumption in Problem 5.4, we assume that

0 € ran (A +) Lo (POQ) o L,-) : (45)

i=1

Consider the strictly positive integers T,0;,i = 1,. .., m satisfying
m
T Z(’i“LiHZ < 4. (46)
i=1

Consider the initial point (x1,v1,1,...,Vm1) € H X §21 X -+ - X §2,,. The pri-
mal-dual algorithm to solve Problem 5.4 is given by

where sequences {0,} and {e,} satisfy the condition (i) in Theorem 3.2 and the
conditions:

0 . o0
0<@5?’“5®< Land Y |0, — 0p1| < oc.
n=1
Then there exist an element (X, V1,...,Vm) € H X §21 X - -+ X 82y, such that fol-

lowing statements are true:
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Algorithm 5.1: To optimize the complexly structured monotone inclu-
sion Problem 5.4
Input:
(1) initial points (x1, V1,1, .. .>Vm1) € H X 21 X -+ - X §£2p,.
(2) strictly positive real numbers t,0;,i = 1,2, ..., m be such that
T aillLill? < 4.
(3) sequences e, € (0,1),6, € (0,2]

Forn e N;
Pin= Jra(enxn — %en Z:il L;'kvi,n)
Win = 2P1n — enXn
Fori=1,...,m;
D2in = ]Uz.pi—l(envi,n + %Liwl,n)
Woin = 2P2,i,n — enVin
Zln = Win — % Z;il L;'kWZ,i,n
Ul,n = enXn + On(z1n _Pl,n)
Fori=1,...,m;
22in = Jo,t Wajin + ZLiQ2z1,n — win))
Upin = enVin + en(ZZ,i,n - P2,i,n)
din = ]rA(ul,n - % szzl L?(”Z,i,n))
Stn = 2q1,n — Ul
Fori=1,...,m;
qQ2,iin = ]al.plfl(MZ,i,n + %Lisl,n)
$2in = 2q2,i,n — U2in
dl,n = S1,n — % Z;ﬁl L?(SZ,i,n)
Xn+1 = 2d1,n — Sl,n
Fori=1,...,m;
dain = J g1 (S2,im + ZLi(xn11))
Vain = 2d2in — S2,im
Output: (Xu+1, Vint1s - - - Vinnt1)

(a) Denote
p1=Teax =3 X0 L)
Dai = ]aipi—l(vj + 3Li(2p1 — X)),i=1,...,m. Then the point (p1,p2,1,
.spam) € H X 821 X - -+ X 2y, is a primal-dual solution of Problem 5.4.
(b) {(xn>Vins--->Vmn)} converges strongly to (x,v1,. .., Vm).
© {Pprwp2im--->Prmn)} and {(z1,n22,1,n> - - ->22,mn)} converge strongly to

(131’1_)2,1) .o >}_72,m)-
Proof: Consider the real Hilbert space K and operators

(i) ¢: K — 2K, defined by (x, u1,. .., um) > (Ax,Pl_lul, e ,Pnjlum),
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(ii) &:K — K, defined by (x,u1,...,um) = QO ity Liui, —Lix, ..., —Lyx),
(iii) ¥ : K — 2K, defined by ¥ (x, u1, ..., um) = (0, Ql_lul, ces Q;lum).

We can observe the following:

(i) operator %5 + ¢ and %é + ¢ are maximally monotone asdom & = K ([57,
Corollary 24.4(i)]),
(ii) condition (45) implies Zer(¢p + & + ) # 0,
(iii) every pointin Zer(¢ + & 4 ) solves Problem 5.4.

Define the linear continuous operator W : L — K, defined by

x 1< up 1 U 1
WX, Uy, ..., Uy) = (= — = Lfu;, — — ~Lix,...,— — —L,x
(x, 1y m = 2;,101 oL = 5Lm)

which is self-adjoint. Consider

7 11 1
TZUiHLiH ) min{—, —,...,—} > 0.
i1 T 01 Om

The operator W is p- strongly positive in Kw [56] and satisfies the following
inequality

(x, Wx) = pllxll} ¥x € K.

Thus the inverse of W exists and satisfies [W™!|| < %. Consider the sequences

X}’l = (xn) Vl,m LI Vm,n)

Yn = (Pl,n’PZ,l,m o ’Pz,m,n)

Z, = (Zl,n’ 22,115 -+ > ZZ,m,n)

Vn e N { u, = (ul,n, UDTmse- > uz,m)n) (47)
qn = (q1,n» Q2,15 -« > q2,m,n)
Sy = (Sl,n, S21,m - - - ’52,m,n)

dy = [dins 21,05 - - > A2mn)-

Using the definition of operators ¢, &, ¢ and W, Algorithm 5.1 can be written
equivalently as

Wie.x, — Yn) € (%é + ¢)YH

Wy, — enXn — 24) € (36 + )z,

U, = e,Xy + 0,(z2y — Yn)

Vne N{W(u, —q,) € (%5 +P)qn (48)
Sn = 2qn — Uy

W(sy —dy) € (3& + ¥)(dy)

Xpt1 = Zdn — Su>
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which is further equivalent to

Yo = Jd+ WL(EE + ¢) 7! (enxn)

2y = (Id+ W GE + ) 712y — enxn)

u, = e X, + 0,(z, — Yn)

VneN{q,=Id+ W (3¢ +¢) "' (uy) (49)
Sn = an — Uy

dy=Td+WGE+¥) (sn)

Xn+1 = Zdn — $y.

Now, consider the real Hilbert space Kw = H x £21 X - -+ X §2,, with inner
product and norm defined as

(X, ¥V)kw = (X, Wy) and ||x||ic,y = v/ (X, WX) respectively.

Now;, define the operators A = W_l(%é +Y¥)and B = W_l(%s + ¢), which
are maximally monotone on Kw as %E + ¢ and %S + ¢ are maximally mono-
tone on /C. The Algorithm 5.1 can be written in the form of Douglas-Rachford
algorithm as

Yn = JB(enxn)
Vne N{u, =e;x, + 0, (IA(2Yn — epXy) — Yn) (50)
X1 = (2Ja — Id)(2Jp — Id)uy,

which is of the form Algorithm (39) for y = 1. From assumption (45), we have
Zer(A +B) = Zer(W '(M + S+ Q)) = ZerM + S + Q).

Applying Theorem 5.1, we can find X € Fix(RoRp) such that Jpx € Zer(A + B).
|

At the end of this section, we study iterative technique to solve following
convex optimization problem:

Problem 5.6: Let f € I'(H). Consider £2; are real Hilbert spaces, g;,[; € I'(£2;)
and L; : H — £2;arelinear continuous operators,i = 1,. .., m. The optimization
problem is given by

inf [f(x) + Z(gimli)(Lix)} (51)

i=1
with conjugate-dual problem is given by

sup {—f* (— ZL?w) S @+ l?(v»)}. (52)
i=1

vi€f2i,i=1,2,....m i=1

Consider stricly positive integers T,05,i =1,...,m and initial point (x1, v1,1,
csVm1) € H X 21 X -+ X §2,. The primal-dual algorithm to solve Prob-
lem 5.6 is given by
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Algorithm 5.2: To optimize the complexly structured monotone inclu-
sion Problem 5.6
Input:
(1) initial points (x1,v1,1,...,Vm1) € H X 21 X -+ X 24,.
(2) Positive real numbers 7,0, i = 1,2, ..., m be such that t szzl oillLil|? < 4.
(3) The sequences {6,}, {e,} satisfying the assumptions in Theorem 5.5.

Forn e N;
Pin = merf(enxn - %en eril L?Vi,n)
Win = 2P1n — €nXn
Fori=1,...,m;
P2in = Proxaigi* (enVi,n + %Liwl,n)
Woin = 2P2,1',n — enVin
Zl,;n = Win — % sz=1 L?Wz,i,n
Ul,n = enXn + On(Z1n _Pl,n)
Fori=1,...,m;

22in = ProXer Wain + FLi(221,0 — Win))

Uzin = enVin + 0n(22,in — P2,in)

G = proxer(uin — 5 D iy L (u2,in))
St = 2q1,n — Ul
Fori=1,...,m;
Q2,in = ProXg,gr (Ui + FLis1n)
S2,im = 2q2,im — U2,in
fin = S1n — % Z:’ll L;‘k(SZ,i,n)
Xnt1 = 2t1,0 — S1n
Fori=1,...,m;

t,in = ProxXg,rr (s2,im + 3 Li(xnt1))

Vain = 2t2,in — S2,in

Output: (X411, Viutts-- > Vmnt1)

where {0,} and {e,} are real sequences.

Corollary 5.7: In addition to assumptions in Problem 5.6, consider
m
0 € ran <8f + ZL:" o (dgiJ0l;) o Li> . (53)
i=1

Then, there exists an element (x,V1,...,Vm) € H X §21 X --- X 2y, such that
following statements are true:

(a) Denote
p1 = proxep(x — 3 350, Liwi)
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P2, = proxggr (Vi + ZLi(2p1 — X)),i = 1,...,m. Then the point (p1, 2,1,
.spam) € H X 821 X -+ X §2y, is a primal-dual solution of Problem 5.6.
(b) {(Xn> V1> - - > Vmn)} converges strongly to (X, V1, ..., Vm).
© {Prmwp2ins--sP2mn)} and {(z1,n, 221,05 - - - > Z2,mn)} converge strongly to

(pl’]_’Z,l) e )I_)Z,m).

6. Numerical experiment

In this section, we make an experimental setup to solve the wavelet-based image
deblurring problem. In image deblurring, we develop mathematical methods
to recover the original, sharp image from blurred image. The mathematical
formulation of the blurring process can be written as linear inverse problem,

find x € R? such that Ax = b+ w (54)

where A € R4 is a blurring operator, b € R is blurred image and w is an
unknown noise. A classical approach to solve Problem (54) is to minimize
the least-square term ||Ax — b||%. In the deblurring case, the problem is ill-
conditioned as the norm solution has a huge norm. To remove the difficulty,
the ill-conditioned problem is replaced by a nearly well-conditioned problem.
In wavelet domain, most images are sparse in nature, that’s why we choose
regularization. For [; regularization, the image processing problem becomes

min F(x) = [|Ax — b|I* + Allxll1, (55)
x€R?
where A is a sparsity controlling parameter and provides a trade-off between
fidelity to the measurements and noise sensitivity. The /; regularization produces
sparse images having sharp edges since it is less sensitive to outliers. Using sub-
differential characterization of the minimum of a convex function, a point x*
minimizes F(x) if and only if

0 e AT(AX* — b) + ar|x* 1.

Thus we can apply forward-backward Algorithm (24) with A; = A; =
AT(Ax* — b) and B; = B, = 9A||x*||; to solve the deblurring problem (55).
For numerical experiment purposes, we have chosen images from publicly
available domain and assumed reflexive (Neumann) boundary conditions. We
blurred the images using gaussian blur of size 9 x 9 and standard deviation 4. We
have compared the algorithm (24) with [48, Algorithm 8]. The operator A = RW,
where W is the three stage haar wavelet transform and R is the blur operator. The
original and corresponding blurred images were shown in Figure 1. The regular-
ization parameter was chosen to be A = 2 x 1072, and the initial image was the
blurred image. The objective function value is denoted by F(x*) and function
value at n'! jteration is denoted by F(x,). Sequences {e,} and {6,} are chosen



OPTIMIZATION 27

(a) Original. (b) Blurred.

(c) Original. (d) Blurred.

Figure 1. The original and blurred images of Lenna and crowd. Peak signal to noise ratio (PSNR)
ofimage (b)is 28.3111 and of image (d) is 21.3171. (a) Original. (b) Blurred. (c) Original. (d) Blurred.

[9. Algorithm 8] 9, Algorithm 8]
~ = :Algorithm (4.2) — = :Algorithm (4.2)

F(x,)-F(x)

1
1
103 1
1
1

0 50 100 150 200 250 300 0 100 200 300 400 500 600 700

Number of Iteration Number of Iteration
(a) Lenna. (b) Crowd.

Figure 2. The variation of F(x,) — F(x*) with respect to number of iteration for different images.
(a) Lenna. (b) Crowd.

as {1 — n—}rl} and {0.9}, respectively. The images recovered by the algorithms for
1000 iterations are shown in the figure. The graphical representation of conver-
gence of F(x,) — F(x*) is depicted in Figure 2. For deblurring methods, lower
the value of F(x,) — F(x*) higher the quality of recovered images.
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(a) Algorithm (24). PSNR = 34.8448.  (b) [9, Algorithm 8]. PSNR = 34.5123.

(c) Algorithm (24). PSNR = 29.3581.  (d) [9, Algorithm 8]. PSNR = 28.5764.

Figure 3. The recovered images using different algorithms for 1000 iterations. (a) Algorithm (24).
PSNR = 34.8448. (b) [48, Algorithm 8]. PSNR = 34.5123. (c) Algorithm (24). PSNR = 29.3581. (d)
[48, Algorithm 8]. PSNR = 28.5764.

30

PSNR

9. Algorithm 8]
= = - Algorithm (4.2)

22

[9.Algorithm 8]

28 — — Algorithm (4.2)| | 21
27 . . . . . . . . . 20 . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
Number of lteration Number of Iteration
(a) Lenna. (b) Crowd.

Figure 4. The variation of PSNR value of recovered image at each iteration with original image as
a reference image. (a) Lenna. (b) Crowd.

It can be observed from Figures 2 and 3 that proposed Algorithm (24) outper-
forms over [48, Algorithm 8]. This can also be confirmed from the peak signal
to noise ratio (PSNR) value of the recovered images and the fact that higher
the PSNR value, better the image quality. The variation of PSNR value of recov-
ered image at each iteration with original image as a reference is also plotted in
Figure 4.
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