Chapter 5

Set-Valued Fractal Functions and Dimensions

In this section, we explore the estimation of set-valued maps by utilizing set-valued
fractal maps. The literature provides various approaches for approximating single-
valued maps using fractal functions. One notable method is the a-fractal function,
which was introduced by Navascués [68]. In this chapter, we expand upon the theory

of a-fractal function to encompass set-valued maps.

5.1 Introduction

The topic of approximating set-valued maps is widely discussed in the literature.
Various theories have been proposed for the classical approximation of set-valued
maps. For instance, in [50], some generalizations of the notion of univariate data
interpolation are presented, inducing the concept of set-valued interpolation in a
general metric space. Initially, the approximation theory was mainly focused on set-
valued having convex images (also known as convex set-valued maps). For instance,
Vitale explored the approximation of convex set-valued maps using set-valued Bern-
stein polynomials in [92]. More research on the approximation of convex set-valued
maps can be found in [6, 21, 34], where the Minkowski sum of the two sets is con-
sidered. Arstein, in [3], studied the approximation of set-valued maps with compact
images, known as compact set-valued maps. Instead of using the Minkowski sum of

sets, he used the set of a sum of special pairs of elements, later referred to as “metric
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pairs.” Further research on the approximation of compact set-valued maps can be

found in [16, 35].

Numerous theories related to the concept of fractal interpolation of single-valued
maps are given in the literature, while no theory related to the fractal approximation
of set-valued maps is explored. In this chapter, we have laid out the theory on the
fractal version of a set-valued map. We have expanded the traditional method
of approximating set-valued maps to fractal approximation. We have introduced
the concept of an a-fractal function for set-valued maps. However, unlike single-
valued maps, we have observed that the set-valued a-fractal function is not typically
interpolatory. Additionally, we have focused on estimating the fractal dimension of

the graph for certain specific types of set-valued maps.

5.1.1 Delineation

This chapter is structured as follows. The following section focuses on the develop-
ment of fractal functions and the examination of their properties. In Section 5.3, we
have investigated the fractal approximations and constrained approximations of the
set-valued map. Additionally, in Section 5.4, we have introduced a new definition
for the graph of set-valued maps and presented some dimensional results for this
novel graph. We have also discussed the rationale behind defining this new graph.
Furthermore, we have demonstrated that there exists an iterated function system
whose attractor is this new graph of the set-valued a-fractal function. Finally, we

have concluded this chapter in Section 5.5.
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5.2 Fractal Functions in C(I,C(R))

We know that space C(I, C(R)) when endowed with metric de is a complete metric
space, where

de(F.G) = |F = Gl = sup Hy(F(x), G(2)).

el
Note 5.1. [45, Proposition 1.17] Recall some properties of the Hausdorff metric as

follows.
1. Let X be a normed space. Then, for B,C, D, FE € K(X), we have
Hd(B + Ca D + E) S Hd(B7 D) + Hd(C> E)7

where A+ B :={a+b:a€ Aec K(X),be B e K(X)} is known as Minkowski
sum of A and B.

2. For A € R, Hy(AB,AD) = |\|Hy(B, D), where \A={Xa:a € Ac K(X)}.

Theorem 5.2. Assume F' € C(I,KC(R)). Let A := {(zg,...,2n) : 0 =29 < -+ <
xy = 1} be a given set of data points such that it forms a partition of I, and for
i € Xy, let I; = [x;_1,2;]. Let U; : I — I; be contractive homeomorphism such that
Ui(zo) = zi—1 and Ui(zn) = z; or Ui(zg) = x; and Uj(xy) = x;—1. Further, assume
that the base function S € C(I,IC(R)) satisfies S(xo) — F(xg) = S(xy) — F(zn),
where set difference is defined as A—B ={a—b:ac Ac K(R) andb e B € L(R)}
and scaling factor a € R. If |a| < 1, then there exists a unique function FR ¢ €
C(I,K(R)) satisfying the following self-referential equation

ng(a:) = F(x) + (X[FX,S(Ui’l(a:)) — S(U(x))] for every = € I (5.1)

)
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Proof. Let us define the set Crp(I,K(R)) = {G € C(I,K(R)) : G(z9) — S(xg) =
G(zy) — S(zn)}. It is elementary to observe that Cp(I,IC(R)) is a closed subset
of C(I,KC(R)), hence (Cr(I,K(R)),dc) is a complete metric space. Define Read-
Bagraktarevi¢ (RB) operator @ : Cr(I, C(R)) — Cr(I,C(R)) by

(2G)(x) = F(z) + a[G(U; () = S(U;(2))]

1

for every x € I; and i € Xy. Well-definedness of ® can be observed using the

assumptions we have made for F, S, and a. With the reference to Note 5.1, we get

Hi((9C) (), (2H)(2))
—H,(F(@) +alG(U; (2)) = SU; (@))], F(x) + o[ H(U; (2)) = SU; ' (2)])
<Hy(aG(U; (@), aH (U1 (2))) = || Ha(G(U; (@), HU (2)))

<lafsup Hy(G(x), H(z)) = |af[|G = H -

zel

Since |a|||G— H||« is independent of z, hence we have || PG—PH || < |o|||G—H |-
Since |a| < 1, ® is a contraction map. Hence, ® has a fixed point in C(I,C(R)).
Let FX 5 be that fixed point, then for every x € I;, where i € Xy, it satisfies the

self-referential following equation,

Fj s(@) = F(2) + o(FR (U7 (@) — S(U7(2))). (5.2)

Note 5.3. Throughout this chapter,

e we denote F{ ¢ by F' if there is no ambiguity

e we take A and S as the same as it is in Theorem 5.2, unless specified.
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Remark 5.4. In the context of (5.1), we get
F(x;) = F(z;)+aF*(xo) —aS(xg) = F(z;) +aF*(xy) —aS(zy) for every z; € A,

where ¢ € Y. Further, if F'* and S are single-valued at the endpoints such that
F*(xzo) — S(z9) = F*xn) — S(zn) = {0}, then F*(z;) = F(z;) for each i €

Yy, this implies that F* is a set-valued fractal interpolation function.

Note 5.5. The above remark hints at the following: in case F' and S are single-
valued at the endpoints such that F(zq) — S(x¢) = F(xy) — S(zn) = {0}, then the

set
Cr(1,K(R)) = {G € C(I, K(R)) : G(zo) — S(wo) = Glan) — S(aw) = {0} }

is a complete metric space, and the RB operator ® : Cr(I,C(R)) — Cr(I,KC(R)) as
defined in Theorem 5.2 is well-defined and a contraction mapping. Therefore, we
have a unique fixed point F'® of & satisfying F*(z;) = F/(x;) for all i € Xy, this

shows that F'* is a set-valued fractal interpolation function.

Here we give some examples of base functions S € C(I,K(R)) satisfying S(zg) —
F(xo) = S(zn) — F(ay) :

(i) S(z) = F(t(x)) + (x — z0)(F(xg) — F(x9) + (xy — ) (F(zn) — F(zn)), where

t: I — I is a continuous function which satisfies t(xg) = xo, t(zy) = znN.

(ii) S(z) =t(x)F(z)+ (x — x0)(F(z0) — F(x0) + (xn —u)(F(zn) — F(zn)), where

t : I — R is a continuous function which satisfies t(z9) = 1 and t(zy) = 1.

The Holder space is defined as follows:

HC(I,K(R)) :={G : I - K.(R) : G € o-HC}.
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Let us recall [62], if we endow the space HC? (I, K.(R)) with metric

HY(G, H) = sup Ha(G(2), H(x)) + sup Hy(G(x) + fy(g);ﬁ(x) + G(y)).
oy

Then, by [62, Proposition 1], it forms a complete metric space.

Note 5.6. Throughout this chapter, unless specified, take U; : I — I; as affine maps,

such that U;(x) = a;x + b; for all i € ¥, where a; = ﬁ and b; = %

Theorem 5.7. Consider F, S € HC’(I,K.(R)) such that S(xo) — F(zo) = S(zn) —
F(zy), and let a € (—=1,1). Then, F'* € o-HC provided % < 1, where a =

min{a; : i € Xy}.

Proof. Consider HCE(I,KC.(R)) = {G € HC(I,K.(R)) : G(xo) — S(z0) = G(ay)—
S(xy)}. It is easy to notice that HCE (I, K.(R)) is a closed subset of HC (I, KC.(R)),
and hence complete with respect to the metric Hgl). Define a map

O HCL(I, K(R)) — HCH(I, K.(R)) as

(PG)(x) = F(z) + o (G = S)(U;(2))

for each «x € I;, where i € Xy. Clearly, ® is well-defined. Now for G, H €
HCE(I,K.(R)), we have

HED(9(G), ®(H))

< ilé];I) Hy(®(G)(x), ®(H)(x))

N max sup ZA(BO@) + 2H)), 2(H)(@) + 2(G) (b))

1EXN z,y€l; |£C—y‘o
rH#yY

< |a|i1éll)Hd(G(x)aH($))

Ha(aGU (2)) + aH(U7 (1), aH(U7 (@) + aG(U (1))
+ N max sup

1EX N z,y€el; |x_y|0'
zFy
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<lajsup Hy(G(x), H(z))

Ha(GUT (@) + HUT (), HUT () + GO (1) )
+ N|a| max sup

1€XN g yel; |ai|f’|Ui71(x) - Uiil(y)‘a
Ty

< Ialitng(G(fﬂ),H(w))

N Hy(G(U7 () + HUT ), HUT (@) + GO (1))
a7 iEN e, U @) - U )l
TFy
N Hy(G(x) + H(y), H(z) + G(y)
<M \sup Ha(G), H ) + sp 4 e v)

TF£Y

<MH(1)(G, H).

=" g0 o

Since % < 1, which implies ® is a contraction map on HC% (I, K.(R)). Now, the

Banach contraction principle ensures that a unique fixed point of ® exists. This

completes the proof. n

Definition 5.8. Assume F': I — IC(R) be a set-valued map. For every partition

P = {(to,...,tm) 1 to < --- <t} of I, define

V(E ) = sup > Ha(F(t;), F(t; 1)),

j=1

where the supremum runs over all partitions P of I.

We set || F||lgy := ||F||oo+V (F, I), where || F||o := su;I) |F(x)]| = su;l) Hy(F(x),{0}).
Te e

Then, F will be characterized as a bounded variation function if ||F|zy < oc.

BY(1,K(R)) will denote the collection of all bounded variation functions on I.

Remark 5.9. It is interesting to write the following small observation : define

sin (%) , when z #£0
functions F,T : [0,1] — K(R) as follows F(x) = and
0, otherwise

T(x) = [-1,1]. Here F(x) C T(x) for each = € [0,1], such that T" € BV(I,K(R))
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while F' ¢ BV(I,K(R)). This example shows that for set-valued mappings satisfying

F < T does not imply [|Fllsy < [|Tsv-

As a prelude to our next result, we note the following lemma.

Lemma 5.10. Consider {F,} to be a sequence of set-valued continuous maps that
uniformly converge to F': I — IC(R). Then, for a given partition P = {(to, ..., tm)

to < -+ <tm} of I, we have

Z Ha(Fn(t;), Fu(tj-1)) = Z Hy(F(t;), F(tj-1))-

Moreover,

SupZHd (tj—1)) < hmlnfsupZHd (tj), Fr(t;—1)).

n—00
J=1

Proof. Let P = {(to,...,tm) : to < -+ < t,,} be a partition of I. The uniform

convergence of {F,} implies
,}g{;ZHd Fu(tj1)) =Y Ha(F(t;), F(t;1)).

Now for a given partition P = {(tg,...,tm) 1 to < -+ <t} of I, we get

m m

ZHd(F(tj),F(tj_l)):ZH a( lim 15, (t), lim £, (t5-1))

= nlggo Z Hd(Fn(t]‘)7 Fn<tj—1))

<hm1nfsupZHd (t;), Fulti—1)),

n—00
7=1

completing the proof. n
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Theorem 5.11. The space (BV(I, K.(R)), HBV> is a complete metric space, where

Hyy (G, H) 2= G — How +sup 3 Hy((G (1) + Hito0). H{t)) + Glt,)).

j=1

where sup runs over all partitions P of I.

Proof. Assume that {F,} is a Cauchy sequence in BV(I,K.(R)) with respect to

Hpy,. Equivalently, for € > 0, there exists ng € N such that
Hpy(F,, Fy) < € for all n, k > ny.

Using the definition of Hpy, we obtain [|F,, — Fi|le < € for all n,k > ng. Since
(C(I,Ke(R)), ||-loc) is a complete metric space, there exists a continuous function
F with ||F,, — Flloo — 0 as n — oo. We claim that I € BV(I,K.R)) and
Hpy(F,,F) — 0 asn — oo. Let P = {(to,...,tm) : to < -+ < t,,} be a parti-

tion of I and n > ngy. Using Lemma 5.10, we get

Hpy(F,, F')

(| B = Flloo + Y Ha(Falty) + Flt; 1), F(t;) + Fa(t; 1))

J=1

= lim <|]Fn — Fillo + Zm: Hd(Fn(tj) + Fi(tj-1), Fi(t;) + Fn(tj1)>>

Jj=1

< lim <HFn — Filloo +sup Y Hd<Fn(tj) + F(tj-1), Fi(t;) + Fn(%‘l)))
k—ro0 P

j=1
< sup (I\Fn = Bl +sup 3 Hy(Fulty) + Filty). Fi(t;) + an_l)))
>ng X

< sup HB\)(Fn, Fk) < €.

k>ng
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Since P is arbitrary, therefore we have Hgy(F,, F') < e for all n > ny.
It remains to show that F' € BV(I,K.(R)). Using Hy(B + D,C + D) = Hy(B,C)
for every B,C, D € K.(R) (see, for instance, [45]), we have

m

ZHd(F(fj)’F(tj—l))

M-

Hy(F(t;) + Fu(tj—1), F(tj-1) + Fa(tj-1))

N
Il
-

1

Hy(F(t;) + Fo(tj-1), F(tj—1) + Fu(ty)) + in(Fn(tj) + F(tj-1), F(tj-1) + Fa(tj-1))

<.
Il
-

&

Il
—

Hy(F(tj) + Fu(tj—1), F(tj—1) + Fa(t;)) + ZHd(Fn(tj% Fo(tj—1)) < Hpy(Fn, F) + || Ful v

Since Hgy(F,, F) < € and F,, € BY(I,K.(R)), the above inequality yields that
F € BV(I,K.(R)). This completes the proof. O

Theorem 5.12. Consider F' € BV(I,K.(R)), A to be defined in Theorem 5.2,
S € BV(I,K.(R)) such that S(zo) — F(x9) = S(zn) — F(zn), and a € (—1,1) with
la] < % Then, a-fractal function, F'® corresponding to F' is of bounded variation

on I.

Proof. Consider BV.(I,K.(R)) = {G € BV(I,K.(R)) : G(zo) — S(xg) = G(zn) —
S(zn)}. Tt is easy to prove that BV, (I,K.(R)) is a closed subset of BV(I, K.(R)),
hence complete with respect to metric Hgy. Define RB operator ® : BV, (I, K.(R)) —
BY.(I,K.(R)) by

(2G)(x) = F(z) + a[G(U; (z)) = S(U(2))]

for each z € I, and i € Xy. It is easy to observe the well-definedness of ®. For

m € N, assume P’ = {(t{,... t!) : t{ < --- < t! } is a partition of [; and i € Xy.
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Now for G, H € BV, (I,K.(R)) and j € ¥,,, we have

Ha(®(G)(8) + 2(H)(E,), ®(H)(£) + S(G)(t;_))
< Hy(aG (U7 (1)) +aH (U7 (15-1)). B (U7 (1)) +aG (U (1 1))

< lafHa(G(U7 (1) + H(UT (#0), H (U7 (1) + GO (#.)).

Summing over j = 1 to m, we have

ZHd( £) + Q(H)(t5_,), O(H) (£)) + ©(G)(t,_,))
<|a|sz( ) + H (U7 (), H(U7 (6) + G0 (8))

<lafsup Z Hd( £)+ H(t ), H(t;) + G(tj,l)),
Jj=1
since P := {(U7Y#),..., U (#)) : U (t) < --- < U7'(#))} is a partition of
I (without loss of generality), and the supremum is taken over all partitions P =

{(to, ... tm) i to < -+ <t} of I. The above inequality is true for any partition P

of I;. Hence, we get

Hpy(®(G), ®(H))

=sup Hy(®(G)(x), ®(H)(x)) + sup i Hy (‘I’G(tj) +@H(tj-1), PH(t;) + ‘I’G(tj—l))

<la sup Hy(G(x). H x) +gg§bgpzfld< 1)+ B(H) (), B(H) (1) + @(G)(ti_y) )

Slalsup Ha( G(w), Hw) + Nlalsup S Ha(6(0) + HO; ), H() + G5 )

§N|Q|H3v(G, H)

As |a] < &, ® is a contraction map. Then, the Banach fixed point theorem ensures

that ® has a unique fixed point, say F'“. Further, this fixed point satisfies the
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following self-referential equation,
F(z) = F(z) + o[F* (U (z)) — S(U; ' (2))]
for each x € I;, where i € Y. O

Notice that function F'® is a parametric function depending on parameters, the base
function S, scaling function «, partition A, and the function F itself. To observe
collective behavior of F'* depending on some such parameters, we define a set-valued

map, F¢ : C(I,K(R)) — C(I,(R)) such that
F§(F) = F“, where o € (—1,1). (5.3)

This map is known as a fractal operator.

Remark 5.13. The notion of the fractal operator has already been studied exten-
sively for single-valued maps. See, for instance, in [65, 68] fractal operator has been
defined for univariate single-valued maps. In [90], the fractal operator for bivari-
ate single-valued maps has been studied. Here, we have given the notion of the

set-valued fractal operator.

Theorem 5.14. F¢ defined as (5.3) is a continuous map.

Proof. Let {F}} be a sequence in C(I,KC(R)) such that Fy, — F, then to prove that
F§¢ is a continuous function, it is sufficient to prove that % — F,,. Since F,, — F,

then for each € > 0 there exists ng € N such that,

| Fn — Flloo < €(1 — |a]) for all n > ny,

equivalently, supHy(F,(x), F(z)) < €(1 — |a]) for all n > ny.
xel
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Now, for x € I;, we have

Hy(Fy (), F*(x))
=Hy (Fn(w) +a [F(U7(2)) = S(U7 ()], F@) + a [F* (U7 (2)) — S(U;7(2))] )

<Hy(Fa(2), F(2)) + |a|Ha(F (U (@), F* (U (2)))-

This implies,

sup Hy(F2(x), F*(z)) < ! supHq(Fn(z), F(z)),

zel 1- |O‘| zel

that is [|[F(x) — FY(z)]| < € for all n > ny.

This completes the proof. O]

Theorem 5.15. For a fived partition A, the mapping TS : C(I, K(R)) = C(I, K(R))
defined as,
To(F) ={F":a € (-1,1)}

18 lower semi-continuous.

Proof. Let F € C(I,K(R)) and let F* € T&(F) and a sequence Fy, € C(I,K(R))
such that F; — F. Using Theorem 5.14, we have F¥ — F<, then clearly F{ €

TE(Fy), establishing the result. O

5.3 Approximation of Set-Valued Functions

In Section 5.2, we observe that F'“ satisfies the following self-referential equation:

F(z) = F(z) + a [F* (U7 (2)) = S (U7 ()]
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for every x € I;, where i € Xy.

The following proposition gives the perturbation error between the map F' and its

a-fractal function F'*. We shall use this proposition as a prelude to our next theorem.

Proposition 5.16. The perturbation error between F and F, can be estimated as:

2|a]
1o

|

||Fa_F||oo§
1 —af

£ = Sl +

1] oo

Proof. For each x € I, there exists ¢ € X such that x € [;, now using the self-
referential equation (Equation 5.2) and Note 5.1, we get
Ha(F? (2), F(z)
1, <F(x) o [FO (U @) - S (U7 ()] F(x))
<ty (o [F* (U7 @) = 5 (07 @) (0))
ol a(F* (U7 @) =5 (07 @) ()
<ol F* (U7 ) ~ 8 (U7 @) . F (U7 @)~ F (07 ) )
+laltts(F (U7 @) - F (07 @) 0))
<|a|Hy (F@ (U (), F (U7 (2)) ) + a|Hd< - S (U 2)),—F (U7 ' (2)) )
+2lalta(F (U7 @) (0})

<|a| sup Hy <Fo‘ (U[l(x)) ,F (Uzl(x))> + |a| sup Hy (S (U;l(x)) JF (Uil(x))>

zel; xz€l;
i€ N ieXN
+2fa] sup Hy (F (U (@), {0})
Sy

<|af[[F* = Flloo + [al[F" = Slloc + 2] [[Floo-

This in turn yields ||F* — F|| < |[o][|F* = Flloo + ||| F = S| + 2|c| || F||co. This

establishes the proof. O
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Remark 5.17. The literature has already examined the perturbation error between
single-valued maps and their corresponding a-fractal functions. See, for instance,
in [66, 90] perturbation error for a univariate and bivariate single-valued map and
its corresponding a-fractal function is given, respectively. In this study, we have
focused on the perturbation error between a set-valued map and its corresponding

a-fractal function.

Definition 5.18. Let P € C(I,K(R)) be a set-valued polynomial function, then a-

fractal function P corresponding to P is defined as set-valued fractal polynomial.

Theorem 5.19. Consider F' € C(I,K.(R)). For any ¢ > 0, there is a set-valued

fractal polynomial P* such that

| F— P <e.

Proof. For € > 0 using [92], there is a set-valued polynomial function P such that

€

F—Plle <
IF =Pl < 3

Choose a partition Ap = {tg,...,tpy} of I and a continuous function Sp satisfying

Sp(to) — P(to) = Sp(tar) — P(tm), and o € (—1,1) such that

la| < min{ - 3 .= 3 } :
5P =5pllo 5+ 2Pl

Then, using Proposition 5.16, we get

1E' =P loc < I1F = Plloc + 1P = P*lec
|
1o

2|al
1= o

< [F =Pl + P = Splle + [Plloc <€
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Remark 5.20. We took o € R in the above proof, such that

€

3 5
5P —Spll’ 5+ 2H7?Hoo}

|a| < min {

In this situation, a may be “close” to 0, P* may not be self-referential, and it may
behave as a classical polynomial. In alter, if we fix & € (—1,1) such that || < 1,
but otherwise arbitrary and choose a polynomial P and a function Sp € C(I, K.(R))
satisfying Sp(tg) — P(to) = Sp(tar) — P(tar) and

(1 — far)e

1—
|P — Sp|| < w and ||P||e <
6|cl

3lal

This forces F' to be a zero set function. Hence, the analog of [90, Remark 5.2]
cannot be established in set-valued mappings. In particular, the recently developed
notion of Bernstein fractal functions will not be useful in approximating set-valued

functions.

With the reference to Theorem 5.19, we have

Theorem 5.21. The set of set-valued fractal polynomials with a nonzero scale vector

is dense in C(I, K.(R)).

5.3.1 Constrained Approximation

Here we target to study some constrained approximation aspects of fractal functions.
Before proving the next theorem, let us recall a result and prove a lemma as a

prelude.

Result 5.22. Consider X, Y to be topological spaces, f : X — Y to be a continuous
function and S to be a dense subset in X. If F'(z) <0 (F(xz) > 0) for each z € S,

then F(xz) <0 (F(z) > 0) for each z € X.
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Lemma 5.23. The set C = |J U Uil._,in({xg, o ,xN}) is dense in the

neEN \ 1<iy,...,in<N

interval I = [0, 1], where Uy, ;. () = Uy, (Us, (... (U;, (x)))) and n € N.

Proof. Let « € I be any point. Observe that for some y € {xg,...,zn}, we have

|z — y| < max {#==*}. Since each U, is a contraction mapping with contraction
IEXN

coefficient a;. Choose a = mgx{ai}, then for each x € I and for each € > 0 we can
1ELN

choose y € U, ..., ( {zg, ... ,xN}) for some n € N such that,

T — Tiq
|z —y| < a"max{ ——— ) < e.
IEXN 2

This completes the proof. O

Theorem 5.24. Let F,G € C(I,K(R)) and A be defined as in Theorem 5.2, and
F(xg), F(zn),G(x), G(zn) be single-valued. If FF < G, then F* < G* provided
Sp,S¢ € C(I,K(R)) satisfying Sp < Sg and Sp(xg) = F(x0),Sp(zn) = F(ay),
Sa(xo) = G(xg), Sg(rn) = G(xy).

Proof. Let S, Sq € C(I,K(R)) such that S < Sg and Sr(zg) = F(z9), Sr(zy) =
F(zy), Sa(xo) = G(xg), Sa(xn) = G(zn). Using Note 5.5, we have

F*(z;) = F(z;), GY(x;) = G(x;) for each i € Xy.
From self-referential equation (Equation (5.2)),
F(Ui(x)) = F (Ui(x)) + a (F*(x) = Sp(z)) and G* (Ui(x)) = G (Ui(x)) + a (G%(x) — Sa(x))

for each x € I;, where i € ¥. For x € A, we deduce

F(Ui(z)) € G*(Us()) for any i € Xy.
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Applying the process repeatedly, we get
F© (Unln (.Z‘)) C G* (Unzn (.CE)) for any 7;1, e ,in < EN; x € {.fCo, e ,LL'N},

where U;, ;. (z) = U;, (Ui, (... (U;,(x)))) and n € N.
Hence, F*(z) C G*(z) for each x € nLGJN (1§i1,.gin§NUi1'”i" ({zo,...,xn} )) Now

using Lemma 5.23 and Result 5.22, we are done. O]

5.4 Dimensional Results

To move further in this section, we shall first observe some examples to understand

the motivation behind this section.

Example 5.25. Let F} : [0,1] = R be a set-valued map defined as Fi(z) = {0},
then according to (1.15) graph of this function will be a line segment in R? and

hence dimy (Gr,) = 1.

Example 5.26. Let F; : [0, 1] = R be a set-valued map defined as Fy(z) = [—1, 1],
then by (1.15), we have Gg, = [0,1] x [—1,1], and hence dimy(Gp,) = 2.

Example 5.27. Let F3 : [0,1] = R be a set-valued map defined as F3(z) = C,
where C' is Cantor set. Then, by (1.15) we have Gg, = [0,1] x C, and hence

dlmH(GFQ) =1 + ig%.

Note that Fi, F5, and F3 are constant functions. As a result, these functions are
also Lipschitz with bounded variations. In contrast to the case of a single-valued
function, we can see that the Hausdorff dimension of the graph of a set-valued
Lipschitz function is not necessarily 1. The same observation applies to the graph

of a set-valued function with bounded variation. It is always possible to find a
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set-valued Lipschitz function or a set-valued function with bounded variation whose
graph has a dimension  for any 1 < g < 2. We notice that the definition of
the graph in equation (1.15) does not yield any interesting dimensional results.
Therefore, we propose a new definition of the graph for a set-valued function and

investigate some dimensional results using this new definition.

Definition 5.28. Let F' : [0, 1] — IC(R) be a set-valued map, then a graph of F' is
defined as;
G(F)=A{(z,F(z)) : F(z) e K[R)} C [0,1] x L(R). (5.4)

Define a metric on this graph as,

Dg((z, F(z)), (y, F(v))) = |z — y| + Ha(F(z), F(y)).

Next, we prove that the graph of F'“ defined in (5.4) is an attractor of an IFS defined
on I x K.(R).

Let us note the following lemma as a prelude. The motivation for this lemma comes

from [15, Proposition 1].

Lemma 5.29. Let F' be a set-valued continuous map and F be its corresponding

a-fractal function. Define a function  : I x IC.(R) — [0,00) as

0((x,A), (v, B)) =lr—y|+ Hd(A—i— F*(y), B + F“(m))

Then, I x IC.(R) with respect to 0 is a complete metric space.
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Proof. Clearly, ?((z, A), (y, B)) =0((y, B), (z, A)) > 0. Suppose d((z, A), (y, B)) =

0, then

|z —y| + Hy(A+ F*(y), B+ F*(z)) =0
Le, |r—y|=0and Hy(A+ F*(y), B+ F*(z)) =0
ie,z=yand Hy(A+ F*(y), B+ F*(z)) = Hy(A,B) =0
ie, r=yand A=B

ie., (z,A) = (y, B).

Now to prove that 0 satisfies the triangle inequality. Take (y;, A;) € I x K.(R) for
1t =1,2,3. Then, we have

D((y17A1)7(11/2»A2))
=|y1 — yo| + Ha(A1 + F*(y2), A2 + F*(11))
=|y1 — yo| + Ha(Ar + F*(y2) + Az + F*(y3), Ao + F*(y1) + A3 + F*(y3))

<{Iyr — y3| + lys — w2l } + {Ha(A1 + F*(y3), A3 + F* (1)) + Ha(As + F*(y2), A2 + F*(y3)) }
Hence,
0 ((yl; Al)a (1127 A2)) S 0 ((yh A1)7 <y37 A3)> +0 ((?/37 A3)7 (y27 AQ)) .

To prove completeness, let {(y,, A,)} be a Cauchy sequence in I x IC.(R). For € > 0

there is an integer N (e) such that
|Yn — Ym| + Hd(An + F*(yn), Am + F“(ym)) < €, whenever m,n > N (e).

This shows {y,} is a Cauchy sequence of I. Hence, it converges to, say, y* € I. Since
F“ is a uniformly continuous map, consequently {F*(y,)} will also be a Cauchy

sequence with respect to Hausdorff metric, and hence converges to F*(y*) € K.(R).
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Then,

Hd<An7 Am) :Hd(An + Fa yn Am + Fa(yn))
<Hd(An + Fa yn An + Fa(ym)) + Hd(An + Fa(ym) + Am + Fa(yn))
Ha(F(yn), F*(m)) + Ha(An + F(ym) + Am + F*(yn))

<z +

N
[\Dlm

This implies, {A,} is a Cauchy sequence of K.(R) and so it converges to, say A* €
K.(R). Hence, {(yn,An)} converges to (y*, A*) € I x K.(R). This completes the

proof. O

Proposition 5.30. Let F' € C(I,K.(R)) be a set-valued continuous map and S €
C(I,K.(R)) be the base function. Define W; : I X K.(R) — I x IC.(R) for eachi € Xy
such that

Wiz, A) = (Ui(z), A+ F(U;(z)) — aS(z)).

Then, each W; is a contraction map with respect to the metric defined in Lemma

5.29, provided max{|ca|,a;} <1 for eachi € ¥y.

Proof. Let (x,A), (y, B) € I x K.(R), then for each i € ¥y, we have

2(Wil, A), Wily, B))
=3((Ui(a), a4 + F(Ui() = aS())., (Uiy), aB + F(U(y)) + aS(a)) )
=|Ui(@) = Ui(y)| + Ha(@A + F(Ui(2)) — aS(z) + F*(Ui(y)).
aB + F(Ui(y)) = aS(y) + F*(U(x)))
—|Ui(w) = Ui(y)| + Ha(@A + F(Ui()) = aS(2) + F(Ui(y)) + aF*(y) — aS(y),
aB + F(Ui(y)) — aS(y) + F(Ui(z)) + aF*(z) - aS(z))

=a;|lz —y| + Hd<aA + aF*(y),aB + ozF"‘(x))
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=a;|z — y| + |a|Hd<A+ F*(y), B+ Fa(x)>
Smax{|oz|,ai}<|x —yl+ Hd<A + F*(y), B + F%x)))

=max{|al, a;}0((z, 4), (y, B)).
Since max{|a|,a;} < 1, each W; is a contraction mapping. ]

Now, to prove the next theorem, we first note the following basic results. Their
proofs can be found in the literature, but we include them here for the sake of

completeness.

Lemma 5.31. The space (K.(R), Hy) is a complete metric space.

Proof. Let {A, }nen be a Cauchy sequence in K.(R). This implies that {A,}nen is
Cauchy in IC(R). Then, by the completeness of the space (KC(R), Hy), there exists
A* € K(R) such that A, — A* with respect to the Hausdorff metric H,. It is
well-known that for z* € A*, there exists a sequence {z,},, where z, € A, for each

n € N, such that z, — z* as n — oc.

Now it remains to prove that A* is a convex set. For this let z,t € A*, then there
exist sequences {2y bnen, {tn tnen, where z,,,t, € A, for each n € N such that z, — z
and t, — t. Since z,, t, € A, and A, is convex, therefore Az, + (1 — A\)t, € A, for
all A € [0,1]. This implies that nh_)nolo()\zn + (1= Nt,) = Az + (1 = N\t € A*. This

completes the proof. O
Lemma 5.32. The space (C(I,K.(R),dc) is a complete metric space.
Proof. To prove this, it is sufficient to show that C(I,XC.(R)) is a closed subset of

C(I,K(R)). For this, let F* be a limit point of C(I, K.(R)). Then, there exists a

sequence {F), }nen of C(1, K.(R)) such that F,, — F* with respect to the metric de.
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This implies that F,,(z) — F*(2) for all z € I with respect to the Hausdorff metric.
Since F,(z) € K.(R) for each z € I, hence using Lemma 5.31, F*(z) € K.(R) for

each z € I. This completes the proof. O]

Theorem 5.33. For each i € Xy, let W; : I X K.(R) — I x K.(R) be the map
defined in Proposition 5.30. Then, by Definition 5.28, the graph of F'® will be an
attractor of the IFS, {(I x K.(R),0);Wi,...,Wy}.

Proof. First we establish that ' € C(I,C.(R)). But this can be observed by using
Lemma 5.32 and Theorem 5.2. Now since I = |J U;(I). Then, from (5.1), we have

IEXN

U wigr) = | {(Wilz, F*(x)) : x € I}

1E€EXN EXN

= U {(0i@), aF*(2) + F(Uy(x)) — aS(x)) : v € T}

1E€EX N

= U {Wilw), F*(Uy(2))) : w € T}

IEXN

= J {(@, F(x) - u e Ui(1)}

IEXN

=G(F").
This completes the proof. O

Schief [84] noted that the dimensional results for Euclidean spaces do not have
simple generalizations to complete metric spaces. Following his work, Nussbaum et
al. [70] have proved a more general result in the setting of a complete metric space.
Answering a question raised in [70], recently Verma [87] has shown the Hausdorff
dimension of the invariant set under the SOSC. He explores several dimensional
aspects of sets in complete metric space. In the book [36], Falconer studied the

dimensional results of sets in Euclidean spaces. Given [87], we may assure the
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reader that some results, which we will use, also hold in a general complete metric

space.

Theorem 5.34. Let T = {I x K.(R);Wy,...Wx} be the IFS defined in Theorem
5.38 such that

TiDg((va)a (yv B)) < DQ(WZ<I7A)7W1<3/7B)) < RZDQ((I7A>7 (ya B))

for every (xz,A),(y,B) € I x K.(R), where 0 < r; < R; < 1 for all i € Xy.

N
Then, t, < dimg(G(F*)) < t*, where t, and t* are characterized by > 1! =1 and
i=1

N
ST RY =1, respectively.
i=1

Proof. For the purposed upper bound one can refer [36, Proposition 9.6]( see also,
[87, Theorem 2.12]). For the lower bound of the Hausdorff dimension of G(F*), we
proceed as follows.

Set V' = (xg,xn) X K.(R), an open set in I x K.(R). Since for each ¢, 5 € ¥y with i #

J, we have
U;((zo, xn)) = (2, 2j41) and U;((zo, zn)) NU;((20, 2n)) = 0,
hence for each i,j € Xy and @ # j, we have
W;(V) = (xj,xj11) X K(R) and W;(V)NnW;(V) = 0.

Therefore,

U Wi(V) = U {(2s,7i31) X Ke(R)} €V and Wi(V) 0 W;(V) = 0.
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Then, IFS satisfies OSC. We have V N G(F*) # () this implies that IFS is satisfying
SOSC. Since V N G(F*) # 0, we have an i € X% such that G(F*); C V, where

Xy = UN{l, ..., N}™, collection of all finite sequences whose terms are in Xy and
me
GF)i = Wi(G(F?)) := Wiy o Wi, 0--- 0 W, (G(F7))

fori € ¥ =Xy x - x Xy (m-times) and m € N. Observe that for any j € % and
k € N, the sets, G(F®);,, are disjoint. Further, the IFS {W,, : j € Xk} satisfies the
hypothesis of [36, Proposition 9.7] ( see also, [87, Theorem 2.35]). Therefore, with
we have t; < dimy(G*), where G* is an attractor of

the notation r; = r;,7;, -+ -1},

the IFS and Y ri* = 1. Since G* C G(F*), t), < dimy(G*) < dimy(G(F®)). If

jexsk,
N
possible, assume that dimp(G(F®)) < t,, where Y ri* = 1. Then, t; < t.. Now, we
i=1
have
—ty t dimpg (G(F%)) _ t. dimpg(G(F%))—t«
= =y =D
jezk jezk jezk
> Z 74;‘2*rlrfn(;i:iCmH(9’(1”"))—1t*)
jesk
o hl(dimp (G(F))—t.)
mazxr ’
where 7. = max{ry,re,...,ry}. Since rpa < 1, r,’fl(;i;mH(g(Fa))_t*) tends to infinity

k

as k tends to infinity, and therefore ;™ is unbounded, which is a contradiction.

Hence, dimy(G(F®)) > t,, which is the required result. O

The following theorem is an immediate application of the Theorem 5.34.

Theorem 5.35. Consider F': I — K.(R) to be a set-valued map. If |a| < min{a; :

i € ¥y}, then dimy(G(F®)) = 1.
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Proof. Using Proposition 5.30 for every pair (z, A), (y, B) € I x K.(R), we have
Dg(W;(z,A),W;(y, B)) < a;Dg((z, A), (y, B)) for i € Xy.

N
Since > a; = 1, then by Theorem 5.34, dimg(G(F)) < 1. This concludes the proof.
i=1

O]
Theorem 5.36. If F': [0,1] — K(R) is a set-valued Lipschitz map having Lipschitz

constant | and the graph of F is as defined in (5.4), then dimg(G(F)) = 1.

Proof. To prove this theorem, it will be sufficient to define a bi-Lipschitz map be-
tween [0, 1] and G(F). Define T : [0,1] — G(F) such that T'(x) = (x, F(x)). Then,

we have
= |z —y|+ Hy(Fzx, Fy)
<l|z—yl+ Iz —y|
< (A +)]x—yl,
that is, Dg(Tz, Ty) < (1 + 1)z — y| (5.5)
and

Dg(Tz,Ty) = Dg((z, Fu), (y, Fy))
= |z —y| + Hy(Fz, Fy)

1
that is, Dg(Tz, Ty) > §|x —yl. (5.6)

Equations (5.5) and (5.6) will prove the bi-Lipschitz nature of 7.
Hence, dimy (G(F)) = 1. O
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Theorem 5.37. Let F,S € C(I,K.(R)) be Lipschitz functions such that S(xq) —
F(zy) = S(zy) — F(zn), and let « € (=1,1). Then, dimy(G(F*)) = 1 provided

that |o| < a := min{a; : i € Xn}.

Proof. The proof follows by Theorem 5.36 and Theorem 5.7. n

Lemma 5.38. Let F,T :[0,1] — K(R) be set-valued Lipschitz maps with Lipschitz
constant 1, then dimg(G(F +T)) < dimy(G(T)), where (F +T)(x) := F(z) + T (x)
and F(x) + T (z) denotes the Minkowski sum of F(x) and T(z).

Proof. To establish the proof of this lemma, it will be sufficient to show the existence
of a Lipschitz map from G(T') to G(F + T'). Define ® : G(T') — G(F + T') such that
O(z,T(x)) = (z, F(x)+T(z)). It is easy to see that ® is well defined and onto. Now

to get its Lipschitz behavior, we have

Dg(®(x, T(x)), ®(y, T(y))) = Dg((x, F(x) + T(x)), (y, F(y) + T(y)))
= |& =yl + Ha(F(x) + T(x), F(y) + T(y))
< o =yl + Ha(F(x), F(y)) + Ha(T(x), T (y))
<o —yl+ 1z —y[+ Ha(T(x), T(y))

< (L4 D {le —yl+ Ha(T(2), T(y))} -

That is, Dg(®(z, T (z)), ®(y,T(y))) < (1+1)Dg((z,T(z)), (y, T(y))). Hence, ® being

a Lipschitz map implies that

dimy(G(F+1T)) < dimg(G(T)) and dimp(G(F +T)) < dimp(G(T)).

This completes the proof.



Chapter 5. Set-Valued Fractal Functions 120

In view of the Lipschitz invariance property of dimension, one may conclude that

the upcoming theorem holds for all aforementioned dimensions.

Theorem 5.39. Consider 1 < 5. Then, set Sg :={F € C(I,K(R)) : dimy(G(F)) =
B} is dense in C(I,K(R)).

Proof. Let F' € C(I,K(R)) and ¢ > 0. Using the density of Lip(I,/C(R)) in
C(I,K(R)), there exists G in Lip(I,K(R)) such that

€
F -Gl < =.
IF =Gl < 5

Further, we consider a nonvanishing function H € Sg. Let H, = G+ mH , which

immediately gives

€
G—H,s <=
|G~ Holl < 5

This together with Lemma 5.38 implies that dim(Gr(H.)) = dim(Gr(H)) = B.

Hence, we have H, € Sz and
[F = Hilloo < [[F = Glloc + |G = Huflo <€
This completes the proof. n

Before proving our next result, let us note the following lemma as a prelude.

Lemma 5.40. Consider A, B, and C to be compact subsets of R. Then,

Hy(AB,CB) < sup|b|Hq(A, C),

beB

where YZ ={yz:yeY e K(R), z€ Z € LR)}.
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Proof. We have

H4(AB,CB) =max{ sup inf |ab—cl/|, sup inf |cb’—ab\}

{ abeAB cb'eCB cb'eCB abEAB
< max{ sup inf |ab—cb|, sup inf |cb — ab'|}
abcAB cbeChb cb’eCB ab’ € Ab
< max{ sup inf |b|la —c|, sup inf [¥||c — a|}
abe AB cbeCh cb'eCB ab' €AY

< inf |a— | inf |c— }
<max{ swp (bl inf Ja—cl), swp (] inf |e—al)

< suplb| max { sup inf|a — ¢/, sup inf |¢ — a\}
beB acA c€C ceC a€A

= sup|b|Ha(A, C),
beB
proving the assertion. O

Next, we define the multiplication of set-valued maps F,L : W C R = R by

(FT)(y) = F(y)T(y).

Lemma 5.41. Consider F,T : [0,1] — IC(R) to be set-valued Lipschitz maps with

Lipschitz constant I. Then,

dimy (G(FT)) < dimy (G(T)).
Proof. Define ® : G(T)) — G(FT) such that

®((z,T(2))) = (z, F(2)T(x)).

Choose M =max{1+1 sup |[z|, sup |v|}.

Notice that ® is well-defined and surjective. To prove our lemma, it is enough to



Chapter 5. Set-Valued Fractal Functions 122

prove @ is a Lipschitz map. For this, we have

Dg(®(x,Tx), ®(y, Ty)) = Dg((x, FaTx), (y, FyTy))
= |z —y|+ Hy(FaTx, FyTy)
< |z —yl+ Ho(FaTz, FyTz) + Hy(FyTz, FyTy)

< |z —y| + sup|z|Ha(Fz, Fy) + sup [v|Hy(Tz, Ty)
z€Tx vEFY

< |z —y| + sup|z|l|x — y| + sup [v|Hy(Tz,Ty)

z€Tx veFy

< MA{|lx—y|+ Hq(Tz, Ty)} .

Hence, Dg(®(z,Tx), ®(y, Ty)) < MDg((z,Tx),(y, Ty)).

This completes the proof. O

Remark 5.42. In the Lemma 5.41, equality may not generally hold. For in-
stance, consider 7" to be a Weierstrass function whose Hausdorff dimension is strictly
greater than 1 (refer [86]) and F' to be the zero function. Then, we obtain 1 =
dimy (G(FT)) < dimy(G(T)).

Definition 5.43. Consider W to be a bounded and closed interval of R and F' :
W = R is a set-valued map. The maximum range of F' over the rectangle W is
defined as

Rp[W] = sup sup  |w — z|.
z,yeW w,zeF(z)UF(y)

As indicated in the introductory section, next, we now provide a set-valued analog

of [36, Proposition 11.1].

Proposition 5.44. Assume F : [a,b] = R be a set-valued continuous map, 0 < n <

x—y, and % <m< 1+ % for some m € N. If N,(GF) is the number of n-boxes
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that intersect the graph of F', then

where A; = [, (j + 1)n].

Proof. The count of squares having side length 7 in the part above A; intersecting

EelAl and at most 2 4 B 4]

the graph of F' is at least ; 0 using the continuity of F.

Taking the sum over all such parts yields the required bounds. O

Example 5.45. Consider F : [0,1] =2 R to be a set-valued map defined as F'(z) =
[—1,1]. By Proposition 5.44, we have

log 2m+lmR A; log 2m+lm2
Tmp(Gr) = Ty 28Nl0r) (o et < T S 2
P T 50 —log(n) a0 —log(n) o0 —log(n) ’
because Rp[A;| = 2 for each j € ¥, and A; = [jn, (j + 1)n]. Similarly,
log (13" Rr[A; log (13°2
N . log N,y(Gp) g(nj; | ]> L g(nj;l ) B
dimp(Gp) = lim ——"—= > lim =lim ———— =2.
im0 —log(n) T amo —log(n) -0 —log(n)

Therefore, dimp(Gp) = 2. This shows that Proposition 5.44 is useful in estimating

or finding box dimensions of set-valued functions.

5.5 Conclusion

In this chapter, we have introduced the term a-fractal function, corresponding to set-
valued maps (Theorem 5.2). We have observed that a set-valued a-fractal function
is generally not interpolatory, unlike a single-valued a-fractal function. However,

under certain conditions, it can exhibit interpolatory behavior (Remark 5.4, Note
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5.5). We have also examined some properties of this fractal function (Theorem
5.7, Theorem 5.12). Additionally, we have established the existence of a fractal
polynomial that approximates a convex set-valued map (Theorem 5.19). We have
introduced the concept of constrained approximation for set-valued maps (Theorem
5.24). Furthermore, we have defined the graph of a set-valued map (Definition 5.28)
and calculated the fractal dimension of this graph for a certain class of set-valued

maps (Theorem 5.36, Lemma 5.38, and Lemma 5.41).

kR kR okokoskok skook sk
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