Chapter 3

Convolutions of generalized
distributions Involving the

Welilnstein Transform

3.1 Introduction

Convolution is a mathematical operation that combines two functions to produce
a third function that represents the integral of the pointwise multiplication of the
original functions. In the context of generalized distributions, the convolution oper-
ation plays a pivotal role in many areas of mathematics, physics, and engineering.

The theory of generalized distributions and convolution provides a powerful mathe-
matical framework for analyzing and solving problems in diverse fields. Its flexibility
and generality make it indispensable in theoretical studies as well as practical appli-
cations, contributing significantly to the advancement of mathematical analysis and

its applications in science and engineering.

31



Chapter 3. Convolutions of generalized distributions Involving the Weinstein
Transforms... 32

Convolution finds extensive applications in various domains. In signal processing,
Simmart et al. [62] show that convolution is used for filtering and modulation oper-
ations. In probability theory [39], it plays a crucial role in defining the probability
distributions of sums of random variables. Moreover, the convolution of distribu-
tions inherits certain properties from the distributions being convolved.
Ultradistributions have been introduced by Beurling [5], Bjorck [8], Roumieu [53]
and Hormander [22] as generalizations of Schwartz distributions. A unification
of Beurling-Bjorck theory and Roumieu theory has been given by Komatsu [29].
Hormander [22] introduced the spaces of types D, D!, &, & and examined their
various properties by utilising the theory of Fourier transform. Bjorck [8] studied
many properties of convolutions of a test function and a distribution and gave many
important results. The Hankel transform of ultradistributions in Roumieu setting
has been investigated by Pathak and Pandey [42]. Later on, Pathak and Pandey
[46] found Gevrey-type ultradistributions which are suitable for the study of Han-
kel transform and Hankel convolution transform.S types of spaces have also been
introduced by Gel’'fand and Shilov [12], and by exploiting the theory of the Fourier
transform, many properties have been studied.

The Weinstein transform contains efficient calculus regarding convolution. Due to
its nice mathematical background, it has the scope of applications in many areas
of the mathematical sciences and engineering. Recently, many results regarding
the Weinstein convolution have been done by many authors. In this connections,
Mehraj [30] proved Paley-Wiener theorem for the Weinstein transform; Mejjaoli et
al. [31, 32] examined continuous property of the Weinstein wavelet transform and
introduced Weinstein Gabor transform. Salhi [33] found the uncertainty principle,
Nahia and Salem [58, 59] introduced a mean value property and discussed spherical
harmonics. Salem and Nasr [56] discussed Heisenberg type inequalities by exploiting

the Weinstein transform and Weinstein convolution.
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In the present chapter, motivated by the above results, the author provides various
properties of convolutions of generalized distributions by utilising the theory of the

Weinstein transform.

3.2 Convolutions of generalized distributions

In this section, by utilizing the theory of the Weinstein transform, we examine var-

ious properties of the convolutions of generalized distributions.

Definition 3.2.1. Let &,(Q2) be the set of all complex valued functions ¢ in € such

that
v € Dy,() (Vo € Dyy()).

Definition 3.2.2. Let D/ (2) be the space of all linear functionals u on D, (€2),

where (2 is open subset of R’fl and w € M.

Theorem 3.2.3. Let u € D/ () then

[ w0 dus(6) = (s 0) Vo € D). (32.1)

where ¢(x) = ¢(—x) .

Proof: Let u € D/ () and ¢ € D, (Q2) then from (1.4.7), we have

(uztpo)(x) = P(y)uz,y) dug(y)-

n+1
R+
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From (1.4.7), we have

wtso)e) = [ o ( [ w0 dnala)) ds()

+

Taking (1.4.8), we get

@ = [ o [ w( [ Bt
x €Y Ja(yniabrr)e” ) Tg(znaa&nn) d#ﬁ(f))

< da(2) ) )

Using Fubini’s theorem, we get

sl = [ ([ o st ) ) ([ ute

w e~ i€ Jp(2ns16ns1) dﬂﬁ(z)) e el Jo(Tn41&n+1) dpig(€)-

Using (1.4.6), we get

(uttpo)(x) = / (Fud)(—E) (Fur) (€)e™" " T (2 1€ntr) dpap () -

n+1
R+

Therefore,

(u#ta0)(z) = / (Fuw) () (Fud) (=) e & Js(@s1&nr) dus(€) -

n+1
R+

Putting © = 0, we get

(utts6)(0) = / (Fut)(€)(Fud) (—€) dus(€)

n+1
RJr
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Thus
(utad)0) = [

n+
R+

(Fuu)(©)(Fud)(€) dis(€)

By using Parseval formula of the Weinstein transform (1.4.3), we get

(utt53)(0) = / w()() dus(€)

n+1
R+

Hence

(utad)0) = [ (o) dus(©). (3:22)

R
Definition 3.2.4. Let u € Lj,.(Q) then for u with the element in D/ () which is
given by
(u6) = [ w(©6(€)dusl€) Yo € Du(®). (323)
T

Definition 3.2.5. Let w € M. If w € D, ¢ € D, then the convolution u#g¢ is

defined by
(u#s0)(x) = (u(y), ¢(x,y)) = (u, 7.0). (3.24)

Theorem 3.2.6. Let w € M. Let ¢,9 € D, and u € D!, then

(u#s0)#s0) = (utts(d#s0)).

Proof: Let w € M, and ¢,v € D,, for given € > 0 we form the Riemann sum

fel) =€ (1ad) (@)ip(et) = €Y " p(et, )i (et). (3.2.5)

t
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where t is integer co-ordinates. We claim that f.(x) converges to (¢#s¢)(x) in D,

as € — 0.

(Fuf () =F. ( S b))t >) (©

"*ij (w )>(§)
MXM@ w(Tad)(€).

Utilising (2.2.20), we get

(Fuf)(©) =) p(et)e ™M Jg(Eniretnn) (Fud) (&) = Re(€)(Fud) (&),
(3.2.6)

where

€) =€ ap(et)e N J(Enpretnin),

is the Riemann sum for the integral defining F,,40 which tends to 0 as e — 0.

Next,
15~ @tallhe = [ 15 (1~ 00) ) ©1dust).

For linear property of the Weinstein transform, we get

.= @il = [ ONFufIO) = Fuldtat) Ol dus(6).
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Then from (1.4.13), we get

I fe = (@#s0) |1 = /R L IR (Fuo)(€) — (Fud) () (Futh)(€)] dus(€)

< [ OUEBIRAE) = Fut)(O)]dis(é)

= [ POUEANONEO - R ),

then, above tends to 0 as (F,¢)(§) — 0 when |£| — oo .

Therefore

fe = o#p as e = 0. (3.2.7)

Now from (3.2.4), we have

(uits(Pttav))(x) =(uly), (¢#s¢)(x,y)) -

Taking (3.2.7), we get

(utts(o#ts)(x) =(u(y), fe(z,y)) -

From (3.2.5), the above implies

(utt o Dttst)) (o) :(<u<y>, lim e S () <x,y>w<et>>)

e—0
t

- (<u(y), lim e+ ; et x, y)w(et»)

=tim ™ 3 uly), olet,,y)et).

e—0
t
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From (3.2.4), the above yields

(utts(P#av))(x) =lim et Y (udts0)(et, )i (et)

t

=lim " ;Tet(U#mﬁ)(xW(et)-
Therefore, from (3.2.5), we have
(utts(P#s¢))(2) = ((us0)#s1)() -
Lemma 3.2.7. Letw e M. Ifu e D! and ¢ € D, then
(Fuwv)(n) = ((u#tp0)#510¢)(0), (3.2.8)
where v(n) = (1) (u# s0)(n) and Pe(n) = e J(nas1&ur)¥(n) -

Proof: By (1.4.12), we have

() festle) () = / (utts6) (2, ) e (y) diaa(y).

n+1
R+

Using (1.4.7), the above yields

(o) #estle) () = /

n+1
R+

x Pe(y) dus(y) -

(/Riﬂ(u#ﬁd))(z)Dﬁ(x?y’Z) dMB(Z))
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From (1.4.8), we have

(wtsortatao) = [ ([ s [ et

X 1) Jg (Y )e T ) T (2t dﬂﬁ(ﬁ))

< i) ) ) ).
By Fubini’s theorem, we find that
(wtso st o) = | ( / <u#ﬁ¢><z>e-i<z’v"’>J5<zn+mn+1>dw(z))
Ri—‘-l Ri+1

X </ B ei(y/,n/>Jﬂ(yn—&-lnn—i-l)ﬂ;g(y) d:“ﬁ(y))e_i@/ﬂﬂ
R}

X Jg(Tnt1Mn+1) dg(n) -
In view of (1.4.1), we obtain
((uttpo)#sve) (@ / Fo(uttpd) () (Futbe) (n)e ")
X Ja(Tpi1mnt1) dps(n) -

Putting x = 0, we have

(st 0) = [ Fulutso) o) Furi o) daso)

Exploiting Parseval formula of the Weinstein transform (1.4.3), we get

(w0l 0) = [ (utad)m)ieln) )

+
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Substituting the value of 1¢(n), the above expression yeilds

((utad)#atbe) (0) = / (u#ts) (m)e ™) Ta (N 1&nsn) 0 (n) dps(n)

n+1
R+

— /]R"'H e*i(n’,€’>J,@(77n+1§n+1)¢(77)(u#5¢)(77) dps(n)

:/ . eiiw’wJ,B(77n+1§n+1)v(77) dps(n)
R™ 1

+

=(Fuwv)(n) .-

Therefore,

(Fuv)(n) = (ubtpsd#s1)(0) .

Lemma 3.2.8. Let ¢ € D, and u € D!,. If supp ¢ is contained in fized compact set

then there exists a constant C such that

[{u, )| < Cll|o ][ - (3.2.9)

Proof: Let u € D/, ¢ € D, then from (3.2.3), we write

() = [ €0 dus(e).

Taking Parseval formula (1.4.3) of the Weinstein transform, we have

(w0) = [ (Fu)OFu0)) dus(©)

/RnJrl (.ngb) (5) (‘qu) (5) duﬁ (5) .
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Then,

0= [ (Fn)© OO F,0)(6) dus(c)

< sup |(Fu9)(§)e™)] e (Fuu) ()] dpg (€)

£€Ri+l Ri—!—l

< sup (R [ 1eOFu)(©)]dua(e)

n+1 n
£eR™ v

=Clllollxe,

whete €' = [y [ (Fyu) (€) dps (€).

Therefore

[(u, @) < Cll]]|xe -

Theorem 3.2.9. Letw € M. Ifu € D! and ¢ € D,, then,

uHst € E, . (3.2.10)

Proof: Let v(z) = ¢ (x)(u#s¢)(x) and

w§<l’> = eii@/’£I>Jﬁ<xn+1§n+l)w($) (3211)

From (3.2.8), we have

(Fuv) () =(u#t ) #50(0) .

Using Theorem 3.2.6 we get

(Fuv)(n) =u#g(d#s1¢)(0).
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Therefore, from (3.2.1) and (3.2.3), above yields

(Fuwv) () =(u, (o#st¢))

So that,

[(Fuv) ()| =|(u, (¢#se))| = |(u, (d#ste))].

From (3.2.9), then we obtain

[(Fuv) ()] < Cll|o#st0e|r (3.2.12)

for some A > 0 and C is independent of 7 .

In view of (2.2.14), we have

(Fuv)(n)] <C sup |Fou(d#stre(n)|e ™.

nERf_“
Using (1.4.13), we obtain
(Fov)(m| < C sup |(Fuld)(n)(Futhe) (m)]e™™. (32.13)
neR’_f_ 1

Next, we have

(Futbe)(n) = / &) T (g e () dpip()

n+1
R+

From (3.2.11), we find

(Futbe)(n) = /Rn+1 e_iw’n/>Jﬁ(fﬂn+1nn+1)€_i<ml’€/>JB($n+1fn+1)¢($) dpg(x) .
(3.2.14)

+
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By using (1.4.1) and (1.4.8), we get

Fuve)) = [

n+1
R+

X () dps() -

(/R’“‘l 6_i<zl7<,>J5<xn+1€n+1>Dﬂ(T], C, f) duﬁ(())

From Fubini’s theorem we find

Fuve) = [

n+1
R+

(/R"_H 671'(3?'7C/>J,3(<Tn+1<_n+1)w(l') dﬂ,@(ﬂﬁ))

x Dg(n, ¢, €) dus(C)

= [ F Do, €) dsls).

Then,
(Fail =1 [ Fut)QDs0.¢. duale)
< sup [(F)(O)] - / Da(n,C.€) dps(€)|
CeRnH R+
< swp [(Fur)(O), as / D, ¢, €) dus(€) = 1.
CGRT—l RT’I
Therefore,

[(Fute) ()] < sup [(Futp)(n)]. (3.2.15)

n+1
n€R+
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Using (3.2.13) and (3.2.15), we can find
|(Fwv) ()]
< C sup [(Ful@)(n)(Futp) ()]
nGRT'l
<0 sup (@R ) (s (Rl e
TIERnJrl nERTl
= OlIBllInw [l rwe .
Thus,
[(Fwo) ()] <Cll|v][x el ][[xwe™
<00
Therefore,
v(z) = P(x)(u# s0)(z)
Hence,
u#g¢ cé&,.
Lemma 3.2.10. Let ¢ and ¢ in D,. Then
OHpY = VH#p0d. (3.2.16)

Proof: Let ¢ and ¢ € D,,. Then

() (€ / () (m,€) dus(n) .
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From (1.4.7), we have
)@= [ oo [ o@Ds0E ) dual)) dusto
R+ Rn+1
:/Rn+1 ¢(n)( o V3 Ds(2.6m) dug@)) dpis(n) -
By Fubini’s theorem, we can obtain
O = [ v ([ 0Dsn) dia(n)) i)
R+
= [ 0l dus(2)
=(V#59)(€) -
Therefore,
PH ) = VH#p0.
Theorem 3.2.11. Let ¢, € D, then for any multi-index o we have
(Afyp)  dftsh = o#s(Ay )"0 = (A 3)* (0#5¢) - (3.2.17)

Proof: Let ¢,¢ € D,. Then from convolution of the Weinstein transform (1.4.12),

we have

(Al )2 50) (1 / BE) (Al )€, 1) dpis(€).
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Using (1.4.7), we get

(B )3 68) )
= [ w0@( [ oDl n 2 dus() ) duste

n+1
RJr

_ <Am>a( WO [ 6)DaEn.2) dus() dms))

Rn+1 Rn

— (D)0 / B(E)6(E,m) dus(€)
= (AWs)y ¢#ﬂ¢)()

Therefore,

(Al 5)n dFt st = (Ayyp), (0Fs0) -

Now,

(0 3(Avwp)n ) (0) = P& (AT p)5 (W)€ m) dps(§) -

n+1
R+

In veiw of (1.4.7), we find

(&#5(At,s) ) (1)
— o ¢(§)(A’V‘m)g(/ U(2)Ds(&,m, 2) dﬂﬂ(2)> dpp(8)

— (a5 [o0[ pestens £ dua(2)) da6) )

— (an,,)° / o(é fﬂdﬂﬂ(f)
— (AR (G ().

This implies that

O#5(A7y3)" 1 = (Afy ) dH# st = (Ayy )" (D7 51) -
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Definition 3.2.12. Let w be the real-valued continuous function defined on ]R’ffl,

then the class of all w is denoted by M, which satisfies the following conditions:

0=w(0) = lig(l)w(x) <w(r+y) <w(@)+w(y),Vz, ye R (3.2.18)
w

In(w) = / (Zﬁl dus(y) < oo. (3.2.19)
izt | Y |

a+blog(l+ |y |) <w(y), Vy e RY™ a €R, and b > 0. (3.2.20)

Definition 3.2.13. Let w € M and A > 0 . Then for each multi-index « the
space S, (R is defined to be the set of all complex-valued infinitely differentiable

function ¢ on R such that

Par(@) = sup @ [ (AT 5)%0(x) |< oo (3.2.21)
mERT’l
and
Taa(9) = sup O | (AT, ) (Fud) (€) |< oo. (3.2.22)
ger !

S, (R7HY) is called the Schwartz space and it forms a vector space over the field of

complex numbers.

Definition 3.2.14. S/ (R'*!) is defined as the set of all linear continuous maps f

from S, (R%™) to C. We say that S/ (R’t™") is the dual of S,,(R).

Lemma 3.2.15. Let ¢,1 € Ly(RT™). Then
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Proof: Let ¢ € R Then from (1.4.6), we have

Fu (d#a0) () =Fu(dtat) (=€)

By using (1.4.13), we get

Fo (0#51) (&) =Fud (=€) Futh(—€)
=(F ' o) (E)(F ' )(€) .

Therefore,

Fou (¢#50)(§) = (Fu ) () (Fo, ¥)(€) -

Now, we replace ¢ — F,¢ and v — F,9 we get

]:Jl(]:wqﬁ#ﬁ]:wlﬁ)(f) :]:Jl(]:w@(f)}—q;l(fw?ﬂ)(@
=p1.

Therefore,

Fo (Fu(@)#5Fu())(€) = 6(&)¥(8) = (61)(€) -

Hence, by the properties of the Weinstein transform (1.4.2) and (1.4.6), we have

«Fw¢#ﬁfww = Fw(¢w) :

Theorem 3.2.16. Let w € M, then S, is topological algebra under point-wise mul-

tiplication .
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Proof: Let ¢,9 € S, then we have

Pan(¢¥) = sup ' I|(Afy5)3 (6(x)t(2))] - (3.2.24)

n+1
z€RY

Using (1.4.15), we have
S o r a—7
(A0S [(a) ()] = ( ) ( ) (5 I )
Jj=0 r=1 ¢=0 |p/|<2(a—j) 01,02,..00,>0 J q 1,02, --Un
1 r—o / / (-
X EE/%,Txn-i-l (Dg +q¢<x>) ' (Dg 20T qw(l')) .

Then from (6.2.10), we find

Pa,x(@ﬂ)
Aw(x) S A « T a— ]
= sup e Z ' 55 s
xGRi‘H §=0 r=1 q=0 |p/|<2(a—7) 61,02,.-6n>0 J q 1,02, ..On

B (DL 000) - (D ()

« 2] r ]
> (0655
Jj=0 r=1 ¢=0 |p/|<2(a—j) 1,02,..0n>0 J q 515 527 571

S sup e)\w(x)
mGRi’H

«@ 23 r .
<o ()65
xeRi+1;;;|p/|<§(;l_j) 5175§n>0 J q 617527-'571

1 Aw(z)

AW\T) A2k
X —”E’ﬁre 2
d

(D9 (@)) e | (D20 () |

a 2§ r a) <7“> ( a—7 ) 1
< ‘ iy
Jz:; ; qz; P'|<§(;—j) 61,5§n>0 (] q) \01,02, .6, ) pt"

Aw(z)

X sup e 2
+1
T€RY

(DF*16(@)| sup 5| (DY 1 (2)) .
zeR?T!

+
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In veiw of (3.2.21) and (1.4.16), we get

Par(60) ZOZ; DD (j)(q><5a5_j6>

0 |p’'|<2(a—7) 61,62,..0n>0
X pp’-|—q,% (¢>pp’+26’+r—q,# (w)

<oQ.

This implies that

pa,)\(¢w) <00

Next, we have to prove that 7, \(¢9)) < oo . For this we take

Tan(¢) = sup O(Af )¢ [Fu(ov) (€]l (3.2.25)

n+1
EER™

From (3.2.23), we find

Ta(@) = sup (A ) [(Fud)#a(Futh) ()] - (3.2.26)

gert!

In view of (3.2.17), above yields

Tan(90) = sup e O|(Fud)#s(Afy5)¢ (Futh) ()] - (3.2.27)

n+1
EER

The right hand side of (3.2.27), can be evaluated as

|(Fuw)#5(ATy5)¢ (Futh)) ()]
=| (Fud) () ((Alyp)¢ (Fut)(0,€)) dps(n)]
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By using (1.4.7), we get

(Fud s (A2 (Fat)) O
~1 [ Feon (@t [ (Fu)Ds006 2 dus(a)) o)
=| [ (Fud)n) < /R . (Fut) (2)(Ay)e Da(n,€, 2) duﬁ(Z)) dps(n)| -

n+1
R+

Using (1.4.8), we obtain

[(Fud) s (Alyp)e (Fut))(©)]
-1 Eow( [ e [ e

X Jﬂ (77n+1yn+1>ei<£/7 v) JB (gn+1yn+1)67“’2/7 ) JB (Zn+1yn+1)

3 duﬁ<y>) dmz)) dps()|

1w [ Eae( [ o

X (_ | |y| |2)aei(§’, V) Jﬁ (£n+1yn+1)e_i<Z1’y/> JB(Zn—Hyn—H)

x duﬁ(y)) duﬁ(Z)) dyis(n)|
— | /R Tl(Fwsb)(n)( /R o (Fut) (2)(A}y5)2Ds(n, &, 2)

< () ) dus(o)|-

Integrating by parts we get

(Fud) o (A2 (Fu)(€)
~1 [ oo ( [ (@R @Dt 6.0

n+1
R+

X du6(2)> dpus(n)]
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Using (1.4.5), we get

|(Fuw)#s(ATy5)¢ (Futh)) ()]

9 dug(Z)) dus(n)

= / [(Fud)n) (\ / (R Fut)(2) D (0. €. 2)

+

9 dua(Z)) dus(n)

< sup ([(Afyp)Fut))(2) | (Fue) ()] ( Ds(n, €, 2)

n+1 n+1 n+1
Z€R+ ]R+ R+

Therefore

<fw¢>#a<A%,g>§<fww><g>\

< sup () Fur)) [ IF0) )] disa).

Using (3.2.27) and (3.2.28), we get

Tan(@¥) < sup (A} 5)e Furh) (€)]

n+1
EeR™

y / e e~ |(F,0) ()] dpas(n)
R

In view of (3.2.22), we get

Ta(01) <Taa(¥) sup |(Fud)(n)]e™™ /}R e dpg(n).

n+1
n€R+

(3.2.28)
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Again from (3.2.22), we can find

Tar(60) <Tar(¥)702(0) / e~ dyug ()

n+1
R+

< 0.

Hence,

PP €S,

Theorem 3.2.17. Let w € M, then S,, is topological algebra under convolution.

Proof: Let ¢ and ¥ € S, then

Par(d#p) = sup O |(A], )5 (b)) ()] (3.2.29)

n+1
meR+

Using (3.2.17), we get

Par(¢#st) = sup D|(p#s(Af5)50) (2)].- (3.2.30)

n+1
z€RY

Now,

| (Gs (AT 5)50) ()] =| S (Al g)av (2, y) dps(y)| .

R+
In veiw of (1.4.12), we obtain

ettt =| [ ow( [ v 8iDae

dm<z>)duﬁ<y>\ |
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Taking (1.4.8), we get

|<¢#B<A%@>w><x>}
~| ( ¢<z><A€m>z( [ o)
R"+1 Ri+1 RTJLr-H

x e'We Jﬁ(yn+1§n+1)€_i<2/’§/>JB(Zn+1§n+1) dﬂﬁ(f)) d#ﬁ(z)) d#ﬁ(y)}

1 [ e[ v ([ (1R e O g

x iV Jg(yn+1§n+1)e"'<z"5'>Ja(zn+1§n+1) du/a(f)) duﬁ(Z)) dps(y)|

’ RnJrl ( /RnJrl ¢(Z) < /RnJrl 6_i<$,7 §/> Jﬁ<xn+1§n+1)ei<yl7£,> ‘]5

a6~ 1) o) €) ) a() ) )
(o[ vk Ds00.2) dia(2) )
[ o [ B2 D ) dusto)

< sup \A’JVB H/ oy / Dp(x,y, ) dus(2))dps(y) |

Therefore,

(a8 )30) @] < s |20 -] [ 60)duae)

ZGR”+1
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Using above expression in (3.2.30), we get

Pasr(tts) < sup M| 20| [ o)

n+1
z€RY

:p)\,oz(wﬂ /Rn_’_1 elw(y)qﬁ(y)e_lw(y)duﬁ(y)‘

<pra(¥) sup [e“We(y)] e W dpg(y)|
yeR7H1 R+

<pra(¥) sup e¥ \(b \/ e W) dpg(y )|
yE]R"+1

=Pra(V)pro(P |/ lw(y)dﬂﬂ )|

<0

Next, we have to prove that 7, \(¢#s%) < co. For this we take

Tax(@#st) = sup e™O|(A], )¢ Fu(o#s1)(€)] .

n+1
EER™

From (1.4.13), we have

Tan(@#at) = sup eMO(AL ) (Fud(§)Fub(€))].

+1
EER™
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By using (1.4.15), we get

7Ta,/\(¢#ﬁ?/))
a 2 7 .
= sup e’\“’(i)‘ Z (a) <7"> (5 CV(S 95 )
geryH §=0 r=1 q=0 |p/|<2(a—j) 61,02, -0 >0 7/ \4 15525 --%n
1 /

X 1B, 6 (D (Fud)(©) (DL (Fa)(©)]

a 2 7 .
Z (6% T o —
R+ 0 o1 a0 | ) J q 01,02, .0,
LRy j=0 r=1 q=0 |p/|<2(a—}) 61,02,..6n>0

3 e (D FL)0(€)) (DT F )

|
)

for some k£ € N. Therefore we have

Tax(O# sV
22 D))
< .
Aew(€)

X %E’BT sup e 2 }(D§/+q(~7w¢)(5))’

+1

SGR’fr

A+2k)w(€)
=

X sup e
gert!

DT FL)(9)) .

In veiw of (3.2.22) and (1.4.16), we get

et <XYY Y% (a) () (afa; ‘75)

=0 =1 q=0 |p/|<2(a—j) 61,50, a0 N/ N
UrETE (¢)Wp’+26’+r—q,% (%)

<.

Hence,

P#pY € S,
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