CHAPTER 5

TEMPERATURE-RATE DEPENDENT THEORY
OF POROTHERMOELASTICITY

5.1 Theory of Temperature-Rate Dependent Porother-
moelasticity for Anisotropic Medium'

5.1.1 Introduction

The present chapter is focused on some aspects of porothermoelasticity based on temperature-
rate dependent theory. The work is divided into different sections. This section
is mainly devoted to the development of the temperature-rate dependent theory of
porothermoelasticity for anisotropic medium. It must be mentioned here that the con-
cept of porothermoelasticity is concerned with the study of the thermal and mechanical
behaviour of elastic materials with porosity. This approach combines the theory of heat
conduction with poroelastic constitutive equations by incorporating the coupling of the
temperature field with the stresses and pore pressure. The mathematical modeling of
the porothermoelastic material to various practical problems has attracted researchers
in recent years due to its wide applications to geomechanics, mining and related areas
where the coupled thermal and poro-mechanical processes play an essential role. Hence,

because of the useful applications of the subject, this sub-chapter is motivated to derive

!The content of this subchapter is published in Continuum Mechanics and Thermodynamics, 2021.
DOI. 10.1007/s00161-021-01030-2
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the set of governing equations for the theory of temperature-rate dependent fluid satu-

rated anisotropic poroelastic medium from the fundamental laws of thermodynamics.

The porothermoelasticity theory was first developed by Biot (1956a), where he con-
sidered the general class of solid material consisting of innumerable interconnected fluid
saturated cavities and used Lagrange’s equations to derive the stress-strain relation and
the coupled equations of motion in the context of generalized poroelasticity. Biot’s the-
ory of porothermoelasticity has gained serious attention of researchers since last four
decades. The work reported by Biot (1962a); Biot and Temple (1972); Rice and Cleary
(1976); Kurashige (1989); Bear et al. (1992); Fourie and Du Plessis (2003) are worth
to be mentioned here. However, the first porothermoelasticity theory for the isotropic
medium, including one relaxation parameter and predicting the finite speed of ther-
mal disturbance, has been established by Youssef (2007) and later on by Sherief and
Hussein (2012). Theoretical development on porothermoelasticity and some interesting
investigations in this respect have been already discussed in chapter 1 of the present
thesis. Further, it is to be mentioned here that some studies on the temperature-rate
dependent theory of porothermoelasticity for isotropic medium are recently reported
by researchers to study the dynamical problems. Saeed et al. (2020) have solved one
dimensional problem of isotropic medium using FEM. Alzahrani and Abbas (2020a),
Guo Xiong (2021) have analyzed different thermomechanical problems in this context.
The authors have directly stated the governing equations for the homogeneous and
isotropic poroelastic medium in these studies. However, the theoretical foundation
for the temperature-rate dependent theory of porothermoelasticity for the anisotropic
medium is not available in the literature. Therefore, it is worth establishing a mathe-
matical foundation for the temperature-rate dependent porothermoelasticity theory for

the general anisotropic medium.

The objective of the present subchapter is to establish the basic governing equa-

tions and constitutive relations for the generalized temperature-rate dependent the-
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ory of porothermoelasticity (TRDPTE) for the general anisotropic medium by using
the fundamental laws of thermodynamics. In order to formulate the theory, suitable
porothermoelastic assumptions are made based on the temperature-rate dependent the-
ory, and generalized forms of the fundamental laws of thermodynamics are used in the
context of porothermoelasticity. Firstly, a general nonlinear theory of porothermoe-
lasticity for the homogeneous and anisotropic medium is constructed. Further, some
linearity assumptions are made to obtain the linear theory of TRDPTE for homoge-

neous and anisotropic porothermoelastic medium.

5.1.2 Formulation of the Theory

In this section, a porothermoelasticity theory involving the effects of temperature as
well as temperature-rate is developed. Following Biot (1956a; 1962b; 1964) and Youssef
(2007), the state of stress (o;;) at a point for the porothermoelastic materials is assumed

as

o055 = (1= )75 + pdi;. (5.1.1)

The porothermoelastic materials involve two different phases of the material, solid and
liquid. Here, o;; is the effective stress, 7;; and p denoting the stress on the solid phase
and fluid pressure, respectively, and v is the porosity of the material. The subscripted
indices 4,7 vary from 1 to 3. From Eq. (5.1.1), the effective state of stress can be
rewritten as the sum of stress due to solid phase (7;;) and fluid phase (7), i.e.

Oij = Tij -+ Tdija (512)

where 7;; = (1 —v)7;; and 7 = yp.
Now, by assuming that w; is the displacement due to solid phase and U; is the displace-
ment for the fluid phase, the state of strain due to solid phase (e;;) and fluid phase (¢)

are defined in the usual way as

1
Cij = 5(“13 + uji), and € = Uy (5.1.3)
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Next, by denoting p** and p/* as the densities due to solid and fluid phases, and following
(Biot (1956a; 1962b; 1964) and Youssef (2007)), we may write that

p=(1—7)p" +~p™, (5.1.4)

where p is the effective density of the material.

Alternatively, Eq. (5.1.4) can be written as

p=rp"+p, (5.1.5)

where p* = (1 — )p* and p/ = vp/*. Throughout this subchapter the superscripted
s is used to denote the solid phase and f to denote the fluid phase of the physical

quantities.

The mass coefficients corresponding to two different phases are given by

pi1=p° — p12 and pg = ,Of — P12, (5.1.6)

where p;s is the dynamic coupling constant.

Following Youssef (2007), Sherief and Hussein (2012) and Ezzat and Ezzat (2016), the

equations of motion in the present context can be given as

Tjij + 0°b; = puils + pr2U;, (5.1.7)
Ti + pszf == ,012111' + pQQUZ‘, (518)

where 0] and blf are the body forces related to solid and fluid phases, receptively.

Following Sherief and Hussein (2012) and Ezzat and Ezzat (2016), the kinetic energy

of the porothrmoelastic system in the present context is stated as

1 . o

Therefore, in view of Eq. (5.1.9), the first law of thermodynamics can be written in the

present context as
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d 1 . ..
— {/ —(p11tit; + 2p120,U; + paoUU;)dV + / PIdV]

- / (b2 + o BTV — / (@6 + ol )dv
Vv Vv

\% A

where A is the bounding surface of volume V occupying the bulk material. I denotes
the internal energy per unit mass, n; denotes the unit normal vector to the surface A
along z; direction, ¢ and qu are the components of heat flux and h* and h'/ are the
external heat sources, respectively.

Now, from the principle of virtual work done, the rate of change of kinetic energy is
always equal to the rate of change of all forces including internal and external forces,
le.,

d .

Using Eq. (5.1.10), in Eq. (5.1.10), it yields

d

dt Jy 1% v ’ 1%

Eq. (5.1.12) holds for any arbitrary volume, therefore this equation can be simplified

as

pl = rijéi +7é —¢i; — gl + p(h* + ). (5.1.13)

Now, by following Green and Laws (1972), the generalized second law of thermody-

namics in the context of porothermoelasticity for the solid phase can be stated as
d ph? a@n;
— 5> dv — L —dA 5.1.14
ﬁém_ép ATS, ( )

where T is the generalized temperature which requires the constitutive relations with

restriction 7% > 0 and can be assumed to be the functions of temperature, temperature
rate, or temperature gradient of solid phase. On the equilibrium, 7 will be equal to
the reference temperature (7j).

Further, by using the Gauss divergence theorem, the Eq. (5.1.14) yields
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(pT*7° — ph®) + @7, — %T > 0. (5.1.15)

Similarly, for the fluid phase, the entropy production inequality can be obtained as

a

Int — opf f_
(PT0" — ph') + a3 — 77

7! >0. (5.1.16)

Here, T/ is the generalized temperature corresponding to fluid phase, and T/ > 0
can be assumed to be the functions of temperature, temperature-rate, or temperature
gradient of fluid phase. On equilibrium, TV = Ty,

Adding Eqgs. (5.1.15) and (5.1.16) it results

s f
(pT/ i) + pTo0® — ph? — ph*) + ¢ + qf, — %Tj - %Tj > 0. (5.1.17)

Now, the Helmholtz free energy function (F') per unit mass is introduced in the present

context of porothermoelasticity as

pF = pI — pT*n® — pT'n!

ie.,

pl = pF + pT*n° + pT'n! + pTip° + pTTiy/ . (5.1.18)

Comparing the Eq. (5.1.13) with Eq. (5.1.18) it gives

p(T +T ) = p(h* + 1) = —(pF + pT*n® + pT I 07) + 13¢5+ 7 — ¢, — ¢!, (5.1.19)

and, using the Eq. (5.1.19) into Eq. (5.1.17) provides

. : . s /
— (pF + pT*n® + pTIn) + 756:5 + 76 — %Tf — %T{ > 0. (5.1.20)

5.1.3 Constitutive Assumptions

We consider that the porothermoelastic system is characterized by the internal energy
(I), entropy (n*,n’), and the heat flux vectors (g, qif ). To derive the theory, we postulate
that these response functions are dependent on the field variables e;;, ¢, 6%, 67, 6,6/, 07, 97’;

1.e.
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I= f(ez‘j»579s,9f,95,9f,9379§),
= 7* (i, €, 0°,6°,0%),
f(eljvgaefaéfae,{;), (5121)

5f

(61j7570879879;)7
qz - qz (

€ij, €, Qfa ef’ 9,{) '
Therefore, the Helmholtz free energy function can also be given as

F = F(ey,e,0°,07,0°,07,05,0%). (5.1.22)

In order to derive the governing equations for temperature-rate dependent theory of
porothermoelasticity, the generalized temperatures for the solid and fluid phases are
assumed as the functions of 65,6 and 6/,6/. Therefore, in view of the Eqs. (5.1.21-

5.1.22), the Eq. (5.1.20) can be rewritten as

OF N N aﬁ o) aﬁ’ oI e OF o 2T e
Py TTa )it TP T Pag: T a6 Pois TP o
OF ;0T oF oT! oOF ¢ OT®

f il il f_ A ]

< (99f +pn 89f>9 <p89f+pn 89f>9 (paes +Ts aes>9ﬂ

(0F dar e aor, Lot
Yoot T TIo4r ) T T aes T TT 967 T

Based on the assumptions, the present system are independent from é;;, €, 95, 67 ,Gi
and 0{, which implies that the coefficients of these terms in Eq. (5.1.23) must vanish.

Therefore, the following relations can be derived from the inequality (5.1.23)

OF
Tij :pa€'~’ (5124)
ij
T= p%—f, (5.1.25)
F T
of +1 9 =0, (5.1.26)
00 Rl
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or o1’

gt =0 (5.1.27)

OF ¢ OT*
P T %— i =0 (5.1.28)
OF . ¢ o1/
007 T g = 0, (5.1.29)

oOF o7\ . OF oT ¢ T ¢l o1/
s f Fo @ s f <
(898 +"aes>6 + (a&f +n 80)‘)6 +TS agsele aefe < 0. (5.1.30)

Also, in view of Egs. (5.1.13) and (5.1.19), the energy equation can be obtained as

6+ i+ pT*° + pT7i — p(h* + h') = 0. (5.1.31)

Hence, the Egs. (5.1.24-5.1.31) represent constitutive equations for the nonlinear

temperature-rate dependent porothermoelasticity.

5.1.4 Linear theory of Temperature-Rate Dependent Porother-
moelasticity

Now, to present the linearized equations corresponding to the constitutive relations
(5.1.24-5.1.29), the Maclaurin’s series expansion of the free energy function F(eij, £,0°.67,
65,6/, 0, 9{) is taken about it’s natural state and retaining the terms up to second order,

yields
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pF = Fly+ (0° — T) 255 (67 —Ty) % + 67 g; 0+9’f g;: 0
+(0F —Ty)? 8?;?; +(6%)? a?;f;? ) (Gf) 8?9;:;2 . + eijer ajj;;kl ) 2 if; )
005 35?2098 g a;f;aef 20T ) g 0
265 — Tp)é° 398359'5 +2(6° — To)Hf 85289f +298(9f To) ngaFQf
+20°" 652(508 +2(6° — To)ei; 85;;;@) . +2(0° — Typ) ;;g +20%;; 855282ij
+ 2% aias o : aéajae,’; . 35;32 f f’i@f 0
200 a‘;’j J; 26705 agjae +2 8‘:226 20t 88559
t2e,8 82;59?; 0 12567 8‘229; +2¢07 822% 0 507 85;89]@ (5.1.32)

where the subscripted 0 notation denotes the natural state (0,0, Ty, Tp,0,0,0,0), To

being the reference temperature. Now, by following Sherief and Hussein (2012) and

Ezzat and Ezzat (2016), we define the coefficients of Eq. (5.1.32) as % .= Cijki
, the elasticity tensor, %QTI; 0 C , the porosity constant, agjf;g’() = D;; , the poroe-
lasticity coupling tensor, 69852—;;“ . 7, the thermoelastic coupling tensor of solid
phase, 80%2—;;”‘ Bl] , the thermoelastic coupling tensor of fluid phase, %‘0 =,
agj(fgi , = (7, the center of symmetry vector of solid phase, ae?fQ ‘5932 . = C’if , the center

of symmetry vector of fluid phase, the thermoelastic coupling constant of solid phase on

fluid phase, W‘ — 3 which is the thermoelastic coupling constant of fluid phase on
5 s f oot
0*F _ f 9’F a8 9*F _ Upcy 9*F ty pcg
solid phase, a(67)2 IOCE/T(]a 8(6°)2 o - pCE/TOa 505905 0 — Ty ?90706f 0 To °
sy fof oot
> t5t 2 tlt
8?95;2 —%TE, 3?9'5)2 —%(’;CE, where 7, t5 and t{ , tg are denoted as the relax-

ation parameters for the solid phase and fluid phases, respectively.
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_9%F
80 5 00°;

9%F

’ aef 067,
710

Further, we denote = ;—EK ;; as the conductivity tensor of solid phase

%Kifj as the conductivity tensor of fluid phase.

For the linearity of the formulation, we may take 1/7% = 1/T/ ~ 1/T;. Now, in view
of Eq. (5.1.30) and by substituting these values in Eq. (5.1.32), the simplified form of
Eq. (5.1.32) is obtained as

1 1 .
pF = icijkleijekl -+ §Dijeij5 — f(@s TO -+ tsﬁs)elj f (Hf TO —+ t{@f)ew
Ty e — DB T GO 0 o)
Lo — T2+ ¢! f f fpf — ) f
o e (07 T2+ 07 26 (07 — Ty)6)
—5f(9f—T0—|—t1¢9f)5— E 0 1 22 1 0
i coorge it clorer + Bl goge o 1Kf 676 5.1.33
+T0z,z +Tozz T2 z]z] T2 ij7,i7," ()

Similarly, the Maclaurin’s expansion of the generalized temperatures (T and T7) can

be be written as

. OT*(Tp, 0) T (Tp, 0)

: - 0?T%(Tp, 0)
T°(60% 0% =T7°(6°,0)+6° +(0°—1Tp)0 (0%, (5.1.34
@,07) = 720, 0)+ T2 gy Ut LD (53
: TH(T¢ - O*TH (T, 0 O TH(T,
TI(07,67) = T (67,0) + M + (6 - To)gfw + (9f)2w'
961 007001 0(67)2
(5.1.35)
Initially, both §° and @/ are taken as the same and equal to the reference temperature
To. Further, by following the assumption 7°(0°,0) = 6° | 397;0 O — s TH(67,0) = 67
and % —t/, Eqs. (5.1.34-5.1.35) can be written as (Green and Lindsay (1972))
T* = 9" + 15 [0° + x5 (9°)0° + x3(9°)7), (5.1.36)
75 =07+ t{ [0 + x{ ()7 + X (7)), (5.1.37)

where ¥° = (6° — Ty) and ¥/ = (0/ — Tp) are the temperatures above reference temper-
atures 7.

Hence, by substituting these values of F,T% and T from Eqs. (5.1.33),(5.1.36-5.1.37)
in Eqgs. (5.1.24-5.1.30) implies that
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7y = Cymen + Dije — B (0° + 659°) — BL (07 +{d7), (5.1.38)
7= Ce + Dije; — B°(0° + £50°) — 57 (0 4 t{97), (5.1.39)
pTon* = To(Bjei; + B€) + pcy(0° + t59°) — CFv, (5.1.40)

pTon! = To(Bleij + Be) + pef (97 + t}o!) — Cf v, (5.1.41)
g = —(C:O° + K59%), (5.1.42)
gl = —(ClY + Ko, (5.1.43)

pess(t5 — 15)(0°)2 + 2059°0% + peh(t] — ) (91)? + 2] 197, + K0%9%; + K0l > 0,

(5.1.44)

Furthermore, in view of Eq. (5.1.31), the energy equation for the solid and fluid phases

may be written explicitly as

¢ = —pTop” + ph® + K, (0° = 97), (5.1.45)
¢f; = —pTon! + ph! — Ky (9" — 07), (5.1.46)

where, K7 is the dynamic coupling constant (Youssef (2007)).

Next, by combining Eqgs. (5.1.40,5.1.42,5.1.45) and (5.1.41,5.1.43,5.1.46), we obtain the

heat conduction equations for solid and fluid phases as

K305 = pei(9° +150°) + To(B5,¢55 + B€) — C30% + ph® + Ky (9° —9F),  (5.1.47)

K97, = pel (0 + t{07) + To(BLeés; + Bre) — CIY) + ph* — Ky (9° —97).  (5.1.48)

(VR )

Hence, the Eqgs. (5.1.7-5.1.8), (5.1.38-5.1.43) along with the relations (5.1.45-5.1.48)

constitute the basic governing equations for the temperature-rate dependent porother-
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moelasticity theory for an anisotropic medium.

5.1.5 Conclusion

The subchapter successfully established the temperature-rate dependent porothermoe-
lasticity (TRDPTE) theory for anisotropic medium. Here, The basic governing equa-
tions of the theory are derived by following fundamental laws of thermodynamics. The
major achievement of this subchapter is that here a most general nonlinear set of gov-
erning equations corresponding to TRDPTE theory is derived, and further from this
nonlinear set of equations, a linear theory of porothermoelasticity is formulated. Due
to the generality of formulation, the present theory can be applied to any problem

involving the thermomechanical interactions inside a poroelastic medium.
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5.2 Some Theorems on the Temperature-Rate Depen-

dent theory of Porothermoelasticity >

5.2.1 Introduction

The main objective of this subchapter is to establish some theoretical results for the
temperature-rate dependent porothermoelasticity (TRDTE) theory. In the previous
subchapter, the temperature-rate dependent theory of porothermoelasticity is formu-
lated from the fundamental laws of generalized thermodynamics. During the last few
years, the porothermoelasticity theory has gained serious attention from researchers.
Some authors have also investigated the various porothermoelastic problems under the
TRDTE theory. The development of the theoretical results for mathematical models
provides a strong foundation for didderent numerical methods, which further helps to
analyze the corresponding mathematical model. The mathematical modeling of the
porothermoelasticity under temperature-rate dependent theory is derived in the pre-
vious subchapters, and there is a scope to investigate this theory and understand the
applicability of this theory from the mathematical point of view.

The uniqueness theorem has been studied by many researchers in the context of
thermoelasticity theories. Weiner (1957) and Sherief and Dhaliwal (1980) have proved
the uniqueness theorem for an isotopic medium. Ignaczak (1963) has discussed the
uniqueness results for the different thermoelasticity theory. Later on, the uniqueness
theorem in the context of porothermoelasticity theory has been established by Sherif
and Hussein (2012) and Ezzat and Ezzat (2016) for different porothermoelastic problems
under the LS model. The variational principle plays an important role in the theoret-
ical foundation of the numerical techniques for solving the various thermomechanical

problems. It has applications for both the unified development of the theory and the

2The content of this chapter is published in Acta Mechanica, 2021. DOI. 10.1007/s00707-021-02996-
5
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approximate solution of fully coupled initial-boundary value problems in coupled ther-
moelasticity and porothermoelasticity theory. It also provides an alternative way to
determine the state of the dynamics of a problem under consideration. Therefore, these
principles lend themselves readily to numerical solutions for different finite element ap-
proaches like extended Ritz method as developed by Nickell and Sackman (1968) in the
context of classical thermoelasticity theory, the variational method for both space and
time as discussed by Darrall and Dargush (2018) for dynamical thermoelastic prob-
lems etc. The finite element method (FEM) is widely used to solve most engineering
problems. Therefore, several authors have presented the variational results in the con-
text of different thermomechanical theories. Sherief and Dhaliwal (1980) and Dhaliwal
and Sherief (1980) have derived the variational principle of generalized thermoelasticity
theory for isotropic medium and anisotropic medium. He (2005) has derived the varia-
tional principle for the micromorpic theory of thermoelasticity. El-Karamany and Ezzat
(2011a) have developed the convolutional type variational principle for the fractional
order thermoelasticity theory with two-temperature. Youssef and Al-Lehaibi (2010)
have presented a variational principle for the fractional order generalized thermoelas-
ticity. A detailed discussion of the variational principles for thermoelasticity has been

given in the books by Lebon (1980) and Hetnarski et al. (2009).

Reciprocity theorems have become increasingly important lately because of their uses
in the numerical solution of boundary value problems by the boundary element method.
It provides an important tool for finding the methods to integrate elasticity equations
with Green’s function. The BEM method is frequently used by the researchers as an
alternative to finite element method in many engineering applications. The reciprocity
theorem also acts as an essential tool in the developing the boundary element method
(BEM) since the BEM needs some theoretical preparation, namely, reciprocity theo-
rem and fundamental solutions, as a starting point. Anwar and Sherief (1988; 1994),

Chen and Dargush (1995), Dargush and Banerjee (1991), Cheng and Predeleanu (1987),
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Cheng and Detournay (1998)), Nowacki (1975) have reported interesting applications
of the reciprocity theorem to the solution of engineering problems. Hence, the theoret-
ical results (variational principle and reciprocity theorem) have direct applications in
the development of some numerical methods that can be used to investigate a system
numerically.

The present subchapter attempts to deal with the temperature-rate dependent
porothermoelasticity theory for anisotropic medium and establishes some important
results. We consider the governing equations for temperature-rate dependent porother-
moelasticity theory (TRDPTE) for the anisotropic medium, formulated in the previous
subchapter. Firstly, the uniqueness of the solution is proved for a mixed boundary initial
value problem in the context of the TRDPTE theory for homogeneous and anisotropic
medium. Further, a variational principle is established on the basis of the present the-
ory for the fluid saturated the porothermoelastic medium. Here, the principle of virtual
work done is applied to derive the expressions for the generalized strain energy, Biot’s
free energy, and the total work done by the system during the thermomechanical pro-
cess. Further, in view of this, the variational principle is established in the context of
the temperature-rate dependent porothermoelasticity. Finally, a reciprocity theorem is

proved for a general problem of the porothermoelasticity theory of anisotropic medium.

5.2.2 Basic Governing Equations

From the previous subchapter, the basic governing equations of porothermoelasticity
in context of temperature-rate dependent theory for anisotropic medium can be con-

sidered as follows:

The equations of motion:
Tjig + P’ = puiis + prali, (5.2.1)
Tj + pszf == plgﬂi + pQQUZ‘. (522)
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Stress-strain-temperature relations:

0 0
r=Dyey+Ce—p (1462 o —pr (1442 )07, (5.2.4)
g Lot Lot

The heat conduction laws:

@ = —K;0% (5.2.5)
¢ = —Kl0’. (5.2.6)

The energy equations in the absence of external heat source:

e (5.2.7)
gl = —pTon. (5.2.8)
The entropy equations:
pTon® = —pcp(0° + 150°) — To(B5ei5 + B°€), (5.2.9)
pTon’ = —peh (07 +t567) — TO(BZ-fjeij + Ble). (5.2.10)

where 7;; and 7 denote the components of stress tensor and fluid pressure corresponding
to the solid and fluid phases, respectively; b¢ is the external body force per unit volume;

Cijr is the elasticity tensor, D;; is poroelastic coupling tensor; C' is the bulk modulus

w

of fluid phase; f3;; is the thermoelasticity tensor, 5 is the thermoelasticity constant

due to the presence of porosity; ¢;’ is heat flux vector; K} is the conductivity tensor;
6% is temperature above reference temperature 7j, such that |9T—(;‘ < 1; ¢4 is the specific
heat at constant strain p“ is the density of material; n* is the entropy, where, super

scripted w(=s or f) will be used with s denoting the case of solid phase and f denoting

the fluid phase, for material parameters and field variables.

Now, the heat conduction equation corresponding to the solid phase can be obtained

by combining Eqs. (5.2.5,5.2.7,5.2.9) as

160



CHAPTER 5. Temperature-rate dependent theory of porothemoelasticity...

9\ o
K305 = peg (1 + t§§> 0° + Ty (B56i; + B€) . (5.2.11)

Similarly, from Egs. (5.2.6,5.2.8,5.2.10), the heat conduction equation corresponding

to the fluid phase can be found as

a9\ .
KJ0); = pet; (1 + téfa) 0/ + Ty (ﬂifje‘ij + ﬁfs') . (5.2.12)

5.2.3 Uniqueness Theorem

In this section, a uniqueness theorem on the present porothermoelasticity for homoge-
neous anisotropic poroelastic medium is established. Consider a homogeneous porother-
moelastic medium of volume V' bounded by the surface area A. Here, the restrictions
on material parameters are assumed as follows:

p>0,c;>0,c >0, K50595 > 0, KLl > 0,

CijriCijor > DijDyj, p1a < (p11p22)1/2,p11 > (0, p22 >0 (5.2.13)

C’ijkleijekl > O,t‘i > t“; > O,t{ > tg > 0, C > 0, Dijeij > 0.
Initial and boundary conditions:

For the set of Egs. (5.2.1-5.2.12) the general non-homogeneous initial conditions are

taken as
w;(x,0) = wig, Us(x,0) = Uy, 1;(x,0) = i, Us(z,0) = Uy, for allz €'V, (5.2.14)
0% (z,0) = 9%, 0/ (x,0) = 9., 9°5(x,0) = 95,, 9/ (z,0) = D, for allz € V.
Further, we assume the following boundary conditions:
wi(z,t) = 1w, Ui(z,t) = U;, for all z € Aandt > 0,
(5.2.15)

0 (z,t) = 0%, 9 (x,¢) = Of, for all z € Aandt > 0.

Then the uniqueness theorem is established in the next theorem.

Theorem: Consider a regular and homogeneous anisotropic porothermoelastic mate-
rial occupying the space V' with the surface boundary area A. Then there exists at most

one set of single valued functions 7, 7, €;;, € of class C' (C* denotes the set of all func-
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tions having continuous i** order derivatives) and{u;, U;, 9%, 9/, 3, qif } of class C? such
that Eqgs. (5.2.1-5.2.12) with the initial conditions (5.2.14) and boundary conditions

(5.2.15) are satisfied.

Proof: To prove the theorem, we assume a counter argument that there exist two
different sets of solutions i.e. { Tij o T e e ul(-l),Ui(l),ﬂs(l),ﬁf(l),q ,ql } and

71]7 7

{ Z(JQ),T( ),65]2-),6( , 52),U(2) 952 9F @), qf . 2)} to the Egs. (5.2.1-5.2.12) with the
initial conditions (5.2.14) and boundary conditions (5.2.15).

As the present partial differential equations are linear in nature, therefore in the absence
of external heat sources (h*, h/) and body forces (b¢ bf) the set {7,;, 7, &, &, U, Uy, 0°,

177

0@, q Y= { — TZ] )+ — 7@, 6(1-) — 6(2-) eM — @ oM — B g _ g@ ys)

1) 3

932 9f M) 9l @) g2 W _ qS(Q)7 qu(l) f(2 } will also satisfy the Eqgs. (5.2.1-5.2.12) along
with the homogeneous counter parts of initial and boundary conditions (5.2.14-5.2.15).

Now, we take the integral

\% \% \% \%

Therefore, by applying the divergence theorem in Eq. (5.2.16) and using the homoge-

neous boundary conditions, we obtain

/ (ﬂ'jéij + fij7jﬂi)dv =0. (5.2.17)
14

Substituting the values of 7;; and 7;;; from Eqs. (5.2.3) and (5.2.1), respectively, we
find that

/V[Cijklékléij + Dygé; — B (07 + 450 )é;
f o/ f_f = = = = .
—B;; (07 + 110 )ey; + putit; + pr2Usu] = 0. (5.2.18)

Similarly, if we consider the integral

/ FEdV = / (7U;) AV — / 7.U,dV, (5.2.19)
14 14 14
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then by applying the divergence theorem in Eq. (5.2.19) along with homogeneous

boundary conditions, we get

/ (7& +7,U0;)dV = 0. (5.2.20)

Using the values of 7 and 7; from Egs. (5.2.4) and (5.2.2), the Eq. (5.2.20) yields

/ (CZ2 + Dy — BT + 40 )é—
1%

_ ~f . - LI

Combining Eqgs. (5.2.19) and (5.2.21), we get

d _ N .. Lo KR
7 / [Cijklékléij + Djje€ + C& + puiii;ti; + prati;Us + paoUsU; | AV
1%

=S

- / (85 + BT +650)) + (Bl + BPE) @ + 100 av =0. (5.2.22)
14

Using the Egs. (5.2.11-5.2.12) in Eq. (5.2.22), we obtain

d . . . = -~ -
7 / [Cijklékzléij + Dyjeiie + CE + piiit; + praii;Us + pZQUiUi] av
v

=S —~S

_ /V K50, (0" + 650°) — pesy(0° + 6509 (0 + 159 ))av
_ ~f - . _ ~f
- / K190 @ + 60 ) = pelb @ + )@ + 7 Ndv =0,  (5.2.23)
14

17 ,gi

or,
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d . . . = L
it / [Oijklékléz‘j + 2D;j€;i€ + CE& + puiiii; + 2p12uU; + p22UiUi] av
1%

/[Kwsw e dV+/ (T 50V
+ / pe] (95 + t50°) (0° +t§§)+(ti —t;)(ﬁ +t§198)35]dv
Vv
—/[Kfjﬁf;(ﬁfﬂ{ﬁ dV+/Kfz9 @, +tf19 AV
\4

+/Vpc§[(q9f + 9N @ +t§z9 )+ (] — )W + 910 1dv = 0. (5.2.24)

Therefore, in view of the boundary conditions and rearranging the terms of Eq. (5.2.24),

we get

1 d .. S T
S [/ (Cijmiereij + 2DyeiE + CE2) + (prilsty; + 2p10t,U; + paUsU;) dV
v

/(tSKsﬁ 0+t K99 dV+/{chq9 59 )2
1%
—f =~ f s S\ s S
+pek @ 0 v+ [ (6 - @)+ o - @) }dv]
=8 ~f s —s —f—
/[(tf — )50 )2+ (H =) (0 )P+ K50,0, + Kfjﬁf;ﬁf;]dv = 0.
Vv

(5.2.25)

Now, in the first integral of Eq. (5.2.25), the terms given in the first small bracket will
be positive by the restriction as considered in Eq. (5.2.13) and the remaining terms in
the second small bracket of this integral denote the kinetic energy and hence always
remain to be positive. Further, in view of Eq. (5.2.13), the rest of the terms of Eq.
(5.2.25) are also non-negative. Hence, each of the terms vanishes separately. Therefore,
from Eqs. (5.2.3-5.2.5) and (5.2.6) and in view of homogeneous initial conditions, it is
clear that each term of the set {7,;, 7, &, &, U;, U, 9%, 97, ¢, (Lf} is zero. Which implies
that our assumption of more than one solution is wrong. It proves that more that
one solution of the present problem (5.2.1-5.2.12) with the given initial and boundary

conditions (5.2.14-5.2.15) is not possible. Hence, the proof of the uniqueness theorem
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is completed.

5.2.4 Formulation of the Variation Principle

A porothermoelastic process is a coupled dynamical process of an exchange of mechani-
cal energy into thermal energy in a poroelastic medium, which is accompanied by strain
and temperature changes within the body. This process occurs due to some thermal
or mechanical disturbance in the body and can be explained by defining the initial
as well as boundary conditions on the system corresponding to the governing equa-
tions of the porothermoelastic system. Hence, by applying the variational principle, a
thermomechanical system can be defined if thermal and mechanical loadings (surface
traction forces and body forces) are known. As mentioned in the previous section, the
variational principle has applications in both the development of the theory and the
approximate solution of the fully coupled thermomechanical problem. In this section,
the variational principle is formulated to explicitly represent an alternative form of
the dynamical process of the porothermoelastic system. This variational formulation
will be attempted on the basis of a total functional expression where its extremum
is equivalent to the governing equations of the coupled porothermoelasticity, namely
equations of motion (5.2.1-5.2.2) and the coupled heat conduction Egs. (5.2.11-5.2.12)
corresponding to solid and fluid phases.

Firstly, we consider a porothermoelastic system of volume V' that is bounded by the
surface A. Then due to a small variation in the present porothermoelastic system from
the equilibrium state, the virtual work done by the traction and body forces can be

given as

A \4

By applying the divergence theorem in the second integral of Eq. (5.2.26), we have

/(Tijnj5ui + 1n;0U;)dA = /
A

(735,50u; + 7,;0U;)dV + / (1ij0€i; + Toe)dV.  (5.2.27)
v

\%4
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Next, by using the equations of motion (5.2.1) and (5.2.2) in Eq. (5.2.27), we get

/(psbféui + pszféUi)dV + /(Tij”jéUi + ™n;0U;)dA =
v A

/ (p11;0u; + p12Usbu; + p12it;6U; + 022Ui5Ui)dV
%

+ / (Tij5ez-j + T(5€>dv (5228)
|4

Now, by substituting the values of 7;; and 7 from Eqs. (5.2.3-5.2.4), the last term of

Eq. (5.2.28) can be written as

/ (Tijéeij + T(Sa?)dv = / (Cijklekldeij + Dijedeij + Dijei]‘(s&‘ + CE(S&‘)dV
\% \4

_ %/Lieséezjd‘/—ﬂs/ L{GS(SedV
\% 14

— B, / L30%5e;dV — 7 / L6 5edV, (5.2.29)
\% 14

where Lf = (1 —i—ti%) and L{ =(1 +t{%).

Define the work done due to the deformation of the system (W) as

1
W = 5 /V(Cijklekleij -+ 2Dijeij5 -+ 062)dv
Therefore,
oW = / (C’ijklekléeij + Dijéeijs + Dijeij(;e -+ (Jeés)d\/ (5230)
%

Therefore, from Eqs. (5.2.29-5.2.30) and Eq. (5.2.28), we obtain

/ (p°b]ou; + pfbf-céUi)dV + /(Tijnj(iu,- + ™n,;0U;)dA
1% A
1%
SW — B35, / L30%5e;dV — B° / Li6*6edv
1% 1%

B! / L30°6e;dV — 37 / L{6! sedv, (5.2.31)
1% Vv
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where, L} = (1 + t{2) and LI =1+ t{%). Here, the L.H.S. of Eq. (5.2.31) denotes

the work done by the body forces, traction forces, and the inertial forces.
Next, we define the entropy flux (.S;) in the present context for the solid and fluid phases

as

. q? " f qf
S — 2 agnd S/ = =2~ 5.2.32
8= Lanas -2 (5:2:32)

In view of Egs. (5.2.7-5.2.10), and in the absence of external heat sources, Eq. (5.2.32)
yields

ToS;; + ToBei; + ToB°e + peyLsf® = 0, (5.2.33)

ToSz{z' + Ty €ij + ToBle + PCéLgef =0, (5.2.34)

ij
where we denote L§ = (1 +t52) and L] = (1 + ¢ 2)
2= 20t 2 = 29t/

Further, by combining Eq. (5.2.32) with Eqgs. (5.2.5) and (5.2.6), we obtain

K30% = —TyS;
and K07 = —T, 2,
or,
0% = —ToX;;S; (5.2.35)

and, 0 = —Ty\].S/

i3~

where, \j; and )\ij are thermal resistivity tensors (Hetnarski et al. (2009)).
In Eq. (5.2.32 a,b) multiplying by 57 and 552_f , respectively, and taking volume integral

on the equations, we have

/Gjésde:—TO)\fj/ S2652dV, (5.2.36)
14 1%

/ 0755V = —Ty\;; / s/6stdv. (5.2.37)
14 |4
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Further, in view of Eq. (5.2.33), the L.H.S. of Eq. (5.2.36) implies that

/035Sde:/085anidA+/(5%0556ij+559555)
1% A \%

e s / 0°50°dV. (5.2.38)
To v
Similarly, from L.H.S. of Eq. (5.2.37) and Eq. (5.2.34), we get

S/
/ 0755 av = / 0765 n;dA + / (ﬁfjgfgeij+ﬁf9f55)dV+/);_E L / 07 50¢ v
1% A \4 0 v
(5.2.39)

Now, we introduce the heat potential function corresponding to the solid and fluid

phases as
*S IOCE s s\2
P L 2.4
-5 [ . (5.2.40)
P = pCELf / (07)2dV. (5.2.41)
2T v
Therefore, we have
SP* = pT&L; / 0°56°dV, (5.2.42)
0 |4
pct
P =CELS / 07667 av. (5.2.43)
TO 14

Further, we define the generalized Biot’s free energy function in the context of porother-

moelasticity for the two different phases as

_ Ty, d
*s — “0ys = 5Gs 2.44
1% : XS — S Sdv, (5.2.44)

g Topd faof
V= SN / S}sidv, (5.2.45)

which implies that

SV = ToA— 7 / S3655dV, (5.2.46)
SV = Ty\ — d Sf 5S7av. 5.2.47
0 /L]d L ] . ( e )
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Therefore, by using the values from Eqs. (5.2.38-5.2.47) in Egs. (5.2.36-5.2.37), we

obtain

/ 0°6Sn;dA + / (85,6°6¢:; + B°6°6)dV + GP™ + 6V** = 0, (5.2.48)
A \%

/ 0765 n;dA + / (Bl676ei; + 8107 de)dV + 6P + 5V = 0. (5.2.49)
A 1%

Now by adding Eqs. (5.2.48-5.2.49), we get

/ (60°6.55 4+ 6765 Yn;d A + / (85,0°6ei; + 5°0°6e)dV
A 14

+ / (8507 8¢5 + B10762)dV + 6(L5 P** + LIP) + 6(LiV* + L{V*) = 0. (5.2.50)
V

Therefore, by combining the Egs. (5.2.31) and (5.2.50), we find that

\%4 %4
A

+ (Tn0U; — L1607 n;:657)}d A,

where P* = (LS P**+L{ P*/) denotes the total heat potential energy and V* = (L§V*+

L{ V*/) denotes the effective Biot’s free energy functional in the present context of

temperature-rate dependent porothermoeclasticity theory.

The sum of potential energy (P*) and the work deformation (W) can be termed as the

generalized strain energy in the present context.

Therefore, the Eq. (5.2.51) can be written as

60 = / (p°bou; + p?bl U dV + / {(in;0u; — 0°1;05%) + (Tn;0U; — 67065 )VdA,

' ! (5.2.52)

where Q@ = P*+V*+W | i.e., the sum of virtual internal work of deformation (W), the

heat potential (P*) and the generalized Biot’s free energy function (V*) is termed as

the generalized strain energy functional of the present porothermoelastic system. Also,
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the terms on the right-hand side of Eq. (5.2.52) expresses variation in potential energy
due to external forces i.e., the virtual external work of the body forces, of traction on
the boundary, and of heating of the boundary. Therefore, the generalized potential

energy due to external forces can be assumed as

Pe = —/(psbfuri-pfb{Uz)dV—/{(Twn]ul—gsnlszs)—(Tnngz_gfnzSZf)}dA (5253)
v A

Hence, we derived the total energy functional (I'7) of present porothermoelastic system
as the sum of generalized strain energy functional (€2) and the generalized potential
energy (P,), i.e. I'r = Q + P,, defined as

1

FT = 5 / (Cijklekleij + Dl-jgeij + ijekjéT + 062)dv
Vv

4L s / (6°)266°dV + L! Ly / (07)2dv
97,72 /. or, 2 ),

ra
Y dt

TO s sd s Qs TO f
DXL [ Sessav + Ly

: SISTdv+
J ldt v /V J

1 d?

%4 \%4

The variational principle of the present porothermoelastic system defined on its total
energy functional I'r, states that it will be extemum if the equation of motion (5.2.1-
5.2.2) and heat conduction Eqs. (5.2.11-5.2.12) are satisfied identically. We establish

this as below.
In view Egs. (5.2.52-5.2.53), Eq. (5.2.54) yields

5T = 0. (5.2.55)

Eq. (5.2.55) shows that the total energy functional attains its extremum. Therefore,
it is left to show that the equations of motion (5.2.1-5.2.2) and the heat conduction

equations (5.2.11-5.2.12) are also satisfied.

Now, applying the first variation on Eq. (5.2.54) in view of Eq. (5.2.55) , we obtain
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5FT = / (C’ijklekléeij + Dijséeij + ijekj&? + CEQ)dV
\%

pc; pch
+ L3 EL;/05598dV+L{—EL§/9f59de
Ty v Ty v

N e A arsar
+ TN 1a/VsﬂssjdvJFT()LlAZ.%/VSZ. 3Sldv
+ / (p°bou; + p’bl U dV

\%

\%4

- / [(Tijnj(sui — L30°1:68%) — (rnydU; — L6 n:68! )] dA = 0.
A
By substituting the values of #*and 6/from Egs. (5.2.33) and (5.2.34), we have

5FT = / (C’Z-jklekléui,j + Dijedui,j + ijekjéUi,i + C&(SUM)dV
\%
— L3 /V 0°0(S;; + Biei; + Be)dV — L] /V 0/5(S{; + Bliei; + Ble)av
d d
s1f s Qs If fsaf
+ / (p°bSu; + pl bl 6U)dV
1%

— / [puuZ(SuZ + p12u15UZ + ,012(5UZ'U1' + p22UZ5UZ] %
14

+ / {(7in;0u; — Li6°1n;05%) + (tn:0U; — L167n;65)}dA = 0. (5.2.57)
A

Now by applying the divergence theorem along with Eqs. (5.2.33-5.2.34) in Eq. (5.2.57)

we find that

ol'p = /V [Cijklekl,j + Dije; — L15;,07; — L{ﬁifje,]; + p°0] — (puail; + P12UL‘)] ou;dV
/ [ijekj,i + Cé‘yi - L‘iﬁ‘SHf] — L{Bfe’]; + psbf - (puul + pQQUl)} (SUldV
v
S s saof S : f
+ L /V (0% + ToA;;Si7 )6S5dV + Ly /V (07, + ToAL S oSt dv (5.2.58)

=0.
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Since du;, 0U;, 657 and 55if are the virtual displacements and the virtual entropy flow,
respectively, therefore in view of Eqs. (5.2.33-5.2.34), it follows from the Eq. (5.2.58)
that the first variation of the functional I'r should vanish throughout the volume if the
equations of motion and heat conduction equations are satisfied identically.

Hence, we established the variational formulation of the temperature-rate dependent

theory of fully coupled porothermoelasticity for anisotropic medium.

5.2.5 Reciprocity Theorem

In this section, we shall prove a reciprocity theorem for general problem of anisotropic
porothermoelasticity with temperature-rate terms and two thermal relaxation param-
eters. In order to establish a reciprocity relation, we consider here an anisotropic
homogeneous poroelastic body occupying volume V' and bounded by the surface A.
This system is assumed to be influenced by the body forces b, b/, traction forces I'?,

sz and surface temperatures ©°, ©/ corresponding to the solid and fluid phases.

If we consider two different sets of porothermoelastic loading/causes as given by

Zp = (52 b/ 100 pI) gstn) @Ity — 1 9, (5.2.59)

then the porothermoelastic configurations due to these porothermoelastic loadings (5.2.59)
can be explained by different sets of field variables, i.e., displacement and temperatures
corresponding to both solid and fluid phases. The thermoelastic configurations corre-
sponding to two different causes are symbolically denoted as

Y, = {u™, U™ 65" g/ p =1 2. (5.2.60)

The relationship between two different porothermoelastic loadings and porothermoelas-
tic configurations as given above is called the reciprocity relation, which can be stated

by the following reciprocity theorem:.

Theorem: We assume that the stresses 7;;, 7 and strain functions e;;, £ are of class C*
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whereas, displacements w;,U; and temperatures 6°, 67 are of class of C? in the whole
region V + A for ¢t > 0. If these functions satisfy the equations of motion (5.2.1-5.2.2),
generalized heat conduction laws (5.2.5-5.2.6), and other constitutive relations (5.2.3-
5.2.4,5.2.7-5.2.10) along with the homogeneous initial conditions and the boundary

conditions as

Tighy = Ff7 T™; = Fic, 0° = @S, Qf = @f, Vo € A,t > O, (5261)

then, we have

T, / (O3 % D — 5@ « DWidA + T, / /W« D,Uu® — 1/ « DUMYdA
A A

+p°Ty / B« Dl — 63? % DAV + T, / !V %« DU — b!? « DUM YAV
|4 Vv

+K§’j/(@s( x L30°Pn; — 0°@ x L30°n;)dA

A

+K{j/(@f< « L{07Pn; — 0@« 1107V dA = 0,
A

(5.2.62)

where D; = and the '+’ notation denotes the convolution operation, and the convo-

Ot’

lution of any two functions f; and f; can be defined as f; * fo fi(w) fo(t — u)du.

Proof: First, by applying the Laplace transformation on stress-strain-temperature

relation (5.2.3) corresponding to two different configurations, we have

7y = Cymey) + Dyye® = G136 = BLLLDIY, (5.2.63)
and

7 = Cijuey + Dye? — B L36° 4

& = Cyued) + Dyg® — gL L1605 — BLLI0T®). 5.2.64

where the over-headed bar notation f(s) denotes the Laplace transform of any function
f@).
Now, multiplying by ég) in Eq. (5.2.63) and by ég) in Eq. (5.2.64), then taking the

volume integral over the difference of these two equations, we find that
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/V (7 —7Pe)av = / Di;(eWe? — e@eyav
+ B LS/V( G*@ell) — *VeD)av

LB / ("D — gr0e?)av. (5.2.65)
|4

By applying the Gauss divergence theorem, the first term of L.H.S. can be evaluated

/ el dv = / rNadav = / 7naPdA — / rNaPav. (5.2.66)
Vv 1% A

Hence, using equation of motion (5.2.3) and the boundary conditions (5.2.61) in Eq.

as

(3.4.9), we get

[ e = [m0aansy [ 80000y - [ (pual+ou0a?. 5267
\% A \% \4

Therefore, by substituting the value of fv (1) dV from Eq. (5.2.67) and the analogous

value of [, ﬂ-j éij 'dV in Eq. (5.2.65), we find that

/ (W - PaM)dA + p / B Va® — i Pa)av
A \4
Fp128” / @MU — PV + Dy | (e®Pe) — eWelD)dv
% 14
X zsjf/i /‘/(9—5(1)61(?) _ 9_3(2)65;))dv + Bifjf’{ /V@f(l)ég) _ gf(2)él(]l))dv =0. (5.2.68)

Next, by using the same argument as above with Eqs. (5.2.2) and (5.2.4), a similar

relation corresponding to the fluid phase can be obtained as

/ C/VT —TIPTD)dA + pf / B! VUP !PT+

A Vv

st [ (OOH 0PV 1D, [ (Ve ey
14 \%4

48 / (DD _ G20y 4 gI 1] / (IO _ IOy — 0 (5.2.69)
Vv Vv

Egs. (5.2.68) and (5.2.69) constitute the first and second part of the reciprocity theorem
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involving the mechanical porothermoelastic loads, i.e., body forces and surface traction

force terms only.

Now, in order to find the third and fourth part of the reciprocity theorem, we apply the

Laplace transform on the heat conduction Eq. (5.2.9) for two different configurations

as
K505 = peysLy(0°0) + Tos(B5el;) + Be), (5.2.70)
K307 = pepsLy(0°®) + Tys(856) + 5°e). (5.2.71)

Again, multiplying by 6*® in Eq. (5.2.70) and by #*V) in Eq. (5.2.71) and then by

considering the volume integral over the difference of these two equations, we find that

)

S NS ns =g As s (1) 7s (@) 74
K2 /‘/(9,2,(].1)9 (2) _ 9@(?9 m)dV — ToSﬁij /V(ez(j)e @2 eEj)G “’)dV

+ Tosp; / (EWE@ — z22p=qy. (5.2.72)
14

In the Eq. (5.2.72), the first integral of the L.H.S. can be simplified by using the

divergence theorem as

s? )

K, / Ve Pav = K, / 0 0°@dA - K, / oo Pav. (5.2.73)
\4 A |4

Therefore, by using the value of Kj; [, éj.g.”éS@)dv from Eq. (5.2.73) and analogous
value of K7 [, 52(]-2)53(1)(1\/ with the boundary condition (5.2.61), the Eq. (5.2.72) yields

K /A (©°@0°Vn; — Ve Pn)dA + B3 Tys /V €265V —eNg=yay

+B°Tys / (EQFW — 20§\ gy = 0. (5.2.74)
14

Similarly, we can obtain another relation involving surface boundary temperature term

with the help of Eq. (5.2.61) as
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K / (0791, — 0/MWelPn a4 + Bl Tys / (@29!W — &gy
A \%

+B7Tys / (P9I — DIy = 0. (5.2.75)
\%4

Now, we eliminate 3;Tp [, ( (2)05 — ég)é‘*@))dV from Egs. (5.2.68) and (5.2.74) to

obtain

TOS/A(F;*%“ @aMaA + p° Tos/(b Wa® — p@gMay
1%
+p12T033/(7151)UZ-(2) —uZ@)Ui(l))dV—i—TODijs/(é(Q)éS) —§<1>é§2.>)dv
14 14
+TosB] L] / (67@e) — ' Wy + K3 L3 / (©°Wg P n; — 65265V, )dA
+5B°Ty LS / (D5 — @M qy = 0.

\%
(5.2.76)

Also, by eliminating /Ty [, (@6 — £Dg)dV from Egs. (5.2.69) and (5.2.75), it

gives

Tos/(Ff 0 —T/P0MaA + p sTD/(bf o — s/ AuMyay
A
+p12Tps /V(Ui@)ﬂz(l) — UMV + DysTy /V(é( lelt) — eWe)ay

+B°Ty L5 / (6™ — g*V@qv + K] L] / (070D, — 67@g!Vn,dA
14 A

+8. Ty L] / (@ — e2gW)av = 0. (5.2.77)
\%

Further, we combine the Egs. (5.2.76) and (5.2.77) to obtain the final reciprocity

relation in terms of thermal as well as mechanical loads as
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Tos/(ff(l)u?) _ ff(Q)agl))dA + ToS/(ff(l)U,-(Q) _ ff(Q)U(l))dA
A A

+p*sTh / (Z_)f»(l)ﬂz(?) _ 65(2)a§1))dv 4 pfST(] / (EZ(I)Ui(2) _ 5{(2)@(1))&/
v v
VKL /A (©°Wg P, — 05P6VnjydA  (5.2.78)

LKL / (O VF P, — GIOF W )dA = 0,
A

Hence, by applying the inverse Laplace transform to the Eq. (5.2.78), we obtain the

required convolutional reciprocity relation as given by Eq. (5.2.62).

5.2.6 Conclusion

This subchapter established some theoretical results based on the TRDPE theory. In
the uniqueness theorem, it is shown that more than one solution to any mixed initial
boundary value problem of porothermoelasticity is not possible. Further, a variational
principle is established for the anisotropic porothermoelastic medium with the effects
of two thermal relaxation terms. The variational principles are important in the sense
that they provide a theoretical basis for numerical techniques, and therefore an ap-
proximation of the solution can be given. They also provide an alternative way to
determine the state of the dynamics of the thermomechanical systems. The variational
principle for a porothermoelastic system has not been found in the literature. There-
fore, a general variational principle for anisotropic medium under the temperature-rate
dependent porothermoelastic system is established. Also, a reciprocity result is de-
rived for the temperature-rate dependent porothermoelasticity theory of an anisotropic
medium. The reciprocity relations are helpful in the theoretical development of BEMs.
Hence, in this subchapter, some theoretical results are established that can be helpful

in investigating the porothermoelastic problems with FEM and BEM.
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5.3 A Half Space Problem of Porothermoelasticity Based
on the Temperature-Rate Dependent Theory ?

5.3.1 Introduction

This subchapter is devoted to investigating the thermomechanical interactions inside a
porous medium under the TRDPTE theory. A TRDPTE theory is developed in the
previous subchapters, and some theoretical results are established under this theory.
Now, it is worth investigating the effects of the present TRDPTE theory for a physical
problem of porous medium with thermal and mechanical boundary loadings.

The effect of thermal loading due to laser pulse on thermoelastic porous medium
under a thermoelasticity has been discussed by Othman and Marin (2017). Sherief and
Hussein (2012) have studied a half space problem to study liquid filled solid medium
under applied thermal shock. Sharma (2008a) has discussed the results of wave propa-
gation under porothermoelasticity. Ezzat and Ezzat (2016) have solved a porothermoe-
lastic problem under the fractional order theory. Carcione et al. (2019) have developed a
numerical simulation to study the wave propagation in the porothermoelastic solid. Sur
(2020) have analyzed the wave propagation in porous asphalts on accounts of a memory
response. Alzahrani and Abbas (2020a) have implemented the finite element method
to solve a one dimensional problem of porothermoelasticity under Green and Naghdi
theory. Saeed et al. (2020) have stated the governing the equations for temperature-
rate dependent theory (GL theory) of porothermoelasticity for isotropic medium and
solved a one dimensional problem using FEM. Alzahrani and Abbas (2020b) and Guo
et al. (2019) have analyzed different thermomechanical problems in this context.

Here, a one dimensional half space problem of a porothermoelastic medium is inves-
tigated under the TRDPTE theory, where a thermal shock is applied at the boundary

of half space. The behaviours of the field variables are analyzed for the two-phase

3The content of this subchapter is published in Continuum Mechanics and Thermodynamics, 2021.
DOI. 10.1007/s00161-021-01030-2
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medium. Further, the effect of the present TRDPTE theory is studied by comparing
the behaviour of the field variables under four different theories, namely Biot theory
(Classical theory) of thermoelasticity, GL theory (TRDTE theory), Biot’s theory of

porothermoelasticity (BTPTE) and the present TRDPTE theory.

5.3.2 Formulation of the Problem

Consider one dimensional half space (z > 0) composed of saturated porothermoelastic
medium that is saturated with non-viscous liquid. The boundary of the medium are
assumed to be traction free. Therefore, all the field variables are assumed to be the
function of x and ¢ only. Now, by following Eqs. (5.2.1-5.2.4), and (5.2.11-5.2.12), in the
absence of external heat source and body force, the governing equations of the present
temperature-rate dependent porothermoelasticity theory (TRDPTE) in the context of

this problem are considered as

8(;;’“” = puii + proU, (5.3.1)

% = proii + paalU, (5.3.2)

Tz = (A + zu)% + DZ—Z — B* <1 + ti%) 9* — Bf <1 + t{%) 9, (5.3.3)
T:D%ng—g—ﬁs (1+ti%) v — Bt (1+t{%) 07, (5.3.4)

K* %2;’; = pc (05 + 150°) + U (BS% + 58%) : (5.3.5)

f%ﬁf = peh (9 + t507) + 9, (Bf% + ﬁf%> . (5.3.6)

where B* and B/ are the thermoelastic constants for isotropic medium..
The set of Egs. (5.3.1-5.3.6) will reduce to the corresponding equations that represent

different theories if we set different values of the parameters as follows:
e Biot’s theory of porothermoelasticity (BTPTE): when t§ = t§ =t/ =2 =0
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e Biot’s theory of thermoelasticity(BTE): when 5 = t§ =t/ =2 =0, D = C =

e Temperature-rate dependent thermoelasticity theory (TRDTE): when D = C =

Now, to make the above equations dimensionless, we consider the non-dimensional

quantities corresponding the physical quantities and parameters as
(@, U") = exnla,u,U), (85,65 4 857y = En(t, 65, 85,4 1),

(Thar T') = (Taa, T) /R, (0,07) = B2.(9°,97),

xxT)

where ¢; = \/R/p11,n = pci/K® and R = (A + 2p).
Therefore, by using above dimensionless quantities in the Eqgs. (5.3.1-5.3.6), the corre-

sponding non-dimensional form of Eqgs. (5.3.1-5.3.6) are obtained as

8;? =it+mU, (5.3.7)

% = myii +maU, (5.3.8)

Tow = % + alg—g - (1 + ti%) 95 — by (1 + t{%) 97, (5.3.9)
T:al%—i-agg—g—bg <1+t§%) 95 — by (1+t{%) 9 (5.3.10)
% = (0" + 50" + %(% + bzg—g) +72(9° = 9), (5.3.11)

%2;:;9; = Fo(! + ) + w%(bl% + 53%) — pw(V* = 97), (5.3.12)

where my = pi1a/p11, Mo = paz/pr1,a1 = D/R,ay = C/R, by = BY/B*, by = 3°/B?%,
by = BB, F = el ek, w = KI/K*, 7 = 06(B*)2/ (pciR), 12 = KK pur/(pci)?/ R
In the Eqgs. (5.3.7-5.3.12), we have neglected the prime notation () for simplicity.

For the present problem, the homogeneous initial conditions along with the boundary

conditions are taken as
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7.2(0,t) =0, 7(0,t) =0, for t > 0 andt € RT, (5.3.13)
¢° +a*0%(0,t) = H(t)r(t), ¢ +a’97(0,t) = H(t)r(t), for t >0 andt € R, (5.3.14)

where H (t) is the unit step function, a®and a’ are the Biot numbers, and r(¢) is surface
heating magnitude (see ref. Sherief and Hussein (2012)).

Next, by applying the Laplace transformation for the time domain in the Eqs. (5.3.7-

5.3.12), results

Dty = $° (1 +myU), (5.3.15)
D7 = s*(myu + mylU), (5.3.16)
Yo = Dt + a1 DU — 290 — by 211, (5.3.17)
T = alDiL + GQDU - b220’[98 - b32179f, (5318)
D2 = p221\95 + y18Du + %stDU) + 72(1\95 — 1\9f), (5.3.19)
D21\9f = pr22/1\95 + w%sleiL + w%sbgDU) + UJ’YQ(&S - 1\9f), (5320)
where Laplace transform of for any function f(t) is defined by f(s = [T et f(t)dt, s
being the Laplace transform parameter. Here we use the notation D = 835 and
0= (1+15s),20 = (L+t]s), 20 = (1 +t5s),25 = (1 + t1s).
Now, the Egs. (5.3.17) and (5.3.18) can be rewritten as
aDu = —aﬁ’m + (11% - (CLQ - bgal)Z(ﬂgs - (a2b1 - a1b3)211\9f, (5321)
CLDU = aﬁm -7+ ((11 — bg)Zol\gs + (albl — bg)ZﬂS‘f. (5322)

Further, substituting Eqgs. (5.3.21-5.3.22) in Egs. (5.3.15-5.3.16,5.3.19-5.3.20) to elimi-
nate 4 and U, and thus obtained a system of differential equations in the matrix form

D*X (z,5) = A(s)X (z, s), (5.3.23)
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Tez (T, 8)

X 7(z,s)

where X = . , and A is the coefficient matrix of order 4 x 4 such that
V¥ (z, s)
0 (x, s)

Ay = pZ(mlal - Gz), A = p2(a1 - m1), Az = p220(m1a1 — myby — ay + Cl1b2),

Ay = p22’1(mlalb1 —mybz —aghy +aibs), Ay = p2(m2a1 —myag), Ay = a2(m1a1 —ma),
Aoz = pzzo(mgal—mgbg—m1a2+m1a1b2), Aoy = p221(m1a1b1—m2b3—mla2bl +myaybs),
Asy = py1(aiby — az), Az = py1(ar — ba), Ass = py120(brar — b5 — az + baay) +v2 + p2a,
Asy = p%zl(b2a151—5253—a251+alb3)—72, Ay = wp71(alb3—a2), Ay = wp%(chbl—bza),
Ayz = wpyr20(a1bz—bobg—aiby+aybiby), Ays = wpyr21(2a1b1b3—b3—agb?) + Fwzz —we.
Hence, the solution of the Eq. (5.3.23), can written as

X(z,s) = N(z,s)e” VAT L M (z, 5)eVAG, (5.3.24)
In the present case, all the field variables can be assumed to be bounded and tends to

0 as © — oo. Therefore, the simplified form of Eq. (5.3.24) can be written as

)

X(z,5) = X(0, s)e"VAGK (5.3.25)

where X(0,5) = [122(0,5),7(0,5),0°(0, s),9/(0,5)] = [0,0,1/s,1/s]T from boundary
conditions (5.3.13-5.3.14).

Now, we apply the Cayley-Hamilton theorem to determine the values of e=V A7,
The characteristic equation of A is given by
det(A —wl) =0, (5.3.26)

here w is the characteristic parameter, and we denote wy, ws, w3 and w, to be the roots
of Eq. (5.3.26). Hence the expansion e™VA®)® = ¥ (. /A(s)2)? /il can be expressed
as

e VAT — (T 4 A+ A2 + (A3 (5.3.27)

where (y, (1, (5 and (3 are the parameters dependent of s only.
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Now, in view of Eq. (5.3.26), Eq. (5.3.27) yields

e VI = () + Gy + Gw? + (awd, (5.3.28)
e VT = () + Gy + G2 + (3w, (5.3.29)
e V¥ = () + Qs + G2 + (3w, (5.3.30)
e VI = () 4 Qg + Gw? + (awd. (5.3.31)

After solving the linear algebraic Eqs. (5.3.28-5.3.31), the values of (p, (1, (2 and (3
are obtained and therefore, by using these values along with Eqgs. (5.3.25,5.3.27), an
analytical expression for the distribution of temperature and stress fields of both the
solid and liquid phases can be determined. Finally, using the solutions of temperature
and stress field, the solution for displacement field in the Laplace transform domain
can also be derived from the Eqs. (5.3.15-5.3.16). Hence, the solution of all physical

quantities in the Laplace transformed domain is derived.

5.3.3 Numerical Discussion

The analytical solution for the field variables derived in Section 1.3.2 can be transformed
in the real time domain by applying the inverse Laplace transformation. Therefore, we
apply numerical inversion of the Laplace transform method proposed by Stehfest (1970)
to get the solution in the real time domain.

For the numerical calculations, we have considered a sandstone saturated with kerosene,
and by following Sherief and Hussein (2012) we take the values of the two phase mate-

rial as

A = 453.69 x 10°Pa, u = 280.94 x 10°Pa, D = 75.79 x 10°Pa, C' = 33.25 x 10°Pa,
a® = 2257 x 1079/°C, o/ = —0.33 x 1075/°C, a/* = —0.88 x 1075 /°C,

ol =0.932x1079/°C, K* = 1.83 W/m°C, K/ = 0.148 W/m°C, ¢, = 1.1715 K J /kg°C,
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cé = 2.092 K J/kg°C, K = 1.84 x 1073W/m?°C, p* = 2360 kg/m?3, p/ = 723 kg/m?,
pr2 = —0.001p, 3 =0.26, a* =a’ =1, r(t) = 1.

The numerical computations are performed by using MATLAB software. The di-
mensionless values of the relaxation parameters are taken as t{ = 0.05, 5 = 0.03,
t{ = 0.04, and tg = 0.02. The distributions of different fields in the contexts of four

different theories are shown in various figures.

Figures 5.3.1 (a,b)-5.3.6(a,b) show the distributions of displacement of solid phase,
displacement of liquid phase, temperature of solid phase, temperature of liquid phase,
stress due to solid phase, and stress (pressure) due to fluid phase, respectively for
TRDPTE and BTPTE theories with porosity and without porosity. Sherief (1993)
has solved a half space problem based on TRDTE and Biot’s thermoelasticity theories.
Therefore the comparison of the results of TRDPTE with the BTE and TRDTE theories

as observed from these figures demonstrate the agreement of obtained results.

All the field variables show an almost similar trend of variation under all four theo-
ries (i.e., TRDPTE, BTPTE, BTE, TRDTE). However, there is a significant difference
in the values of fields, and there is a significant disagreement of different theories. The
effect of porosity is noted to be much prominent as it is observed that the distribu-
tion of fields under the theories with porosity (TRDPTE and BTPTE) have a closer
match of behaviour as compared to the plots in the context of the theories without
porosity (TRDTE and BTE). The effects of porosity are significantly pronounced in
the distribution of the stress fields. The stress field due to the solid phase is noticed
to be compressive under the theories without porosity (TRDTE and BTE). However,
TRDPTE and BTPTE, i.e., the theories of porothermoelasticity, indicate that in the
presence of porosity, the stress due to solid phase is initially tensile for a range, and
then it becomes compressive (see Figs 5.3.5 (a,b)). The stress due to the liquid phase
is noted to be compressive, as observed in Figs 5.3.6 (a,b). Furthermore, it is revealed

that the effect of temperature-rate terms is more prominent in the presence of porosity.
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Figure 5.3.1: Variation of displacement (u) due to solid phase at different time
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TRDPTE theory
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— TRDPTE theory
—BTPTE

(b) t = 0.57

Figure 5.3.2: Variation of displacement (U) due to liquid phase at different time
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Figure 5.3.3: Variation
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Figure 5.3.4: Variation of temperature (¢;) due to liquid phase at different time
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Figure 5.3.5: Variation of stress (7,,) due to solid phase at different time
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Figure 5.3.6: Variation of stress (7) due to liquid phase at different time
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This is more pronounced for the displacement and stress fields. The numerical
values of field variables increases under the influence of porosity, and the peak values
are attained at a larger distance in the presence of porosity.

Figures 5.3.1 (a)-5.3.6 (a) and 5.3.1 (b)-5.3.6 (b) represent the distribution of all
physical variable at two different time. From these figures, the effect of thermal shock
can be observed for all physical fields, and it is clear that the effective domain of
influence increases with time. The effective domain is larger for theories of BTPTE
and BTE predicting infinite speed behaviour as compared to the theories of TRDPTE
and TRDTE with finite speed of heat signals.

From Figs. 5.3.3 (a,b)-5.3.4 (a,b), we note that the temperature in solid phase has
a larger effect of thermal shock, which verifies that heat propagation is much efficient

in the sandstone as compared to kerosene liquid.

5.3.4 Conclusion

The implementation of the present porothermoelasticity theory is demonstrated in this
subchapter by solving a half space problem using the state-space approach. By studying
this problem, the effects of thermoelasticity and porosity coupling have been highlighted
by the comparison of thermoelasticity theories with and without porosity. The two
phase medium has been investigated under the thermal shock at the boundary of the
half space, and it is noted that the physical variables exhibit a larger magnitude for solid
phase quantities as compared to the fluid phase. Furthermore, it is revealed that the
effects of temperature rate terms are more prominent in the presence of porosity. This is
more pronounced for the displacement and stress fields as compared to the temperature
field for the present problem. The absolute values of field variables increase under the
influence of porosity, and the peak values are attained at a larger distance in this case.
The effective domain of influence is larger for the theory of classical porothermoelasticity

compared to the temperature-rate dependent porothermoelasticity, which is due to the
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infinite speed behaviour of classical theory compared to the theory of TRDPTE that
admits finite speed of heat signals. It is believed that these results will be helpful
in understanding the implementation of the present theory for studying dynamical
problems and their prediction compared to other existing theories and understand the

thermomechanical coupling effects in the presence of porosity.
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