Appendix A

A.1 Morphological Preliminaries

Erosion and dilation are the basic operations of mathematical morphology (MM). Other
complex operators such as opening and closing MM operators are synthesized using these
basic operators. They are defined on the basis of topology theory. Let, f(m) and g(n)
be the input signal and SE respectively defined in domains, Cy = co, 1, ¢2...¢;, and D, =
do, dy, ds...d, respectively with m > n, where m and n are the integers. The dilation 4,

and erosion €, operation are explained as follows [99] -

03(f)(m) = (f & g)(m) = max(f(m —n))
gg(2)(m) = (f © g)(m) = min(f(m + n))
where & and © are the dilation and erosion operators. Using the dilation and erosion
operators, the closing and opening operators are defined. The opening of f(m) by g(n)
is denoted by f o g, is defined as dilation of eroded signal f © g by ¢ -
bg = ([og)m)=((feg)@g)(m)

Similarly, closing of f(m) by g(n), denoted by f e g is expressed as -

Yo = (feg)(m) = ((f&g)©g)(m)
Erosion and dilation operators forms a pair of adjunction which has the following
proposition [99]-
ede=¢gc=¢y=c¢
0ed =v0 =dp =19
Since, €0 makes ¢, whilst e forms ~. This proposition helps to simplify the analysis

and details analysis operators of MUDW decomposition scheme.
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A.2 Coupled Wavelet Description

The signal analysis (¢]), synthesis ()7) and detail analysis operator (w]) of the coupled
wavelet must satisfy the pyramid condition in order to guarantee no information lost and

non redundant decomposition. The pyramid conditions can be explained as follows [100]

d)j(’l/)j(.ﬁl‘,y)) =, Zf HAS Ui+17y € I/Vi-l-l
wj(f/%i(%y)) =y, if v €U,y € Wipy

For complete signal representation, the (1/)3@:) 2 U; = Uipg X Wigq and Q/J;L Ui X

Wi11 — U; need to be inverse to each other, which leads to another condition -
Ui (2),w] () =z, if z € U

Furthermore, for input signal x; € U; and y; € W, the recursive analysis scheme will
be [99] -

Tit1 = Tl’j(ﬂfz) € Uit
Yit1 = W@T(ﬂfz) € Wiy1,1 20
By recursive synthesis scheme -
T = l/)j(mz'ﬂ, Yit1)

It shows that the decomposition scheme is invertible. The above mentioned signal

representation scheme is referred to as coupled wavelet decomposition scheme [100].
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Appendix B

B.1 Graph Theory Preliminaries

Lemma I: If a point f lies on the shortest path between two arbitrary nodes ny and nq on
the graph g, then this path can be represented as the union of the shortest path between
node n; and f, and the one between f and n..

Proof: The proof is rather straightforward. If either of these two paths isn’t the
shortest one, replacing it with the corresponding shortest path would result in a shorter
path between the nodes. This, in turn, would lead to a contradiction.

Lemma II: Assuming a branch between nodes n; and ns, i.e..; (ny,n2) € b. For any
shortest path between nodes ny and mns passes through node ny, then for any random
point f on the branch (n;,ns), the node n; must lie on the shortest path between f and
ns.

Proof: Based on Lemma I and since P,Z“}L passes through node n;, which concludes

that -

77:;?? = {(n27n1)} U 7717;”? = DnQ,f = Dn2,n1 + Dnl,f (Bl)

The following identity is valid for the point f located on the branch (n;, ny) as shown
in Fig. B.1.
Dng,nl = Dng,f + Df,'nl (BQ)

Since travel in only two directions is possible, any path from the point f to any other
node in the graph will inevitably pass through either the node n; or ny . Consequently,
even the shortest path from f to any node ns follows this pattern. Therefore, it can be

deduced from Lemma I that -
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Pmin

[

Figure B.1: Graph diagram representation for Lemma 11

Pfny = min(Pfat U BT, PR U PLT) (B-3)

fns 1 ni,n3g’ 2 n2,n3

As per (B.1) and (B.2), it can be ecasily concluded that Dy, = Dy, n, < Dy, +
Diymy- Therefore, concerning (B.3), the shortest route from the point f to node ns,
denoted as P}”g;’, is the path that goes through node n;. Consequently, this establishes

the validity of the Lemma II.
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