Chapter 4

Nonlinear conjugate gradient methods
for unconstrained set optimization
problems whose objective functions

have finite cardinality

4.1 Introduction

In this chapter, we propose a nonlinear conjugate gradient method and its two varia-
tions, namely Fletcher-Reeves and conjugate descent, for unconstrained set optimiza-
tion problems whose objective functions have finite cardinality. The conjugate gradient
method is one of the most popular methods in optimization. This method was originally
proposed by Fletcher and Reeves [65] in 1964. Further, variants of conjugate gradient
methods, including conjugate descent, were proposed by researchers [53,64, 164, 165].
In [3], Al-Baali proved that the conjugate direction calculated by the method proposed
in |65] satisfies a sufficient descent condition. Using this sufficient descent condition, Al-
Baali proved the global convergence of the Fletcher-Reeves method [65] with the help of

Zoutendijik condition [205|. Thereafter, global convergence of the variants of the con-
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jugate gradient method has been proved under the sufficient descent condition with the
help of the Zoutendijk condition by many researchers, for instance, see [1,53,79,91,202].
We recommend that interested readers see [6] for a rigorously detailed description of
the developments on conjugate gradient methods for optimization problems with real-
valued objective functions. In [162], the nonlinear conjugate gradient method and its
variants for vector optimization problems have been introduced. In [162], Wolfe line
search and Zoutendijk-type conditions for vector optimization problems have been pro-
posed for the first time. In this chapter, we also use the idea given in [162] to extend the
Wolfe line search procedure and Zoutendijk-type conditions for the considered set opti-
mization problems. The work in this chapter introduces a nonlinear conjugate gradient
method and its two variants (Fletcher—Reeves and conjugate descent) along with Wolfe
line search for set optimization problems with the objective function as a set-valued

mapping of finite cardinality.

4.2 Motivation

In set optimization, there are different algorithms in the literature: derivative-free algo-
rithms [116, 118, 132], sorting-type algorithms [84,85,133,134|, and scalarization based
algorithms [57,59,109, 110,124, 174]. The detailed discussion on these algorithms has
been given in subsection 1.7.5. Beyond these methods, Bouza et al. [32] introduced a
steepest descent method for unconstrained set optimization problems where the set-
valued mappings have finite cardinality. In their work, they also pointed out certain
limitations in the aforementioned three categories when applied to the set optimization
problems discussed in [32|. Inspired by their findings, in this chapter, we propose a
nonlinear conjugate gradient method, along with two variants—Fletcher-Reeves and
conjugate descent—for solving set optimization problems with objective functions of

finite cardinality.



4.3. Contributions 101

4.3 Contributions

The major contributions in this chapter are as follows:

e Necessary optimality conditions for stationary point for SOP (1.3) using Drummond-

Svaiter function are given.

e A nonlinear conjugate gradient method and its two variants, Fletcher-Reeves and

conjugate descent, for SOP (1.3) are developed.
e Zoutendijk type and Wolfe line search type conditions are extended.
e The well-definedness of the proposed methods is given.

e Global convergence of the proposed methods is proved with and without regularity

assumption.

e A numerical description of methods is given along with a comparison with the existing

steepest descent for SOP (1.3).

4.4 Optimality conditions

In this section, some optimality conditions are proposed for SOP (1.3). First, we start
this section by mentioning some important index-related set-valued mappings sets given

in [32].
Definition 4.1 (Index-related set valued mappings [32]).
(i) The active index of minimal elements associated with objective set-valued mapping

F of SOP (1.3) is I : R™ = [p], which is given by

I(a) = {i € [p] : fi(x) € Min(F(2), K)}.
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(ii) The active index of weakly minimal elements associated with objective set-valued

mapping F of SOP (1.3) is I, : R™ = [p], which is given by

Ly(z) = {i € [p] : f'(x) € WMin(F(z), K)}.

(iii) For a vector u € R™, the set-valued mapping I,, : R™ =2 [p] is defined by
L(z) = {i € I(x): fi(z) = u}.

It is to notice that for any x € R™, I,(z) = 0 foru ¢ Min(F(z), K); I,(x)NI,(x) =

O for any u #v e R™; I(x) = U I(x).
ueMin(F(z),K)

Definition 4.2 (Cardinality of a set of minimal elements [32|). The map w : R" — R

which is defined by
w(r) = [Min(F(z), K)|

1s called the cardinality of the set of minimal elements of F at x.

For a given 7 € R"™, we use the notation w throughout to mean the value of w(z).

Next, we give the definition of the partition set of a point z € R™ in order to

systematically identify weakly minimal points of the SOP (1.3).

Definition 4.3 (Partition set at a point [32]). Let at a given x € R", an enumeration
of the set Min(F(z), K) be {uf,u3, ... uj,}. For the point x, the partition set is

defined by

w()

Py =[] Lz ().

—

<

In this chapter, for an iterative point x; € R", a generic element of the parti-

tion set P,, is denoted by a’, and the components of a’ are denoted by a;'- for all
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Jj € [w(xy)], where ¢ = 1,2,3,.... Precisely, if |P,,| = pr and Min(F(xy), K) =

Tk Tk Tk
{U1 , Us ,...,uw(xk)}, then
—_ 1 2 Dk
P, ={a",a®, ... a"%},

where for each i € [pg],

al = (aihag, . ,aiu(m)) , aé- € .[u;fk, j € [w(zy)].
Next, we present a lemma that connects SOP (1.3) to a family of vector optimization
problems at a weakly minimal point. This family of vector optimization problems locally
represents SOP (1.3) around the point, which is exploited later to find the weakly

minimal points of SOP (1.3).

Lemma 4.1 (See [32]). Let & € R™. Consider the partition set Pz of T. Define a

vector-valued function f :R™ — [[ R™, which is given by
j=1

fo@) = (f @), f2(x), ..., f* @) for every a = (a1, as,...,az) € P

Let K € 2(R™) be the cone such that K = [| K. Consider the unconstrained vector
j=1

optimization problem (VOP) with respect to the ordering cone K:

minimize f%(x)

subject to = € R". (4.1)
Then, T is a local weakly minimal solution of SOP (1.3) if and only if T is a local weakly
minimal solution of VOP (4.1) for every a € Pj.

Below, we present a definition of a stationary point. Later, we connect the stationary

point with a weakly minimal point.
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Definition 4.4 (Stationary Point). A point & € R" is called a stationary point of SOP
(1.3) if for any a = (ay,aq,...,a5) € Py and d € R™, there exists j € [w] such that

Jfe(z)d ¢ —int(K).

It is a known fact that if Z is a weakly minimal point of the SOP (1.3), then Z is a
stationary point of (1.3) (see [32, Theorem 3.1]). Thus, a necessary condition for weak
minimality of Z is its stationarity. In this chapter, although ideally, we aim to identify
weakly minimal points of the problem (1.3), but we end up finding the stationary points

of (1.3) mainly due to two prime reasons:

(i) identification of a computationally viable algebraic equation or condition for weakly

minimal points is difficult, and

(i) there is an easily implementable (see Proposition 4.2 and Remark 4.2) condition

for stationarity.

However, we note that if the objective function F is a convex set-valued function,
then any stationary point of (1.3) is a weakly minimal point of (1.3), and thus for the

convex-case, the proposed method successfully identifies weakly minimal points of (1.3).

Next, we introduce some functions that will be useful to propose the conjugate gra-

dient method and its convergence analysis.

For any given x € R”, we define a function ¢, : P, x R" — R by

0.(a,0) = max {(p (J f‘lj(x)v)} + )2 (4.2)

Note that for every x € R™ and a € P,, the function 9¥,(a,-) is strongly convex in
R™ because ¢ is sublinear. Therefore, the function ¥,(a,-) attains its global minimum

value at a unique point.
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Observe that for all z € R" and a € P,, we have

min Ve(a,v) < Yy(a,v') for all o' € R".
veER™

Thus, in particular, taking v" = 0, we get for any a € P, that

min 9, (a,v) < 9,(a,0) = 0. (4.3)

vER™

Also, note that the partition set P, has finitely many elements. Therefore, 1, attains

its minimum over the set P, x R™. Let ¢ : R® — R be the function

o(x) = min  V.(a,v). (4.4)

(a,v)EPy xXR™

Then, by (4.3), for all x € R", we have

¢(z) < 0. (4.5)

Moreover, if for (a’,v") € P, x R™ we have ¢(x) = J,(da’,v"), then

é(x) =0 if and only if v = 0. (4.6)

If z € R™ is a weakly minimal point of the SOP (1.3), then due to its stationarity,

we get from Definition 4.4 that

Va € P; and v € R" : max o(J f%(Z)v) >0

Jjelw]
= Va€ PrandveR" : ¥z(a,v) >0

== min _ Jz(a,v) >0
(a,v)E Pz xR™

— ¢(r) =20
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89 4@ =o.
So, at a weakly minimal point Z of (1.3), if (a,v) € Pz xR™ be such that ¢(z) = ¥z(a, v),

then

which implies that ¥ = 0. Indeed, since if ¥ # 0, then due to the stationarity of z, we

have ¥z (a,v) > 0.

Accumulating all, we obtain the following result.

Proposition 4.1 (Necessary condition for weakly minimal points).
Let & be a weakly minimal point of SOP (1.3) and (a,v) € P; x R™ be such that
o(z) = Vz(a,v), where ¢ and ¥; are as defined in (4.4) and (4.2), respectively. Then,

v = 0.

In the next section, we present a nonlinear conjugate gradient algorithm for SOP (1.3).

4.5 Nonlinear conjugate gradient method and its convergence

In this section, we propose a nonlinear conjugate gradient method for the solution
approach for SOP (1.3). In the algorithm, we start by choosing an initial point. If it
does not satisfy the necessary condition stated in Proposition 4.1 for a weakly minimal
point, we update it as follows. First, we find (a*, v;,) as in Step 2, and then using suitable
conjugate parameter [, we find the conjugate direction. We use the Wolfe line search
procedure to find the suitable step length. After that, we update the iteration in the

calculated direction.
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Algorithm 1 Nonlinear conjugate gradient algorithm for SOP (1.3) using Wolfe line
search
Step 0: Initialization

Choose an initial point zy € R™, constant parameters p, o such that 0 < p < o <1 and e € K such
that 0 < (w,e) <1 for all w € C. Set the iteration counter k = 0. Provide a termination scalar
e>0.

Step 1: Computation of the partition set at the k-th iteration point

Find My, = Min(F(z), K) and wy, = |Mj|. Compute P, = P,, as given in Definition 4.3.

Step 2: Calculate the steepest descent direction

Find (a*,v;) = argmin 9, (a,v), where 9,, : P,, x R* — R is given by
(a,v)Eka xRn

P (,0) = max {io (3 7% (@i)o) b+ ol

J€[wk]

Step 3: Stopping criterion
If ||vg|| < €, then stop. Otherwise, go to Step 4.
Step 4: Calculate the conjugate direction

Choose

Uk, lf k e 0
dy = (4.7)

v + Brdip—1, ifk>1,

where (i is an algorithmic parameter.
Step 5: Finding a step length

Find a positive step length «j such that

£ (@ + apdy) 2 4 (1) + pok EN () [ () dy)e for all j € [wy]
J€lwk

(4.8)
and max (] £ (@n + ardi)dy) > o max o(J £ (@r)d),
jE€wk JE€|wk
or,
5 (an + andy) < £ (k) + poy, max (5 (w)d)e for all j € [uwy]
JE Wk
(4.9)

max o(J [ ()dy)|.

and | max op(J faf (g + ardy)dy)
J€E[wk]

J€[wy]

<o

Step 6: Update

Update xg11 < = + agdi, k < k+ 1 and go to Step 1.
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Remark 4.1 If we run Algorithm 1 forp =1, i.e., F(x) = {f'(z)} in SOP (1.3), then
there is no need of Step 1, and in this case Step 2 of Algorithm 1 reduces to finding vy
such that

v, = argmin 4, (v),
veER™

where 0, : R™ = R is

Ou, (v) = @(J [ (@r)v) + 5 [vlI*.

In this case, the Wolfe line searches for finding the positive step length in Step 5 reduce

to

e + andi) = fH (k) + pare(J fH(2k)dy)e

and ©(J fH(zx + owdi)di) > op(J fH () d),

or,

g+ andy) < () + parp(J fH () dy)e

and ‘SO(J fHae + akdk)dk)| <o |S0(J f1<$k)dk>‘ :

Subsequently, Step 3, Step 4, and Step 6 remain unchanged. Thus, it can be easily
noticed that when p = 1, Algorithm 1 reduces to the nonlinear conjugate gradient method
given in [162] for vector optimization problems. However, the method in [162] cannot
be straightly extended for set-optimization problems due to the prime fact that while
generating the sequence of iterates {xy} for the set optimization problem (1.3), the
vector optimization problem (associated to a* in Step 2) that we solve to generate zy, is

completely different than that for finding xp,q.
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4.5.1 Convergence analysis

We start this section with the well-definedness of Algorithm 1. Further, we prove the
convergence of Algorithm 1. For the convergence analysis, we first aim to derive the
Zoutendijk-type condition for SOP (1.3). With the help of the Zoutendijk-type condi-

tion, we establish the convergence of the method.

The well-definedness of Algorithm 1 depends on the following points:
(i) Existence of (a*,vy) in Step 2, which is assured as the set P,, is finite and 9, (a, -)

is strongly convex in R" for each a € P, .

(ii) Existence of a B, in Step 4 for which dj, becomes a descent direction for F', which
we prove below in Remark 4.4.
(iii) Existence of ay in Step 5, which we prove in Proposition 4.3.

The next result characterizes stationary points of SOP (1.3) in terms of the functions
Y, and ¢ as defined in (4.2) and (4.4), respectively. Basically, it is proved that if
Algorithm 1 stops in Step 3, a stationary point of SOP (1.3) is obtained that satisfies

a necessary condition for weakly minimal points.

Proposition 4.2 Let (a,v) € P, x R" be a point such that ¢(z) = 0.(a,v), where

x € R™. Then, the following statements are equivalent:

(i) The point x is not a stationary point of SOP (1.3),
(i) ¢(z) <0, and
(iii) @ # 0.
Proof: (i)—(ii). Suppose that z € R™ is a nonstationary point. Then, by Definition

4.4, there exists an element a = (a1, as, . .., ay@)) € Py and v € R" for which

Jf%(z)v € —int(K) for all j € [w(z)].
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Therefore, ¢(J f%(z)v) < 0 for all j € [w(x)]. By the definition of ¥, for n € [0, 1],

(@) = V2(a,0) < dala,mv) = max {o(] 2 (z)m)} + slmoll?

= 77< 11[1ax {p(J f¥9(z)v)} + %nﬂvHZ) using the definition of ¢. (4.10)
JElw

Now take any 7 such that 0 <7 < HUHQ ( 2 max {gp(J fe(z)v )}> Then, from (4.10),

jEw(x)
we get

j€lw(z) j€lw(z)]

() < 77< max {go( f4(z)v)} — max {p(J f¥ (x)v)}) =0.

Hence, the desired result is obtained.

(ii)—(iii). On the contrary, let © = 0. Then, by (4.6), we have ¢(x) = 0 which is

contradictory to ¢(x) < 0. Hence, v # 0.

(iii)—=(i). Let v # 0. Then, max;cp,{e(J f¥(2)0)} < ¥.(a,v) = ¢(x), ie.,
J f%(x)v € (—int(K)) for all j € [w(x)] using (1.2).

Hence, by Definition 4.4, = is not a stationary point of SOP (1.3). O

Remark 4.2 Proposition 4.2 has established an equivalence between (i), (ii), and (iii).
So, by using (4.5), (4.6), and Theorem 4.2, we obtain that a point T € R™ is a stationary
point of SOP (1.3) if and only if $(Z) =0 or v = 0.

From now on, let us assume that xj, generated by Algorithm 1, is nonstationary point

for all £ > 0, i.e., vy # 0 for all £ > 0.

Remark 4.3 At xy, by Proposition 4.2, we have vy # 0 and ¢(zg) < 0. Since ¢p(xy) =
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V., (a¥ vg), therefore 9, (a¥,vi) < 0. This implies

max o(J % (ax)vg) + S]oxl? < 0

J€[wr]

— max p(J f% (w)or) < —3llull® <0 (4.11)
Wk

— o(J £ (z1)vr) <0 for all j € [wy] (4.12)

— J f% (x) v € (— int(K)) for all j € [we] by (1.2).

Analogous to scalar (see (4.2) in [79]) and vector optimization cases (see (14) in [162]),
we say that dj (the conjugate direction) satisfies the sufficient descent condition for all

k > 0 if there exists ¢ > 0 such that

( max (J f4 (xk)dk)) < c( max o(J f% (xk)vk)) for all k > 0, (4.13)

JE€w] JE€we]

which implies that }2{2{} o(J Fu (xr)d) < 0 as }2[%(] o(J f“f(xk)vk) < 0 for all k& > 0.
Using (ii) of Proposition 4.3 in [32], we say that dy is a descent direction for F' at xy if
jlg[ii(] o(J f9 (zx)dy) < 0. Therefore, if dy, satisfies the sufficient descent condition, then
dj, is a descent direction for F' at x; for all £k > 0.

The next lemma will be useful for further analysis. It is based on the sufficient

condition on [, to ensure that d;, satisfies the sufficient descent condition.

Lemma 4.2 Let Algorithm 1 be executed. Suppose that the sequence {fy} is defined as

[0, 00), if max o (J f% () dy—1) <0
JE€|Wk
Br € ,ren[ix]sO(Jfa?(rk)vk) . (4.14)
0, —u —k o5 , if max @(J fe ($k)dk?—l) > 0,
jren[i%souf 7 (wk)dr—1) J€[we]
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where p € [0,1). Then,

J€[wr]

((ma 0 7 b ) < (10 (o (0 7% o)) (4.15)

for all k> 0.

Proof: Note that when & = 0, we have dj, = vg. Therefore, using (4.12) and u € [0, 1),
(4.15) holds for k = 0.
Now we show that (4.15) holds whenever (4.14) holds for £ > 1. For k > 1, by the

definition of dj, in Step 3, for each j € |wy], we have

JFS (@) d = J £ (@) + B J £ (2x)di1
— (J F ()i, 0) = (J 9 (z) v, w) + BelJ f5 (1) de_r, w) for all w € C. (4.16)

Let us consider first that max ¢(J f“?(xk)dk_l) <0,1i.e., B > 0. Thus, p(J V& (k) dk—1)

J€lw]
< 0forall j € [wg], which implies that (J £ (xg)d—1,w) < 0forall j € [wy] and w € C.

Therefore, from (4.16), for all j € |[wy] and w € C, we have

(3£ () di, w) < (3 (an)or, w)
< p(J faf (x)vg) using the definition of ¢
< (1= we(d £ (zx)vr) using (4.12) and p € [0, 1)

< (1= p) max p(J £ (xx)vg). (4.17)

JEw]

Since (4.17) holds for all j € [w] and w € C, therefore (4.15) holds when

max o(J f% (z,)dj_1) < 0.

je[wk]

Now assume that m[ax] o(J f% (zx)dg_1) > 0. Then, in view of (4.16), for all j € [wy]
JE Wk
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and w € C, we have

(J fa§ (x)di, w) < max @(J f4 (l"k)?}k) + B m[ax o(J fa (1) i)

J€[wr] € [w]
< (1 — p) max p(J f% (xk)vk) using (4.14). (4.18)

J€[wr]

Since (4.18) holds for all j € [wi] and w € C, therefore (4.15) holds when

m[ax] ©(J f9 (zx)dp_1) > 0. Hence, the proof is complete. O
JE WK

Remark 4.4 [t is easy to verify from Lemma 4.2 that if

[0, 00), if maéx)]w(Jf S (w)dy—1) <0
Pr € max (01 (z)or) (4.19)
0,— I€ . if max p(J f% (xk)dk_l) > 0,
Jax x o(Jf J(Ik)dk 1) jEw(x)]

then dy is a descent direction for F, at xy, i.e., max ¢(J f“?(a:'k)dk) <0 for all k > 0.

JEw]

Next, we prove the existence of an ay, in Step 5 of Algorithm 1.

Proposition 4.3 Let {1} be a sequence generated by Algorithm 1. Assume that there
exists B € R™ such that B =< fi(x), + ady,) for all i € [p] and o > 0, where dj, is a
descent direction for ' at xy. If the generator C' of K is finite, then there exist intervals

of positive step sizes satisfying (4.8) and (4.9).

Proof: For w € C and j € |wy], define two functions 37, and £/, from R to R by
F(a) = w, £ (g + ady))

and

() = {w, [ (an) + ap max o(I [ (2x)d)

Note that 3. (0) = (w, f% (zx)) = £5(0). Since we have assumed that there exists

B € R™ such that B < f'(zy + ady) for all i € [p] and a > 0, therefore J7, is bounded
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below for all & > 0 and j € [wg]. Since dj, is a descent direction for F' at xj, we have
max o(J f% (z,)dy) < 0.
J€lwr]

In view of Lemma 3.1 in [161], for each j € [wy], the line £/ is unbounded below
and must intersect the graph of J7 at least once for a positive a. Since f“?’s are

differentiable functions for all j € [wy], 37 is continuously differentiable for all j € [wy].

Therefore, there exists a TJ > 0, for each j € [wy], such that

TTL) = Lu(T) and (w, £ ey + alde)) < (w, £ () + o/ p max o(J [ (w)ds)
JE€ Wk
(4.20)
for all o/ € (0,T7). For each j € [wy], let w/ € C be an element such that 77, =

min{77 : w € C}. Thus, from (4.20), for all w € C' and j € [wy], we have

(w, £ (xx + ady)) < (w, [ (21)) + ap max ¢ (J £ () dy)

JE€[wr]

< (w, £ (xx)) + ap max (] F () dy) (w, €)

G[wk]

for all a € [0, 7], where T' = min{Ti}j 1 j € [wi]}. Hence, for all o € [0,77], we have

I @+ ady) X f (x) + pa max o( [ (wy)di)e for all j € o).

JICWE

Now we prove the second inequalities of (4.8) and (4.9). For this, for all j € |wy], we

define a function & : R — R by

&(a) = () = 3%,(0) — ap max p(J £ (x4)dy),

JE€w]

where @ € C such that T = T. Since T is taken such that (4.20) holds for all
j € [wy], therefore £9(0) = &(T) = 0 for all j € [wy]. Thus, by mean value theorem,

there exists an & € (0,7) such that ‘%‘a:& = 0 for all j € [wg]. Hence, %‘a:& =

pxg{aﬁ o(J % (zx)dg) for all j € [wg]. Since % < pél[ax] (I f9 (zx + ady)dy) for all
J€|wr JC|WE
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J € [wy], therefore

max o(J f9 (z + ady)dy) > p max (I £ (2)dy,). (4.21)

J€we] JE€[wr]

Define a function ¢ : R — R by

¢((a) = max ¢(J £ (xp + ady)dy).

J€we]

It is easy to see from Lemma 1.14 that ¢ is continuous and from (4.21), we have ((&) >

pC(0). Therefore, by intermediate value theorem, there exists & € (0,a] such that

(&) = pc(0), ie., max o(J 9 (zx + ady)dy,) = p max ©(J f9 (2x)dy), which implies,
JE€ Wk jE[wk

using 0 < p < ¢ and the fact that di is a descent direction for F' at zy,

o max p(J f4 (xk)dk) < max p(J 14 (@) + ady)dy) < 0. (4.22)

JE€w] JE€wk]

Hence, in view of (4.21) and (4.22), there is a neighborhood of & contained in [0, 7]
for which second inequalities of (4.8) and (4.9) hold. Therefore, in this neighborhood,
(4.8) and (4.9) hold, which completes the proof.

U

We provide a result below based on the first inequality of (4.8). This result is useful

for further analysis.

Lemma 4.3 Suppose {xy} is generated by Algorithm 1. Then, for any k > 0, there

exists a j* € |wy] such that

fafk () + agdy) < f )+ pZaA max ¢ Jf“ (zp)dyp)e.

Elwa]

Proof: At the initial point zy, i.e., when k = 0, since the first inequality of (4.8) holds
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for all j € [wy], therefore for j° € [wy], we have

faf.o (xo + apdp) = faj (z0) + pao m[ax] p(J f ($0)d0) (4.23)

J€|wo
Note that at z; = zg + apdy, i.e., when k = 1, there exists a j' € [w;] such that

1

a (10
f gt (.lel> = f 70 (33'1) (424)
From the first inequality of (4.8), we have

al al
[t (@ +ondy) X (1) + anp max 0(J £ (21)d))e

(423) & (424) 0

43 (o) +pZaA max o(J f% (zp)dp)e.  (4.25)

&
=
J€lwal

At w9 = 11 + aqdy, ie., when k = 2, there exists a j2 € [ws] such that

£ (23) = (). (4.26)

Now, using (4.25), (4.26), and the first inequality of (4.8), we have

112
[% (29 + apdy) = i (wo) + /)Z ax max p(J f4 (za)da)e.

JEwa]

By doing the same procedure, at xj,, = 7}, + axdy, we have a j* € [w;] such that

k
fU* (g 4 agdy) = faj (x0) —I—pZozA max o(J f% (:EA)dA)

JE[wa]
which completes the proof. O

Next, we prove the Zoutendijk-type condition for the proposed method. To prove

this, let us suppose that the following assumptions are satisfied.
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Assumption 2 (i) The cone K is finitely generated and there exists an open set O
such that S = {x € R : F(x) <! F(x0)} C O, where xq is the chosen initial point.

Also, the Jacobian J f* is Lipschitz continuous on O with constant L; > 0 for all

i € [p].

(i) All monotonically nonincreasing sequences in f(S) are bounded below for all i €

[p].

Proposition 4.4 Let {x} be a sequence generated by Algorithm 1. Suppose that As-
sumption 2 holds, dy is a descent direction for F' and a step length oy is chosen such

that it satisfies (4.8) at every iteration. Then,

(max (1 % (a:k)dk)>2

PP g < +00. (4.27)
2 ]

Proof: Using the second inequality of (4.8) and 0 < o < 1, we have

(o — 1) max @(J £ (z1)dy) < max o(J f% (x5, + apdy)dy,) — max o(J £ (23)d).

J€[wk] JEwg] JEwy]

(4.28)

Let 7/ and j” in |wy] be such that max (] f“§ (xp + ardy)dy) = @(J fa§’ () + agdy)dy)

J€wy]

and max o(J f% (z)dy) = o(J fa;?” (xk)dg). Thus, from (4.28),

JE€w]

(0 —1) max p(J fa§(xk)dk>

J€[wr]
o(J F5 (xx + andi)dy) — o(3 f (ax)dy)
o F5 (x4 andi)dy) — o(3 1 () dy)

o(J fa?/(xk + agdy)dy, — Jfa?’ (x))dy) using (i) of Lemma 1.13

IAN AN A

sup <J fa?/ (Ik + Oékdk)dk —J fa?/ ([L’k)dk, U)>

welC
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ak a¥
< suplJ (e + i)y = I (e[|
we
ak ak
< I Y (xp + ardi) — I £ () || ||di|| as |Jw]] =1 for all w € C
< La;?/ozkHdkHQ from (i) of Assumption 2, (4.29)

where L, is a Lipschitz constant of Jfaﬁ’. Thus, using (4.29), o € (0,1), and
J

o(J % (z)di) < 0 for all j € [wy], we have

(]nel[iﬁ o(J f (xk)dk)>2 max p(J f% ( k)i

[wi]
< Ly oy . (4.30)
e[| J (0 —1)

By Lemma 4.3, there exists a j* € [wy], for each k > 0, such that

F* (@) — fU9° (o) = PZCYA max o(J f (xA)dA)e.

JE€wa]

k
Therefore, using (ii) of Assumption 2, there exists an A%* € R™ such that

(lk
A'* — [0 (xo) 2 PZCXA max p(J f4 (x4)dy)e

J€[wal

for all £ > 0. This implies, for all £ > 0 and w € C, that

(A — [ (20), w) < ple,w ZaA max o(J f (24)da). (4.31)

€lwa]

Since afk € [p] for all k and p is finite, the set value of  min {(.Aa?’“ N fago (7o), w)}
ajke[p],wEC

is a constant, say 7, for all £ > 0. Thus, in view of (4.31), for all £k > 0, we get

k
7 < ple,w ZQA max ¢(J f% (xA)dA)

J€[wal

k rg[gx]so(Jf P (xp)dy)
2p<e,w>zom] ~ :
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which gives that
k
max o(J f% (x)dy)

Z ozkje[wk] < 400,
oc—1
k>0

and hence using (4.30), we get the desired result. O

Remark 4.5 If we take descent direction dy = vy for all k > 0 and assume that the

step length oy, satisfies (4.8) for all k > 0, then Algorithm 1 converges to a stationary

point in the sense that klim |lvg]] = 0. The reason is as follows. Suppose that vy # 0 for
—00

all k > 0. From (4.11), we then have

ak
;S[ax] o(J [ (xp)vg) < _%HUkH2 <0,
W

which implies, using Proposition 4.4, that

(o)’ _ (st )

1 jElwr] jElwn]
~lu]l* < = < +o00.
e g RIEENY  URIE
Thus, we have klim llve]| = 0. From this analysis, it can be concluded that the method of
—00

the steepest descent for SOP (1.3) converges to a stationary point using the scalarizing
function ¢ (instead of the Gerstewtiz function that has been used in |32]) without taking

the regularity assumption provided it uses standard Wolfe line search (4.8).

The following theorem is the main convergence result of the proposed Algorithm 1.

Theorem 4.1 Let {zx} be a sequence generated by Algorithm 1. Suppose that Assump-

tion 2 holds and

1
—— = Jo0. 4.32
20T (4.32)

If dy, satisfies the sufficient descent condition (4.13) and oy, is chosen such that it sat-

isfies the standard Wolfe condition (4.8), then lilgn inf||vg|| = 0.
—00
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Proof: We prove the theorem by contradiction. Suppose that there exists a positive
real number £ such that |lvg|| > # for all k > 0. From Step 2, at x, we have (a*,v;,) €

P,, x R™ such that ¢(zy) = 9., (a*,v;,). Then, by (4.13) and (4.12),

2
< max o(J f (fﬁk)vk)>
o \ J€[wk]
(| ||?

2
(Qﬁf] w(J f4 (ka)dk)>

> c
1|2

a0, ful)

TRk
At

>
41|

(4.33)

Note that if (4.13) holds and «y is chosen such that it satisfies the standard Wolfe

condition (4.8), then by Proposition 4.4, we get

2
(max o) f“f«xk)dw)
Z JEwr] < 1o
AL

k>0

(4.33) 9= 1
== ct E < 400,
A|di[|?

k>0

which contradicts (4.32). Hence, our assumption, ||vg| > # for all k¥ > 0, is wrong.

Therefore, we have hlgn inf||vg|| = 0. O
—00

Next, we prove the convergence of Algorithm 1 when «; satisfies the strong Wolfe
conditions (4.9). For this, we use the concept of regular point given in [32], which is as

follows.

Definition 4.5 (Regular Point [32]). A point € R" is a regular point of F if the

following conditions are satisfied:
(i) Min(F(z), K) = WMin(F(z), K),

(i) the value of w in a neighborhood of T is constant.
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A useful property of a regular point of a set-valued mapping is described in the next

lemma.

Lemma 4.4 (See [32|). Let & € R™ be a regular point of F. Then, there exists a

neighborhood U of T such that the following properties hold for every v € U: w(x) =

w and P, C P;.

Now we give the convergence theorem when step length is chosen with strong Wolfe

conditions (4.9).

Theorem 4.2 Let {xy} be a sequence generated by Algorithm 1 which converges to
z. Let T be a reqular point of F. Suppose that Assumption 2 and (4.32) hold. If
Br >0, di is a descent direction of F, and oy, satisfies strong Wolfe condition (4.9),

then lim inf||vg|| = 0.
k—ro0

Proof: We prove the theorem by the method of contradiction. Suppose that there
exists a positive real number # such that ||vg| > # for all k¥ > 0. From Step 3 of

Algorithm 1, for all £ > 1, we have

— Brdp—1 = —di, + vy,
2
= Billdi—1]1* < (ldell + lloxll)
— B2||dip_1]|* < 2||di]|* + 2|jvg||* using (iii) of Lemma 1.15

= [ldi]* > —[lvrl|? + 2 |l dis | (4.34)
Since (B > 0 and dy = vy + Brdi_1, therefore for all j € [wi] and w € C, we have

(3£ () dry w) =(T £ (2r)vr, w) + Be(J £ (24)dy—1, w)

= max o(J f (x1)dx) < max (T [ (@)or) + B max o(J f4 (2x)dy1).

J€wr] J€we] J€wg]
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Thus, we have
0 < — max ¢(J £ (xp)vg) < — max @(J £ (xx)dy) + Bk m[ax] o(J £ (k)dk—1). (4.35)

JE[wy] J€[wk] J€ Wk

The sequence {x;} converges to a regular point of F'. There are only a finite number

of subsets of [p]. Therefore, using Lemma 4.4, we have ) C P; and a € @ such that
wr =@, Py, = Q, and " = a for all k. (4.36)
Thus, from (4.35) and (4.36), for all k, we have

—max (J f% (zg)vy) < — max o(J £ (vy)dx) + By ma’f@(J fo (xx)dy-1)

J€l®] Jje@]
(19) -
< —max p(J £ () dy) — oy, ?é%>]<¢(J [ (@p-1)dp-1), (4.37)

which gives

(max o0 725 (en)on)) < (ma o0 7 (@))) =+ 026 (max (0 12 on 1)y )

jelw] JE®] jE@]
+ 20 < max o(J f% (xk>dk)) B ( max p(J % (l‘kq)qu)) ;
j€@] Jelw]

which implies, by using (ii) of Lemma 1.15 with a = 0<mz[1}]<g0(J faj(a:k)dk)), b =
jel

_ 2
6k<max<p(Jf (xk_l)dk_1)> and ¢ = 1, that <max<p( faj(xk)vk)>

€@ jel]

S(1+202)[(maw(Jf“j(xk)dk)>2+%(maX@(Jf <xk1>dk1>)1. (4.38)

JE[@] j€[w]

In view of (4.11) and (4.38), we get

) 2 2
e el < <IJ,I£>]<90(J fo (l’k)dk)) + %’“(maXSO(Jf (xk,l)dk,l)) - (439)

JE[@]
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2 2
(;Ielf[g(] Q(J (xk)dk)) (;2?5] e(J [ (J»‘k—l)dk—l)>
Note that AL + =

| . >l } :
= J a; d ) ( J a; B d - )
| d||2 (gfé?ﬁ@( fY(zp)dy) ) + e gré%](go( 9 (xp_1)di_1)
(4.34) 1 [ _ 2 52 ||Uk||2 N )
= TP 17" d> > = ( J“J_d_>
= e | (g e 4% @) +<2 o ) (maxed £ ()i
i . d ‘
(4;9) o |I? 1 oel]? (g.ré?g](@( Jo (xp-1) k_1)>
— [ldil? _4(1~|—202) g [ di_1|?
1 [Jvg | *
~ A(1 4 20?) [|d|]?
t 1 )
using [|ogf| = ¢ (4.40)

>
~ 41+ 202) ||dg|]?

The Zoutendijk-type condition (4.27) holds under the hypothesis that we have taken in

the statement of the theorem. Therefore, from (4.40), we have

=1
< +00,
2 TP
which is a contradiction to (4.32). Hence, the proof is complete. O

Next, we give two different choices for parameter ; in Step 4 of Algorithm 1 and
analyze the convergence properties of Algorithm 1 for these two choices. One choice
is the extension of the classical Fletcher-Reeves (FR) rule, and the other extends the

conjugate descent (CD) rule given in [162].
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4.5.2 Fletcher-Reeves method

In this section, we give the Fletcher-Reeves choice for §i, at k-th iteration for k£ > 1,

for the proposed nonlinear conjugate gradient method, which is as follows:

max o(J £ ()0
[ — . (4.41)

k—1
max _@(Jf9  (zp_1)ve_1)
JElwk—1]

It is easy to see that if p = 1, i.e., F(z) = {f!(z)} for all z € R™ in SOP (1.3), then
FR in (4.41) is equal to the FR formula considered in [162] for nonlinear conjugate

gradient method for vector optimization problem.

In the following theorem, we prove the convergence of Algorithm 1 when we choose

By such that || < 6BLE for § € [0,1) under some suitable assumptions.

Theorem 4.3 Consider the sequence {xy} generated by Algorithm 1. Assume that
Assumption 2 holds. Let |8 < d8FT for § € [0,1), di satisfies sufficient descent

condition (4.13), and oy, satisfies (4.8). Then, lilzn inf||v|| = 0.
—00

Proof: Let us assume that there exists a £ > 0 such that |jvy]| > ¢ for all & > 0.
From Step 2 of Algorithm 1, we have ||dg||* < (||lvk||+|Bk|lldi—1]])* for all & > 1. Let
i = |lvgll, b = |Bellldp_1]|, and & = ﬁ Then, by (iv) of Lemma 1.15 and
Idil* < (lloll+[Bellldr-1]))?, we have

i ll* < (loell+Belldi-11)?* < gzllvell® + 588l di-1[1*. (4.42)

Since xj is not a stationary point, therefore m[ax] o(J fCL? (xg)vg) < 0. Thus, using
JE€|wk
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lldl?

(4.42), we get "
max (3 £ (xk)vk))

J€[wg]

1 [Jvg]|? 1 | dr—1|)?
1 - 42 ; R 1 2
( max 80<J f (%)%)) ( max SO(J [ (%)W))

J€[wk] J€[wk]

2 d 2
1 [ i | (1.43)

- e (Jrg[ii{] o(J f (xk)vk)>2 ) ( max o(J f* ; <xk—1>vk_1>)2

J€wi—1]

IA

2 N
using |Bk| < 0B8R, Note that 4< max p(J f% (:r;k)vk)> > |lvg]|* > t*. Therefore, from

JEwg]

(4.43),

di||* 4 dy_1]|?
i < _ [l

(max o(J fu (xk)vk)>2 T (=02 < ‘max_p(J fafl(l"k—l)vk—l)>2.

J€wk] J€lwi—-1]

By following the same way repeatedly, we obtain

|k |? < 4 . l|do||
< J ak 2 = (1 —52)1?2 J a 2
max <P( J (Ik)vk) max 90( I (%)UO)
J€[wk] J€[wo]
4 4
< ( — k’ + ZE as do = Vo
= é k+1 (4.44)
e \1- 52 ' '
Hence, we get
(Ig[gx} QD(J fa (xk)vk)>2 t~2(1 o 62) 1 7?2(1 o 52) 1
Al > > . (4.45)
|| dk|)? 4 k+1—62 4 k+1

Since dj, satisfies sufficient descent condition (4.13), therefore by (4.45), we have

max ¢(J f% (:L“k)dk)>2 ( max ¢(J ]Cabéc(xk)vk))2

<J€[Wk] 2 \ JE[w]
E > E C
| ||? - | |?

k>0 k>0
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t2(1 — &%)
27\~ "7
ZC 1

1
D s s

which gives a contradiction to Zoutendijk-type condition (4.27). Therefore, the assump-

tion ||vy|| > ¢ for all k > 0 is wrong. Hence, 1igninf||vk|| = 0. O
—00

Next, we prove the convergence of the method, when parameter [, is chosen such that
0 < B < 6BFT and ay, satisfies the strong Wolfe condition (4.9), under the assumption

that the sequence {x;} generated by Algorithm 1 converges to a regular point.

Theorem 4.4 Suppose that the sequence {xy} generated by Algorithm 1 converges to a
regular point of F. Assume that Assumption 2 holds. Let 0 < B, < 6BEE for § € ]0,1),

dy is a descent direction for F at x ,and «y satisfies (4.9). Then, lign inf||vg|| = 0.
— 00

Proof: Since zj is not a stationary point of F' for all k£ > 0, therefore by (4.11), for all
k>0,

ol < =2 max o(J £ (ar)or)
JE[wk]
< 2 max {[p(J £ (zi)oe)|}
J€[wr]
<2 m[ax]{HJ £ ()|} by (iii) of Lemma 1.13
J€lwr
a*
< 2ffox | max {[[J 1% ()]},
JEwk]
which implies that {v;} is bounded because klim 13 £ ()| exists for each j € [wy].
—00

Therefore, we have a constant  such that ||vg|| < 7 for all k. From this, it is easy to

see that for all £ >0, € [wy] and w € C,

0> max (J f4 (z)op) > (I f9 (wp)op, w) > — [T f9 (wp)|[|Joll > —~b,  (4.46)

JE€[wk]
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where ||J % (23,)]| < b for all j € [wy].
Now, we assume that there exists a ¢ > 0 such that |Jvg|| > # for all & > 0. It is easy to
see that by doing the same calculation and analysis as in Theorem 4.3, condition (4.44)

holds. Thus, using (4.46) and (4.44),

di||* < 4= ,
Iell” < 2(1— 62) 72

which implies that

Y
2]

Now using the Theorem 4.2, we get lilgn inf||vg|| = 0 which is a contradiction to assump-
—00

tion |lvg|| > ¢ for all k> 0 and hence the proof is complete. O

In scalar optimization, if 0 < 3, < B2 and « satisfies strong Wolfe condition (4.9) with
o < 0.5, it is possible to show that the descent direction dj generated by Algorithm 1 is
sufficient descent [3]. However, it is an open problem in vector optimization. We could

not also prove or disprove such conditions for SOP (1.3) in this work.

4.5.3 Conjugate descent method

The formula for conjugate descent choice for (B, at k-th iteration for £ > 1, for the

proposed nonlinear conjugate gradient method, is as follows:

max o(J £ (i)vr)
D _ k — , (4.47)
max @(J f% (xp_1)dg_1)

J€wi—1]

It is easy to see that if p = 1, i.e., F(z) = {f!(z)} for all z € R™ in SOP (1.3), then
CD in (4.47) is equal to the CD formula considered in [162] for nonlinear conjugate

gradient method for vector optimization problems.
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In the next lemma, we prove that dj satisfies sufficient descent condition when we

choose 0 < 3, < BSP with constant ¢ = 1 — 0.

Lemma 4.5 Suppose that the sequence {xy} generated by Algorithm 1 converges to a
regular point of F. Let 0 < B, < BSY and ay, satisfies the strong Wolfe condition (4.9).

Then, d satisfies the sufficient descent condition with constant 1 — o.

Proof: We prove it by the principle of mathematical induction. For k& = 0, it is easy
to see that dy satisfies sufficient descent with constant 1 — o as dy = vy, 0 < 0 < 1 and
max o(J % (z0)vo) < 0. Let us assume that dj_; satisfies the sufficient condition for

J€|wo]
some k > 1 with constant 1 — o, i.e., we have

max ¢(J f%  (zp_1)dp_1) < (1 —0) max o(J %  (25_1)vp_1) < 0.

J€wr—1] J€wk—1]

Thus, BSP > 0 and S, is well-defined. Note that the sequence {z;} converges to a

regular point of F. Therefore, using (4.36) and (4.37), we have

max o(J f9(wy)dy) < max (I fY(zy)ve) — 0By max o(J f4(vg-1)dx1)

jelw] jel@] jel@]
< max o(J f% (zr)or) — 0By ” max p(J [ (zp-1)di—1)
JE[®] JE[®]
(4.47)

= (1= o)maxe(J f2(mon),

which implies that dj, satisfies sufficient descent condition, and hence the proof is com-

plete. 0

Now we prove the convergence of the proposed method if £, is chosen as By = Sﬂch ,

WhereO§5<1—a.

Theorem 4.5 Suppose that the sequence {xy} generated by Algorithm 1 converges to a
reqular point of F'. Assume that Assumption 2 holds. Let £, = SﬁgD forg €[0,1—0),

and oy, satisfies (4.9). Then, lilgn inf||vg|| = 0.
—00
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Proof: We have

; 0 1o
0 < B = (1—0)——"—
max @(J f9  (zp_1)dk_1)
J€wr—1]
5 max p(J f4 (x)vg)
Jjelw]
~ (1 —o0)maxy(J f%(xg_1)vE_1)

JE[@]

using (4.36) and Lemma 4.5

) FR
(1—o) "k >

which implies that li;n inf||vg|| = 0 using 0 < (li) < 1 and Theorem 4.4. O
—00

4.6 Numerical results

In this section, we consider some numerical examples. These examples are solved by
Algorithm 1 with two different choices (FR and CD) for . In our implementation, we
take a standard come, i.e., K = R’ in all the instances except for Example 4.6. The
set C' is taken as the canonical basis of R™ for all the examples except for Example 4.6
and e = (1,1,...,1)" € int(K) throughout this section. The parameters p and o in
Step 5 are taken as 0.0001 and 0.1, respectively. For the stopping condition, we choose
||ug]] < 0.001, or a maximum number of 100 iterations are reached. We implement all
the calculations in MATLAB 2018b software. This MATLAB software is installed on
a Windows 10 machine equipped with a 1.90 GHz CPU and 8 GB RAM.

To find Min(F(xy), K) in Step 1 of Algorithm 1, we follow the crude way of compar-
ing the elements in F'(x},) pair-wise. To calculate (a*,vy) = argming, ,ycp, xgn Vs, (a,v)
in Step 2, we use the inbuilt function fminsearch in MATLAB. For the step length in
Step 5, we use the algorithm given in [163| to find the a4 satisfying the strong Wolfe
condition (4.9). We take some test problems from the literature, while some are freshly
introduced in this chapter. For each problem, we generate 100 random initial points

and make a four-column table. In the table, the first column indicates the number
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of initial points that are solved by the method. In the second column, we mention
the method to solve the problem. We have taken three different methods to solve
the problems. Two of them are generated from Algorithm 1 with 8, = 0.988{®, and
Br = 0.99(1 — o) BYP (these two choices for 3, are taken in [162] as well), named as FR
and CD, respectively. The third method is the steepest descent method given in [32]
and is abbreviated as SD. The third column is a 6-tuple (Min, Max, Mean, Median,
Mode, Std.D) whose components are the minimum, maximum, mean, median, mode,
and standard deviation of the number of iterations by which the stopping condition
is reached. Similarly, the fourth column is also a 6-tuple (Min, Max, Mean, Median,
[Mode], Std.D) that indicates the minimum, maximum, mean, median, least integer
greater or equal to mode, and standard deviation of CPU time (in seconds) taken by
the algorithm to reaching the stopping condition. We depict the values of F' at each
iteration for each problem in which the initial and the final points are shown in black
and red color, respectively, while the cyan color indicates the intermediate points. In
some figures, we use different shapes such as e, +, and A to denote the values of F
for different initial points. In these figures, the value of F' at the initial point, at the
intermediate points and at the final point generated by the method is depicted by the
same shape for a particular initial point. For example, if the value of F' at a particular
initial point is depicted by black bullet o, then the value of F' at intermediate points
and at the final point generated by the algorithm is depicted by cyan bullet e and red

bullet e, respectively. This is applicable to other shapes (+ and A) also.

A brief description of all the considered examples is given below.

(i) Example 4.1 is taken from [84]. In this example, the number of variables (n) is one,
and the number of components of each vector-valued function (m) is two. The
cardinality of the objective function F', i.e., the number of vector-valued functions

in the objective function in this example, is 5. The ordering cone K is taken as
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(iii)

R

Example 4.2 is taken from [84]. This example is the robust counterpart of the
vector-valued facility location problem under uncertainty. In this example, the
set U is an uncertainty set and [y, [, and [3 are the chosen locations. The values
of n and m are 2 and 3, respectively in this example. The cardinality of the
objective function F', i.e., the number of vector-valued functions in the objective

function in this example, is 100. The ordering cone is taken as Ri.

Example 4.3 is freshly introduced in this chapter. In this example, the values of n
and m are 1 and 2, respectively. The cardinality of the objective function F i.e.,
the number of vector-valued functions in the objective function in this example,

is 40. The ordering cone is taken as R2 .

Example 4.4 is a slight modification of Example 4.2 taken in [116]. The highlighted
point of this modification is that we get different types of shapes of the functional
values for the different points; for instance, see figures (a) and (b) of Figure 4.4.
In this example, the values of n and m are 2 and 2, respectively. The cardinality
of the objective function F', i.e., the number of vector-valued functions in the

objective function in this example, is 50. The ordering cone is taken as Ri.

Example 4.5 is freshly introduced in this chapter. In this example, the values of n
and m are 2 and 3, respectively. The cardinality of the objective function F', i.e.,
the number of vector-valued functions in the objective function in this example,

is 14. The ordering cone is taken as R2.

Example 4.6 is also a new problem introduced in this chapter. In this example,
the values of n and m are 1 and 2, respectively. The cardinality of the objective
function F, i.e., the number of vector-valued functions in the objective function

in this example, is 4. The ordering cone is taken as K' = {(y1,2)' € R? :
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dy; — yo > 0 and — 4y; + 5y, > 0}, which is different from the standard cone in
R™. According to the cone K’, we find the set C' with the help of the dual of K’
and keep the other parameters the same for this problem. This makes Example
4.6 more difficult and different from the other previously considered problems in

this chapter.

Example 4.1 Let F : R = R? be a set-valued map defined as

F(l‘) = {fl(x)mfz(w)af3(£)>f4<x)7f5($)}a

where [, fori € [5], are from R to R?, defined by

Fa = | (U] (1) o
& sin(z) 4 -1 4 1
In Figure 4.1, the collection of objective values for all x € [—12, 7] is depicted with gray
color while the black color bullet dots denote the value of F' at initial point xo = —10.3000
and red color bullet dots denote the value of F' at final point at which CD method stops.
There is no cyan bullet dots in Figure 4.1, which indicates that CD method takes only
one iteration to reach the stationary point from this initial point. In this example, we
generate 100 initial points randomly chosen from the interval [—5m, 5| and run the

methods FR, CD, and SD. The performance of these three methods for the randomly

chosen points for this example is given in Table 4.1.
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f

-13 -12 -1 -10 -9 -8 -7 -6

Figure 4.1: The value of F' at intermediate iterates generated by CD method for
Example 4.1 for the initial point o = —10.3000

The performance of the three different methods for Fxample 4.1 is shown in the

following table.

Table 4.1: Performance comparison of FR, CD, and SD methods on Example 4.1

Number of Method I[terations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D)  (Min, Max, Mean, Median, [Mode], Std.D)
100 FR (0, 3,0.6500,0, 0, 0.8333) (0.1141, 19.7676, 5.1042,0.1398, 1,6.1081)
100 CD (0, 3,0.6200,0,0,0.8851) (0.1119, 18.5214, 4.3529,0.1260, 1, 5.9638)
100 SD (0, 38,5.1800,0,0,8.1741) (0.1150, 67.3828, 21.3525, 18.7999, 34, 12.0271)

Example 4.2 Let F': R? = R? be a set-valued map defined as

Fx) = {f'(2), f*(x),..., f*(2)},
where [, for i € [100], are from R? to R® such that

lz — b — |

) 1
fz(aj):i ||I—l2—U1H2 >

Iz — 15 — w|®
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0 0 8
where |} = Ll = L3 = and the set U = {u; = (uy;,ug)" < i € [100]} is

0 8 0

an enumeration of the set

{—1,—1+%,—1+§,...,—1+2(’“;1),1} x {—1,—1+%,—1+§,...,—1+2(“1),1}

r

having r = 4.5.

In Figure 4.2, the gray points represent the set (11 + w;) U (Io + u;) U (I3 + u;) for
all © € [100] and blue points represent ly, ly, l3. The value of initial points and final
points generated by CD method is denoted by black and red colors, respectively, in Figure
4.2. There are no intermediate points in Figure 4.2 because CD method takes only one
iteration to reach the stationary points from these chosen initial points. In this example,
we generate 100 initial points randomly chosen from the square [—50,50] x [—50, 50]
and run the methods FR, CD, and SD. The performance of these three methods for the

randomly chosen points for this example is given in Table 4.2.

Figure 4.2: The value of x;, for three different initial points ((—8,—12)",(—6,10)"
and (12,14)7) at each iteration generated by CD method for Example 4.2

The performance of the three different methods for Example 4.2 is shown in the
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following table.

Table 4.2: Performance comparison of FR, CD, and SD methods on Example 4.2

Number of Method Iterations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D) (Min, Max, Mean, Median, [Mode], Std.D)
100 FR (0,1,0.9900, 1, 1, 0.1000) (1.0053, 7.6108, 2.6961, 1.1344, 2, 2.2379)
100 cD (0,1,0.9900, 1, 1,0.1000) (1.0257,7.1041, 2.2424, 1.0826, 2, 2.0213)
100 SD (0,3,1.1000,1,1,0.6711) (0.8222, 18.0552, 2.8121, 1.2572, 2, 2.7033)

Example 4.3 Let F': R = R? be a set-valued map defined as

F(x) = {f'(z), f*(x),..., [},
where f, for i € [40], are from R to R* such that

0.3 cos (%) sin <%> +x

Fo) = 0
0.3 cos ( o ) + cos(2z) + m

In (a) of Figure 4.3, the collection of discretized objective values for all x € [—3,3]
i1s depicted with gray color while the black color dots denote the value of F at initial
point xyg = —0.2800 and red color dots denote the value of F' at final point at which CD
method stops. In (b) of Figure 4.3, the output of CD method for three different initial
points is exhibited. In this example, we generate 100 initial points randomly chosen
from the interval [—3,3] and run the methods FR, CD, and SD. The performance of
these three methods for the randomly chosen points for this example is given in Table

4.3.
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(a) The value of F at intermediate iterates (b) The value of F' at each iteration generated
generated by CD method for Example 4.3 for by CD method for Example 4.3 for three dif-
the initial point zg = —0.2800 ferent randomly chosen initial points

Figure 4.3: Output of CD method for Example 4.3

The performance of the three different methods for Fxample 4.3 is shown in the
following table.

Table 4.3: Performance comparison of FR, CD, and SD methods on Example 4.3

Number of Method Iterations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D) (Min, Max, Mean, Median, [Mode], Std.D)
100 FR (0, 3,0.7400, 0,0,0.9059) (0.1933,10.7919, 2.7668, 0.2300, 1, 3.2717)
100 CD (0,3,0.7300,0,0,0.9519) (0.1921,11.1003, 2.9315, 0.2300, 1, 3.6067)
100 SD (0,4,0.8000, 1,0,0.8409) (0.2279,2.3555,0.6903,0.5716, 1, 0.4890)

Example 4.4 Let F: R?2 = R? be a set-valued map defined as

F(z) = {f'(2), f*(2),.... [ (@)},

where f*, for i € [50], are from R? to R? as below

1 . .

21 . 2 —1 . 2 —1
, e?2 cosa:2+xlcosx251n3( ”(5’0 )> —@sm:@cos( W(go ))
fflz)=1 .
2

22 . . 2m(1—1 2m(i—1
€20 sin 1 + x; sin T, sin < uiG )> + x5 COS T4 cOS> (M)

50 50

In (a) and (b) of Figure 4.4, the value of initial points, intermediate points, and final

points generated by CD method is denoted by black, cyan, and red colors bullet dots,
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respectively. In this example, we generate 100 initial points randomly chosen from the

square [—57, 5] x [=5m, 5] and run the methods FR, CD, and SD. The performance

of these three methods for the randomly chosen points for this example is given in Table

4.4.
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(b) The value of F' at each iteration gener-
ated by CD method for Example 4.4 for ini-
tial point 2o = (9.8400, —8.1547) "

Figure 4.4: Output of CD method for Example 4.4

The performance of the three different methods for Example 4.4 is shown in the

following table.

Table 4.4: Performance comparison of FR, CD, and SD methods on Example 4.4

Number of Method Iterations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D)  (Min, Max, Mean, Median, [Mode], Std.D)
85 FR (0,82, 14.6479, 4, 0, 21.0578) (0.4207, 2130, 231.1153, 117.4000, 2, 346.6122)
89 CD (0,75,12.9296, 3,0, 19.1232) (0.4000, 2073, 209.0708, 98.4000, 2, 340.9545)
82 SD (0,94, 15.6056, 4, 0, 23.5612) (0.4116, 2468, 269.1139, 126.3500, 2, 448.5198)

Example 4.5 Let F': R? = R? be a set-valued map defined as

F(z) = {f'(z), f*

(@), [ @)},
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where [, fori € [14], are from R? to R3, defined by

22 + 22 + 0.25sin (%)
Fi(x) = | 2(2% + 22) + 0.25 cos (%)

¥+ a3 410

In Figure 4.5(a), the collection of discretized objective values for all x € [0,2] is
depicted with gray color while the black color dots denote the value of F' at initial point
zo = (1.7583,1.9118) " and red color dots denote the value of F at final point at which
CD method stops. In Figure 4.5(b), the output of CD method for three different initial
points 1s exhibited. In this example, we generate 100 initial points randomly chosen
from the square [0,2] x [0,2] and run the methods FR, CD, and SD. The performance
of these three methods for the randomly chosen points for this example is given in Table

4.5.
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(a) The value of F' at each iteration gener-  (b) The value of F" at each iteration generated
ated by CD method for Example 4.5 for ini- by CD method for Example 4.5 for three dif-
tial point zo = (1.7583,1.9118)" ferent randomly chosen initial points

Figure 4.5: Output of CD method for Example 4.5

The performance of the three different methods for Fxample 4.5 is shown in the

following table.
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Table 4.5: Performance comparison of FR, CD, and SD methods on Example 4.5

Number of Method Iterations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D) (Min, Max, Mean, Median, [Mode], Std.D)
100 FR (1,21,1.6500,1,1,2.3927) (6.9702,68.4791,10.9771,7.1476, 8,9.8500)
100 CD (1,17,1.5700,1,1,1.8870) (7.0316, 50.2363, 10.2016, 7.3843, 8, 7.1464)
100 SD (1,12,1.9900, 1, 1, 2.2896) (5.9710, 34.6351, 8.4209, 6.0777, 6, 5.5178)

Example 4.6 Let F : R = R? be a set-valued map defined as

F(z) = {f'(2), f*(2), f(2), f1(2)},

where f', fori € [4], are from R to R? as below

i—3
A x4 52
7
fi(z) = |
x (i—=3) :..2
5COST — —F—S1™ T
2 2
or 4
3t 3l
2
ol
I
w 0r LSl
“AF f f ,
p o
2+ \ q
b /4.5130.4.51310) i at
4+
4 2 0 2 4 6 -6 -4 2 0 2 4 6 8
fi fi

(a) The value of F' at intermediate iterative  (b) The value of F' at each iteration generated
points generated by CD method for Example by CD method for Example 4.6 for three dif-
4.6 for the initial point zg = 5.8 ferent initial points 5.8, 0.5, and -2.2

Figure 4.6: Output of CD method for Example 4.6

The performance of the three different methods for Example 4.6 is shown in the
following table.
In Figure 4.6(a), the collection of objective values for all x € [—m,2mw| is depicted

with gray color while the black color dots denote the value of F' at initial point xqg = 5.8
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Table 4.6: Performance comparison of FR, CD, and SD methods on Example 4.6

Number of Method Iterations CPU time

solved points (Min, Max, Mean, Median, Mode, Std.D) (Min, Max, Mean, Median, [Mode], Std.D)
100 FR (0,2,0.3900,0,0,0.7507) (7.6934, 45.7067, 13.5836, 8.1615, 8, 10.5022)
100 CD (0,2,0.3200,0,0,0.6175) (7.6887,45.7790, 13.1272, 7.6666, 8, 11.7220)
100 SD (0,5,0.7200, 0, 0, 1.4076) (7.6942, 49.4739, 13.9506, 7.7894, 8, 11.8455)

and red color dots denote the value of F at final point at which CD method stops.
In this figure, it can be easily seen that the red points are the optimal value of F
as the set (4.5430,—1.5610)" — K’ does not have any element of F(x) other than
(4.5430, —1.5610)" for all v € [—m,27]. In Figure 4.6(b), we have chosen three initial
points 5.8, 0.5, and —2.2 and the value of F at these three points is denoted by o, A
and +, respectively. The points 0.5 and —2.2 are the stationary points because at these
points CD method stops in 0-th iteration. Howewver, the initial point 5.8 takes one it-
eration to reach the stationary point, which can be seen in figure (b) of Figure 4.6. In
this example, we generate 100 initial points randomly chosen from the interval [—m, 27|
and run the methods FR, CD, and SD. The performance of these three methods for the

randomly chosen points for this example is given in Table 4.6.

Below, we give a brief description on the basis of the observation about the perfor-
mance of all three methods when we run the methods for each example considered in

this chapter.

(i) For Example 4.1, both the methods CD and FR perform very well. These two
methods are better than SD method in terms of both iterations and CPU time.
It is also observed that both methods, CD and FR, converge to stationary points
in two iterations for most of the initial points. However, it is not the same for SD

method.

(ii) For Example 4.2, both CD and FR methods perform better than SD method in
terms of both iterations and CPU time. These two methods take only one iteration

to stop even when the initial points are very far away from the solution, which is
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(iii)

(iv)

(vi)

not the same for SD method. However, it is also observed that for most of the

initial points SD method also stops in one iteration but not for all.

For Example 4.3, both CD and FR methods perform better than SD in terms of
iterations. However, SD method takes less CPU time than CD and FR methods.
It is observed that it happens because the calculation of step length for this
particular example in CD and FR methods takes more time. Once the step length
is calculated, these two methods converge to stationary points quickly. That is
why CD and FR methods take fewer iterations but more CPU time than the SD

method for this example.

For Example 4.4, both CD and FR methods perform better than SD in terms of
both iterations and CPU time. For this example, the number of solved points by

all three methods is different. CD method solves most number of points followed

by FR.

For Example 4.5, SD method performs better in terms of both iterations and CPU
time than CD and FR methods. However, the Mean of iterations and CPU time
shows that CD and FR methods are not much behind (in terms of performance)

than the SD method for this example.

For Example 4.6, both CD and FR methods perform better than SD in terms of
both iterations and CPU time. In this example, it is noticed that both CD and
FR methods stop in one iteration for most of the initial points even when the

initial point is far away from the stationary point. However, this is not the same

for SD method.
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4.7 Conclusion

In this chapter, we have proposed nonlinear conjugate gradient methods for uncon-
strained set-valued optimization problems, with the objective function being a collec-
tion of finitely many continuously differentiable vector-valued functions. An algorithm
(Algorithm 1) with general conjugate parameter [ has been presented. After that, two
variants of the proposed method for two different choices of conjugate parameter [y,
namely Fletcher-Reeves (4.41) and conjugate descent (4.47) have been analyzed.

For Algorithm 1, a sufficient condition (Lemma 4.2) on (3} has been given to ensure
that conjugate direction dj satisfies the sufficient descent condition (4.13). The stan-
dard and strong Wolfe line search conditions ((4.8) and (4.9)) for the considered set
optimization problems have been introduced. Further, we have proved the existence
of step length o that satisfies the strong and standard Wolfe line search conditions
(Proposition 4.3). To prove the convergence of the method, a Zoutendijk-type condi-
tion has been established (Proposition 4.4). It has also been proved that Algorithm 1
converges to a stationary point without taking the regularity condition (Definition 4.5)
if d;, satisfies sufficient descent condition and «;, satisfies the standard Wolfe condition
(Theorem 4.1). Subsequently, we have shown that Algorithm 1 converges to a stationary
point if dj is a descent direction for I’ at x; and «ay, satisfies the strong Wolfe condition
(Theorem 4.2). Similarly, the convergence of FR method has been proved with and
without taking regularity assumption if [ is nonnegative and bounded above by any
fraction of FR choice Bf? (Theorem 4.3 and Theorem 4.4). Further, we have reported
that dj, satisfies sufficient descent condition with constant (1 — o) if S is nonnegative
and bounded above by conjugate descent choice 8P (Lemma 4.5) under the regularity
assumption. Using this result, the convergence of the CD method has been established
with regularity assumption if Sy is nonnegative and bounded above by an appropriate
fraction of conjugate descent choice P (Theorem 4.5).

We have tested the proposed methods on some existing and freshly introduced set
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optimization problems. We have compared the performance of FR, CD, and the steepest
descent method [32] on these set optimization problems. It is found that the CD method
gives the best performance and the FR method gives the second best among these three

methods.

ok skofok sk okok ok ok
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