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Appendix A

Empirical Fit of the Maximum Baseline

Contours

Here we present the details of the fitting function used to fit the results given in chapter 4.
We use the following function to model the U (0, 0y) as obtained from simulation for

fixed values of (&g, 0t):

2
Umax(GéaG(p) =Ap+ Ajexp [—b o'§ + <%) ]

+ Asexp [—c <052+ (%)2)] ) (A.1)

The best fit values of the parameters and corresponding errors are given in Table A.1.

Table A.1 Values of the fitting parameters defined in equation 23. Values are given in the
second row and the corresponding errors in the parameter are in the third row.

A() A1 A2 b C d
(x102) (x10")
values | 6.35 |2.20| 646 |9.35]9.18 | 0.577
errors 0.67 | 0.03 0.07 | 0.10 | 0.16 | 0.006
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We use the following function to model the U (s, &¢y) as obtained from simulation for

fixed values of (05,0y) :

1 2

Unax(0ts,09) = Y Y Cin 0L 0L - (A.2)
m=0n=0

The best fit values of the parameters and corresponding errors (designated by A) are
—-12.8 17.5 1.9 22

amn= | 31.6 —43.9 Ay, = 142 4.9
—19.6 28.1 23 2.7

st sfeskeste sfe sk st seskesk



Appendix B

Calculation of the Bias and Variance of

the Power Spectrum

Here we present the steps to calculate the bias ;) and variance O'é(U ) of the 21-cm
power spectrum measurements in presence of strong foreground and residual gain errors.
The calculations presented here is for the expressions shown in chapter 6. Most of the
assumptions made in appendix B are relevant for this calculation as well. Along with those
we further make a few assumption and keep all the assumptions in this calculation in the
italic font. We note that we use a foreground subtraction approach here (Bowman et al.,
2009; Choudhuri et al., 2017b; Morales et al., 2006), and calculate the power spectrum by

correlating the visibilities in the different frequency channel.

The recorded visibility is expressed in terms of the ‘sky’ visibility, gain G;(¢) and
correlator noise in eqn 6.1. Expressing the gain in terms of the antenna based gains using
eqn 6.3, we write

Gi=(ga(t)gy(1)) = 1+ GX, (B.1)

where Gf can be interpreted as the excess over unity in the residual gain. Here the angle

brackets represent the average over the integration time for each visibility measurements.



174 Calculation of the Bias and Variance of the Power Spectrum

We consider the following assumptions

Assumption I: Antenna gains from the different antennas are uncorrelated,

Assumption Il: Real and imaginary parts of the gains are uncorrelated.

For the compact source foreground, it is, in principle, possible to build up a good sky
model over largely repeated observations at a given direction in the sky. However, for the
diffuse galactic synchrotron emission, it may be challenging to build up such a sky model
with interferometric observations, and an alternative approach may be necessary (Jeli¢
et al., 2008). In this work, we deal with a power spectrum estimation that assumes the
preexistence of a sky visibility model and uses foreground subtraction. Hence,
Assumption IlI: We have a known model for the foreground sky visibilities.

Hence, the residual visibilities V[R from the i baseline, after subtraction of the known

foreground components, are given by
VE =V + GIVP 1+ N, (B.2)

where \71-HI is the redshifted 21-cm signal. Correlating the residual visibilities, in principle,
gives the H 1 power spectrum P. Owing to the finite beam of the antenna, the nearby ‘sky’
visibilities remain correlated within a baseline region of 1/(76y). The power spectrum
estimator we use here (Choudhuri et al., 2014) first grid the visibilities in baseline grids
and estimate visibility correlation in each grid. To avoid noise bias, here we exclude the
visibility auto-correlations (Bharadwaj and Ali, 2005). Estimate of the power spectrum Pg’
over a grid can be written as

Py= RV, (B3)

where Z[ | denotes the real part of the visibility correlation, i, j denotes two different
baselines and ( ), denotes average over the grid. Here we further assume the followings:

Assumption IV: Noise in different baselines are uncorrelated.
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Assumption V: The sky signal, antenna gains and noise have no cross correlations.

Hence, the power spectrum estimates in each grid can be written as
o HI7 AR AR %\ 7ST7S
Pé - <ViH1VjHI*>g + (Gfer *>g<Vi Vj *>g~ (B.4)

Note that the sky visibilities \7l-S contain both the redshifted 21-cm signal as well as the
foreground. We can use the following assumptions to simplify this expression further.
Assumption VI: Foreground and redshifted 21-cm signals are uncorrelated.

Assumption VII: We can neglect the contribution from the 21-cm signal from \7iS in the last

term above.

Bias
The bias Zp, in the estimate of the power spectrum in a grid can be written as
PBpg =Py — Py = (GG ™) ¢ Pry, (B.5)

where P, and Pr, are the redshifted 21-cm and foreground power spectrum in the grid. As
mentioned in the section 5.2.1, in each grid, four types of baseline pairs contribute to the
visibility correlations. To calculate the contribution from the different baseline pairs in a
grid, we need to estimate (Gféf’*) ¢- Here we show the calculation for the baseline pair of
Type L. In this type the pair of baselines contributing in the visibility correlation originates
from the same antenna pairs but at different time. The quantity G{e Gfl* for a particular

baseline pairs i, j constructed by antenna pairs A, B can be written as

GR(1)GR* (") = (8ar(1)8ar(t")) (B.6)

+(0pr(t)pr(t')) + (Sar(t) Sar(t')) + (Spi(t)Spi (1)),
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where we have used assumptions I and II. If we assume that there are a total of N,
number of visibility correlations in a grid with Ng; giving the visibility pairs of Type 1, the

contribution to <G§(Z)G§/*(I’ ))¢ from the baseline pairs of type 1 can be written as

(GROG* (1)) 1 =21 "R* z Ear, (B.7)

where n = Ng1 /N, is the baseline pair fraction of type 1 and we have used the definitions
of GjR and &4 from eqn 6.8. The above eqn B.7 is obtained using the following additional
assumptions:

Assumption VIII: Statistical properties of the gains i.e. og and &g, for all antenna are
similar.

Assumption IX: Gain correlation function & is the same for real and imaginary parts of the
gain, though the variances can be different.

Since each antenna here contributes a factor of £ and we assume all antennae have similar
statistical properties, a factor of 2 for every baseline pair is coming in eqn B.7. Note that
the angular brackets ( ) used above denote average over integration time over one visibility
measurement, whereas ( ), is considered as the average over baseline pairs of type 1 in a
particular grid. A pair of antennae traces an ellipse in the baseline plane as time progresses.
Part of this ellipse would trace through a particular grid giving rise to different baselines
arising from the same antenna pairs. This gives rise to the next simplifying assumption in
our calculation:

Assumption X: If the time for the baseline to trace the arc in a grid Tp is much larger than

the integration time AT, then we can approximate

x(U) ==Y &ar (B.8)
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The quantity y(U) gives the integrated effect of the time-correlated residual gain errors
over the uv-grids. If the correlation time of the residual gain errors T, are larger than the

integration time AT then

%(U)=i/‘TD(TD—T)§(T)dT- (B.9)

Here Tp = % is the time taken by baseline track of an antenna pair to cross a uv-grid
of size AU at baseline U. Ty4 corresponds to one sidereal day. Hence, the contribution to

(Gf(t)éfl*(t’ ))¢ from the baseline pairs of type 1 is

(GR(O)GE* (1)) 1 =2 my (03 +07) 1. (B.10)

Considering contribution from the other three baseline pairs in a similar way we can write

for a given day of observation for a given baseline grid
(GFGF™)g = [(2m +n3)x +n2] (0 +07). (B.11)

Considering the grids to have independent estimates of the power spectrum and a further
assumption that

Assumption XI: The gain errors do not have any long term correlation

we use an azimuthal average around a certain baseline U to estimate the power spectrum.
This then, gives a bias in the power spectrum estimate as

(0z+0})
N,

PBp = [(2n1 +n3)x +ny) Pr, (B.12)

where N, is the number of days of observation and Pr is the foreground power spectrum.
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Variance

We first calculate the variance of the estimator in a grid, where

Opg = Pio — (o) (B.13)
where Py is given as
P = LV + VEVEP). (B.14)

Note that the quantities ViR depend on the gain errors. In calculating the four-point functions
above, we do a further simplifying assumption:

Assumption XI: The gain errors are Gaussian random variables.

We follow a similar procedure to calculate the variance in a grid as like for the variance
for N; days of observations. Since the grid size is chosen in a way that in an annulus in
baseline U the estimates of the power spectrum from different grids remains uncorrelated,

the variance in the power spectrum estimate can be written as

2 I 2
Op = — Cp,, B.15
r NGg:1 Pe ( )

where Ng is the total number of grid points in an annulus. Writing the total number of
baseline pairs to estimate the power spectrum in a given annulus as Np, the analytical

expression for the variance in H 1 power spectrum estimates in an annulus is

o — P2, 20%Py 20y 403(0} + 07 )Pr
P [N ' NsNs ' NpN3 NN

+ {[(4n%+n%)x2+n§] (30 + 307 +20207)]

402 P>
+ 8(of+0)—L F} B.16
(og [)Nc;Nj ( )
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As noted in the main text, the first three terms in bracket [ | give the variance of the power

spectrum estimator in absence of either any residual gain error or foreground. Importantly,

all the factors in the above expressions, but oy, X and X; are baseline dependent. The
2

term Z—”G’ is a contribution from the sample variance and decreases with the baseline. In all

our investigations presented in the main text, this term is negligible.
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