Chapter 2

Normal and Tangent Cones for Set
of Intervals and Their Application
in Optimization with Functions of
Interval Variables

2.1 Introduction

In classical optimization, the concept of normal and tangent cones play a crucial role
in characterizing optimum solutions [157]. From a geometric viewpoint, a tangent cone
comprises of all possible directions of movement inside the set, whereas normal cones
comprises of directions perpendicularly away from the set [34]. It is well-known that
tangent and normal cone are dual of each other [59]. For the optimization of a smooth

function f under the constraint set S:
x* € argmin{f(z) : z € S},

the necessary first-order condition for optimality with respect to normal cone Ng(x*)

on S at z* is given by
—Vf(z*) € Ns(z¥).

With respect to tangent cone, the necessary condition for z* being an optimum solution
is given by
Vf(xz*)'d >0 for all d € Tg(z*),

where Tg(x*) is the tangent cone on S at z*.
The concepts of normal and tangent cones are used in various fields of mathe-

matics. For any constrained smooth optimization problem, the Karush-Kuhn-Tucker



(KKT) optimality condition requires assumptions of regularity, and almost all of these
assumptions incorporate the concepts of normal and tangents cones [59]. In case of
multiobjective optimization problems, [82,139] have demonstrated the utility of Pareto
directions of tangent cone to calculate trade-offs in such problems. Further, the signif-
icance of normal and tangent cones in variational and nonsmooth analysis have been
shown in [31,34]. Finally, applications of normal and tangent cones in highly structured
mathematical programming, such as semidefinite programming, second-order program-
ming etc., are presented in [131,191].

Besides the mathematical applications, normal and tangent cones find use in many
practical applications as well. In [19], normal cones have been employed to sublevel sets
to analyse the asymptotic characteristics of gradient dynamical systems. For studying
nonsmooth mechanical systems, appropriate set-valued laws of forces can be constructed
using normal cone [169]. The field of stability analysis involves the calculation of limit-
ing normal cone as an application [83]. In theory of elastoplasticity [72], for a network
made up of elastoplastic springs having time-varying displacement-controlled loading,
the stresses are characterized based on a normal cone. Finally, in data envelopment
analysis (DEA) [75], the calculation of value efficiency score of every decision-making

unit involves the concept of tangent cone.

2.2 Motivation

Clearly, the concepts of normal and tangent cones are critical for characterizing the
optimum solutions of problems not only in optimization, but also variational analysis,
non-smooth analysis etc. It also has applications in many practical problems. Partic-
ularly, for the subject of constrained interval optimization problems (IOPs), which has
become very important in recent years due to their capacity of modelling real-world
optimization problems that exhibit inherent variability and uncertainty in their param-
eters, characterization of optimum solution has become a topic of prime importance.
Development of necessary optimality conditions for these constrained IOPs may require
some regularity conditions or constraint qualifications as well. In this regard, normal
and tangent cone become very crucial for interval optimization. Therefore, through
this thesis, we establish and study the notions of normal and tangent cones for a set of

interval variables and their importance in Lagrange model for IOP.

2.3 Contributions

In this chapter, we define the concept of normal and tangent cone for set of intervals.

We study their algebraic properties in terms of product rule, intersection rule etc. We
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employ the distance function and its property of Lipschitz continuity to characterize

tangent cone for a set of intervals. We also analyze the relationship of duality between

normal and tangent cones. Further, we explore the concepts of g H-gradient, g H-partial
derivative, gH-directional derivative, L-IVF, and gH-differentiability for IVF, where

domain is a subset of I(R)™. Finally, we demonstrate that the proposed normal and

tangent cones are beneficial for characterizing efficient points of an IOP.

Overall, the major contributions of this chapter are:

(i)

(iii)

2.4

We explore the role of tangent and normal cone in specifying the efficient solution
of a constrained IOP. This characterization gives rise to a necessary optimality
condition with respect to normal cones for set of intervals. This necessary condi-

tion also becomes sufficient under the convexity assumption on IVFs.

For constrained IOPs with equality and inequality constraints, we present an effi-
cient condition using the Lagrange multiplier rule, where the Lagrange multipliers

lie in the normal cone of the constraint functions.

Lastly, we show an application of our findings regarding the efficiency conditions
of the normal cone when dealing with datasets containing intervals, through an
example of support vector machines. We find a solution to a one class classification
or unary classification problem where the interval-valued data reside on one side

of the separating hyperplane.

Normal cone for a set of intervals

In this section, we define the normal cone for a set of intervals and examine its charac-

terization. Additionally, we aim to derive some of its calculus rules, including the weak

intersection rule, algebraic preserving rule, and the rule for countable intersections.

Definition 2.1 (Normal cone in I(R)"). If Y is a nonempty convezr subset of I(R)™
and Y € Y, then, the normal cone to Y at Y is defined as follows:

Ny(Y) = {ae IR)": G 0. (Yo Y)=0V Ye y}.

Example 2.4.1 For the convex set Y = {[y,2y| : y > 0}, normal cones to'Y at 0 €'Y
and [3,6] € Y are given by

Ny(0) ={le.d € IR) : [c,d © [y, 7] 2 OV [y, 7] € Y} = I(R-),
Ny([3,6]) = {le.e] € I(R) : [, ¢ © ([, 7] S [3,6]) = 0V [y,7] € Y} = {0}.
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Theorem 2.1 IfY C I(R)" is a nonempty convex set, then for any Ye Y, ./\/-y(if/)

1s closed.

~/

Proof: Consider Gy, to be an arbitrary sequence in N3y (Y') converging to Gel (R)™.
Then,

G, o (YouuY)=0forall Y ey

= PG o min{y, -y, 7 — Gitmax{y, -y, 7 -7} <0, (2.1)

where ék = (Gg1, Gz, ..., Gpy) " and G = (G1,Gso,...,G,)". Here, there are two
possibilities:
o Case 1. [min{y, -y, 5; = i}, max{y, — 4,9, — Ui} = [y, — ¥, U; — Vi

o Case 2. [min{y, -y, 5 — 7}, max{y, — v, 9, — Wi} = [ — Vo v, — ]

Without loss of generality, consider that the first p components belong to e Case 1.,
and the remaining (n — p) components belong to e Case 2.. Then, (2.1) implies that

P n

@[Qkiﬂki] © [Qi - Q;, Y — Ui @ [gkj,ﬁkj] ©[y; - y;w Y~ Q;] =0.
i=1 Jj=p+1
Using, y, =y, =d;, ¥; = ¥; = di, y, =y, = d;, J; = Y; = d;, we get
p n
[dpdz] © [gk agkz] @ [djvdg] © [gk]agk ] j 07
i=1 Jj=p+1

which can be divided into

@mm{d 9 LiTris g, i EB min{d;g, ., &;Gy;> djg, ;. dige;} <0 (2:2)

—p+1

and @ma’x{d gk ) = gkza lgk Y lgkl} @ maX{d gk )y = gkj7a]gkj7a]§kj} S 0(23)

j=p+1

Because the sequence {ék} converges to {G}, from Remark 1.1.1 the sequence {g9,.}
and {gy,} converge to {g } and {g;}, respectively, for all i = 1,2,...,n. Hence, the left
hand side of inequalities (2.2) and (2.3) converge to

@mm{dg 4,9, dig,, d;g;} EB min{d;g . d;5;,d;g ,d;g;} <0 (24)

j=p+1
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and @max{dg 7dzgu ’Lg dlgz} @ max{d g g]7 ]g d]g]} < 0. (25>

J=p+1
From (2.4) and (2.5), we have
p _ n
i=1 j=p+1

n

= Pl 5] 0 min{y, — ¥, 7 — 7} max{y, — ¥, 7, — 7}] 0
i=1

— G o.(YenY)=o0. (2.6)

Therefore, G € Ny(?,), and hence Ny (?/) is closed. O

Example 2.4.2 Through this example, we illustrate Theorem 2.1. For the set' Y =
{ly,2y? : y > 1} U {0}, the normal cone to'Y at 0 is given as

ol

Ny(0)

s}

Y

{led € IR):[c,d ©(ly, 7] ©gn 0) 20V [y, 7] € Y}
{ 0} =

e I(R):c< I(R-).

i)
ol

I

Now, select an arbitrary sequence { P} € Ny(0) given as Py = [p,, D], withp, ,p, <0,
and assume that limy_,o Py = P = [p,p]. We know that { Py} satisfies

[Pkl © g7 20V [y, 5] €Y

Because p, and P, converge to p and p, respectively, using (2.7) we have

[min{py, py, Py, Py}, max{py, py, by, Py}] 2 OV [y, 7] € ¥
= PP Oy, 7 20V [y, 7] €Y
= p<0andp <0 sincey >0 andy > 0.

Thus, P € Ny(0). Since the selected { Py} in Ny(0) is arbitrary, it proves that Ny (0)
is closed.

Theorem 2.2 If Y is a nonempty subset of I(R)"™, then, for any Y e Y and o > 0,
we have Ny(a ® /l\//) = Ny(?)
Proof: Assume G € Ny(a® \?/), then, for any Y € Y, and a > 0, we have

~T ~ ~/

G 0. (a0Y)oum(a®Y)) =0
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~T ~ o~/

—= a0(G ©.(YoumY) =0
— G o.(Yo,unY)=o0

= GelyY).

Hence, for any a > 0, we get Ny(a ® ?,) = Ny(?,). O

Note 2.1 We see that for a < 0, instead of a« > 0, Theorem 2.2 may not be true. For
example, if Y = {[|1+y|,2|1+vy|] : y € R}, we have the normal cone at Y = 1,2 €y

as

Ny([1,2]) = {[p.pl € I(R): [p,p] © ([y, 7] Sem [1,2]) 2 OV [y, 7] € Y}
= {[ppl€eIR):[pplO(N+yl-1,2[1+y]-2])) 20Vy>0o0ry< -2}
Mp,pl € IR) : [p,pl © (21 +yl=2,1+y/-1]) 20V —2<y <0}

= IR )NI(Ry) = {0}.

[p, D]

Note that, for any a <0, a® Y = 2a,a] ¢ Y. Thus, the normal cone on'Y at a® Y

does not exist. Therefore, Theorem 2.2 is not true for a < 0.

Theorem 2.3 If YV, Y2 are nonempty convex subsets of I(R)" and /l\’; ey, i=1,2,
~1/ -~/ -~/ ~/
then, Ny, op,(Y; ® Yy) C Ny, (Y;) NNy, (Y,).

Proof: Assuming G € Ay, gy, (?,1 ® ?,2), we have

~

G OF [(?1 D ?2) @gH (?,1 D ?;)] <0 for all ?1 @?2 € y1 () yg.

Specifically, for \A{'g = 37/2, we get

~

G ©. (Y16, Y,) =0 forall Yi € Y.

As a result, G € /\/’yl(?/l) for all Y; € Y;. Likewise, G € Ny, (?;) for all Y, € V5.
Thus, G € J\/’yl(?ll) NNy, (?;) and we have the result.

O
Note 2.2 We show that,in Theorem 2.3, if any of Y1 and Yo is a nonconvex subset of

I(R)™, then the result may not be true. For example, let
Vi={[-€40:0<u<1} and Yy = {[e",e*]: 0 <v < 1}.

The set of intervals Y1 and Yo are shown in Figure 2.1(a) (sky blue region) and in
Figure 2.1(b) (green region), respectively. The normal cone at T/II = [-1,0] € Y, is
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described as

Ny, ([=1,0)) = A{lp,pl € I(R) : [p, P © ([y, Y] Sgu [-1,0]) 2 0V [y, 7] € I}

Pl €I(R): [p,p] ©®[—e"+ 1,00 X0V ue|0,1]} =1(Ry).

"

Ny, ([-1,0]) at [-1,0] is shown in Figure 2.1(a) by orange-colored circular-sector. In
Figure 2.1(a), we can observe that the directions d (brown-colored thick arrow), d' (blue-
colored thick arrow), d” (green-colored thick arrow) are the three possible normal vectors

at point [—1,0]. Next, the normal cone at i’; = 1€, is given as

Ny2(1) = {
= {

—

ov [Qa@] S yQ}
< 0Vvel1]}=I(R).

)

4,

4,

€I(R):[g,9 © ([y, 7] Ogn 1) =
€IR):[q, 7l ©[e" — 1e* —1]

—

=2,

Ny, (1) at 1 is shown in Figure 2.1(b) by a pink-coloured circular sector region. From
Figure 2.1(b), we can observe that the direction d (yellow-coloured thick arrow), d' (blue-
colored thick arrow), d’ (sky-colored thick arrow) are three possible normal vectors at

point 1. Then, we have
Ny, ([-1,0]) " Ny, (1) = {0}
Here, we see that Y1 ®Yo = {[0,€?] : 0 < u < 1}. The normal cone at [0,1] € Y1 D Yo

1S guven as

€ I(R) : [r,7] ® ([0,e*] ©,1 [0,1]) X OV u € [0,1]}
cIR):[r,7]®[0,e® 1] Vuecl01]}=I(R.).

Ny1@y2([07 1]) = {

=
33

)

I
—
=
3
1=

=l

) )

We can observe that
Ny1([_17 O]) ﬂNyQ(I) C Nyl@yz([07 1])a

and this produces a strict inclusion in Theorem 2.5.

Theorem 2.4 Let two nonempty convex sets Y; in I(R)" i =1,2. Let /I\’; ey, i=

~/

-~/ ~/ ~/ ~ -~
L, 2. Th6n7 Nyl*y2<Y17 Y2) = Nyl(Yl) *Ny2(Y2)7 where Y1 x Yo = {<Y17 YQ) S
~ o~ ~ o~ ~T —~ ~T —~ ~ o~
](R)nl X I(R)nQ . (Yl, YQ)T ®c (Zh ZQ) = Yl ®c Z1 P Y2 ®c Z2 v (Zl, ZQ) -
I(R)™ x ](R)”Q}
Proof: Considering G = (G1,Gs) € Ny .y, ({’/1,?/2), for all (Y1,Ys) € Y1 x Vs, we
get (G1,Go)T 0 {(Y1, Y2) gnr (Y1, Y)) <0
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|1y, 9l

v
(a) Normal cone of Y; at ?,1 (b) Normal cone of Y5 at ?,2

Figure 2.1: Ilustration of normal cones on Y; and Y, at [—1,0] and 1, respectively,
of Note 2.2

o~ o~ o~ ~/ A~ -~/
= (Gl, G2)T Oc (Yl egH Y17Y2 @gH Y2) =0
~T ~ ~ ~T ~ ~
— G, 0.(Y10,5Y) G, 0 (Y0, Ys) 0.

For ?2 = ?/2, from the above inequality, we have

~T

Gl OF (?1 @gH ?/1) <0 A4 ?1 € 371.

Hence, G, € Nyl(?/l) Following similar argument, we have Gy € Ny, (?/2)

Because (@1, éz) was considered to be arbitrary, we get

~I o~ ~ ~/
Nyl*yQ (Yl * Y2) - Nyl (Yl) *Nyz (YQ)
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For provmg the reverse part, consider (Gl,G2> € Nyl( )*NyQ( /), where G, €
Nyl( 1), G, € NyQ( 2). Then, for all Y; € Y; and Y5 € Vs, we can write

G, € Nyl(?;) and G, € Ny, (37/2)

G, @ (Y10, Y)) < 0and Gy 0, (Yo S, Y) <0
G, . (Y10, Y) @Gy 0. (Yo, Ya) <0

(él, ég)T (OF (?1 OgH ?;,?2 OgH ?/2) =<0

(G1,G2)" @ {(Y1.Y2) 6 (Y, Y3)) 2 0.

Ferl

Hence, (G, Ga) € Ny,up, (Y1 x Y3) for all (Y1, Y2) € ¥1 s Do, and, Ny, (V) *
Ny, (?/2) C Ny sy, (?ll * SA(;) This proves the result. O

Theorem 2.5 Consider Y1,Ys to be nonempty convez sets in [(R)"™ so that Y1 C Y.
Then, for all Y e cl(Y1), we have

NJQ(Y) - Ny1(Y)'
Additionally, if Y is a finite union i.e., Y = U;.lzlyj, then
~/ n ~/
Ny(Y) = ﬂjleyj(Y).

Proof: Consider G € Ny, (?/) Then, we have

Hence, G € Ny, (?/) Thus, Ny, (?,) C Ny1<?,). Further,

:ij — Y;CYforallj=1,2,...,n
=1

—  Ny(Y )CNy( )forallj 1,2,...,n

- Ny mNy

Conversely, consider G € NNy, (?,) So, for any Y € Y, i=12,...,n, we get

@ € Nyj (?,)
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~

— G o0.YeunY)=o,

which holds for any Y € Uj—1 V. Therefore, G e Ny (3?/) O

Example 2.4.3 Through this example, we present a validation of Theorem 2.5. Let
the sets Y1 = {0} and Y2 = {]|y,|,2|y|] : v € R}. Note that Y1 C Y2 and 0 € CI(Y»).

Normal cones to Y1 and Yo at 0 are given as

3
s
Il

{led € IR) : [¢,d © (00yu 0) 2 0} = I(R)
{le;d] € IR) : [, O ([y, Y]l ©gm 0) 20V [y,Y] € Y2}
={[c,¢] € IR) : [, © ([|ly],2|y|] ©gm 0) 2 OV y € R} = I(R_), respectively.

2
3
IS

3

s

I

We can see that Ny, (0) C Ny, (0). To validate the second half of Theorem 2.5, consider
YViUYy =Y, Since Y =Y,, we have

Ny(0) = Ny, (0) = I(R-) = I(R) N I(R-) = Ny, (0) N Ny, (0).

Remark 2.4.1 Here, we present an example that if either Y1 or Yo is a nonconvex
subset of I(R)", then the first half of Theorem 2.5 may not be true. For this, let the

sets Y1 = {[lyl,2lyl] : y > 0} and Y2 = {[y,2y] : y > 0} U{[2y,y] : y < 0}. We can see
that Y1 C Yo and 0 € cl(Y1). Normal cones to Y1 and Y5 at 0 are given as

Ny, (0) ={lc.,d € I(R) : [c.d] © ([y, 7] ©gn 0) 2 0V [y, 7] € Y1} = I(R-)
and Ny,(0) ={[c,d] € I(R) : [¢,c] © ([y, 2y] ©gn 0) 2 OV y = 0}
N{le,d € I(R) : [, © ([2y,y] ©gn 0) 2 0V y < 0}
= I(R_)NI(Ry) = {0}, respectively.

Thus, observe that Ny, (0) C Ny,(0), i.e., Ny,(0) C Ny, (0) does not hold.

2.5 Tangent cone for a set of intervals

In this section, we study the tangent cone for a set of intervals, along with its different
characterizations. We also study some of its calculus rules. Notably, the tangent cone

is defined as the closure of all feasible directions.

Definition 2.2 (Tangent cone via feasible direction in I(R)"™). If Y C I(R)", then,
the tangent cone to Y at Y ¢ Y is defined by

T5(Y)={DelR)": 34 10,3 D, — D, (Y ®a,®D,) €YV keN}.

46



Example 2.5.1 Let a nonempty set ¥ = {([y1, 1], [y, %)) € T(R)* 1 y, > 47,7, <
y3,0 < Yy Ug < 1}, shown by pink-shaded region in Figure 2.2. Consider {Dy} =
{(D1g, Do)} = {([dys, dix], [do, d2k]) } to be a sequence of directions of Y at Y = (0,0)
and {Dy,} converges to a tangent direction D = (Dy, Dy) = ([dy, d1], [dy, do]). In Figure
2.2, clearly for any k, 0 <X Dy and 0 =X Ds,. Here, we have two cases to consider:

e Case 1. For any k, 0 < D1;,0 ¢ Dy. Because {(Dsy, Dox)} is a sequence of direc-
tions of Y, there exists 6 > 0 so that

(0,0) ® o © (Dyg, Do) € Y and oy, € [0, 6] for all k.
From the definition of Y, we can get

Qpdop < (akdlk)?’ and (adiy)’ < apdyy, and oy, € [0,6] for any kb (2.8)

Then, select cp, = min {ﬁ\ / %, g} for any k. 1t is clear that oy, € [0, 0]

and oy, < ﬁ\ / % for all k. This means

d d -
(dipen)? < d—2: = (dpay)’ < d—z’;dlkak = ayday for all k,
1 1

that is, (apdiy)® < arday with ay, € [0, 6], which contradicts the first inequal-
ity in the relation (2.8). Thus, for Case 1, {(Dsy, Do)} can not be a proper

selection for a sequence of directions so that Definition 2.2 gets satisfied.

e Case 2. For any k, Dy, = 0. We select, for any § > 0, ay, = 3 € [0,6] for all k.
Here,

(0,0) ® oy ® (D1g, Dai,) = (0,00 © Dyy,),

which lies in'Y only if oy, ® Doy, = 0 for all k. Thus {(D1y, Dax)} = {(0, 0)}
is the only tangent direction at (0, 0).

Thus, {(D1x, Dog)} with 0 = Dyy, and Doy, = 0 for all k be an appropriate choice of the
sequence of directions of Y at (0,0). Because {(Dsy, Dor)} converges to the tangent
direction D = (Dy, Dy), then

7-)]:(?*) ={(Dy,D,) € I[R)*: 0= Dy, D, = 0}.

The tangent cone 7'3];(?*) is shown as blue arrow in Figure 2.2. Hence, the above set
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’7'3’;(3’*) simply reduces to the curves Y, = ys and Y, = 13, separately as they have
tangents dy = 0 and dy = 0 with dy > 0 from the perspective of (yl,QQ) and (Y1,7s),
respectively. This also verifies that tangent cone via feasible directions 731;(/3\’*) includes
all the points on Dy = 0 with 0 < D;.

[yg'/ 62]

Yo < yf\\
y
A 5
Y, > Yy
([dysa], 0)
74(0,0) [y1, 1]

Figure 2.2: Illustration of tangent direction of Y at (0,0), in Example 2.5.1

Definition 2.3 (Tangent cone via sequence in I(R)"). Let Y C I(R)". Then, the
tangent cone to Y at Y € Y is given by

~k -~ ~ -~ ~k 1 -~ ~x% 1 ~
T§(Y):{D€I(R)":H{Yk}€)}, Y, — Y such that lim @(Yk@gHY):HIA)”@D}7

k—o0 QU

where oy, = || Yy, Sy ?*H

Example 2.5.2 Let us assume a nonempty set Y ={Y € I(R)|| Y]] < 2}. We begin
by calculating the tangent vectors using a sequential method, as described in Definition
2.3, by considering various sequences in Y. We will demonstrate that the resulting
tangent vector also meets the feasibility criterion as specified in Definition 2.2.

For obtaining Ty (Y™), let sequence Yg) = [\/%Tc’ 1-— \/LE] .k > 2 which converges to
Y =10,1] and

1
lim
ko0 | Yy Oy Y7

o (V) 8y Y) = lim Vo [ %} - [—1,%}

Sk

Hence, [—1, \/Li] is a tangent via sequence in I(R).
For satisfying the feasibility criterion, if we take oy = %, we have

A~ %

~(1)
Vouo¥ —piote|ii-L]evae|oneto[k1-4]|<2
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Likewise, for second sequence Yf) = [L 1-— \/ig] ,k > 3 which converges to Y =
[0, 1], we have

1
O (Y2 0y Y*)agm@@[

1 1
lim _} _ {_1,_} .
= | Y o, V7 3k V3

Sk

Hence, [—1, \/Lg] is a tangent via sequence in 1(R).

Again, for meeting the feasibility criterion, take oy = % Then, we get

Youo VY =010t Lo [A1- L] evic ’)[0,1]@%@[ﬁ,1—ﬁ]“§2

Using induction, the sequence of tangent vectors can be obtained by sequence

Y - {
(n+1)k’

tangents is given as

— \/LE .k > n which converges to Y* =1[0,1]. Thus, for all n, set of

1
khm Y<n @(Y< S Y) = hm Vk©
72| Y S Y

v m [_1’\/%}

For satisfying feasibility criterion, take oy, = , and we get

1 1 1 1
0,1 ® — @ — | €Yie 0,1~ @ —
0.1 \/n+1 ¢4 0. \/n+ ¢4
Therefore, { [—1, \%} , [—1, \/ig} R, [—1, ﬁ] e } results in tangent cone via both

feasible direction and sequential approach in I(R) as given in Definition 2.2 and Defi-

nition 2.3, respectively.

Theorem 2.6 Consider Y C I(R)"*. Then, for any Y ¢ Y, the tangent cone via

sequence 73?(/1\’*) is closed.

Proof: Assume that sequence {Dk} in T3(Y *) Converges to some D € I(R)"™. So, for
each k, there exists a sequence {Yk } € Y with Y ;é Y satisfying

A~

1
lim Yk =Y and lim — ® (Yk Sgn Y )= ©® Dy,
i—00 i—00 QU ||Dk;||
where oz,(f) = ||?S) Sy Y'||. Thus, for each k, select an index i, so that i, < iy < i5 <
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- < iy. Here, let’s define ozk, ||Yk @gH Y'||. Then, for each ,

1 (i) A~k 1 ~
m@(Y’“ S Y ) | Sy | —=— 0Dy ||| =0. (2.9)
o Dl

Using Lemma 2.3, p. 6 in [64] and Lemma 2.3 (i), p. 4 in [123] and for all k, we get

. 1 (k) it 1 Eay
(o 87 e (508
1 . 1 - 1 - 1 -
< lim ﬁca(Y,(f)@_qHY) St | —=— oDy | @[ —=— @Dy | 0yn [ = ©D
koo ||\ a* Dyl D]l HD||
. 1 ) o 1 - 1
S/glggo (al(czk) © (Y Ogr Y )) OgH (Hf)kH ®© Dk) =

Because Dj, — D, |Dy, || — ||D]|, using in (2.9), we get

1 ~ (7 ~ % 1
ﬁ@(Y;k)@gHY) @gH 7®D =0.
a” 1D

This means that D € 7'35,(?*) Thus, 7'35,(?*) is closed. O

lim ?fj’“) ?*, lim

k—o0 k—o0

D

lim Yi e \7* and lim

k— o0 k—o0

Example 2.5.3 Through this example, we illustrate Theorem 2.6. Let

y = {([Q1a§1]a [ﬂy%]) € I(R>2 : ﬂl S Ovyl S Oag2 Z an2 Z O}
Since Y is a cone in itself, we have the tangent cone via sequence in I(R)" as

73?(07 0) = {([C_ilac_il]a [C_i2ac_12]) :dl S Oaal S 0742 Z OaC_lQ Z 0}
= I(R*) X I(RJr)?

which is definitely a closed set in I(R).

Theorem 2.7 Consider Y to be a convex subset of I(R)"™. Then, for any Y € Y, the

tangent cone 7'3];(?*) is a convex set in I(R)".

Proof: Consider ]31, ]32 € ’73’;(?*) Our task is to show that
V=MoD @(1-)\)6D,)eTH(Y) foral \ e [0,1].

Because D1 € Tf( ) there exist sequences ]5,1C — ]31 and ay | 0 such that Y G ap®
~9 ~

Dk € )7 L1kew1se for D2 € Tf( ) there exist sequences D, — Dy and f, | 0 such

that Y @BkQDk ey
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~ ~ ~2 ~
Then, we take a sequence V, = A@D;@ (1-AN)eD, — V. Selecting vy, = min{ay, Bk}

for any k we see that v, | 0. We now consider the following scenarios for each k € N:
(i) For vy, = ay, we have

A~

* -~ K ~1 ~2
Y % 60Vi=Y @, 0(A0D,®(1—-X) ©D,)
A~k A% ~1 ~2
=A0Y @(1-2)O0Y @0, 0(A0D,®(1-X) ©D,)
A~k ~1 K ~2
=AY @ (N oD, ®(1-2N)0Y @(ax(l—-N) oD,
=A0{Y @0, 0D} @ (1-X)0{Y ©@a©D,}.

Since Y~ D ap f),l{ and Y~ D ap © f)z belong to Y, and Y is a convex subset of
I(R)™, therefore Y @ Vi © i\fk ey.

(ii) For 44 = Bk, we can use the step similar to that in Case ((i)).

This proves that for the sequence V=0 ]3/,1f ®(1-N06 ﬁi — {\/, there exists 7y, | 0
such that Y @, ® Vi, € Y. Hence, V = AeD;®(1-)\) oD, e 73{(?*) for all
A€ [0,1]. O

Theorem 2.8 With' Y as a convex subset of I1(R)", 73‘?(?*) is the closure of the cone
generated by Y Syn Y, ie., 7’3‘3(/1\’*) = cl(cone(Y Syn ?*))

Proof: Assume D € 73?(?*) Then, a sequence Y, € Y exists that converges to Y
satisfying

F=2o Yy, S Y || Dl

Let ay = ||§A[k Og ?H > 0. Then, we get a—lk > (. Because \A(k OgH Y ¢ Y Sy ?*,

1 -~ A~ % A~ %
— O(YreumY )econe(Yo;mY)
k

— 1Dl 960 ¥) € conet 2 ¥, 1B 20
k

o~ 1 o~ A~ %k A~k
= |ID]] ® <kh_>m o O (YremY )) € cl(cone(Y e, Y ).
00 (v,

As klim aik ® (Y Ogn 37*) — ﬁ ®D, D € cl(cone(y Sy ?*)) This means that
—00

T3(Y") C cl(cone(Y Sgu Y)).
For showing the reverse inclusion, let an arbitrary element Y in Y. Take a sequence

1

Y. =-0Y® (1_E) oY kcN.

| =

o1



Hence, by (ii) of Lemma (1.1), k© (Yy ©,a Y ) =Y S,u Y .
As Y is convex, {?k} €Y and ?k Y ask — co. Let oy = % > 0,0, — 0 so

that

I 1®(Y@ Y)=YouY

kirgo (73 S oH
which means Y OgH Y ¢ 73‘3(?*) As Y is arbitrary, thus OgH Y C 73‘3(\7*) Since
7'5(?*) is a cone, cone(Y OSgn ?*) - E(?*) Using Theorem 2.6, we can show that
cl(cone(Y ©4n ?*) C 7’5(\?*) Thus, ’T)i(\?*) = cl(cone(Y Syn ?*)) O

Note 2.3 The rule of intersection ’7'51(?*) N ’7'52(?*) = 7’5?103,2(?*) does not hold for

set of intervals. For example, assume the sets

Vi ={([z.2], [y, y2]) € IR)* : [2%,2%] <X [y, 1]} and
Vo = {([z,2], [21, 20]) € I(R)? : [21, 29] < [—2?, —2?]} .

The set of intervals Y1 and Yo are shown in Figure 3(a) (green colour) and Figure 3(b)
(cyan colour), respectively. Consider ([x, ], [y1,y2]) = ([z, 2], [1, k1] ©2?) € Y1, k1 > 1
and a sequence {YS)} = {21, L] O L} € Vi so that {/l\’s)} — (0,0). The
tangent to Y1 at Y = (0,0) is

1 ~ ~x 2 11 1
lim oYW e Y)=lm " o ({ } 1K) © 2) = (1,0).
n—oo || Y< @gH Y || n—oo ’[’L k’l n n

Now, select {Z } ={[-%, -], [L k] © 5} € Y1, k1 > 1, then the tangent to Yy at
Y =(0,0 is (~1,0).

Because 73‘?1(/\*) is a cone, then d® (1, 0) € 73‘?1(/1\’*) for any 0 # d € R. From Figure
2.8, we observe that the directions d' (red arrow) and d” (purple arrow) are the two
possible tangent directions of Y1 at (0, 0).

Similarly, consider ([x,z], [21,22]) = ([, x], [~ k2, —1]©2?) € V3, ke > 1 and a sequence

YOV 1) —p 1o L v — :

{Y, }={[1 1], [k, —1]® 5}, ko > 1. Then, the tangent to Y at Y = (0, 0) is

1 2 o 2 11 1
Tim oY, 0gn V) = lim o @({ , } [—ka, — ]@—2)=<1,0)-
Yem ¥l ntke e "

Here, if we select {2(12)} ={[-1,-1] [k, —1]© 5} € V3 ,ky > 1, the tangent to

YVoat Y = (0,0) is (—1,0). Because 735,2(3’*) is a cone, then d ® (1, 0) € 733,2(3’*)
for any 0 # d € R. In Figure 4.3, we have the directions d' (red arrow) and d” (purple
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arrow) as the two possible tangent directions of Yo at (0, 0). Therefore, we can say that
3, (0)NTy,(0) = I(R) x {0}. Here, sce that Y1\ Y2 = {(0,0)} and we know that
infinitely many tangents can pass through a single point. Thus, Ty ﬂ3,2((0, 0)) = I(R)?.

Y1, 2 21, 2;2]

d (0 g T

Y1 1y,

(a) (b)

Figure 2.3: Illustration of possible tangent directions of Y and Y at (0,0) in Note
2.3

2.5.1 Polarity between tangent cone and normal cone
Definition 2.4 (Polar cone in I(R)™). Let’s take a set Y C I(R)". Then, the polar
cone of Y is given by

~T

V' ={Y cIR)": Y &, Y =20 foral YeY}.

Note 2.4 Let’s take Y as a cone of intervals, then the support function of Y at Y €
I(R)™ is given as,
T o ST o -~
. supY .Y =0, ifY .Y 20, VYe)y
W(Y) = { vey

00, otherwise

where, W3, is the indicator function dy> on I(R)" of the polar cone of Y as in Definition
2.4.

Ak

Lemma 2.1 Let a convez setY C I(R)". Then, atany Y €Y, Ty(Y') and Ny(Y)

are polar to each other, i.e.,
Ny(Y) = E(Y)O cmd 7;(Y) ZNy(Y)O.
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Proof: Consider G € Ny(\?*) Then, we have
G o.(YouY)<0forall Ye.
Because Y € Yy, Y OgH Y e Y Syu 37*, we have from Theorem 2.8 that

G € cl(cone(y Sgn \A(*))O — Ge¢ 73‘3(\?*)0

Hence, Ny(Y') C 73?(?*)0
Conversely, assume that G € ’Tj}(?*)" Hence,

G' ®. D =<0 for every D € 7’5(?*)
Because Y ©yn Y c 733,(?*),

~

G 0.(YouuY)=0foral Ye.

This means that G € Ny(Y ). Hence, 7‘5";(?*)0 C Ny(Y'). Thus, Ny(Y') =

T(Y)e.

O

Lemma 2.2 Assume Y1,Ys are two cones in I(R)". Then, (Y1 xY2)° = Y]+ Y5,
~ o~ ~ o~ ~ o~ ~T ~
where yl ‘kyg = {(Yb YQ) € [(R)nl X ]’(R)ng : (Yh Y2>T ®c (Zl7 Z2) = Yl ®c Zl )

~T —~ ~ o~
Y, ©. 2y ¥V (Zy,2Z,) € [[R)™ X I(R)"2}.
Proof: Let G = (él, é‘g) € (Y1 *Y2)°. Then, we have
~T ~T ~ o~ ~ ~ o~
(Gl ,G2 ) OF (Yl,YQ) j 0 forall Y = (Yl,YQ) S y1 *)72.

Thus, for any Y ¢ Vi *x Y-, we get

~T ~ ~T ~ ~ ~

G, 0. Y18G, © Yo =20foral Y, € Yi,Ys € Yo.
As Y, and Y, are cones, 0 € Y;, i = 1,2. Specifically, for ?2 =0,

~T ~ ~
G1 .Y 20 = Gleyi).

(2.10)

Likewise, G, ¢ Y5. Hence, (él,ég) € Y] xY;. Conversely, let G; € Y:i=1,2.

Then, we have
~T ~ ~
G, .Y, 20forall Y; € Y;,i=1,2
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@C?l @é; @c?g < 0 for all ?1 €Y, and ?2 ey,
(Gy) 00 (Y1, Y2) <0 forall Y € Yy + Vs,
Hence, (G1, Gs) € (Y1 % Y5)°. Thus, (V1 *Ys)° = Y * V5. O

Theorem 2.9 Consider Y1,Ys to be two convex sets of I(R)™. Let /I\//l € Y, and
~/

~/ ~ ~J ~/ ~ -~
Y, e ). Then, 7371*3’2(Y17 YQ) = 73’1(Y1)*7372(Y2)7 where Y1 * Yo = {(Ylv YQ) S

~ o~ ~ o~ ~T —~ ~T ~ ~ o~
](R)nl X [(R)n2 : (Yl, YQ)T ®c (ZLZQ) = Yl ®c Z1 &P Y2 ®c ZQ V (Zl,ZQ) €
I(R)™ x J(R)nz}
Proof: Using Theorem 2.4, we get,
~/ -~/ =/ Ea)
Ny1*y2(Y17Y2) = Nyl (Y1> *Ny2<Y2).

Hence, using Lemma 2.2 for the above relation, we have the needed result. O

2.5.2 Tangent cone characterization with the help of continuity of distance

function in I(R)"

Definition 2.5 (Distance function on I(R)"). Consider Y to be a nonempty subset of
I(R)™. The distance function denoted by dy : I(R)" — R, at a point Y is given by

~/ . ~ ~/
dy(Y) = inf[|[YSuu Y 1w
Yey

Definition 2.6 (gH-Lipschitz continuous on [(R)"). Consider an IVF T:' Y — I(R)
on a nonempty subset Y of [(R)™. This IVF is called gH -Lipschitz continuous on Y if
there exists K > 0 satisfying

IT(Y) €91 T(Z)| 1) < K| Y Sypr Zll 1wy for all Y, Z €Y,

where K is referred to as Lipschitz constant.

Lemma 2.3 IfY is a nonempty subset of [(R)", then, dy(-) is gH-Lipschitz continu-

ous.
Proof: Taking X; € I(R)",
dy(X1) = inf | X1 Seu Y|| < inf {[|Xi Sgr Xl + | Xs Son Y|}
Ycy Yy
< 1X1 ©gu Xaf| + dy(Xy).
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Likewise, dy(X,) = inf [|Xy Syn Y| < | X2 Sonr Xi|| + dy(Xy).
Yey

Hence, |dy()A(1) Sgn dy(}zg)| < ||}A(1 OgH XQH Therefore, dy(-) is gH-Lipschitz contin-

uous where the Lipschitz constant is 1. O

Theorem 2.10 IfY C I(R)", then, T4(Y') = {13 € I(R)" : liminf (Y 220D) _ 0}.

a—0

Proof: Consider D € ’T)J: (?*) Then, there exists D; »Dand a—0 satisfying Y o
a® ﬁk € y
Thus, aly(i\/:k @ o ®Dy) =0 . Then, using Lemma 2.3, we have

dy(?*@a@ﬁk) %dy(?*@an)) as k — oo.
This means that dy(?* Pad f)) = 0. Thus, lim i(I)lf @ = 0.
a—

Conversely, consider lim i(r)1f M = 0. From Definition 2.5, for each k € N, there
o—

exists VAVk € Y satisfying
— Ak ~ Ak ~ (8%
Wi S,5 (Y @a®D)|| <dy(Y ®a©D)+ o
which is true for each k. Taking k — oo, we have

[Wi &g (Y @ a0D)| _ dy(Y ®a©D)

(@] (6%
Suppose {7\\71C Y @a0 f)k € Y. Then, we get
IWio,n (Y @aeD)| = (Y ®aeDy)om (Y ®aeD)|

— o ® Dy E&yr a ®D|,by ((i)) of Lemma 1.1
= a|Dy Sy D| as o € R,

Thus, for all @« — 0, we have

Wi 0y (Y @a®D))| _ dy(Y @ a®D)

IDy ©,1 D|| =

(e (0%
_ _ dy(Y" D
= |Dx ©gu D|| Slimiglf y(Y ©a0 )
o— Q

Therefore, there exists IA);.C — D for each k and a — 0 satisfying, for any k£ € N, Wk =
Y @a©D,eY. Thus, De T(Y). O
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2.6 Efficiency conditions employing normal cone

In this section, we introduce the concepts of the g H-partial derivative, g H-gradient, and
gH-directional derivative for IVF, with the domain being a subset of I(R)". Following
this, the concept of gH-differentiation for interval variables is presented using the L-
IVFE (Definition 2.10). We then discuss the necessary efficiency conditions with the
help of the defined calculus by proposing the Lagrangian for the IVFs and examining
the roles of the normal cone and tangent cone in proposing a fresh Lagrange multiplier

optimization technique.

Definition 2.7 (gH-partial derivative of IVF where the domain is subset of I(R)").
Consider Y C I(R)",n > 2 and Y = (Y1,Ys,....Y, 1, Y,....Y,)" €Y. Having
T:Y — I(R) as an IVF, we take an IVF ®,(Y;) = T(Y1,Ys,..., Y, 1, Y, ...| Y,)
on I(R). If Y; is displaced by small interval H;, at Y€ Y, the i-th partial derivative

~

of T, written as Ty,(Y), is given as
lim (10 H;) ® (®,(Y; ® H;) ©Ou 2,(Y3)),

given that the limit exists finitely, where 0 ¢ H; = [h;, h;],i =1,2,... n.
Example 2.6.1 Consider Y C I(R)? and an IVF T:Y — I(R)

T( [g17 yl]’ [g27 gQ]) = [glyl + g2527 glyl + g2g2]7

fO’l” all Y = (Ylu YQ) = ([gluylh [QQ,%]) S I(R)Q
The gH -partial derivative of T at point Y = (Y1, Ya) with respect to Yy is given
by

lim (1 %) H1) ® [@1(Y1 NP Hl) 6gH q)l<Y1)]

H1~>0
.1 _ _ _ _
:hlllg() h_l © [T(([Ql + h17 Yy + hl])7 [QQ’yQ]) @gH T([glv y1]7 [QQ’yQ])]
.1 _ _ _ _
= lim @ {{(y, + h) (@ + h1) + 4,02, (y, + P1) (@ + ) + 4,75)]

Ogr [y, Y1 + Y,¥2: ¥, V1 + Y, 001}

.1 _ _ _ _
= lim -~ © {ly,h +71ha + B3,y a4+ G1ha + D31} = [y, + 5y, + 50
1—0 hl

Therefore, TY1 ([gla gl]v [Q27y2]) = [Ql + ?717% + gl] Szmzlarly, TYQ([gla yl]v [Qy%]) =
[Qz + Y2, Y, + U]
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Note 2.5 Considering the above mentioned H; to be non-degenerate interval, say 0 ¢
H; = [h;, hi], for H; — 0, using the Ezample 2.6.1, we can show

_ _ : . hi - _h
Tvi(ly, Uil [y, o)) = lim [mm {ylh—l + 7 +hiy, + ylﬁ—l +h1} ,
g LA5) 1

h1—0
hy - _h
max {glh— Ty, + T +Q1H
hy 1
whose form is indefinite. For this scenario, there does not exist gH -partial derivative

of T.

Definition 2.8 (gH-gradient of IVF where domain is a subset of I(R)"). Consider
Y CI(R)",n > 2. The gH-gradient of an IVF T :Y — I(R) at a point Ye Y, is

given as

VT(if) = (TYI(/}\,)7 TY2(%7"'7 TYn(%)T'

Definition 2.9 (gH-directional derivative of IVF where domain is a subset of I(R)").
Consider Y C I(R)*,n > 2. Consider T :' Y — I(R) to be an IVF and let r =
(Ty,Ty,...,T,)" € I(R)" be a direction at Y €Y. The gH-directional derivative of T
in the direction T is defined by

o~ 1 ~ N ~
T7(Y;T)= lim —o(T(YeAoT)o,u T(Y)),
given that the limit exists finitely.

Example 2.6.2 Consider Y C I(R)?. Let IVF T:Y — I(R) be given as

T([prl]a [gny]) - [Ql +Q2€g17§1 +y2€?1]7
for all Y = (ly,s % [y,,¥2]) € I(R)?. The gH-directional derivative of T at (0, 0) in
the direction (T'y,T'2) = ([v,,M1]: [7,:72]) is then given by
.1 _ _
T5((0,0); (T, Ty)) = lim ~O{TAO [v,7,],A© [1,,7]) ©gu T(0, 0)}
A—0+ A 1 2
1 _ _ 5
= Jm 5 © ([, + X3, N, + e )
_ N, = o= W
_)\lircI)l+[11 T0,¢ T, + Ve ]
= [11 +12?71 +72]
Thus; T@((Ou 0)a (Fl’ ]-_‘2)) = [11 + 12771 +72]
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2.6.1 gH-differentiability of a function T: I(R)" — I(R)

Definition 2.10 (L-IVF where domain is a subset of I(R)"). Consider Y C I(R)",n >
2. The function T : Y — I(R) is said to be L-IVF if T holds the following:

(i) Ta® Y)=a® T(Y) for al Y€ Y and for all a € R,

(i) T(Y) =@, Y, 0 T(e;) for all Y= (Y1, Ys,...,Y,)T €Y, and e; = (0, 0,
.., 1,0,...,0)7, i.e., i-th unit vector of I(R)",i =1,2,...,n, and

(iii) for all Y,Z €Y, cither T(Y)® T(Z) = T(Y® Z) or none of T(Y)® T(Z) and
T(Y ® Z) is dominant than other,

where ‘@, denotes consecutive sum of n intervals.

Note 2.6 We can easily see that for degenerate case, the Definition 2.10 becomes linear

function for the real-valued functions.

Definition 2.11 (gH-differentiability). ConsiderY to be a nonempty subset of [(R)",n >
2. Then, an IVF T :Y — I(R) is gH-differentiable at a point Yey if there exists
an L-IVF Z5 : I(R)" = I(R), an error IVF E( T(/Y); f‘) and 0 > 0 satisfying

(T(Y&T) o T(Y) = Z3(T) & 1| © E(T(Y);T), (2.11)
for all T such that |T| < & and E(T(Y):T) — 0 as ||T|| — 0.
Example 2.6.3 With Y C I(R)?, let IVF T:Y — I(R) be given by
T(([y,, %) ,: %) =y, + 4,91 + ¥,92. U1 + 4,91 + ¥,00],

for all Y = ([y,. 7). [y, B)) € I(R)%. Consider T = ([v,, 7], [1,,72)) s that |T|| — 0.

Then, we have

2 2
T = Il Al = Y max{ly,[, [7,} = 0
i=1 i=1
= |yl & 7l =0 forall i=1,2 ie,y, &7, —0 foral i=1,2.
If T is gH-differentiable at (0, 0), we have

T( [117 71]7 [127 72]) @gH T(07 0) - [11 + 1171 + 12727 71 + 1171 + 1272]
= [v, Tl ® [y, 71 + 2,72, 7,1 + 1,7 (212)
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Here, take L5 : I(R)* — I(R) by Ly s [0, 7)) = [ 7). We can easily show
that Z5 adheres to condition (i) and (i) of Definition 2.10.

gi’([lpilh [12v72]) = [llvil] = [11771] ©16 [12v72] ©0
[11771] ®°§/ﬂ?(17 0) EB [12772] ®$?<07 1)'

This means that L5 satisfies (ii) of Definition 2.10. Hence, Z5 is L-IVF. Here, using
(2.12), the error IVF is given by

~

E( T(0> 0)7 F) = T([llaﬁl]a [12772]) GQH T(O? 0) @gH "%'1\/([11771]7 [12772])
[1171 + 9,72, %, 71 +1272] — 0, sincey, &7; =0 forall i=1,2.

As a consequence, E(T(0,0);T) — 0 when ||T|| — 0. This shows that T is gH-
differentiable at (0, 0).

Next, we present a lemma that shows L-IVF of T at H is defined using gH-

directional derivative of T along direction H .

Lemma 2.4 Let Y C I(R)",n > 2 and an IVF T :Y — I(R) be gH-differentiable at
Yey. Then, there exists a nonzero X\,0 > 0 and a L-IVF Z5 for T in Definition

2.11, which can be rewritten as
1 ~ ~ ~ ~ - ~
}\iI% X O(TM(Y® NG H)oyy T(Y)) = L5(H) for all He I(R)" with |A|||H|| <,
—

Proof: Consider T to be gH-differentiable at Y € Y. Then, there exists 6 > 0
satisfying

T(Y®T) oy T(Y) = % (T) & |T|| @ E(T(Y);T) for all |T|| <6,

where E(T(Y):T) — 0. Let T = A@ H for A # 0 and H € I(R)" with |A||[H| < 6.

Here, observe that

o (T(Y @ Ao H) o, T(Y)) (Z( o) o |7 ETY):T)

—

Sl =]
Sl = > =

®©
O(TYBA0H) 0 T(Y)) =<0 ()\ ® Zo(H) @ |\||T) © B(T(Y); ﬁ)) .

Thus,

A—0

1 ~ ~ N ~
lim X OMYeAoH) o T(Y)) = Z(H).
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O

Lemma 2.5 Consider an IVF T on a nonempty subset Y of I(R)*,n > 2 to be gH-
differentiable at Yey. Then, for each T = (Ty,Ty,Ts,...,T,)" € I(R)", the gH-
gradient of T at Y exists and L-IVF L5 for T, from Definition 2.11, is given by

Z(T) =T 0. VI(Y), where T" 0, VI(Y) = (PT; © Ty, (V). (2.13)
=1

Proof: WithT' =0 € I(R)", it is trivial to show that both sides of equation (2.13) are
same.
Now, consider that T # 0. As T is gH-differentiable at ?, we have, for 6 > 0,

1 . N . N
lim ~ © {T(Y @\ & H) &, T(V)} = Z(H), (2.14)

where T' = A © H with A # 0, H € I(R)" and || [|H|| < 0.
Now consider H = e;, i-th unit vector of I(R)",i =1,2,...,n. Then, using the (2.14),

we have

lim % O (T(Y @ X0 e:) O T(Y)) = Zo(er) — Ty, (Y) = Zo(ey).

A—0

Thus, at {’, all the i-th gH-partial derivatives Ty, (?) of T exist, 1 =1,2,...n.
Hence, the gH-gradient of T at Y exists and we have

ZoT) = Lo(T),Ty,....T,) =T, 0 Lole) Ty 0 Loley) ®---& T, 0 Lole,)

= PrioTy,(Y)=T" 6. VI(Y).
=1

O
We now provide a lemma to describe Remark 2.6.1. This lemma necessitates the intro-

duction of the following auxiliary definitions.

Definition 2.12 (Convex set in I(R)"). Consider Y to be nonempty subset of I(R)™.
Then, Y is called a convex set in I(R)™ if for every i’, Zec Y and a € [0,1]

~

a® Y@(l—a)(D/ZEy.

Definition 2.13 (Convex IVF where domain is subset of I(R)"™). Consider Y to be a
nonempty convex subset of I(R)™. Then, an IVF T: Y — I(R) is called convez if for
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al Y, Y, €Y, anda € [0, 1], we find that
T Y ®(1—a)0Y:) <a6 T(Y) & (1 —a)® T(Ys).

Lemma 2.6 Consider T to be a convexr IVF on Y and gH-differentiable at Y ¢ V.
Then,

T(Y)& (Yo, Y) 0. VI(Y) < T(Y).

Proof: Consider, for any 3?, Y € Y, that ?p =Y o OO (? OgH ?*) Because T is
a convex [VF, following Definition 2.13, we get

TeoYa(l-poY)zpoTY)al-p) oTY)
—TY @po(¥YouY)2poT¥Y)ae (- oTY)
— T(Y,) S 9@ T(Y) = (1 - ) © T(Y)

— 0 (T(¥,) S 0 T(YV) 3 T(Y)
— L O (T(¥,) O (1— (1)) ©T(X) 2 T(Y)

Ak A~ A~k A~

— T(Y) & 1 0 (T(¥,) & T(Y) 2 T(Y)

Ak Ak

=TV 6 =0 (M @00 (Veu ¥) o TT) < T(Y)

With respect to Lemma 2.5 and taking ¢ — 0, we get

A~ %k A~k

TY )@ (Yo Y) 0. VI(Y) < T(Y).

O
2.6.2 Optimality condition for constrained IOPs where domain is a subset
of I(R)"
Let the constrained IOP be given by:
min T(Y), (2.15)

Yey

where Y is a nonempty subset of I(R)™ and T : Y — I(R) be an IVF.
For the constrained IOP (2.15), the concept of optimality is defined through the

following definition of an efficient solution.
Definition 2.14 (Efficient solution). Consider T :' Y — I(R) to be an IVF over
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a nonempty subset Y of I(R)*. A point Y ¢ Y is called an efficient solution of
min T(Y) if T(Y) A T(Y) for all YE Y.

Yey

Theorem 2.11 (Normal cone condition for efficiency). Let there be an IOP of mini-
mizing a gH-differentiable function T over a closed set Y C I(R)". Consider Ye Y.
Iy = (YL, Y5,...,Y)" € I(R)™ is a local efficient solution of IOP (2.15) with

n

~x

T(Y ) = T(Y) for all YE 'Y, then we have
~VT(Y) e Ny(Y).
Proof: From Definition 2.4 and Lemma 2.1, we show that
~VT(Y)T ©, W <0 for all W e T3(Y). (2.16)

If W = 0, then (2.16) holds. Take W + 0. Then, using Definition 2.3, there exists
a sequence Y, = (Y, Y5, ..., YT € Y together with a real sequence a, — 0 and
there exists a sequence \/7\\/'1, — W so that SA(U -Y P a, ® \/7\\71, € Y. This means that
\/7\\7v = aiv ® (?v OgH ?*) € Y. Now, because Y is closed, we have ?U =Y €Y and
further SA{U OgH Y ¢ Y. As T is gH-differentiable, we have

A % Ak

T(Y,) S T(Y )= (Y, 0y Y )T 0. VI(Y ) @ o(|Yu Su Y ) O 1,

where o : [0,00) — R is a function satisfying Pn%@ = 0.
—

Ak

Furthermore, because Y is a local efficient solution with T(Y') < T(Y,) for v that is

large enough, we get

A~ %

0= (Yoo Y) 0. V(Y )@ oY Y ) @1

Based on the fact that «, > 0 and ?U #+ Y for all v, we have

Lo (¥, em ¥ o IV e Yl oYy e ¥
0=t 6T onY) o vrE) e Yo Y I oYy Son Y )

— — ©1 (2.17)
Qv Qo ||Yv OgH Y ”

with large enough v. From inequality (2.17), we get

Py 3 A~k

— — —~T
0<W, 6, VI(Y) & |[W,]| 00 —= —W, 6, VT(Y') < 0.

Letting v — o0,

A~k Ak

W . VT(¥) <0 — —vT(Y) 6. W=o0.
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Thus, —VT(Y") € Ny(Y"). 0
Note 2.7 The converse of above theorem does not hold. Take the IOP

~

min T(Y), (2.18)
Yey

where T :Y — I(R) be an IVF described as
T(([y, T [y, 72)) = [ + u2. 75 + B3] for all Y = ([y,. 7], [y, o)) € [(R)?]
on a subset y = {([glayl]v [g27y2])‘ -3 S glag2 S 37 -3 S y1>y2 S 3} g [(R>2

Because g‘;’ + gg, 7S + s are non-conver on R?, we get T to be non-convex IVF
as well. For ease, let us consider Y| = [gl,gl], and Yy = [gz,yg]. The gH -partial

derivative of TYI([gl,yl], [ﬂyy?]) is expressed as

= 1 _ _ 3 _
Ty, (ly 0l o o) = Tim = © ([, + ) + 43 B+ 1) + T3] Sy [y + 41,73 + 7))

1
= lim - ® ([y° + 3y>h + 3y k> + h> + 42,55 + 3yih + 3y, h* + h*
G 2

+7] Ogrr [y} + 5. U1 + Ta)
= lim [3y? + 3y, h + h?, 377 + 37, h + h7]

= [3y}, 375

Likewise, Ty, ([gl,gl], [gz,yzD = [3y3,393]. Thus, T is gH-differentiable. Hence,
VT(y,. %l v, %)) = (B}, 3911, [3y;, 393]) and V T((0, 0)) = (0, 0). Clearly, VT((0, 0))
= (0,0) € Ny((0,0)). But, at the point ([—3,—1],[—2,0])

(=35, =1] = T(([-3, =1],[=2,0])) = T((0,0)) = 0.

Therefore, for IOP (2.18), 0 is not an efficient point.

Remark 2.6.1 In Note 2.7, we observed that the converse of Theorem 2.11 does not
hold. However, the converse can be shown to be true if we consider Y to be a convex
subset of T(R)™. N N

For this, consider Y to be a closed and convex subset of I(R)™ and —VT(Y ) € Ny(Y ).
Using Definition 2.1 and for all Ye Y, we get

g Y)T 0. (1) 0 VT(Y')) < 0

(
— 0= (Yo Y) 0. VI(Y)
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A~ %k A~ % A~ %

— T(Y)=<T(Y)® (Yo, Y) 0. VI(Y).

Because T is convex and gH -differentiable at Y ¢ Y, using Lemma 2.6, we have

A~ % A % A~ %

T(Y)<T(Y)e(Yeu Y) 0. VI(Y) < T(Y).
Thus, Y is a local efficient solution of IOP (2.15) with T( i’*) = T(?) forall YEY.

Now, we will determine an efficiency condition using the Lagrange multiplier rule for
constrained IOP that include inequality and equality constraints. The respective La-

grange coefficient (i.e., Lagrange multiplier) Z; must lie on the normal cone for the

A~

range set of the jth constraint IVF (i.e., T;(Y)). Consider

~ + |2;=0 forj=1,23,....s
Z=IRPxIR)"*=32Z=(Z,2s,...,2,) : ,
Z; =0 forj=s+1,...,n

~ + JU; 20 forj=1,2,...,s
and U=<U=(U,U,,...,U,) : )
U;=0 forj=s+1,....n

Then, let the constrained IOP

. ~ <0 forj=1,2,...,s.
min Ty(Y) such that T,;(Y) = (2.19)
Yey =0 forj=s+1,s+2,...,n.
The Lagrange problem on I(R)™ x I(R)" is expressed as
LY, Z) =Ty(Y)®Z, 0Ty (Y) © Z 0 To(Y) @ - ® Z,, © T, (Y), (2.20)

for all Z € Ny (T1(Y), To(Y),..., To(Y)) and C = {Y € Y : T(Y) € U},
where T(Y) = (T1(Y), To(Y), ..., T,(Y)) and D = {T(Y) : Y € Y}.

Definition 2.15 (Linear independence in I(R)"). A set Y ={Y,Ys,..., Y,} con-

n

sisting of nonzero vectors form I(R)" is linearly independent, if for the n real numbers

b1, Ba, ..., Bn, we have:
0€/OY&ho Y@ 68,0 Y, if and only if B = 0,8, =0,..., 8, = 0.

Theorem 2.12 Consider Y to be a nonempty closed subset of I(R)™ and T': Y — I(R)
as a gH -differentiable function. If Y = (Y1, Ys,...,Y,)" € I(R)" is alocally efficient

~ %

solution for IOP (2.19) with To(Y ) = To(Y) for all Y € Y, at which the gradient
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VTJ-( ) 7 = 1,2,...,n are linearly independent, there exists a vector Z in Z with
Z e Nu(T(Y)) satzsfymg Vs L(Y Z) =0 and —Vy L(Y Z) e Ny(Y ).

Proof: Let a vector V=7 Oc VT(?*). Since VT]-(?*) are linearly independent and
at least one Z; is not zero, we have \Y, #0. As 7 is arbitrary, we have V as arbitrary as
well. Here, we will prove that Ve Ny(\?*) This is same as showing that vT @CW =<0
for any arbitrary vector W € 73?({’*) This kind of vector W adheres to Definition 2.3.
Assume a sequence of vectors \/7\\71, = i ©® (\A('U OgH ?*) with Y, € Y and a, — 0. The
gH-differentiability of T at Y s given as

T(Y,) 0yn T(Y ) =VTY ) 0, (Y0, Y )Bo(Y, 0, Y )01  (221)

As a consequence,

_ . Y. - S S
L o (@@ 6 TX)) = V) 0, W, @ X% Y 155 101

o 1Y, 00 Y|
T A~ %
- W o, VT(Y ) as o, = 0.

Because TO(?*) = TO(?) for all Y € I, using Definition 2.3, we get

—~T ~ A~ %

W 0. VT(Y) € TH(T(Y)).

Because Z € /\/'u(T(?*)), thus we have

~T

7' 0. (W 0, VT(Y¥) <0 — (Z 0. VT(Y ) 0. W <0 — Vo, W <0.

Hence, Ve Ny(?*) Because Y is a locally efficient solution of the constrained IOP
(2.19) with To(Y') < To(Y), using Theorem 2.11, we have —VTo(Y') € Ny(Y).

Because of arbitrariness of {/', we get V= —VTo(Y *), and this means
VT(Y )8 Z o VT (Y )8 Z o VT(Y )& 8 Z, o VT, (Y ) = 0.

This immediately shows that V?L(?*, Z) = 0. Thus, —V?L(?*, Z)T oY OgH SA{'*) =
0, which is the criterion for normal cone. This leads to the desired result. ]
2.6.3 An application

In this subsection, we apply the proposed normal cone to a set of intervals within
the context of an interval-valued support vector machine (SVM) problem. In many

classification problems, input data can be imprecise and contain uncertainty, often due
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to measurement errors, implementation issues, and other factors. SVMs are a common
approach to address such problems. For this application, we will primarily use the

following auxiliary definitions in the computation of the normal cone.

Definition 2.16 (Support function on I(R)"). If Y is a nonempty subset of I(R)™.
The support function of Y, denoted by W3, : Y — I(R), is expressed as

~ ~T ~
UL(Y)=sup Y A

n

u
S

)
< T

Here, we use Definition 2.12 for the definition of supremum of a set of intervals and
Remark 3 of [65].

Definition 2.17 (Indicator function on I(R)"™). For a nonempty set Y C I(R)", the

indicator function is given as

~ 0, 'f?ey
iy(Y) = v
oo, if Y¢.

Definition 2.18 (Conjugate function on I(R)"™). If Y is a nonempty subset of I(R)",
then the conjugate of an IVF T:Y — I(R) is expressed as

T(Y) = sup{(V' ©.4),n T(A)}.
A€y

Note 2.8 We can readily see that the conjugate of the indicator function dy on I(R)"™
is the support function W3, on I(R)".

Utilizing the above definitions, we address a unary classification problem. Therefore,

we consider an SVM-type IOP for an interval-valued data set given by
{(Y,0): Y€eIR,),c=—-1}.

The formulation of the SVM-type IOP for the above data set is given by

min T(W) = 5@ [ — pIP. @ — p|]”) } (2.22)

subject to 1 <Xc¢® (W@Y@ (% OgH B)), W,B e I(R,),

where W € I(R}) is the weight vector for interval, B € I(R,) is the interval bias, and
0 < p = [p, p]. The constraint is applied to determine the condition on the normal cone,

ensuring that the interval-valued data reside on one side of the classifying hyperplane
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WoY®(oyB)=-1ie, WOY Oy B =0. Thus, an equivalent IOP to (2.22)

can be defined as

min T(W) = 3 © [[lw—pl? [w - pl*] (2.23)
subject to ®(W,B)=WoYe,s; B=<0, W.Bel(R,).

We take C = {W € I(R,) : ®(W,B) < 0}, which is a closed set. Here, if we consider
W* = [w*, w*| to be a local efficient solution to the IOP (2.23) with T(W™) < T(W),

then using Theorem 2.11, we get
—VT(W*) € Nc(W™). (2.24)

We can see that T is gH-differentiable since t(w) = ||w — p|| and t{(w) = ||w — p|| are
differentiable. The gH-gradient of T at W™ is expressed as

VT(W*) = W* S,y p.

For validating the inclusion (2.24), we require to compute Ng(W™). To address this,
we consider two cases, where in the first case, we take W* € int(C). To get the normal
cone Nc(W™), we select an arbitrary G € Nc(W™). Then, there exists some r > 0
satisfying W* @ r © G € C. Thus, we get

GO((WeroG)e,yW)=0
= Go(roG)=0
—r0||GIPeGoOo(roG) =<0
— G =0.

Hence, if W* € int(C), then Nc(W*) = {0}. Thus, using the relation (2.24) we get
—VT(W*) € Nc(W*) = {0} = W*=p. (2.25)

For the second case, we consider W* to reside on the boundary of C. Then, we have
W*®Y = B. To get the normal cone Nog(W™), we utilize the polarity of tangent
cone. To compute the tangent cone via sequence in /(R)", denoted by T&(W™), it is
necessary to compute the set £ © (C 6,5y W*). For this, consider W € C and we see
that

WeuuWHOYCWoYosW oY XBo,yB=0and
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1 1 1
— O (Cogu W) C {—@(WegHW*) e I(R): —@(W@QHW*)QYjO}.

(0] « (0]
(2.26)

For proving “ 2 7 of (2.26), take £ ® (W 6,4 W*) € I(R) such that £ © (W ©yy
W9 oY <0 with W € I[(Ry). This means that WoOY < W ©Y = B as
WemWH oY CWoYoy W O©Y. Hence, we get W € I(R,) satisfying
W ©Y =< B. This shows that W € C and W g,54 W* € C 5,y W*. Hence,

1 1 1
{EQ(W@gHW*) € I(R): a@(W@QHW*)QYjO} C a@(C@QHW*).

(2.27)

With both the inclusions (2.26) and (2.27) together, we get
1 . 1 . 1 .
a@(C@gHW ) = {EQ(W@QHW ) GI(R) : E@(W@g[{w )@YjO}
Thus, with respect to Theorem 2.8, we get

1 1
TS(W*) = {EQ(W@gHW*) € I(R) : a@(W@QHW*)QYjO}

, 1
- {W cI(R): WY < 0} by taking W' = ~ @ (W S, W*).
(6%
Because Ng(W*) = T&(W™)°, we then have

Ne(WH) ={Z € I(R):ZOW <0, VW : W &Y <0}
={ZeI(R): sup ZOW =0}

WOY=0
={Z € I(R) : ¥y .wov<oy(Z) = 0} by Definition 2.16
={Z € I(R) : dpoy:a>03(Z) < 0} by Note 2.4
—(AOY:A>0} = I(R,).

Here, using (2.24), we get

— (W'oyup) € I(Ry)
—=0=-10w" —p,w" —p|
— W' <p. (2.28)

Then, using (2.25) and (2.28), we get the common value of W* as
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(] {W": =VT(W*) € No(W")} = p.
WreC
Related to any W that satisfies the inclusion (2.24), we can write the set of possible

values of the bias as
{Be€I(R): ®(W,B)<0}u{BecI(R): ®(W,B)=0}. (2.29)

Therefore, for any solution W and B of (2.24) and (2.29), the classifying hyperplane is

obtained as

WoYouB=0.

Example 2.6.4 Using this example, we demonstrate the SVM-type application of IOPs.
Consider the interval-valued data set given by {(Y,c) : Y = [3,4], ¢ = —1}. For this
data set, we identify a classifying hyperplane by solving the SVM-type IOP given by

i T(W) = 1 © [ — 1|2, [ — 1] } (2.20)

subject to  ®(W,B) = WO [3,4 e, B20, W,BeIR,).

Let W* = [w*,w*] be a local efficient solution to the IOP (2.50) such that T(W*) =<
T(W) for all W€ I(R,). We have C = {[w,®] : 3w < b, 4w < b}.

For finding the classifying hyperplane, we need to determine a possible solution (W™, b)
by applying Theorem 2.11. Thus, we have

V(W) = —[w* — 1,7 — 1] € Ne(W"). (2.31)

Here, if W* € int(C), following the same steps as in the above application, we get
Ne(W*) = {0}. Next, from the inclusion (2.31), we can see that W* = 1 and the
corresponding set of bias B is {[b,b] : b > 3,b > 4} obtained using the definition of C.
In the other case, if W* lies on the boundary of C, then proceeding as given earlier, we
get Ne(W*) ={A®[3,4] : A > 0} = I(Ry). Further, following the inclusion (2.51), we
observe that the possible values of W* is {[w*,w*] : 0 < w* < 1,0 < w* < 1}. Then,
W* is

() {W": —VT(W") € No(W")} = 1

wrecC

and the set of values for bias B given by {[b,b] : b > 3,b > 4}. Therefore, with respect
to W* = 1, the set of classifying hyperplane is Y Oy [b,b] = 0, where b > 3,b > 4.
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For any B in {[b,b] : b > 3,b > 4}, the value of the objective IVF T is the same i.e. 0.

2.7 Conclusion

In this chapter, we have presented the concepts of normal cone (Definition 2.1) and
tangent cone (Definitions 2.2 and 2.3) for sets of intervals. We have shown that the
normal cone adheres to set inclusion 2.5, complies with the countable intersection rule
(Theorem 2.5), and that the tangent and normal cones are polar of each other (Theorem
2.1). We have also introduced the concept of gH-differentiability (Definition 2.11) for
IVF involving interval variables. To establish this concept, we study the definitions of
the partial derivative (Definition 2.7), direction derivative (Definition 2.9), g H-gradient
(Definition 2.8), and L-IVF (Definition 2.10) where the domain is a subset of I(R)".
Furthermore, these concepts are applied to identify the optimality conditions for two
constrained IOPs (Theorem 2.11 and 2.12). Among them, latter is shown by using
Lagrangian technique (Theorem 2.12). At the end, we have presented an example
demonstrating the applicability of the proposed results on the normal cone for finding
the efficiency conditions in a interval-valued support vector machine problem.

Finally, We note that the sum-intersection rule of the normal cone incorporates
the distribution law, specifically (X ®Y)©Z =X ©Z &Y © Z, which are not true
for nondegenerate intervals. Hence, the equality of sum-intersection rule for normal
cone does not hold for IVFs. For example, consider two nonempty convex sets C; =
{[,2]®y:y >0} and Cy = {[—2,-1] ®y :y < 0}. Then, at 0,

Ne, (0) ® N, (0) =I(R) @ I(R_) = I(R_) C I(R) = Ng, nc,(0).

In such scenario, if the normal cone resides within symmetric interval space, degenerate
interval space, or particularly on I(R,), I(R_), then the sum-intersection rule applies.
Exploring this problem further without imposing restrictions on the normal cone could

be an interesting pursuit in future.

Hokookoskokok sk okokkok
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