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1. Introduction

Let © C M be a bounded domain with smooth boundary 02 in a complete connected Riemannian
manifold M of dimension n > 2. Consider the Neumann eigenvalue problem on €2

Ap = pé inQ,

% = 0  onoQ,

(1.1)

where v represents the outward unit normal to 0€2. The set of all Neumann eigenvalues form a discrete se-
quence 0 = p1(Q) < p2(Q) < pz(2) < -+ 7 oo. This problem (1.1) models the vibrations of a homogeneous
free membrane.

In 1952, Kornhauser and Stakgold [16] using a perturbation method, showed that the disk is a local
maximizer of p2(2) on the class of all simply connected planar domains of a given area. Later, Szegd [18]
with the help of conformal mapping techniques (the ‘method of conformal transplantation’), proved that
the ball is indeed a global maximum on the same class of domains. In 1956, Weinberger [23] generalized this
result for the class of bounded Lipschitz domains in R™ with given volume, without the simply connectedness
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assumption. Let Q* be the ball centered at the origin in R™ of the same volume as 2. Then Weinberger’s
result can be stated as the following inequality (Szegd-Weinberger inequality):

p2(§2) < pa(62). (1.2)

Later, Szegd and Weinberger observed that (see page 634 of [23]) Szegd’s proof for (1.2) for simply connected
planar domains can be extended to the following inequality:
1 1 1 1
>

2@ ) @) )

(1.3)

Since pa (%) = pg(2%), and u3(2) > p2(€2), the above inequality clearly yields (1.2).

In [5], Bandle extended the (1.3) (and hence (1.2)) to the case of an inhomogeneous free membrane using
conformal mapping techniques, see also [6, Theorem 3.12]. In [10, page 94 ], Chavel remarked that using
Weinberger’s approach, one can easily prove the Szegd-Weinberger inequality for domains in space forms
of constant negative sectional curvature. However, in the case of space forms of constant positive sectional
curvature, Weinberger’s approach will work only for the domains that are contained in sufficiently small
geodesic balls. For example, for dimension 2, Q must be contained in a geodesic ball of radius 7/(4/k),
where k is the constant positive sectional curvature of the space form, see [9, page 80]). In [4], Ashbaugh
and Benguria improved this result for the domains contained in a geodesic ball of radius 7/(2/k) for all
dimensions. For extension of (1.2) to domains in more general manifolds, see [1,19,21,24]. It is known that

pa(Q) < 27 () (1.4)

due to Girouard, Nadirashvili, & Polterovich for bounded Jordan domains in R? [14] and due to Bucur &
Henrot [8] for general domains in R™ with n > 2. However, to establish the Szegé-Weinberger type inequality
for the higher Neumann eigenvalues one needs to make certain symmetry restriction on 2.

For k € N, and i,j € {1,2,...,n}, let R;T: be the rotation (in the anti-clockwise direction with respect
to the origin) by an angle 2?“ in the coordinate plane (z;,z;). A domain Q C R" is said to be symmetric of

order k with respect to the origin, if there exists a rotation R on R™ such that R:T; (R()) = R(Y),Vi,j €
{1,2,...,n}. A domain 2 C R" is said to be centrally symmetric with respect to the origin, if € Q if and
only if —z € Q.

In [15, Section 5], Hersch proved that for any Jordan domain  C R?, symmetric of order k > 3,

p3(82) < pa(2°). (1.5)

For a smooth simply connected domain 2 with such symmetries, Ashbaugh and Benguria [3, Lemma 4.1]
proved that, ua(2) = us(2). In particular, this yields (1.5) from (1.2). If © is symmetric of order 4, then
they obtained (1.5), without the simply connectedness assumption on €2, see [3, Theorem 4.3]. However, for
a Jordan domain  with symmetry of order 4, Hersch [15, Section 5] obtained

pa(§) < pa(Q2F). (1.6)

For further inequalities involving u(£2) for domains with symmetry of order k& > 2, see [11,12].

Recently, the inequalities for higher eigenvalues have been extended for multiply connected domains by
considering the eigenvalues of an appropriate concentric annular region instead of the ball Q*. In [2], authors
compared the Neumann eigenvalues of Laplacian on a Lipschitz domain Q = Qg+ \ﬁm and a concentric
annular region Bg \ B,, where
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(i) Q4 is compactly contained in Qyy¢,
(ii) 0 < a < B is such that B, C Qj, and || = |Bs \ Ba|.

They proved that, if € is either symmetric of order 2 or centrally symmetric, then

p2(Q) < p2(Bg \ Ba),

and if domain €2 is symmetric of order 4, then
wi() < pi(Bg \ By) fori=2,3,... ,n+2. (1.7)

In [20], a similar result has been proved for the first nonzero Neumann eigenvalue for centrally symmetric
doubly connected domains contained in noncompact rank-1 symmetric spaces with the additional assump-
tion that inner domain €;, is a geodesic ball.

In this article, we partially extend (1.7) for the domains with holes contained in a simply connected space
form. It is well known that a smooth, connected, and simply-connected complete Riemannian manifold with
constant curvature is isometric to either of R™ (for zero curvature), S™ (for positive curvature) and H™ (for
negative curvature). Due to this fact, we prove our main result for M = S™ and H".

Now we provide the notations used in this article and state the notion of k-symmetry for the domains in
space forms.

Notations. Throughout this article, M represents either S™ or H", n > 2. Let p = (1,0,0,...,0) € M be a
fixed point and B, denotes the geodesic ball in M of radius r. Let exp,, : T),(M) — M be the exponential

map and X = (X1, Xo,...,X,) be the geodesic normal coordinates centered at p. We identify any domain
Q in M with exp,*(€2).

Definition 1.1. Let a domain {2 C M be represented as 2 = exp,,(U) for p € M and U C T),(M). Then 2 is
said to be symmetric of order k with respect to p, if U is symmetric of order k with respect to the origin.
The domain 2 is said to be geodesically symmetric or centrally symmetric with respect to the point p, if U
is centrally symmetric about the origin.

Remark 1.2. For n = 2, a domain 2 in M is centrally symmetric if and only if it is symmetric of order 2.
For n > 3, the central symmetry does not imply the symmetry of order 2 [2, Lemma 5.2]. If Q is a domain
having symmetry of order k& € N with k& # 2,4, then  is either a geodesic ball or a concentric annular
domain. For a proof, see [2, Proposition 5.1].

We make the following assumptions on the domain €2:

(A1) Let Q = Quus \ Qir, be a domain in M, where Q;, C Q,,s. Here domain 2 might possess other holes
except €);, or might possess no holes at all i.e., Q;, = 0. If Q;,, is non empty, then we assume that
p € Q. In the case of M = S™, we additionally assume that € is contained in a geodesic ball of radius
/2 with center at p.

(A2) Let Br, and Bpg, be the geodesic balls in M, centered at p, of radius Ry and Ry, respectively such
that B, C , and Vol(Q) = Vol(Bg, \ Bg,)-

Remark 1.3. It follows from assumption (A;) that for our choice of €2, there exists a neighborhood U of the
origin in 7, M such that exp, : U — Q is a diffeomorphism.

The main result of this article is as follows.
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Theorem 1.4. Let Q@ C M, Ry and Rz be as given in (A1) and (Az). In addition,
(1) if Q is either symmetric of order 2 or centrally symmetric with respect to the point p, then

p2(Q) < p2(Br, \ Br,), (1.8)

(2) if Q is symmetric of order 4 with respect to the point p, then fori=2,...,n+1,
#i(Q) < pi(Br, \ Bry) = p2(Br, \ Br, ) (1.9)

Remark 1.5. If Q;, = 0, then (1.9) extend [3, Theorem 4.3] to S™ and H", n > 2. To the best of our
knowledge, this is the first result that gives the Szeg6-Weinberger type inequality for the higher Neumann
eigenvalues on space forms. In [13], authors proved that the union of two disjoint geodesic balls of the same
volume maximize the third Neumann eigenvalue among the regions of given volume in hyperbolic spaces.

Remark 1.6. As an easy consequence of the above theorem, we also obtain an isoperimetric inequality for the
harmonic mean of the first n nonzero Neumann eigenvalues of Laplacian on a domain §2 which is symmetric
of order 4 as given below:

1 1 1 n

@ ms@ T @ 7 (B \Bry)

Whereas in [7,22], authors proved a similar bound for the harmonic mean of the first (n — 1) nonzero
Neumann eigenvalues in terms of the first nonzero Neumann eigenvalue of the geodesic ball, without any
symmetry assumption.

The remaining part of this article is organized as follows. Section 2 is devoted to the study of Neumann
eigenvalues and eigenfunctions on an annular domain contained in M. This section also includes some
relations satisfied by these eigenvalues and eigenfunctions, which are important to prove our main result.
We give detailed computation of geodesic normal coordinates on M (= S™ and H") and derive some of their
properties in Section 3. In this section, we also obtain some integral identities, which helps us to find test
functions for the variational characterization of Neumann eigenvalues In Section 4, we prove the main result
and provide some concluding remarks.

2. The Neumann problem on an annular domain

This section describes the Neumann eigenvalues on an annular domain as the eigenvalues of certain
Sturm—Liouville eigenvalue problems. These Sturm—Liouville problems are determined by the eigenvalues of
Agn-1. We also prove some inequalities between the eigenvalues of distinct Sturm—Liouville problems which
are essential for proving the main result.

2.1. The spherical harmonics

A spherical harmonic Y on S" ! of degree k > 0 is the restriction of Y, a harmonic homogeneous
polynomial of degree & on R™, to S"~!. Let Hy,k > 0 represent the space of harmonic homogeneous
polynomials of degree k on R™. Then dim H; = (k+n_1) — (k+”_3). Notice that,

n—1 n—1

Ho = span {1}
H1 = span {z;:i€{l,...,n}
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Ho = span {z;zj, 25 —af 14,5 € {1,...,n} and k € {2,...,n}}.

The following proposition describe the set of eigenvalues and the eigenfunctions of Agn-1 [17, Sections 22.3,
22.4].

Proposition 2.1. The set of all eigenvalues of Agn-1 is {k(k+n —2) : k € NU{0}}. The eigenfunctions
corresponding to each eigenvalue k(k+n—2) are the spherical harmonics of degree k and thus the multiplicity
of k(k+n —2) is equal to dim Hy,.

2.2. The Neumann eigenvalues and eigenfunctions on annular domain

Fix p € M, we describe the Neumann eigenvalues and corresponding eigenfunctions on annular domain
(Bgr, \ Br,) C M centered at the point p.

Recall that, the Riemannian metric gy on M in terms of geodesic polar coordinates is of the form
gr(r,©) = dr? + sin3;(1)go(©). Here (r,0) € [0,L] x S*71, go is the canonical metric on the (n — 1)-
dimensional unit sphere S*~! and function siny;(r) is defined as

. _Jsinr, M =S",
sine(r) := sinhr, M = H".

Let S(r) be the geodesic sphere of radius r centered at p and tr(A(r)) be the trace of the second
fundamental form A(r). Then A on M can be decomposed in terms of Ag(,y as given below:

Ae—  pamtaa
- dr? dr ()
For M = S™ and H"™, one can verify that
1 d 1
tr(A =—— — (sin% ! d Agiy = —5——Agn-1.
H(A®)) SiﬂXfl(r) dr (SmM (T)) and Bsm sin2, (1) s

Thus for a function f(r,®) = u(r)v(0O) defined on (Bg, \ Br,),

2’LL U
d 1 d (sinfy; ' (r)) Z_r) v(0) + Ag(r) (u(r)v(O))

S dr? sin'y ! (r) dr

Au(ryo(e) = (

1 d (. ,._ d u
= T a1 <SmM 10‘)5“) v(©) + MASH—MJ(@).

sin Yo (r)dr 2
If v is spherical harmonic of degree k, then we obtain

1 d

A(u(r)v(©)) = —m$ (sin?[%r)%u) v(©) + $k(k +n—2)v(0).

Thus by separation of variable technique, for an eigenpair (y, f) of the Neumann problem on Bg, \ Bg,, f is
of the form f(r,0) = u(r)v(©), where v is a spherical harmonic corresponding to the eigenvalue k(k+n—2)
and u satisfies the following Sturm-Liouville eigenvalue problem:

—u(r) — (n;llr)l;;r(l%(r) u'(r) + k(ﬁknfw”(%)z)u(r) = pu(r) (2.1)

with the boundary conditions:
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u’(Rl) = 0, u/(Rg) =0. (2.2)

Notice that, for each k € NU{0}, the eigenvalues of the above Sturm-Liouville problem form an increasing
sequence 0 < g1 < pp2 < pe3 < --- /' oo and each eigenvalue py ; has multiplicity one and the
corresponding eigenfunction vanishes exactly (j — 1) times in the interval (R;, Ra). For k € N U {0}, and
u € H'((Ry, Ry);sin’y; ' (r)) \ {0}, consider the Rayleigh quotient

Ry sin?w (r)

> ((u’(r))2 + —k(k+"_2)u2(r)) sin’y; 1 (r) dr
f}flz w(r)sinly; (r) dr .

Rk(u) =

Now, a variational characterization of ;1 ; can be given as below:

i = min max Rpy(u),
Mk, BE, ue B0} k(w)

where H; is the set of all j-dimensional subspaces of H' ((Ry, Ry); sin}\l/j_l(r)). Since Ry41(u) > Ry (u), for
each j € N, we also observe that

foj < pj < figg <--- /00 (2.4)

Remark 2.2. For each k € N U {0}, Sturm—Liouville problem (2.1) with the boundary conditions u(R;) =
u(Rz2) = 0 the set of eigenvalues form a sequence of the form 0 < A1 < Ag2 < Agg < -+ 00. These
eigenvalues have the following variational characterization:

Ak; = min  max Rg(u),
Eet; ue E\{0}

where X; is the set of all j-dimensional subspaces of the Sobolev space H{((Ry, Rz);sin?; *(r)). For each
ke NU{0} and j € N, from the variational characterizations, we clearly have p, ; < i ;. Moreover, using

the simplicity of eigenvalues, one can show that
bej < Ak, VE e NU{0},VjeN. (2.5)

Remark 2.3. If A;(S(r)) denote the i*" eigenvalue of Ag(,y, then Ag(S(r)) = 0 and A1 (S(r)) = % Also
observe that (tr(A(r))) = —A1(S(r)).

The observations in the above remarks lead to the following lemma:
Lemma 2.4. For j € N, ug j+1 = A1,; and hence p1; < flo,j+1-

Proof. Let f be an eigenfunction corresponding to the eigenvalue pg j41 for some j € N. Thus f satisfy the
following Sturm-Liouville problem:

d? q
_d_rf — tr(A(r))d—‘i = o j+1f,

f'(R1) =0f'(R2) =0.
By differentiating the above equation and using fact that (tr(A(r)))" = —A1(S(r)), we obtain,

_L&f;g?‘) - tl"(A(r))% + M (SN () = po s (7).
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Therefore, u = f’ is an eigenfunction corresponding to the eigenvalue pg j41 of (2.1) with & = 1 and satisfies
the boundary conditions u(R1) = u(R2) = 0. Thus po j4+1 € {M1: ¢ € N}. From (2.4) and (2.5), also have

10,541 < f1j41 < ALt
Thus, we must have pp 2 = A11 and subsequently 9,11 = A ; fori =2,3,...,7—1. O

The following lemma plays an integral part in proving our main theorem. For an analogue of this lemma
for the Euclidean domains, see [2, Lemma 2.7].

Lemma 2.5. For k € N, let u(r) be the positive eigenfunction corresponding to the eigenvalue py 1 of the
Sturm—Liowville problem (2.1) with the boundary conditions (2.2). Then

(i) pry = 2EE2) for some b € (Ry, Ra),

sinZ, (b)
(i) w is strictly increasing on (R, Ra),

(iii) for each r € (R1, Ra),

k(k+mn—2) 9 E(k+mn—2) 9
(g )= (St ) 20
Proof. (i) Notice that u satisfies
dir <Sin7](/[_1(r)%u(r)> = (% - uk71> u(r)sin; t(r),r € (Ry, Ra), (2.7)

U/(Rl) = 07 ’LL/(RQ) =0.

Let ®(r) = siny; '(r)u/(r). Then ®(R;) = 0 = ®(Ry). Thus there exists b € (Ry, R2) such that &' (b) = 0
k(k+n—2)
sinZ,(b) -~

and hence (2.7) yields ug 1 =
(#4) Since sin’y; ' (r)u(r) > 0, from (2.7) we obtain

®'(r) > 0 for r € (Ry,b), and ®'(r) < 0 for r € (b, Ra),

where b as given in (i). Now, as ®(R;) = 0 = ®(Ry), we easily conclude that ®(r) > 0 for every r € (Ry, Ra).
Thus v/ (r) > 0 for r € (Ry, R2) as required.

(i7i) For r € (R1,b], (2.6) holds trivially. For r € (b, Rs), using (i), we get

0>k(k‘+n—2)_ >k(k+n—2)_
sin?\/[(r) K1 Sin?w(Rg) Hiks .-

Since u is strictly increasing and positive, the above inequality yields (2.6) for r € (b, R2). O
Remark 2.6. The set of Neumann eigenvalues of —A on (Bg, \ Bg,) is given by

{1i(Br, \ Br,)}ien = {1k,j} eNU{0},jeN-
Therefore, 111(Bg, \ Br,) = to,1 = 0 and by Lemma 2.4 and Proposition 2.1, we conclude that

M2(BR2 \ERl) = MS(BR2 \ERl) == ,Un-l-l(BRg \FRl) = Hlin{/,l,o,g, ,Ul,l} = M1,1-
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The corresponding eigenfunctions are u(r)%, 1 < i < n, where (X1, Xo,...,X,) is a geodesic normal
coordinates centered at the point p and u(r) is an eigenfunction corresponding to the eigenvalue pq 1 of
(2.1) with boundary conditions (2.2).

A proof for the next proposition can be given using the above lemma and similar arguments as given in
the proof of Proposition 2.8 of [2].

Proposition 2.7. Let 2, Ry and Ry be as given in (A1) and (Az). Fork € N, let uy be a positive eigenfunction
of (2.1) and (2.2) corresponding to the eigenvalue py 1. Then

Jo ((GL))? + SEEER G ) av

sing ()

fQ Gi(r) v

< k1, (2.8)
where

Gk(r) _ {uk(T)7 ZfT € (R17R2)7
ur(R2), ifr > Ro.

Furthermore, equality holds in (2.8) if and only if Q coincides with Bg, \ Br, -
3. Geodesic normal coordinates on sphere and hyperbolic space

In this section, we will construct the geodesic normal coordinates on M that satisfy some properties
similar to that of standard Euclidean coordinates.

3.1. Geodesic normal coordinates on the unit n-sphere S™

We counsider the following parametrization for ¢ = (¢1,¢2, .-+, Gn+1) € S™

q1 = cos(¢1), g2 = sin(¢1) cos(¢2), ..., q, = sin(¢1) sin(¢2) sin(¢s) - - - cos(¢pn)
qnt1 = sin(e1) sin(gz) sin(¢s) - - - sin(én),

with ¢1,¢2,...,¢n_1 € [0,7] and ¢,, € [0, 27]. Then the tangent space T;S™ at any point ¢ € S™ is spanned
|q’

by %L}, 8%2|q,...,% where
% = (—sin(¢1), cos(¢1) cos(gs), . . ., cos(¢1) sin(gs) sin(Ps) - - - sin(¢y,)) ,
q
0| (0, sin(ér)sin(ga), .. sin(61) cos(g2) sin(gs) - sin(6))
96|,
% = (0,0,...,0,—sin(¢q) sin(¢2) sin(¢s) - - - sin(@y,), sin(¢q ) sin(¢s) sin(@s) - - - cos(¢y,)) -
g

This gives the Riemannian metric on S™,

gsn = d¢12 + sin2(¢1)d¢22 4o+ sin2(¢1) sin2(¢2) e sin2(¢n_1)d¢n2.
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For v,w € T,,S™, we denote gs~(p)(v,w) and gs~(p)(v,v) by (v,w), and ||v|,, respectively.
Next we find a geodesic normal coordinates of a point ¢ € S™ centered at p. Let {ei}?ill be the standard
orthonormal basis of R"!. For any ¢ € S™, there exist v € T,S™, ||v||, = 1 and ¢t € RT U {0} such that

q=exp,tv=pcost+ vsint. (3.1)
Now from the parametric representation of ¢, we easily get

t =¢1 and v = (0, cos(¢p2), sin(pz) cos(¢s), . . ., sin(pz) sin(¢s) - - - sin(¢py)) -

Therefore, with respect to the orthonormal basis (ez,es,...,en+1) of T,S™ at p the geodesic normal coor-
dinates of ¢ are given by

¢1 cos(¢2) i=1,
Xi(q) =t(v,eit1)p = § P1sin(pa) - -sin(¢;) cos(Pit1) 2<i<n-—1, (3.2)
@1 sin(¢@s) - - - sin(¢ps) sin(¢y,) i=n.

8.2. Geodesic normal coordinates on hyperbolic space
For n-dimensional hyperbolic space H"”, consider the hyperboloid model
{1, 20, 1) ER™Y —2f f a3+ F iy = —1,21 >0}
with the Riemannian metric
ds® = —dx? +dai + - - +dzi+1.
For ¢ = (q1,92,- .-, qn+1) € H,,, consider the following parametrization:

q1 = cosh(¢1), g2 = sinh(¢y) cos(¢), ...,
Gn, = sinh(¢q) sin(¢2) sin(¢s) - - - cos(dp), Gnr1 = sinh(py) sin(ps) sin(¢psz) - - - sin(y,),

where ¢1 € [0,00), ¢2,...,¢n—1 € [0,7] and ¢,, € [0, 27]. Then its Riemannian metric will take form

ds? = d¢,? + sinh?(¢1)dgo? + sinh? (1) sin®(¢2)dgs® + - - - + sinh?(¢y) sin? (o) - - -
- sin®(¢n_1)dgy,>.

Now, any q € H"™ can be represented as
q = exp,tv = pcosht + vsinht,

for some v € T,H", ds*(v,v), = 1 and t € RT U{0}. Thus, by the parametric representation of g, as before
we easily get

t =¢1 and v = (0, cos(¢2), sin(¢z) cos(ds3), . .. ,sin(¢pz) sin(Ps) - - - sin(¢y,)) .

Therefore, with respect to the orthonormal basis (e, es3, . . ., en+1) of T,H", the geodesic normal coordinates
of ¢ € H" centered at p also have the same expression as given in (3.2).
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Remark 3.1. For ¢ € M, let X;(q),1 <4 < n be the geodesic normal coordinates of ¢. If ¢ = exp,(v) for
some v € T), M, then the geodesic distance r,,(q) of ¢ from p is |[v[[,. Moreover,

> X2q) = (v.9), = 61(a)

Thus 7,(q) = Y., X?(q) = ¢1(q). Therefore, we use r interchangeably with ¢ .

Remark 3.2. We can also define the notion of rotation on M via exponential map as follows: for ¢ € M and
a rotation R on T, M,

R(q) = exp,, (R (exp, ' (q))) -
In particular, in terms of the geodesic normal coordinates, using (3.2) we get

R C(Xn Xy X X = (K X=X X
Ri,j (X1, X Xy X)) = (X, =X X X))

m "’|=|

(3.3)

Next, we compute the gradient of the geodesic normal coordinates (3.2). This result is used in the proof
of the main result.

Lemma 3.3. For M = S™ or M = H", let {X; : i = 1,2,...,n} be as given in (3.2). Let Lyy < %, if

2
M = S™. Then for any smooth function g : [0, Ly) — R and for 1 <i < j <mn, the followings hold:

rg'(r r)? 2(r
(7 61X, ¥ (o)) = IO, - ) xx, (3.0

wor () i 0 ()

Proof. First we consider M = S™. In view of Remark 3.1, we replace r with ¢; and do the calculations. By

a straightforward calculation, we can see that for i <mn — 1,

cos(¢k) X, 0

V (9(#1)Xi) = ¢ (G19(61) 5 . a o +Z ) T g () ) D
_ sin(¢i+1) Xl 0
) T ot o coslor) e (3.6)
For i =n,
o n cos(¢r) X i
T ) X0) = g (ot g0 + 2 IO T Gy o) 0 7

From (3.6) and (3.7), we conclude that for 1 <i < j <mn,

' 4 cos? (o) X, X,
(¥ (60X, 9 60 ) = 1o Gugtony) X kz T
XiX;

-g° 1) = . 5,
SO e
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2x,x;, cos
( o ao)) S54SR o) XXy
k=2 l

o5 1 sin?(¢;) sin *(¢n)
, XiX;
oo )Hz 1sm( )
XX, o, XX,
( a1 (d’lg(d’l))) EE ST

Using similar calculations, we can establish (3.4) for M = H", and (3.5) for both M = S™ and M = H". O
Next, we prove some orthogonality results of test functions which are crucial for proving the main result.
8.8. Orthogonality of test functions

The orthogonality of test functions in L?(Q) and H!(Q) for O C R™ has been proved in [2]. In the
following proposition, we generalize this result for Q@ C S™ and H".

Proposition 3.4. Let Q be a bounded domain in M and {X; : i = 1,2,...,n} be as given in (3.2). Let

g :10,00) = R be any smooth function. Then for any i,j € {1,2,...,n} with i # j and m € N U {0}, the
following assertions hold:

(i) If Q is centrally symmetric, then

/ g(r)X; X>?™ dVx =0 and / g(r) X2 dVy = 0.
Q Q

(ii) If n > 3 and Q is symmetric of order 2, then

/ g(r)X; X" dVx =0 and / g(r) X2 dVy =
Q Q

(iii) If Q is symmetric of order 4, then
/g(’l“)Xin dVX =0.
Q

(i) If Q is symmetric of order 4, then there exist constants Ay, As such that

/g(r)Xf dVx = Ay and /g(r)Xf dVx = As for alli € {1,2,...,n}.
Q

(v) If Q is symmetric of order 4, then

[ (9 60)X).9 60 %,)) avic =o.
Q

Proof. (i) For X € T),(M). Using the transformation ¥ = —X, we obtain

/ g(r)Y;Y7™ dVy = — / g(r)X; X7?™ dVx and / g(r)Y2mH avy = / g(r) X2 avy.
Q Q Q Q
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This implies

/g(’I")XZ‘XJZm dVX =0 and /g(’l")X,Lzm+1 dVX = 0,
Q Q

which proves our claim.
(i) Since n > 3, choose k such that k # 4, j. Then using the transformation

27
Y =RAX (Y1, Yo Yoo Vo) = (X1, =X =Xy, X)),

we get

/g(r)Yinm dVy = —/g(r)XiX;"’ dVx and /g(r)Yfm"'1 dVy = —/g(r)Xfm+1 dVx.
Q Q Q

Hence the desired result follows.
(i) The transformation

27
Y=RiX (V.. Yiyo Yo V) = (Xoyo, Xy, Xy, X))

yields

This implies the desired expression.
(iv) For any ¢ # 1, applying the transformation

2r
Y= REX (Y1, Yoo, Vo) = (= Xiye oo, X1veo, X)),
for all i € {2,...,n}, we can write

g(r) X7 dVx = [ g(r)Y{ dVy,

g(r)Xz4 dVx = g(r)Y14 dVy .

D O
D O

This provide the required constants A; = [, g(r)Y? dVy and Ag = [, g(r)Y}* dVy.
(v) This follows easily from Lemma 3.3. O

4. Proof of Theorem 1.4 and a few remarks

We consider the Rayleigh quotient,

o IVulPdv

Ro(u) = ey e HY(Q)\ {0}
Q

By the Courant-Fischer minimax formula, the Neumann eigenvalues of (1.1) are characterized by the fol-
lowing variational formula
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11 () = puin | max Ra(u), (4.1)

where H; is the set of all j-dimensional subspaces of the Sobolev space H*(Q) that are orthogonal to the
subspace of constant functions. In particular, the first positive Neumann eigenvalue p2(£2) is given by

Q) = i R dV =0;. 4.2
o) =i {00 [reav o] 4

4.1. Proof of (1.8)

For r > Ry, let G(r) = G1(r), where GG; is defined as in Proposition 2.7. Now by Proposition 3.4, we

have
/fo)xi AV =0foralli=1,2,...,n,
Q
where X1, Xo,..., X, are the geodesic normal coordinates mentioned in (3.2). Gg) X, as a test
function in (4.2) and summing over ¢ = 1,2,...,n, we get
n G(T) n 2
)Z/(T ) Z/‘( )dV (4.3)
=1 Q i=1
Using Lemma 3.3 and the fact Y ;- | X? = r?, we obtain
a G ? —1
SIv (Cx) | = @0 + S 56,
i=1 T sinj (r)
Now from (4.3) and Proposition 2.7 we get
< (@ + SI:: lr @) v
M2 = = M11-
Jo G2(r

Since 1,1 = p2(Br, \ Br,), we get the desired result.
4.2. Proof of (1.9)

In view of Remark 2.6, it is enough to show that pi,4+1(2) < p1,1. For this, consider the n-dimensional
subspace of H'(2)
1= 1,2,...,n}.

By Proposition 3.4, for 4,5 = 1,2,...,n with ¢ # j, we have

G(r)

FE = span {
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/ G0y av =0,
.

Q

GO ) (CW) ) gy =
(5 (B v =o a
/<v <@X> v <@Xj> )av =o.
Q

Moreover, there exist constants C' and D such that, for all i =1,2,...,n,

2
/(G(T)Xi) av = C,
r
Q
G 2 xX\? G2 X\
/ v ((T) X¢> v = / [(G’(r))z () &0 (1 - ()
r r sing, (r) r
Q Q
where the second equality follows from Lemma 3.3. Now, by summing up the above equations over i, we get

= %Q/cﬂ(r) dv, D= %! ((G’(T))2 + Siz%;(i)G?(r)) dv. (4.6)

Let u € E\ {0}. Then there exists ¢ = (c1,¢2,...,¢,) € R\ {0} such that u=>"" ¢ g ) X;. Now, using
(4.4) and (4.5) we obtain:

dv = D,

RQ(u)fQWuFdVfQ‘Z?_lcN( T)X)‘ oS & fo|v (€2 )2‘ )

fQUQdV fQ( i=1Ci Y)Xi) dv ?1 zfQ (G Xi) av

q| S

T

Therefore, from (4.6) and Proposition 2.7, we conclude that

Jo (G0 + 5255562 av

sin% ()

fQ G2(r)dV

Ra(u) = <11 = p2(Br, \ Br,),u € E\{0}.

Thus (4.1) yields:

nt1(0) < B B
Pt ( )_ué%%?O}RQ( u) < pz(Br, \ Br,)-

Remark 4.1. Our proof also work for M = R"™ by considering standard cartesian coordinates as normal
coordinates centered at the origin with Riemannian metric g = dr? + r2ggn-1.

Remark 4.2. It is natural to anticipate the main Theorem 1.4 for symmetric domains in smooth Riemannian
manifold M = [0, R) x S"~! equipped with the warped product metric g = dr? + h?(r)gs»-1. Here function
h € C>=([0, R)), h(r) > 0 for r € (0, R), '(0) = 1 and (%) (0) = 0 for all integers k > 0. For such manifolds

n—1

h2(r)

tr(A(r)) = = )jr (h"=1(r)) and A (S(r)) =

Thus, for proving Lemma 2.4, we need (tr(A(r))) = —A1(S(r)). This is true if and only if
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h(r)h'(r) = h'*(r) = -1,

and the only solution of this ODE are h(r) = r,sinr and sinh r. Thus our proof works only for h(r) = r,sinr
and sinhr.

Remark 4.3. Next we list some related open problems.

(1) For M = S™, we proved the main result only for then domains contained in the hemisphere. Is it possible
to extend the main results for domains that are not contained in the hemisphere?

(2) Rank-1 symmetric spaces naturally generalize the space forms as the isometry group acts transitively
on the unit tangent bundle. Thus establishing Szegd-Weinberger inequality for the higher Neumann
eigenvalues for the bounded domains in rank-1 symmetric spaces and also in manifolds with bounded
curvature seems to be some interesting problems. The challenging part, in these cases, is to find the
appropriate geodesic normal coordinates.
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