Chapter 5
A high-order fully discrete method

for non-linear time-fractional reaction-
diffusion equation with non-smooth

solutions

This chapter is dedicated to the formulation of a high-order approximation tech-

nique for solving the following non-linear time-fractional reaction-diffusion equation

(TFRDE)
C o 0?u(z,t)
o Diu(z, t) —p(t)— 5= +a()u(z,t) + Glulz, 1)) = f(z,1), (2,1) € (a,) x (0,T],
(5.1)
with initial and boundary conditions
u(z,0) = ¢(z), = € [a,bl,
u(a,t) = (t), te(0,7T], (5.2)

u(b, t) = o(t), te (0,T],

where § D¢ denotes the Caputo differential operator of fractional order o € (0,1)
defined in equation (1.14). Here, the coefficients satisfy 0 < ¢; < p(t) and 0 < ¢o <
q(t), along with the non-linear term G(u) for which G’(u) > 0 holds. Furthermore,

it can be noted that f, ¢, 11, and 1, are sufficiently smooth within their specified
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domains. Throughout this work, we make the assumption of G(0) = 0 without any

loss of generality.

The presence of a singularity near the initial time ¢ = 0 is a well-recognized charac-
teristic of solutions to equations (5.1)-(5.2). Furthermore, it should be noted that the
derivatives of the solution satisfy the prescribed regularity requirements, as outlined

in [103]

0

ox!
!

ot!

<e, for 0 <1 <8, (5.3)

<c(1+t7h, for 0 <1< 3, (5.4)

where the constant ¢ is to be regarded as positive, and does not vary with respect
to either time ¢ or spatial x variables. Equation (5.4) highlights the fact that u(zx,t)
demonstrates a weak singularity at ¢ = 0, causing the unbounded behavior of the
time derivative |0u/0t| as t — 0. Dealing with a weak initial singularity presents
considerable challenges, encompassing both practical and theoretical aspects, when
employing traditional numerical techniques. This challenge arises from their limited
ability to precisely examine how the solution behaves in the neighborhood of singular
points. Consequently, the design of efficient numerical methods capable of addressing

the singularity at ¢ = 0 with efficacy becomes a challenging and demanding task.

The central objective of this chapter is to devise and analyze a high-order numerical
method designed to address the variable coefficient non-linear TFRDE (5.1)-(5.2)
with non-smooth data. The proposed technique hinges on Alikhanov’s L2-1, ap-
proximation for the Caputo fractional derivative, skillfully implemented on a graded
mesh along with the adoption of a highly accurate non-polynomial parametric quin-
tic spline scheme to manage the spatial derivatives. The utilization of the graded

mesh allows us to effectively handle the initial layer in the solution, achieved through
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the use of an exceptionally fine mesh near t = 0. The analysis of stability and con-
vergence for the developed numerical method is conducted thoroughly using the
discrete energy method. The convergence analysis reveals that the developed nu-
merical method attains an order of O(N, min{ea’Q}, h*?), where h corresponds to the
spatial step size, N; represents the total number of time grid points, and 6 is the

grading parameter.

The organization of the chapter is outlined as follows: Section 5.1 initiates with
the development of a high-order numerical method for variable coefficient non-linear
TFRDE. In the subsequent section, Section 5.2, our focus shifts towards the ex-
amination of the method’s unique solvability, stability, and convergence properties.
To evaluate its performance, Section 5.3 presents a comprehensive set of numerical
results, underscoring the efficiency and accuracy of the proposed approach. Finally,
Section 5.4 serves as the concluding segment of this chapter, offering a concise sum-

mary of the key findings and contributions.

5.1 A high-order fully discrete numerical scheme

5.1.1 High-order discretization of time-fractional derivative

Suppose N, is a positive integer. To partition the interval [0, 7], we utilize a graded
N\ 0

mesh, where the mesh points are represented as t; =T <ﬁ> for 0 < j < N,. Users

can select the grading parameter 6§ according to their preferences, provided that 6

meets the condition 8 > 1.

Additionally, define At; = ¢; —t;_; for 1 < j7 < N, and introduce the relation

tive = tj + 0At;4 for 0 < j < N, — 1. Using Alikhanov’s formula (L2-1,), we
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compute an approximation for the Caputo derivative of the function v, where v

belongs to the space C[0,7] N C3(0,T7], at the time level ¢;,, given in [18]

J
§Drv(te) = w7 u(t) = D (w0 ” =) o(ts) = wisu(to) + R

i=1

(5.5)

Here, the term ngJrU representing the local truncation error, which is bounded by

the following lemma.

Lemma 5.1. [18] Suppose that the functionv € C[0, T|NC3(0, T, meets the assump-
tions provided in (5.4). Then the local truncation error fR{ﬂT, of the approximation

(5.5) satisfies the following bound:

|RI*7| < ¢ty N0 g < < N -

where 0 < o < 1.

By removing the term R from equation (5.5), we get the following difference

operator

J
AV (ti1,) = w7 u(ti4) Z( (o) _ ﬁff)v(ti)—w](%a)v(to). (5.6)

The values of the coefficients w(®?)’s are provided as follows: w((ff)o Atytr QU),

and for 7 > 1
,
At (r7 + 5557 i=0,
Wit = A (re? s -5 7), 1i< -, (5.7)
Al (r57 + 5557) i=J
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with

-«

o0 g —Q .
71](.7], ) = 1_‘(2—_06)At;+1, for i 2 O, (58)

and for j >1,0<:i<j—1

(a,0) 1 bt _
rjﬂ;’ :—F(l — a) /t; (tj+0' — S) dS, (59)
1 9 i1
(a,0) —a
o) _ - b1 s0)ds. 5.10
s],l F(l —_ Oé) (ti+2 — tz) /tl ( J+ S) (S +1/2) S ( )

Lemma 5.2. [18] Assume that 1 > o > 1 — «/2, and for 1 < j < N; — 1, the local

mesh ratio v;, defined as v; = Atﬁl, falls within the range of 62 > v; < 3/4. Then

A

—

. a,0 t o .
(1). ’U)J(v707 ) > ]__‘(]_j—JLa) >0, 7>0.
(
1

(ii). (20 — Dw ?‘1’0) - o—w§f3“) > 0.

(iii). wi” > Wi, j>1.

(iv). If vii(viei+1) > Ij-l for 2 <i<j, with j > 2, then w](O;_Ul) < w;olf’a).
v; ) )

vi(v; +1)

Vi

1
(v). If V;_l (2 ——+ vy + 2)) > for 2 <5 < Ny, then
o

(20 — 1)w(»a~’a) - aw(.a»’U% > 0.

23 JJ—

Equation (5.1) assumes the following form at ¢ = t;,,

O?ui T (x)

gD?uj+U(x) _ pj+0 5

+ T (@) + G (2) = (@),

x € (a,b), 0<j <N —1, (5.11)
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with initial and boundary conditions

u(z,0) = ¢(x), x € [a,b],
w(a) =i(ty), 1<5< N, (5.12)
w(b) = o(ty), 1<j <N,

where we denote w7 (2) = w(x,tj10), PP = p(tjso), @17 = q(tj10), and f717(x) =
f(Z/U, tj-i—a)-
Incorporating the L2-1, approximation, which is applied on a non-uniform graded

mesh in accordance with equation (5.5), into equation (5.11), results in the following

semi-discrete scheme

O?ui T (x)

0x?

J
wl Pt @) = 37 (s = wli) @) = wlG ) - 7

i=1

x uj+U(ZL‘) + G(Uj+0({[‘)) — fj+‘7(x) + f]{g-i-ff? T € (a,b), 0 S] <N, -1

Further
J
a,o a,0 i a,o 032u3"(x) o, §o
wj(,J i u (@ )_Z (w](z : wj(z 1)> u'(z) _wg(,o O(z) —p'* 072 + ¢t ()
i=1
+ G (z)) = 17 (z) + RIT7 + (R, z € (a,b), 0<j < N, — 1, (5.13)

where ©w/? = gu/™ 4 (1 — o)u’/ and a bound for (R%)?? can be obtained by invoking

the following Lemma 5.3.
Lemma 5.3. [18] Let’s assume that v(t) € C*(0,T]. Then

At?
[v(tjr0) = {ov(tin) + (1= o)t} < == max '(r)], for 1<j <N, —1.

TE(t5,t5+1)
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5.1.2 High-order non-polynomial spline scheme

This subsection is dedicated to provide a spatial discretization scheme of significantly
higher order designed for addressing the equations (5.1)-(5.2). To achieve this, we
define a positive integer N, and proceed to partition the interval [a,b] into N,
subintervals, characterized by the notation €, : a = zp < 7 < -+ < N, =
b. Consider z,, = a + mh, where the mesh width is defined as h = b&—; Let’s
denote the exact solution of the problem (5.1)—(5.2) as wu(z,t). Simplifying our
representation, we adopt the notations uw), = u(wm,t;) and fI, = f(x,,t;), for
0<m< N,and 0 < 75 < N,;. Furthermore, we will use the notation ijﬁ to represent
the approximation of u/ . Now, we define two sets: Dy, = {9|(J, V1, -+ ,9n,)}, and
Dy = {9|(Vo, V1, -+ ,9n,), Y0 = Oy, = 0}. Thus, for any grid function 9 € D;, we
will represent

1 1
6Py = 3 (s = V), 620 = = <5x19m+% _ civﬁm_%) ,

1 1
020,13 = 7 (00 = 620), O30 = 1 (55;19%% - 55‘;197%%) .
Now, we provide H,: a high-order parametric quintic spline operator that plays a

crucial role in achieving a high-order spatial discretized scheme for (5.1)—(5.2).

Definition 5.1. [50, 51, 100] For a given mesh (2,, a function Pq_(z;<) belonging
to C4a, b] is termed a parametric quintic spline with parameter ¢ > 0, if its restric-
tion Po, m(2;¢) = {Pa, (@;¢) Ham_1,0m), Where 1 < m < N, satisfy the condition

Pa,m(x;) =19, for j =m —1,m and

(x — Tp1)

Pl () + PP (@) = (Fu + %) -
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where P¢, . (z;) = ©; and ?8317,1(%) =%, j=m—1m.

By solving equation (5.14) for Pq, ,,,, we obtain

2

Pa,m(@) = pUm + pim—1 + % (X1(p)&m + x1(P)0m-1) + (%)4 (jxl(p) - X2(P))

Tt (1) (B0 5o (5.15)

(z—Tm—1)

where § = ¢h, p = E=n=) 5= 1 — p i(p) = p* — p, and xa(p) = p — L.

Employing the constraints on the first and third derivatives’ continuity of Pq_(z) at
T = T, Viz Po_ 0 (0) = Po_ g (@) and PG (2) = PG 001 (2m), we establish

two relationships involving ¥;, w; and F;, j = m — 1,m,m + 1. Upon eliminating

JF;, we arrive at

ﬁ@m—Q—i_a@m—l +§@m+&®m+l +ﬁa)m+2 = <5§+Mh25§)ﬁmu 2 S m S N;B _27 (516)

where p = % <siZ& — 1) and p, ¢, and § satisfying the equation 2p + 2 + s = 1.

The consideration of p within the interval (0, %) is dictated by the consistency
relation outlined in [50]. However, it’s noteworthy that utilizing p values in this

range yields an array of schemes with varying degrees of accuracy.

In addition to equation (5.16), we necessitate two additional equations, derivable

from the subsequent formulation

dm— 7~9m— +dmf‘9m+dm ﬂm * ~ * ~ * ~
1 1 h2 +1 +1 +dm_1wm_1+dmwm+dm+1wm+1,

—R,, =

m=1,N, — 1.
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Here, R, denotes the local truncation error at x = x,,. Coeflicients d’s and d*’s are

unknown and must be determined such that R,,, = O(h?*) holds true for m = 1, N, —1.

In the preceding pair of equations, upon performing Taylor expansions at x = x,,,

and considering R,,, = O(h*) for m =1, N, — 1, we obtain

o 110 1
(dmfladmadm+1a m—11 Ym> m+1) = (_1727_17E7E7E> m:LNx_l

Subsequently, by eliminating the term representing local truncation error X,,, we

arrive at two equations as follows
h2
(1 + ﬁag) Om = 620, m=1,N, — 1. (5.17)

By combining equations (5.16) and (5.17), we introduce the parametric quintic spline

operator H, as follows

<I+g5§> . m=1,N, —1,
H0m = (5.18)
Pm—2+ @0m—1 + U + @01 + POy, 2<m <N, — 2.
Furthermore, for p € (O, %), we introduce the notation
~ 52197717 m = 17N$_17
020, = (5.19)

(62 4+ ph?54) 9, 2<m < N, — 2.
We proceed to employ Taylor expansions at x = x,,, leading us to the following
result.

Lemma 5.4. Suppose ¥ € C®[a,b]. If

o 1 - 8u 1 _ 3u 97
b8 1 3p 9T 5.20
P=15 50 1T 1210 ° > T 120° (5.20)
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then the following result holds

4 6
9| - ~gogw| TOM), m=1N, 1,
Re=Hyog| = 0pim = & (5.21)
0x* z 6089 8
" QhW +O(h>’ QSmSNz_2,
8p q 126 1 1
where Q = —& — 3k + 1056 + 30160 and 1 € (0,5),

Remark 5.1. In the subsequent sections of this chapter, we adopt the values of p,

q, and s, as specified in equation (5.20).

We will now analyze problem (5.13) while considering z at z,, for 1 <m < N, — 1.

We have

J

(a,o) ]+1 (a,o’) (azo) % (a,o’) 0 |40 ij ]JFO' j,cr

w; ) —g Wi = Wi ) Uy — Wi Uy, — ()] 4+ ¢/l
i=1

+Gul) = I+ R H (R, 1<m <N, —1,0<j <N, —1. (5.22)

with initial and boundary conditions

Now, the application of the parametric quintic spline operator },, established in

equation (5.18), to both sides of the preceding equation (5.22) leads to

J
w I i+t Z (w(a’a) — w](O;_Ul)) U‘Cquin — wj(-%’o)f]{qu?n — T2l g7t

JJ v m gt z
i=1

x Hul? + H,Gul?) = H, f2 7+ Ry, 1<m<N,—1, 0<j< N, —1,
(5.24)
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where Ry = RIT7 + (R$)77 4 R, and a bound for R, can be obtained by invoking
the Lemma 5.4. Now, by removing the error term Ry, we get the subsequent fully

discrete numerical scheme

J

w§3’0)g_chgl+1 _ Z <w(q,0) . (acr ) j—(: Uz N ch(v)cr)j_c UO pHaSiUgf + qj+a

7,2 j i—1
i=1

x H,UZ + H,GUI) = H,fi7 1<m<N,—1, 0<j< N, — 1.

(5.25)
Now, the matrix representation of equation (5.25) is given by
AU + oBGUIT) =ul§7BU° + Z ( —wf "i) BU' + DU’ — (1-0)
x BGU)) +Bfito+ &, 0<j< N, —1, (5.26)
where
. j+o ) 1— i+o ‘
Al = [( (a0)+0.qj+a)3_01;; K|, D= ( Zz)pj :K:_(l_o.)q]JraB ,

U = (U o U Gt = (G, G, L G )]
o I+o ito 1T
fj+U:[]+ %+7"'7 ]]V—:_l] ) 8J_S00-[1+80-[2+S0N_1]N—1+§0NIN7
I =[1,0,...,0,0]", L=1[0,1,...,0,0]", In,_1 =[0,0,...,1,0]", Iy, =1[0,0,...,0,1]",

J

(OC,O') Jj+o .
. (wj,j +0q ) op’ T 1 a0 o0
= [ - iltsi) = O + 5 2 (wf” = wiz?)

S2G () + (1= 0) [p%—qjﬁ]w )+

j+o

1 o, o Upj
1= [(w](] "+ ogt )p— 3

T

j
| 1(tjsn) — opG (W (tj41)) +5Z (wﬁf’o) - wﬁﬁ)
=1

it

X 1(ts) +ﬁw§%70)¢($0) — (1 =0)pG(¥(t))) + (1 — o) [p;g H— PCJHU] n(ty) + 0S5,
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. a0 ito\ ~ O'pj+a- ~ ~ J «,o o,
1 = = [(w;j ot )i - 2 u] Ualtjn) — 0BG (altin) + 5y (wiF” = wli?)
i =1
- |
Jj+o

X aty) + Pl 9(we) = (1= FG(Wa(ty) + (1 - o) [p; - WU] balty) + BA,

(@0) | ito | .
<wjvj Toq ) O_p]—HT o 1 ’ a,o a,o
[ ¢2(t]‘+1) - _G(¢2(t]+1)) + E Z <w57i7 ) _ w](ﬂ;%)
1

YN, = — 12 B h? 12 =
(a,0) j+o j+o
w; (1-o0) P’ ¢’ L jto
. - ; 1— - j 5
X a(t) + =5 0(x0) — = G(¥a(ty)) + (1 - 0) RS ba(ty) + 5%
and
% 1_12 -2 1
E]" 5 a ﬁ A2 A3 A2 Al
Pas d7p A Az Ay Ay A
B = 5 X = )
i)’ q 3 a ﬁ Al A2 A3 AZ Al
ﬁ g S a Al AQ Ag A2
% % 1 -2

5.2 Theoretical analysis

In this section, we examine the uniqueness of numerical solution, as well as the

stability and convergence analysis of the developed fully discrete scheme (5.26).

To begin, we establish some notation and provide a set of lemmas that will serve
as essential tools for our scheme analysis. For arbitrary u,v € D}, we provide the

definitions of the discrete inner product, £, norm, H' semi-norm, and L., norm as
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follows:

N;—1

(@) =h Y Oyl = ((@a)"
m=1
N, o\ 1/2
6,4 = (hzl(éxum_;) I T

Similarly, we can define ||§2a|| and ||, al|.

Lemma 5.5. Let’s consider 1 — % < o < 1. Under this condition, for any mesh

function {VIT1 0<m < N,, 0<j<N,— 1}, the following assertion holds true

19U H* < 13€,U°)1° + T(1 - o) gg?gj{tﬁaﬂfllﬂfq(f””!\Q}, for0<j <N, —L

Proof. Assuming that max |FHUTH? = ||3,URH? is valid for a chosen k €
<i<j
{0,...,7}. It can be observed from Lemma 5.2 that w,i?‘,;a) > 0 and w,(fi’a) > w,(flﬁ

for all k and . Set W' = ||H,U"||? — |3, U°||? for all i. As AZ||H,U°||? = 0, we have

k
A?Hj{qUHaHz — ACWRHT = wl(sza)wkﬂ _ Z (wl(s;ﬁ) _ wl(falj)1> Wi
i—1
k
> w7 W =3 (e =) (196U - 1196,0°)1?)

=1

— wiy” (196,042 = 19,0°)1).
Which on solving gives
-1
3¢, < J3CUONE + () A7 36U

The result follows from Lemma 5.2. ]
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Lemma 5.6. [100] Let ¥ € Dj. If p € (0, 35), then

€200,0) < (H,0,H,9) < (%)2@9,19), (5.27)

where & > 0 is given by

.
Tlp | 283 1
—55 T O<u<

480" 207
=< _9% 4 2 _ 1
So > T3 K= 30>

A e 1 67

s Tos0 20 <M< 9

Lemma 5.7. [100] Let 9 € Di. If p € (0, fig), where fig = =122 (~ ,06),

then

46,
(b—a)

<J{q19,5§19> < (0,9), (5.28)

where & > 0 is given by

(
5 — Th+ 18, 0 < pu<n,
3 —10u p=jn

f - 3 b )

L=
%_11M_6M27 ﬂ1</vL§2_107
83 1288 13602 1 ~
\m_nou_ 200 20 < 1< flo-

Here, [ip = —*161;13‘/@ and fiy = —*5%%‘/5.

5.2.1 Uniqueness of the numerical solution

Theorem 5.2. The solution {UJ,, 0 < m < N,, 0 <75 < N} obtained by the fully

discrete scheme (5.25) is unique.
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Proof. Assuming UZ, and VJ both satisfy scheme (5.25) under the same initial and
boundary conditions, let (7, = UJ, — V7. It is evident that ¢, € Dj and satisfies the

subsequent equation
AT = PSR + P THG + (HGU) — HGVET)) =0, (5.20)
with initial and boundary conditions

Gn =0, 0<m< N,
(5.30)

=0, =0, 1<j<N,.

Upon multiplication of Equation (5.29) by h3(,(%” and then summing from m = 1

to N, — 1, then outcome is as follows

(AT, HC7) = PO, T ) + @ (FH T, H )

()60 =0, o

Following the same line of reasoning as demonstrated in [7, Lemma 1], it can be

affirmed that
. . 1 .
(AT, H () > QA?H%C]*"HQ- (5.32)

Moreover, with the utilization of Lemma 5.7, it becomes apparent that

46,

R (

lg7 1% (5.33)
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By invoking the mean value theorem of differential calculus and considering the

condition G(0) = 0, we obtain
(7,6 = HGVEN), 3,G7) = GIFEE (5:34)

Upon incorporating the inequalities (5.32), (5.33), and (5.34) into equation (5.31),

we find that

1 « 4o 45 R o
SALIFEIP 4 e oGP 4 (G (6) + ) 136,67 < 0,

(b—a)

this implies that
A3, 12 < 0. (5.35)

Furthermore, by virtue of Lemma 5.5 and considering the condition ¢° = 0, it follows

that

3G < 9GP + DL - a) max {12,476, 1)
= T(1— ) max {1, A7|3,C*7 |} < 0.
xJ

0<7

In addition, by invoking Lemma 5.6, we get
SN < 13 < 0.

Hence, we can conclude that ¢/, = U7 —VJ = 0, which implies that UJ, = V7. This

validates the intended outcome. O
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5.2.2 Stability analysis

Let €/, be the solution to the following problem

AYH el T — Prostele 4+ PToH el + (ﬂ-CqG(af;f) — U-CqG(UT{;")) = J{qfﬁ",

1<m<N,—1,0<j<N,—1. (5.36)

with initial and boundary conditions

gy=v1(t;), 1<j<N, (5.37)
5?\7 = ?,Dg(tj), 1 S N

Now, define ¢/, = & — Ui . Tt becomes evident, based on equations (5.36)-(5.37)
and (5.25)-(5.23), that Qj belongs to D; and serves as the solution to the subsequent

system

A7 — PR + I + (KGR — HGWUE)) = K

1<m<N,—1,0<j<N -1 (5.38)

with initial and boundary conditions
o) =0, 1<j <N, (5.39)

where fite = fite — fito  Our next step involves proving a result that directly

confirms the scheme’s stability.
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Theorem 5.3. The solution to the discrete problem (5.38)-(5.39) satisfies

(b—a)'(1 —a)T* (61 -
e Ly

where &, &, and c1 are positive constants.

Proof. Upon multiplication of Equation (5.38) by hJ,0%” and then summing from

m =1 to N, — 1, then outcome is as follows

(AFH QT Ho0™) — P T(02077, Hy o) + 7 (H 07 He o)
+{(HGE) = H,GU)), 3,07 ) = (H,F777.36,0%). (5.40)

Following the same line of reasoning as demonstrated in [7, Lemma 1], it can be

affirmed that
« I+o j,0 1 « I+o
(A :HquJr , Hyo" ) > §At ||I]'ng7Jr ”2 (5.41)

Moreover, with the utilization of Lemma 5.7, it becomes apparent that

&P,

(07077, 3,07) < “T—a (5.42)

By invoking the mean value theorem of differential calculus and considering the

condition G(0) = 0, we obtain

(260 = HGWIN) H,o') = C0) 3,071 (5.43)
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Furthermore, for any positive €, applying Young’s inequality and utilizing Lemma

5.6 on the term (H,f77, 3,0"°) results in

(a7, 3005%) < 907+ LN < e (55) NI+ P

(5.44)

With € being assigned a value of ¢; (;131) (%)2, the utilization of inequalities (5.41),

(5.42), (5.43), and (5.44) in equation (5.40) leads to the following outcome

AWH¢”W+Q 7P (G(0) + 2) 1M, |1

16y B0 (0 o o
< agSoni+ S (8 jag e

@ a)

which gives

b 61\, .. =
gl <2 (5 e

Additionally, by virtue of Lemma 5.5, we arrive at the following

. b—a)(1—a)T* (61
j4+1112 < 012 ( o rito |2
196,07 < 136,071 + =0 LY e 94,74

Furthermore, the theorem follows directly from the application of Lemma 5.6. [

5.2.3 Convergence analysis

In this section, our objective is to discuss the convergence of the scheme outlined in

equation (5.25).

Theorem 5.4. Assume that the problem (5.1)-(5.2) has the solution u(x,t), which

meets the assumptions provided in (5.3) and (5.4) and let {U! | 0 < m < N,,0 <
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i < Ni} be the solution of the fully discrete scheme given by (5.25). Then we have

. . _ N 9 ’2 .
max Huz—i-l _ Uz+1H2 <ec (Nt min{fa }+ h4 5) 7
0<i<N¢—1

where ¢ is a positive constant independent of N; and N,.
Proof. By subtracting (5.25) from (5.24), we obtain

AFH T — T+ e+ (H,G ) — H,GUE)) = Ry

1<m<N,—1,0<j<N,—1. (5.45)

with initial and boundary conditions
=0, 1<j<N, (5.46)

where e/, = ul — UJ,. It becomes evident that e/, € Dj.

By applying the operation of multiplication to equation (5.45) with h3{,e57, followed

m

by summation over m ranging from 1 to N, — 1, we obtain the following outcome

<A?J{qej+ga :quj’g> - pj+g<5326€j,g’ j'qujﬁ> + qurU <:Hq€j’ga :quj’g>

+ { (6,GW) = HGU) ), He ) = (Ry, Tel). (5.47)

By using inequality (5.32), Lemma 5.7 and the mean value theorem of differential

calculus under the condition G(0) = 0, and coefficients p(t) and ¢(t) being bounded,



Chapter 5. A high-order fully discrete method for non-linear time-fractional
reaction-diffusion equation with non-smooth solutions 159

it holds

461
(b—a)

1 a +o Ko 1,0 Re
FATNHee P + e ™7 1I* + (G"(c) + c2) |3, [|* <(Ry, Hge).

Expanding further through the application of the Cauchy-Schwarz inequality and

Lemma 5.6, we obtain

a j+o o 61 o .
710G 1 2RI < 2 () IR < e e B

60 0<j<N;—

(5.48)

where ¢ = (61/30). Additionally, when we take into account Lemma 5.5, Lemma 5.6,

and the fact that ||3(,e°|| = 0, then the following inequality holds for 0 < j < N;—1

2 41112 i+112 j+1
Gl < 19, < D1 - ) max {15, IR} max_ ).

It follows that

(1 —a)

2 <« 22 a j+1
ok eI s —— max {70 [ Rell}  mae el
Thus, we get
, (1 —a«)
j+1 < c e
o el = = max {8 IRy

Furthermore, by utilizing the expression for Ry, we obtain

. (1 —
max [l gLQO‘)[NﬁNﬁNg}. (5.49)
0<G<Ni—1 &
= @ Jto — & a\j,o
where Ny = | max | Srall R N2 pnax Gl (RE)7]], and

_ o
Ny = mmax 17, Re|.
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Further, by employing Lemma 5.1 within the expression for Ny, we get

Ny < e, mintsmefad, (5.50)
Next, we proceed to estimate the term Ny = max %, [[(R$)77|. When j = 0,
0<j<N;—1

under the assumption that ||u(t)|s < ¢, we find that t2]|(R*)%|| < ct? < atf <

eN7% (as t; < ¢N;%). Furthermore, with the aid of Lemma 5.3 and under the

prescribed conditions: ¢;,1 < 2, for j =1,..., Ny — 1, At;; < Tl/eNt_ltjl-H/e for

j=1,...,N;, and t; < cN;?, and assuming the hypothesis ||0?u(t)||s < ¢(1 4 t*2)
we can establish the following for 7 =1,..., NV,
20-2/0

« a\j,o 1 e @ o— -
thraH(:Rt ) < gtj+aAt?+1 Tegﬁil) |02u(T)| < Ctj+1At?+1tj > <¢N; 2tj+1

NPT < oNJPe 1 <0< 1,
<

cN; 2, 0>1/a.

Thus, we get

Ny = max % [[(RO)| < eN, ™nif2) (5.51)

0<j<N;—1 17

Furthermore, we move forward with the assessment of the term N3, making use of

the Lemma 5.4.

N3y = max t7 || R.]| < TRl

0<j<N;—1 I
r NCL‘*I 1/2
=T*|h ) (Rxﬂ
- m=1

1/2
<7(2h (h*)* + h(N, — 3) (h6)2}

1/2
<12 (1) + (b — a) (hG)Q}
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<T° (2 +(b— a)h3> Vs,

Thus
N3 < ¢ h*. (5.52)

Now, by applying the inequalities (5.50), (5.51), and (5.52) to inequality (5.49), we
obtain the theorem

max [[e/*]| < ¢ (N[mm{@“} + h“) : (5.53)

0<j<N;—1

]

Remark 5.5. It is apparent from the error inequality (5.53) that our numerical
scheme (5.25) represents an improvement over both the compact finite difference
method, which achieves a spatial convergence order of O(h?) (the best achieved so
far), and the finite difference method, which reaches a spatial convergence order
of O(h?) for a non-linear time-fractional reaction-diffusion equation with variable

coefficients.

Remark 5.6. Convergence analysis in Theorem 5.4 establishes a spatial conver-
gence order of O(h*®) . In practice, it is noteworthy that we might attain a higher
spatial convergence order, especially for certain problem types. This fact is clearly

demonstrated through the numerical experiments outlined in Section 5.3.

5.3 Numerical results

This section is dedicated to presenting the outcomes of a comprehensive numerical
illustration, designed to assess the practical implementation of the proposed numer-

ical method. To assess the accuracy of the numerical solution, we compare the exact
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solution u(z,,,t;) and the approximate solution U(z,,,t;) of the problem (5.1)-(5.2)

at (T, ;) using the following norms

Loo(h At) = |lu = Ullee = max - max |u(zm, ;) = Ulm, t;)]; (5.54)
Ng—1 1/2
Lo(h, At) = ||lu— Ul =  nax, [h Z UW( T, T (xmtj))Q] : (5.55)

The evaluation of convergence order is conducted using the following formula

logs <§§EZ§B> , in time,

logs (242:80) i space,

cov.order = (5.56)

where [ = 2 or oo.
Newton’s iterative technique to address non-linear reaction term

The non-linear function G(u) in terms of the variable u leads to the emergence of
equation (5.26) as a system of non-linear algebraic equations. Confronted with this
complexity, the utilization of conventional linearization techniques becomes imprac-
tical. Instead, the employment of a specialized non-linear solver becomes essential.
Notably, the Newton-Raphson iterative algorithm emerges as the method of choice
due to its rapid convergence and uncomplicated implementation. In order to im-
plement Newton’s method, we derive the subsequent iterative representation from
equation (5.26)

]zl

J
AjU[j+l,l+1] + 0BG (U[j+1,l+1]) — ’LUJ('?SU)%UO + Z (w](’olfy 040)) BU? + DIy

—(1—=0)BGU) +Bfit7 4+ &, 0<j<N,—1,d>0. (5.57)
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By implementing Newton’s method to the term G(UU++1) we arrive at
G (U[j+1,l+1}) e (U[j+17l}) + (U[j+1,l+1] — UU“’”)G’ (U[j+1,l]) . (5.58)

Upon plugging in equation (5.58) into equation (5.57), we derive the subsequent

Newton'’s iterative formula

{Aj +oD(B.G (UU“’”))] Uil — oD (B.G (U)o B

x G (UUHH) 0, (5.59)
where

J

W = w§7BU + Y (wﬁ"’) - w](j';ff) BU' + DIUY — (1 — 0)BG(U?) + BfI+7 + &,
i=1

UV represents the value attained from the Ith step iteration at the jth time level,

and the notation D is applied for the purpose of transforming the vector into a

diagonal matrix.

Remark 5.7. In order to avoid inaccuracies due to roundoff, we utilize adaptive

Gauss-Kronrod quadrature (based on the methodology from [69]) for the computa-

(ayo
It

tion of coefficients (%" and sﬁ’g) in equations (5.9) and (5.10).

Example 5.1. Let’s consider the following non-linear TFRDE with variable coeffi-

cients

DPu(x,t)
0x?

u  sin2u
+ tu(z,t) + (— -

CDou(x,t) — 12

5 1 > (x,t) = f(z,t), (x,t) =:(0,1) x (0,1],
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with initial and boundary conditions

u(x,0) = sinmz, x € [0,1],

uw(0,t) =u(l,t) =0, te(0,1],
where

sin(2 (1 4 ¢*) sin )

f(z,t) =I'(1 + ) sin (rx) + (72t +t + 1/2) (1 + t*) sin (72) — 1

The exact solution is u(z,t) = (1 +t*)sinmz.

We have executed the implementation of the proposed scheme (5.25) on this test
example, exploring different values of the fractional order «, along with varying

discretization parameters N, and N;.

The temporal order of convergence, with respect to both the £, and £, norms, is
summarized in Tables 5.1, 5.2, 5.3, and 5.4. In Tables 5.1 and 5.2, the temporal
convergence orders, taking into account a = 0.1 and a = 0.9, respectively, for differ-
ent grading parameters, including 6 = 1, é, %, and STTOC have been provided. Upon
reviewing these tables, an interesting observation emerges. Specifically, when exam-
ining the temporal order of convergence with # = 1 (indicating uniform spacing),
it becomes evident that the achieved convergence order is below «. This discrep-
ancy can be attributed to the inherent characteristics of the solution to the problem,
which displays a weak singularity at ¢ = 0. Furthermore, by employing a graded
mesh with different grading parameters, it has been noticed that 6 = % exhibits opti-
mal grading characteristics. Therefore, in Table 5.3, we have provided the temporal
order of convergence with 6 = % for various « values (0.2,0.4,0.6,0.8). Additionally,
in Table 5.4, we provide a detailed comparison between our proposed method and

the approach outlined in [91]. It is noteworthy that despite [91] being specifically
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TABLE 5.1: (Example 5.1) Lo and £ errors with temporal order of convergence

for a = 0.1.
0 N,=N;, KLy-error cov.order; ZLq-error cov.order; Optimal order
1 64 7.4965e-03 - 6.6616e-03 - o
128 7.4810e-03 6.6369¢e-03
264 7.4768e-03 6.5526e-03
512 7.4747e-03 6.3883e-03
1024 7.4652e-03 6.0976e-03
1 64  6.3826e-04 - 4.5342e-04 - 1
128 3.2197e-04 0.9872 2.2819e-04 0.9906
264 1.6190e-04 0.9918 1.1461e-04 0.9934
512 8.1341e-05 0.9930 5.7549¢-05 0.9939
1024 4.0768e-05 0.9965 2.8836¢e-05 0.9969
% 64 1.7395e-04 - 1.2293e-04 2
128 4.5691e-05 1.9287 3.2290e-05 1.9287
264 1.1731e-05 1.9616 8.2900e-06 1.9616
512 3.0087¢e-06 1.9631 2.1262e-06 1.9631
1024 7.5699¢-07 1.9908 5.3495e-07 1.9908
?’jT“ 64 3.4871e-04 - 2.4642e-04 - 2
128 9.3630e-05 1.8970 6.6167e-05 1.8970
264 2.4325e-05 1.9445 1.7190e-05 1.9445
512 6.2078e-06 1.9703 4.3870e-06 1.9703
1024 1.5559¢-06 1.9963 1.0996e-06 1.9963

designed to handle non-smooth solutions, our method outperforms it in terms of
both error reduction and the temporal order of convergence. Moreover, in Table 5.5,
we provide the spatial convergence orders with respect to both £, and £, norms

for fractional orders o = 0.2,0.4, 0.6, and 0.8.

Here, we have selected the optimal grading parameter § = % and adapted the
time discretization parameter to N; = [N;LE)/ 21, with varying values of N,. Upon
a thorough examination of this table, it becomes clear that the non-polynomial

parametric quintic spline scheme employed consistently yields smaller errors and
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TABLE 5.2: (Example 5.1) Lo and £y errors with temporal order of convergence

for a = 0.9.
# N,=N; Lg-error cov.order; Lq-error cov.order; Optimal order
1 64 6.5970e-04 - 4.6922e-04 - Q
128 3.58106e-04 0.8814 2.5402e-04 0.8853
264 1.9326e-04 0.8897 1.3689¢-04 0.8919
512 1.0396e-04 0.8944 7.3583e-05 0.8955
1024 5.5830e-05 0.8970 3.9497e-05 0.8976
1 64 4.3935e-04 - 3.1198e-04 - 1
128 2.2623e-04 0.9575 1.6052e-04 0.9586
256 1.1407e-04 0.9877 8.0806e-05 0.9902
512 5.7510e-05 0.9881 4.0701e-05 0.9893
1024 2.8874e-05 0.9940 2.0426e-05 0.9946
2 64 2.2949¢-05 - 1.6522¢-05 - 2
128 6.2871e-06 1.8679 4.5036¢e-06 1.8752
264 1.6784e-06 1.9052 1.1977e-06 1.9108
512 4.4169e-07 1.9260 3.1427e-07 1.9301
1024 1.1422e-07 1.9511 8.1094e-08 1.9543
?’TTO‘ 64 1.9296e-05 - 1.3964e-05 - 2
128 5.2091e-06 1.8891 3.7519e-06 1.8960
264 1.3436e-06 1.9548 9.6425e-07 1.9601
512 3.3991e-07 1.9829 2.4323e-07 1.9870
1024 8.4934e-08 2.0007 6.0645e-08 2.0038

achieves a higher spatial convergence order in both the Lo-norm and the £,,-norm.

In Figure 5.1, we present the Lo-error, achieved for different fractional order values,

namely a = 0.2,0.4,0.6, and 0.8, while comparing the outcomes between a uniform

mesh and a graded. It is particularly noteworthy that the error observed on the

graded mesh consistently remains lower than that observed on the uniform mesh.

Ultimately, we examine the impact of the parameter p on the actual errors produced

by the proposed scheme. Specifically, for the given values @ = 0.8 and h = 1/5, we

depict the Lo-error for various p values within the interval (0, fig), with increments

of 0.005, as illustrated in Figure 5.2 for Examples 5.1 and 5.2. It is evident from
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TABLE 5.3: (Example 5.1) Lo and £ errors with temporal order of convergence
with § = 2.
«

a N,=N; L, -error cov.order; ZLq-error cov.order; Optimal order

0.2 64 2.5574e-04 - 1.8059e-04 - 2
128 7.2837¢-05 1.8119  5.1435e-05 1.8119
264 1.9918e-05 1.8705 1.4064e-05 1.8707
512 5.1064e-06 1.9637  3.6053e-06 1.9638
1024 1.2730e-06  2.0040  8.9883e-07  2.0040
0.4 64 1.0308e-04 - 7.2540e-05 - 2
128 2.6481e-05 1.9607 1.8641e-05 1.9602
264 6.7286¢-06 1.9765  4.7360e-06 1.9767
012 1.6941e-06 1.9897 1.1923e-06 1.9898
1024 4.2457e-07 1.9964  2.9880e-07 1.9965
0.6 64 6.0417e-05 - 4.2241e-05 - 2
128 1.5184e-05 1.9924 1.0621e-05 1.9915
264 3.6843e-06  2.0430  2.5764e-06  2.0435
012 9.2973e-07 1.9865  6.5013e-07 1.9865
1024 2.3416e-07 1.9893 1.6375e-07  1.9891
0.8 64 3.4660e-05 2.4741e-05 2

128 9.0477e-06 1.9377  6.4268e-06 1.9447
264 2.3287e-06 1.9580 1.6496e-06 1.9620
512 5.8917e-07 1.9828  4.1683e-07 1.9846
1024 1.4796e-07 1.9935 1.0464e-07  1.9940

these plots that the choice of y does exert some influence on the error; however,
this influence is marginal. Consequently, in practical applications, any value of

selected from the interval (0, fip) can be considered suitable.

Example 5.2. Let’s consider the following non-linear TFRDE with variable coeffi-
cients

OPu(z,t)

+ (2 — cost)u(z, t) + u(z,t)® = f(x,1),

(x,t) € (0,1) x (0, 1],
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TABLE 5.4: (Example 5.1) Comparison with method in [91].

Present method Method in [91]

a N,= N, Lo-error cov.order; Lo-error cov.order;
0.3 64 1.0410e-04 - 3.4309e-04 -
128  2.6801e-05 1.9576 1.1255e-04 1.6080

256  6.8291e-06 1.9725 3.6549e-05 1.6227

512 1.7250e-06 1.9851 1.1765e-05 1.6354

1024  4.3077e-07 2.0016 3.7418e-06 1.6527

0.5 64 7.2937e-05 - 6.4787e-04 -
128  1.6085e-05 2.1809 2.3765e-04 1.4469

256 3.7220e-06 2.1115 8.6145e-05 1.4640

512 9.0824e-07 2.0349 3.1006e-05 1.4742

1024 2.2803e-07 1.9938 1.1110e-05 1.4807

0.7 64 3.0306e-05 - 1.1575e-03 -
128 7.7142e-06 1.9740 5.0028e-04 1.2103

256 1.9395e-06 1.9919 2.1240e-04 1.2360

512  4.8786e-07 1.9911 8.9080e-05 1.2536

1024 1.2201e-07 1.9994 3.7040e-05 1.2660

with initial and boundary conditions

u(z,0) =0, x € [0,1],
u(0,t) =u(l,t) =0, te(0,1],

where

ta t1+a
(i+a) T2+a)

- [(F et T (2”:@)> sin zm} |

f(z,t) = {(1 + 1) + <F ) ((2 — cost) + 4(2 — sint)m’t) | sin 27z

t t1+o¢
1Fa) + Tt

The exact solution is u(x,t) = <r( ) sin 2.
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TABLE 5.5: (Example 5.1) L, and L9 errors with spatial order of convergence
for Ny = [N;l's/Q].

a N, Ly-error cov.order, Lq-error cov.order,

0.2 5 6.2489%¢-04 - 1.4789e-03 -
10 2.5872e-05 4.5941 9.3986e-05 4.7758
20 9.8860e-07 4.7099 1.7884e-06 4.9158

04 5 1.0569e-03 - 8.2278e-04 -
10 1.6565e-05 5.9955 1.2069e-05 6.0910
20 6.3162e-07 4.7130 4.4773e-07 4.7526

0.6 5 3.5292e-04 - 3.0418e-04 -
10 9.0656e-06 0.2828 6.7494e-06 5.4940
20 3.5539e-07 4.6729 2.5161e-07 4.7454

0.8 5 2.7238e-04 - 2.4012e-04 -
10 4.7883e-06 2.8299 3.6263e-06 6.0491
20 2.1694e-07 4.4641 1.5343e-07 4.5628

The numerical outcomes for Example 5.2 are presented in Tables 5.6, 5.7, and 5.8.
Table 5.6 provides a detailed view of the £, and L5 errors along with the tem-
poral order of convergence for different fractional orders «, all using the optimal
mesh grading 6 = % The observations drawn from this table lead to the conclusion
that the temporal order of convergence is precisely 2. Additionally, in Table 5.7, we
present £, and £, errors along with the spatial order of convergence for various frac-
tional order («) values (0.2, 0.4, 0.6, 0.8). A careful examination of this table reveals
that the errors obtained through our method are significantly lower, demonstrating
superior performance, and the convergence order is at least 4.5. Moreover, Table 5.8
provides an insightful comparison between our proposed method and the techniques
detailed in [38, 61, 74], offering the Lo-error with spatial order of convergence for
a =0.3,0.5,0.7 and N; = 1000. The observations from this table undeniably reveal

that our method surpassing the spatial order of 2 reported in [61, 74] and 4 reported
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TABLE 5.6: (Example 5.2) Lo and £ errors with temporal order of convergence
with § = 2.
«

a N,=N; L, -error cov.order; Lg-error cov.order; Optimal order

0.2 64 5.9796e-04 - 4.0924e-04 2
128 1.4590e-04  2.0350  9.9858e-05  2.0350
264 3.5219e-05 2.0505 2.4105e-05  2.0505
512 8.4168e-06  2.0650 5.7609e-06  2.0650
1024 1.9853e-06  2.0839 1.3588e-06  2.0839

0.4 64 1.9994e-04 - 1.3780e-04 - 2
128 5.0313e-05 1.9906  3.4676e-05 1.9906
264 1.2623e-05 1.9949  8.6993e-06 1.9949
012 3.1611e-06 1.9975 2.1786e-06 1.9975
1024 7.9094e-07 1.9988 5.4510e-07 1.9988
0.6 64 1.6888e-04 - 1.1699e-04 - 2
128 4.2344e-05 1.9957  2.9334e-05 1.9958
264 9.8846e-06  2.0989  6.8476e-06  2.0989
012 2.4728e-06 1.9990 1.7130e-06 1.9990
1024 6.1840e-07 1.9996  4.2839e-07 1.9996
0.8 64 1.3700e-04 9.5303e-05 2

128 3.4287e-05 1.9984  2.3852¢-05 1.9984
264 8.2564e-06  2.0541 5.7434e-06  2.0541
012 2.0263e-06  2.0267 1.4095e-06  2.0267
1024 5.0193e-07  2.0133  3.4916e-07  2.0133

in [38], thereby positioning itself as the superior choice. Interestingly, the spatial
convergence order exceeds the theoretical expectation, as acknowledged in Remark
5.6, and is known to be attainable for specific problem types. Furthermore, it is
worth noting that this represents the highest observed spatial convergence order
achieved for a non-linear time-fractional reaction-diffusion equation with variable

coefficients up to the present date.
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TABLE 5.7: (Example 5.2) L, and L9 errors with spatial order of convergence
for Ny = [N;l's/Q].

a N, Ly-error cov.order, Lq-error cov.order,
0.2 5 1.3292¢-02 - 8.7875e-03 -
10  1.9056e-04 6.1241 1.0689¢-04 6.3612
20 1.6667e-06 6.8371 1.1895e-06 6.4895
04 5 1.1892¢-02 - 7.8941e-03 -
10  1.9663e-04 5.9184 1.1044e-04 6.1594
20 1.7660e-06 6.7988 8.3703e-07 7.0437
0.6 5 1.2640e-02 - 8.3692e-03 -
10  1.8961e-04 6.0588 1.0871e-04 6.2664
20  1.7119e-06 6.7912 7.4843e-07 7.1824
0.8 5 1.1979e-02 - 7.9421e-03 -
10 1.7686e-04 6.0817 1.0267e-04 6.2733
20 1.6043e-06 6.7845 7.3763e-07 7.1210

TABLE 5.8: (Example 5.2) Lo-error with N, = 1000 and 6 = 2.

a h Central [61, 74] cov.order, Compact [38] cov.order, PQS cov.order,
0.3 % 1.5297e-01 - 1.2386e-02 - 9.2174e-03 -
i 3.7228e-02 2.0388 7.3879e-04 4.0674 1.2851e-04 6.1643
% 9.2426e-03 2.0100 4.4996e-05 4.0372 9.3190e-07 7.1075
0.5 % 1.4838¢-01 - 1.1984e-02 - 8.9277e-03 -
0 3.6040e-02 2.0417 7.1490e-04 4.0672 1.2398e-04 6.1700
% 8.9431e-03 2.0107 4.3689e-05 4.0323 8.5759e-07 7.1757
0.7 % 1.4112e-01 - 1.1355e-02 - 8.4724e-03 -
% 3.4178e-02 2.0458 6.7739e-04 4.0673 1.1692e-04 6.1790
% 8.4754e-03 2.0117 4.1465e-05 4.0300 8.5376e-07 7.0975

5.4 Conclusion

This chapter focused on the development of a highly efficient high-order non-polynomial

spline method designed specifically for numerically approximating the non-linear
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TFRDE with non-smooth solutions. Our proposed scheme combined the L2-1, ap-
proximation formula for time discretization with a high-order non-polynomial spline
method for spatial derivative handling. Time discretization occurred on a graded
mesh, while spatial derivatives were managed on a uniform mesh. Furthermore, in
order to solve the resulting non-linear algebraic system, the Newton-Raphson iter-
ative algorithm was chosen as the preferred method due to its quick convergence
and straightforward implementation. In addition, the unique solvability of the novel
non-polynomial scheme was provided, and its stability was proven via the discrete
energy method. The scheme’s convergence analysis was also conducted using the
discrete energy method, revealing that the method exhibits O (N, min{f2} h*5) or-
der of convergence. The spatial convergence order of O(h??) had improved upon the
performance of the compact finite difference method, with its O(h*) order, which
had been recognized as the best available outcome at the time. Numerical experi-
ments on two test examples featuring a non-smooth solution, affirmed our scheme’s

higher-order convergence, validating our theoretical analysis.
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