
CHAPTER 2

AN INVESTIGATION ON STRAIN AND

TEMPERATURE RATE-DEPENDENT

THERMOELASTICITY AND ITS INFINITE

SPEED BEHAVIOUR

2.1 Introduction1

Cylindrical structures, characterized by their geometric simplicity yet wide-ranging ap-

plications, are integral components across diverse engineering domains. The interplay

between thermal and mechanical forces in these structures is a critical aspect that in-

�uences their performance, durability, and safety. The signi�cance of understanding

the thermomechanical response of cylindrical structures lies at the heart of designing

and optimizing the systems that used in various industries such as in aerospace, energy

manufacturing and transportation. Through systematic analysis, it seeks to contribute

valuable insights into stress distribution, heat transfer characteristics, and structural

stability, all of which are paramount for the optimal design and operation of engineer-

ing systems. As we delve into the complexities of these structures under thermal and

mechanical loading, the implications for industries ranging from energy to transporta-

tion become increasingly evident. Cylindrical structures, such as rocket motor casings

and propulsion systems, are prevalent in aerospace engineering. The study of thermo-

1The content of this chapter is published in Journal of Thermal Stresses, 43.3 (2020):269-283.
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mechanical response is crucial for ensuring the safety and stability of these structures

under high-temperature conditions, as well as potential transient thermal events. Cylin-

drical pressure vessels and boiler tubes are exposed to high temperatures and pressure

gradients in applications like power generation. Understanding the thermomechanical

response is crucial for designing safe and e�cient systems, preventing structural failure,

and ensuring compliance with safety standards. Cylindrical structures, such as tubes

and pipes, are fundamental components of heat exchangers. These structures play a

critical role in facilitating the transfer of heat between �uids. Analyzing the thermo-

mechanical response of these tubes is essential for ensuring that they can withstand the

thermal stresses associated with varying temperatures and pressure di�erentials. The

geometric properties of an elastic medium containing a cylindrical cavity are of great

interest in the �eld of science and technology. The study of such geometries provides

valuable insight into the behaviour of materials under various conditions.

Bahar and Hetnarski (1978; 1979) proposed a technique to address coupled thermoelas-

tic problems by employing the state-space methodology. This involves reformulating the

problem in terms of state-space variables, speci�cally the displacement, temperature,

and their respective gradients. The study conducted by Erbay and Suhubi (1986) ex-

amined the propagation of longitudinal waves in an in�nite circular cylinder composed

of a generalized thermoelastic material. The researchers derived the dispersion relation

under the condition of maintaining a constant surface temperature for the cylinder.

Wadhawan (1973) conducted the analysis of the problem of a circular cylinder with a

stress-free boundary under a thermal shock. The problem pertaining to an in�nite plate

had been previously examined by Kolyano and Semerak (1973), while its analogous sce-

nario involving a plate with a circular cavity was investigated by Chandrasekharaiah

(1980). The problem related to an unbounded solid cylinder having a circular cylindri-

cal cavity was addressed in the works of Furukawa et al. (1989; 1990) and an short-time

approximated solution were obtained for one-dimesional problem corresponding to LS
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theory. Sherief (1988) e�ectively solved the problem pertaining to generalized thermoe-

lastic theory through the implementation of the state-space methodology. Boundary-

initiated axisymmetric waves in an annular cylinder whose stress-free boundary surfaces

subjected to thermal shock have been studied by Sherief and Anwar (1988). The �eld

equations were formulated in uni�ed forms that incorporate the coupled, LS, and GL

models of thermoelasticity. Misra et al. (1987) conducted a study to investigate the im-

pacts of mechanical and thermal relaxations in a viscoelastic medium that is subjected

to heating and contains a cylindrical hole.

Chandrasekharaiah (1987) and some other researchers (Dhaliwal and Rokne (1989);

Ignaczak and Mr� owka Matejewska (1990)) have found out the discontinuity in dis-

placement �eld for the GL model which contradicts the continuum hypothesis. Recently

Yu et al. (2018) has developed strain-rate dependent theory of thermoelasticity (MGL)

by using generalized dissipation inequality. This model modi�es GL model by consid-

ering strain rate term in constitutive equation. Also, it has been reported here that

the displacement �eld is continuous for one dimensional isotropic elastic half-space sub-

jected to thermal shock on the boundary surface. Quintanilla (2018) has analysed some

qualitative results on MGL model by considering a functional de�ned on the solutions

of the problem. Several interesting publications pertaining to this chapter may be found

in the following references Mohamed et.al. (2021), Tayel et al. (2022; 2021), Sarkar

and De (2020), Sarkar et al. (2020a) and so forth. The layout of the present chapter is

structured as follows. The strain-temperature-rate dependent theory of thermoelastic-

ity (MGL) is merged with two additional generalized thermoelasticity theories (GL and

LS) by the use of uni�ed governing equations. In order to solve the problem, we apply

Laplace transform technique to governing equations. However, the wave-like feature

is transient in the context of generalized thermoelasticity theories. Consequently, the

inverse Laplace transform is performed using the short-time approximation approach,

resulting in the derivation of explicit expressions for the displacement, temperature,
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and stress �elds. The point of discontinuity is identi�ed and the solution of the �eld

variables is analysed independently within the framework of three models (GL, LS

and MGL). It is observed that the displacement �eld in the MGL model demonstrates

continuity. However, the characteristic feature predicted by the MGL model di�ers

signi�cantly from that of GL and LS models. The analytical �ndings obtained from

the MGL model indicate the occurence of an in�nite speed of disturbance. We further,

carry out the numerical inversion of the Laplace transform by using the approach pro-

posed by Bellman et al. (1966). Subsequently, in the last part a comparative graphical

analysis of the �ndings is presented.

2.2 Governing Equations

In the context of generalized thermoelasticity theories, the basic governing equations

for the homogeneous, isotropic elastic body for the LS, GL, and MGL can be written

in a uni�ed way as follows (Lord and Shulman (1967); Green and Lindsay (1972); Yu

et al. (2018)):

Stress-displacement relation in the absence of external body force:

σij,j = ρ
∂2ui
∂t2

(2.2.1)

Stress-strain temperature relation:

σij = (1 + z1τ1
∂

∂t
)(2µeij + λekkδij)− γ(θ + z2τ1

∂θ

∂t
)δij (2.2.2)

Heat conduction equation in the absence of external heat source:

kθ,ii = ρcE(
∂θ

∂t
+ z3τ0

∂2θ

∂t2
) + γθ0(

∂eij
∂t

+ z4τ0
∂2eij
∂t2

)δij (2.2.3)
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The linear strain-displacement relation:

eij =
ui,j + uj,i

2
(2.2.4)

Based on di�erent set of values of z1, z2, z3 and z4 we can obtain the equations in the

context of di�erent models as follows:

Case I: LS model: z1 = z2 = 0 and z3 = z4 = 1

Case II : GL model: z1 = z4 = 0 and z2 = z3 = 1

Case III : MGL model: z1 = z2 = z3 = z4 = 1.

On combining Eq. (2.2.1) and Eq. (2.2.2), we obtain

ρ
∂2ui
∂t2

= (1 + z1τ1
∂

∂t
)(2µeij + λekkδij),j − γ(θ + z2τ1

∂θ

∂t
),jδij (2.2.5)

2.3 Formulation of the Problem

In this study, we examine an in�nite isotropic elastic media containing a cylindrical

cavity with a radius of a. The cavity is aligned in the z-direction and covers the area

beyond r > a, as shown in Figure. It is assumed that there are no body forces or

heat sources present, and the interior surface of the cavity is free from any external

tractions. However, at time t > 0, the inner boundary of the cavity is instantaneously

subjected to uniform heating and remains in that condition. In the present investi-

gation, we use the assumption that the body exhibits symmetry around the z-axis.

Consequently, the available data indicates that the displacement vector consists of a

single component alone in the radial direction, denoted as u(r, t). The stress tensor is

characterised by two components, namely σrr and σφφ, which correspond to the normal

and transverse directions, respectively. Consequently, the radial strain and hoop strain

may be expressed as :

err =
∂u

∂r
, eφφ =

u

r
, (2.3.1)
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Figure 2.3.1: Geometry of elastic medium with a cylindrical cavity

The dilation e is given by

e = ekk =
∂u

∂r
+
u

r
(2.3.2)

Further, the equation of motion is given by

∂σrr
∂r

+
σrr − σφφ

r
= ρ

∂2u

∂t2
(2.3.3)

On combining Eqs. (2.2.5-2.3.2), we get

ρ
∂2u

∂t2
= (2µ+ λ)(1 + z1τ1

∂

∂t
)(
∂2u

∂r2
+

1

r

∂u

∂r
− u

r2
)− γ(1 + z2τ1

∂

∂t
)
∂θ

∂r
(2.3.4)

Applying Eq. (2.3.1) and Eq. (2.3.2) in Eq. (2.2.3), we get

k

(
∂2θ

∂r2
+

1

r

∂θ

∂r

)
= ρcE(

∂θ

∂t
+ z3τ0

∂2θ

∂t2
) + γθ0(1 + z4τ0

∂

∂t
)
∂e

∂t
(2.3.5)
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Further, the non-zero stress components are given by

σrr = (1 + z1τ1
∂

∂t
)

[
(2µ+ λ)

∂u

∂r
+ λ

u

r

]
− γ(1 + z2τ1

∂

∂t
)θ (2.3.6)

σφφ = (1 + z1τ1
∂

∂t
)

[
(2µ+ λ)

u

r
+ λ

∂u

∂r

]
− γ(1 + z2τ1

∂

∂t
)θ (2.3.7)

In order to ease our calculation, we proceed to transform Eqs. (2.3.4-2.3.7) into dimen-

sionless forms by employing the subsequent relationships:

(r∗, u∗) = c0η (r, u) , (t∗, τ ∗0 , τ
∗
1 ) = c20η (t, τ0, τ1) , θ

∗ =
θ

θ0
,
(
σ∗rr, σ

∗
φφ

)
=

(σrr, σφφ)

(2µ+ λ)
, e∗ = e

(2.3.8)

where

c20 =
(2µ+ λ)

ρ
, η =

ρcE
k

After omitting the superscript (∗) for the sake of simplicity, we derive the non-dimensional

versions of Eqs. (2.3.4-2.3.7) as follows:
∂2d

∂t2
= (1 + z1τ1

∂

∂t
)(
∂2u

∂r2
+

1

r

∂u

∂r
− u

r2
)− a1(1 + z2τ1

∂

∂t
)
∂θ

∂r
(2.3.9)

(
∂2θ

∂r2
+

1

r

∂θ

∂r

)
= (

∂θ

∂t
+ z3τ0.

∂2θ

∂t2
) + a2(1 + z4τ0

∂

∂t
)
∂e

∂t
(2.3.10)

σrr = (1 + z1τ1
∂

∂t
)

[
∂u

∂r
+ λ1

u

r

]
− a1(1 + z2τ1

∂

∂t
)θ (2.3.11)

σφφ = (1 + z1τ1
∂

∂t
)

[
u

r
+ λ1

∂u

∂r

]
− a1(1 + z2τ1

∂

∂t
)θ (2.3.12)

whe re a1 = γΘ0

(2µ+λ)
, a2 = γ

ηk
, λ1 = λ

(2µ+λ)
.

Now we shall proceed with the assumption that the body under consideration is initially
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held in an undeformed state, with its temperature denoted as θ0. Furthermore, we shall

consider the following set of initial conditions as being applicable:

For t = 0 and r > a ( dimensionless )

θ (r, 0) =
∂θ

∂t
(r, 0) = u (r, 0) =

∂u

∂t
(r, 0) = 0 (2.3.13)

2.4 Boundary Conditions

We have taken into account the following inner boundary condition:

for r = a, and t > 0

σrr (a, t) = 0

θ (a, t) = T0H(t)

 (2.4.1)

where H(t) is the Heaviside unit function and T0 is a constant temperature.

2.5 Formulation in Laplace Transform Domain

Taking the Laplace transform of Eqs. (2.3.9-2.3.12) with respect to time under the

homogeneous initial conditions given by Eq. (2.3.13), we obtain

s2u = b0(
∂2u

∂r2
+

1

r

∂u

∂r
− u

r2
)− a1b1

∂θ

∂r
(2.5.1)

(
∂2θ

∂r2
+

1

r

∂θ

∂r

)
= b2θ + a2b3e (2.5.2)

σrr = b0

[
∂u

∂r
+ λ1

u

r
)

]
− a1b1θ (2.5.3)

σφφ = b0

[
u

r
+ λ1

∂u

∂r
)

]
− a1b1θ (2.5.4)
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where

b0 = 1 + z1τ1s, b1 = 1 + z2τ1s, b2 = s (1 + z3τ0s) , b3 = s (1 + z4τ0s) (2.5.5)

and s is the Laplace transform parameter.

Using the expression of e into Eq. (2.5.1) ,we get

s2u = b0
∂e

∂r
− a1b1

∂θ

∂r
(2.5.6)

On solving Eqs. (2.5.2) and (2.5.6), we obtain

b0∇4θ −
(
b0b2 + εb1b3 + s2

)
∇2θ + s2b2θ = 0 (2.5.7)

Similarly, we obtain

b0∇4e−
(
b0b2 + εb1b3 + s2

)
∇2e+ s2b2e = 0 (2.5.8)

where ε = a1a2,∇2 = ∂2

∂r2
+ 1

r
∂
∂r

Above equations can be written as

(
∂2

∂r2
+

1

r

∂

∂r
−m2

1

)(
∂2

∂r2
+

1

r

∂

∂r
−m2

2

)
θ = 0 (2.5.9)

(
∂2

∂r2
+

1

r

∂

∂r
−m2

1

)(
∂2

∂r2
+

1

r

∂

∂r
−m2

2

)
e = 0 (2.5.10)

Here, n2
1 and n

2
2 are the roots of the following characterstic equation:

n1x
4 − n2x

2 + n3 = 0 (2.5.11)

where n1 = b0, n2 = b0b2 + εb1b3 + s2, n3 = s2b2

The solutions of Eqs. (2.5.9) and (2.5.10) that are bounded at in�nity can be written
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as

θ = A1K0 (m1r) + A2K0 (m2r) (2.5.12)

e = B1K0 (m1r) +B2K0 (m2r) (2.5.13)

where Ai and Bi are the arbitrary constants andK0 (mir) is the modi�ed Bessel function

of second kind of zero order. The constants Ai and Bi are not independent. By using

Eqs. (2.5.12) and (2.5.13) into Eq. (2.5.2), we get a relation between Ai and Bi as

Bi = fiAi (2.5.14)

where fi =
(m2

i−b2)
a2b3

Put the value of θ and e from Eqs. (2.5.12) and (2.5.13) into Eqs. (2.5.1), (2.5.3) and

(2.5.4) and we obtain u, σrr and σφφ, respectively as

u =
2∑
i=1

CiAiK1 (mir) (2.5.15)

σrr =
2∑
i=1

AiS
r
i (2.5.16)

σφφ =
2∑
i=1

AiS
φ
i (2.5.17)

where

Ci =
(−b0fi + a1b1)mi

s2
(2.5.18)
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Sri = [−Cib0ni − a1b1]K0 (mir) +
(λ1 − 1) b0

r
CiK1 (mir) (2.5.19)

Sφi = [−λ1Cib0ni − a1b1]K0 (mir) +
(1− λ1) b0

r
CiK1 (mir) (2.5.20)

Now, taking the Laplace transform of Eq. (2.4.1), we get

σrr(a, t) = 0,

Θ(a, t) =
T0
s

Applying the above boundary condition in Eqs. (2.5.12) and 2.5.16), we get the values

of A1and A2 as

A1 =
−Sa2T0

s (Sa1K0 (m2a)− Sa2K0 (m1a))
(2.5.21)

A2 =
Sa1T0

s (Sa1K0 (m2a)− Sa2K0 (m1a))
(2.5.22)

where

Sai = [−Cib0mi − a1b1]K0 (mia) +
(λ1 − 1) b0

a
CiK1 (mia) (2.5.23)

Eqs. (2.5.12), (2.5.15-2.5.17) are the solution to the problem in the transformed domain

(r, s).

2.6 Short-Time Approximated Solution

The solutions provided by Eqs. (2.5.12), (2.5.15-2.5.17) exhibit intricate function de-

pendencies on the Laplace transform parameter, denoted as 's'. Consequently, the task
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of determining the inverse Laplace transform to obtain a concise analytical solution

for the problem becomes exceedingly challenging, if not practically unattainable. In

this particular section, we have successfully derived an analytical solution for a short

duration by employing the method of approximating the function using Maclaurin's

series expansions and leaving aside the higher order terms of negligible magnitude. In

the context of the Laplace transform, we make the assumption that the parameter 's'

is signi�cantly large. By utilising Maclaurin's series expansion and leaving aside higher

order terms of 1/s, we obtain the approximated roots, denoted as m1 and m2, for Eq.

(2.5.11) in the MGL model.

m1 ≈ m11s+m12 +
m13

s

m2 ≈ n21

√
s+

m22√
s

+
m23

s
3
2

where

m11 =
√
p1,m12 =

p2
2
√
p1
,m13 =

−p22 + 4p1p3

8p
3
2
1

,

m21 =
√
P1,m22 =

P2

2
√
P1

,m23 =
−P 2

2 + 4P1P3

8P
3
2
1

,

p1 =
1

2

(
√
c1 +

M1

τ1

)
, p2 =

1

2

(
c2

2
√
c1

+
M1N1

τ1

)
, p3 =

1

2

(
c3

2
√
c1

+
M1N2

τ1
− c22

8c
3
2
1

)
,

P1 =
1

2

(
− c2

2
√
c1

+
M1N1

τ1

)
, P2 =

1

2

(
− c3

2
√
c1

+
M1N2

τ1
+

c22

8c
3
2
1

)
,

P3 =
1

2

(
− c4

2
√
c1

+
M1N3

τ1
+
c2c3

4c
3
2
1

− c32

16c
5
2
1

)
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c1 =

(
M1

τ1

)2

, c2 =

(
M1

τ1

)2

(2N1)− 4
τ0
τ1
, c3 =

(
M1

τ1

)2 (
2N2 +N2

1

)
+ 4

(
τ0
τ 21
− 1

τ1

)
,

c4 =

(
M1

τ1

)2

(2N2N1 + 2N3) + 4

(
1

τ 21
− τ0
τ 31

)
,

N1 =
1

M1

(
M2 −

M1

τ1

)
, N2 =

1

M1

(
M3 −

M2

τ1
+
M1

τ21

)
, N3 =

1

M1

(
−M3

τ1
+
M2

τ21
− M1

τ31

)
,

M1 = (1 + ε) τ0τ1,M2 = (1 + ε) (τ0 + τ1) + 1,M3 = (1 + ε) .

Now, by substituting the values of m1 and m2 from above equations into Eqs. (2.5.12),

(2.5.15-2.5.17) and using the expressions

K0(ax) ≈ e−ax
√

π

2x

[
1√
a
− 1

8x (a)
3
2

+
9

128x2 (a)
5
2

]

K1(ax) ≈ e−ax
√

π

2x

[
1√
a

+
3

8x (a)
3
2

− 15

128x2 (a)
5
2

]
after detail manipulation, we obtain the solutions for the distributions of temperature,

displacement and stresses in the Laplace domain (r, s) for large s as follows:

θ =
θ∗
√
a√
r

[
e−m1(r−a)

(
H21

s2
+
H22

s
5
2

)
+ e−m2(r−a)

(
H23

s
+
H24

s
3
2

)]
(2.6.1)

u =
θ∗
√
a√
r

[
e−m1(r−a)

(
h31
s2

+
h32

s
5
2

)
+ e−m2(r−a)

(
h34

s
3
2

+
h35
s2

)]
(2.6.2)

σrr =
θ∗
√
a√
r

[
e−m1(r−a)

(
h41 +

h42

s
1
2

)
+ e−m2(r−a)

(
h51 +

h52

s
1
2

)]
(2.6.3)

49



CHAPTER 2. An Investigation on Strain and Temperature rate ...

σφφ =
θ∗
√
a√
r

[
e−m1(r−a)

(
H41 +

H42

s
1
2

)
+ e−m2(r−a)

(
H51 +

H52

s
1
2

)]
(2.6.4)

Taking the inverse Laplace transform of Eqs. (2.6.1-2.6.4) by using the formulae

L−1

(
e

−a
s

s2

)
=

(
t

a

) 1
2

J1

(
2
√
at
)
, a > 0

L−1

(
e

−a
s

s
5
2

)
=
sin
(
2
√
at
)

2
√
πa

3
2

−
t
1
2 cos

(
2
√
at
)

√
πa

, a > 0

L−1
(
e−a
√
s

s

)
= erfc

(
a

2
√
t

)
, a > 0

L−1
(
e−a
√
s

s
3
2

)
=

(
2
√
t√
π
e

−a2
4t − a ∗ erfc

(
a

2
√
t

))
, a > 0

L−1
(
e−a
√
s

s2

)
=

((
t+

a2

2

)
erfc

(
a

2
√
t

)
− a
√
t√
π
e−

a2

4t

)
, a > 0

We obtain the �nal short-time approximated solutions for the distributions of temper-

ature, displacement and stresses in the physical domain (r, t) for MGL model as

θ(r, t) = θ2

[
e−m32H(t− r1m11)

(
H21

(
t− r1m11

m33

) 1
2

J1

(
2
√
m33 (t− r1m11)

)

+H22

sin
(

2
√
m33 (t− r1m11)

)
2
√
πm

3
2
33

−
(t− r1m11)

1
2 cos

(
2
√
m33 (t− r1m11)

)
√
πm33


+H23erfc

(
m41

2
√
t

)
+H24

(
2
√
t√
π
e

−m2
41

4t −m41erfc

(
m41

2
√
t

))]
(2.6.5)

u(r, t) = θ2

[
e−m32H(t− r1m11)

(
h31

(
t− r1m11

n33

) 1
2

J1

(
2
√
m33 (t− r1m11)

)

+h32

sin
(

2
√
m33 (t− r1m11)
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where erfc(x) is the complementary error function de�ned by

erfc (x) =
2√
π

∫ ∞
x

e−t
2

dt,

θ2 = T0

√
a

r
,

and r1 = r − a,m31 = r1m11,m32 = r1m12,m33 = r1m13,m41 = r1m21. The expressions

of di�erent notations (Hij,hij) used in above solutions are provided in Appendix I.

2.7 Analysis of Analytical Results

It is observed that the short-time approximation solutions for the �eld variables, as

described by Eqs. (2.6.5-2.6.8), is a resultant of dual-term structure in the context of

the MGL model. The �rst portion of the expression attached to the term H(t− r1m11)

represents a wave that is propagating at a velocity of 1
m11

in close proximity to the

wave-front r = a + t
m11

. The �rst portion of the expressions provided by equations

(2.6.5-2.6.8) indicates that the waves exhibit exponential decay, with an attenuating

coe�cient of m32. It is readily apparent that the velocity and attenuation coe�cient

of waves are contingent upon both the material properties and the relaxation time.
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The another component of the expressions shown in Eqs. (2.6.5-2.6.8) does not exhibit

any contribution to the wave phenomenon. Instead, it displays di�usive characteris-

tics, suggesting an in�nite speed of disturbance. Moreover, it is worth noting that

the temperature and displacement �elds exhibit a continuous nature, while the stress

components, on the other hand, encounter delta-function singularities precisely at the

thermal wave-front.

According to Chandrasekharaiah (1992), in the context LS model when z1 = z2 = 0

and z3 = z4 = 1, it has been observed that the solution for each �eld is combination

of two components. These components are characterised by wave types that propagate

at a �nite speed and exhibit exponential decay with respect to radial distance. Based

on the �ndings presented, it has been demonstrated that displacement exhibits conti-

nuity. While, it is important to note here that the temperature and stress components

experience discontinuity at both the elastic and thermal wave-fronts.

Chandrasekharaiah (1992) investigated that in the context of the GL model, namely

when z1 = z4 = 0 and z2 = z3 = 1, the solution consists of two distinct parts. These

portions correspond to wave types that propagate at a limited speed and exhibit expo-

nential decay with the radial distance. In this speci�c case, it has been also revealed

that displacement and temperature exhibit discontinuities, whereas stress components

experience in�nite discontinuities at the wave-fronts.

It can be inferred that the MGL model e�ectively addresses the issue of unrealistic

prediction of discontinuity in the displacement �eld, which is exhibited in the GL model.

Nevertheless, it is important to note that the solution for each �eld variable may be

categorised into combination of two components: a wave component and a di�usive

component. Furthermore, it has been shown that these waves propagate at an in�nite

speed, similar to what is seen in the visco-thermoelastic model. The observation that

elastic waves can travel with unbounded speed suggests that, according to the current

model, the in�uence of disturbances in the material are instantaneously felt throughout
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the entire space. The observed behaviour of the solution in this modi�ed GL model is

found to be unrealistic, in contrast to the GL and LS model. The LS and GL model

anticipate limited speeds for both elastic and thermal waves, leading to a restricted

range of e�ect.

2.8 Numerical Results and Discussions

In this particular section, our objective is to determine the numerical solution of the

physical �elds within the framework of the MGL model. Subsequently, we will proceed

to compare these obtained results with the corresponding outcomes derived from the

generalized models, namely the GL and LS models. The numerical inversion method

employed in this study is based on the work of Bellman et al. (1966). To implement this

method, a Matlab-based algorithm is utilised. The selected material for the purpose of

conducting the numerical evaluation is copper.
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Figure 2.8.1: Variation of temperature for three models at time t = 0.13 and t = 0.35
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Figure 2.8.2: Variation of displacement for three models at time t = 0.13 and t = 0.35

The provided information includes the physical data for the mentioned material.

λ = 7.76× 1010Nm−2, µ = 3.86× 1010Nm−2, α = 1.78× 10−5K−1,

η = 8886.73 sm−2, cE = 383.1 JKg−1K−1, ρ = 8954Kgm−3, T0 = 293K

We assume the hypothetical values of the dimensionless relaxation parameters as τ0 =

0.01 and τ1 = 0.02.

The �eld variables, including radial stress, hoop stress, temperature, and displacement,

exhibit dependence on both time and radial distance, as well as on relaxation parameters

denoted as τ0 and τ1. The numerical solutions for the �eld variables are computed

directly using Eqs. (2.5.12) and (2.5.15-2.5.17), and are afterwards shown in various

�gures. In �gures (2.8.1-2.8.4), the variation of dimensionless �eld values with respect

to radial distance (r > 1) at two distinct time was graphically shown for the three

models: GL, MGL, and LS.

In �gure (2.8.1), it can be observed that there is no statistically signi�cant variance

in temperature values across the three models in relation to the radial distance, r.
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Additionally, it is evident that temperature has the highest value at the inner boundary

of cavity, and subsequently it declines rapidly as the radial distance increases.

Based on the analysis of �gure (2.8.2), it is evident that a peak displacement is attained

at a certain distance from the boundary. Furthermore, as time progresses, this max-

imum displacement is observed at increasingly larger radial distances. The observed

trend in displacement is characterised by an initial negative value followed by a rapid

increase towards positive values.

1 1.5 2 2.5 3 3.5 4

r

-8

-6

-4

-2

0

2

4

rr

10
-3

 GL Model at t=0.13

 MGL Model at t=0.13

 LS Model at t=0.13

GL Model at t=0.35

MGL Model at t=0.35

LS Model at t=0.35

Figure 2.8.3: Variation of radial stress for three models at time t = 0.13 and t = 0.35
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Figure 2.8.4: Variation of hoop stress for three models at time t = 0.13 and t = 0.35

55



CHAPTER 2. An Investigation on Strain and Temperature rate ...

From �gures (2.8.3-2.8.4), it is evident that the radial stress and hoop stress exhibited by

the LS model exhibit a notable deviation when compared to the GL and MGL models

across all time intervals. At time t = 0.13, the stress components exhibit a notable

increase followed by a rapid decrease as the radial distance increases. Eventually, the

stress components converge towards zero.

Based on the analysis of �gures (2.8.2-2.8.4), it is evident that there exists a notable

variation in the predictions generated by various models in the vicinity of the cavity

boundary, even at relatively small time intervals. Furthermore, this disparity becomes

more pronounced for larger time value This is because the thermoelastic disturbance

originates from the cavity's border.

2.9 Conclusion

This study focuses on the mathematical investigation of the recently suggested thermoe-

lastic model known as the modi�ed Green-Lindsay (MGL) model. The newly proposed

model integrates strain and temperature rate factors into the constitutive equations,

addressing the issue of discontinuity in displacement �eld that has been noticed by

researchers in the context of the GL model. The current investigation focuses on the

thermal shock phenomenon in an unbounded medium containing a cylindrical cavity.

We demonstrate that the short-term approximated analytical solutions for various �eld

variables in the MGL model can be expressed as a combination of a wave component

and a di�usive component. Notably, the di�usive component propagates at an in�nite

speed, similar to what is observed in classical thermoelasticity theory. In addition, we

proceed to address the issue using numerical methods and demonstrate a notable vari-

ance between the estimates generated by this particular model and other generalized

models such as LS and GL models in close proximity to the cavity border at a low time

value. Moreover, the di�erence becomes more pronounced as the time value grows. The
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MGL model exhibits a greater domain of e�ect for the �eld variables in comparison to

other models.
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