Chapter 3

Multivariate a-Fractal Functions: Dimension and

Fractional Integral

In this chapter, we examine the concept of an a-fractal function, which corresponds
to a multivariate continuous function defined on a hypercube [0,1] x --- x [0, 1]
(repeated N times). The parameters are chosen so that the resulting fractal version

retains certain properties of the original function.

3.1 Introduction

Numerous theories related to the fractal dimensions and fractional integrals of uni-
variate and bivariate fractal functions have been explored. The concept of fractal
dimension and fractional integral of a univariate fractal function is well-established

in the literature (see, for instance, [1, 9, 14, 19, 28, 37, 54]) and references therein.

However, there is a lack of research on higher dimensional fractal functions. In
this chapter, we examine the box dimension and the Hausdorff dimensions of the
graph of the multivariate a-fractal function and its restriction. We also investigate
the behavior of the a-fractal function when it is restricted to the coordinate axis.
Furthermore, we prove that the mixed-Riemann-Liouville fractional integral of a

fractal function follows a self-referential equation.

47
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3.1.1 Delineation

The current chapter is structured as follows. Section 3.2 focused on examining the
box and the Hausdorff dimensions of the constructed multivariate a-fractal func-
tion. We observed that if the given function is Holder continuous, the associated
a-fractal function is also Holder continuous for appropriate parameters. Moreover,
in Subsection 3.2.1, we studied the restrictions of a-fractal function on the axis. In
Section 3.3, we proved that the mixed Riemann-Liouville fractional integral of the

fractal interpolation function satisfies a self-referential equation.

3.2 Box Dimension of the Graph of Multivariate

Fractal Function

By estimating the oscillation of functions, we shall seek to compute the box dimen-
sion of the graph of the multivariate fractal function. The main ideas of [15, 48] are

modified and applied to our method.

Lemma 3.1. Let f : IV — R be a continuous function on IV. Then, dimy (g(f)) >

N.

Proof. Define a function T : G(f) — IV such that

T((z1,...,an, f(21,. . 2N))) = (21,. .., 2N).

It is easy to observe that T is a Lipschitz function. Now recall that if g : A C
R™ — R™ is any Lipschitz function, then dimpy(g(A)) < dimg(A). Hence, we get
dimy (T(G(f))) < dimy (G(f)). It is straightforward to verify that the function T

is surjective, and thus the conclusion. O
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Definition 3.2. Let A C RY be a closed bounded hypercube and f : A — R. The

oscillation of f over the rectangle A is defined as

Ry[A] = sup |z, on) = [y, yw)l-

(z1,.2N), (Y1, yn)EA

Next, we shall provide a multivariate analog of Proposition 11.1 in [36].

Lemma 3.3. Let f: IV — R be a continuous function. For M; < --- < My < M,

ﬁforsome My, M > 2, wherel <k <N

and for some m € N. Let 6 = 1 be the height of the cuboid. If Ns(G(f)) is the

Mm

let us take cuboid of size < X g X
number of d-cuboid that intersect the graph of f, then

My M
S-S max {1, MR A ] <NS(G(F)

in=1  i1=1
M

S[Ml . ~~MN]m + Z Z I—Mme[AHZNH )

i1=1 in=1

where [-] denotes the ceiling function and A;, . = 110, (i1 +1)6] X - - X [ind, (iy +
1)0].

Proof. Using the continuity of f, it follows that the number of §-cuboids in the part
above A;, ;. that intersect the graph of f is at least max {1, [M™R¢[ A, in]] } and
at most 14+ [M™R[A;, .ix]]. The appropriate bounds are obtained by summing all

of these components. O

Definition 3.4. A function f : IV — R is said to be Holder continuous with

exponent o and Holder constant K if

[f(@r, - an) = fQyn - oyn)| < Bll (s on) = (o) 3
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for all (z1,...,2zn), (y1,--.,yn) € IV, and for some K; > 0.

We define the Holder space
HO(IV) :={g: IV = R: gis Holder continuous with exponent o}.

If we equip the space H° (1Y) with norm ||g|| = ||g|ec + [g], Where

_ |9(5L’1>-~a$N)—9(3/17---,yN)’
l9]o = sup -
(215N )Z (Y150 YN ) ”(mla o axN) - (y17 s ayN)H2

then it forms a Banach space.

Now let {(%,m o TNiy) ERYN tip € X0, k€ EN} such that 0 = x,9 < -+ <

Ty v, = 1 with @y, — 24,1 = where k € Y. Further, we denote

1
My’

D, iy = Ul,il(Il) X X UN,iN(IN),
Diiy)ye(in)me (i) (i )m = Win) 1o (i) (T1) X0 X Uiy (i) (TN, (3.1)

U(ig)r.(in)m — Whk,(ik)1 © " © Uk, (ig)m

where (Zk)] S ZMk with JE Ymoand k € Y.

Next, define

Gil.,.iN ::{(xla cee 7$N7fa(xla <. 7$N)) . (xla <. 7$N) € DlllN}

@iy iy =max{|a(zy,...,zn)| : (21,...,2N8) € Diy in b
N
a =max{@;, iy : (ir,-...in) € [ [ Zar} (3.2)
k=1
Omin =min{|a(z1, ..., zn)| : (21,...,25) € IV},

Omax =max{|a(xy,...,zx)|: (z1,...,25) € IV}
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Remark 3.5. Let 7 = > @i, ....in- For m € N, we have

(il,.‘.,iN)EE]\/jl X---XZMN

7= > Qi) (i1 + i) )

((il)m...7(iN)m)621\/[1 ><'~~><EMN

Lemma 3.6. Let f, o, and s be Holder continuous functions with Hélder exponents

01,09, and os and Holder constants Ky, K,, and K, respectively.

Furthermore, we suppose that My < --- < My and xp;, — Tri,—1 = Mik for each

k € Xn. Then, we have

REG a1 i) 1 (in) 1o (8 )1

K* ak .
<N@R«[Dg,y, . i : ; | NTH 3.3
SNaRsa[Diiy)y..(i)mre ()1 (i) mr) T <M1ma + Ml(m_l),,> = (3:3)

where 0 = min{oy, 09,03} and K* := Ka(HfHOO + ”SHOO) + K.

Proof. We know that for (x1,...,2y) € IV, there exists Hszl Ii. i, where i, € Xy,

such that (z1,...,2y5) € [[o Tri,, then using (1.13), we have
Fi in(@1, . o, 2) =f (U4, (1), .. unin (@n)) Fa (1, .. 2n) (2 — s(x1, ..., zn)). (3.4)

Now consider (z1,...,zn), (Y1,.-.,yn) € IV such that g, yr € Ix ), for (ix)1 €

Y, then using above equation, we have

|F(i1)1‘-.(izv)1 (@1, o, [T, 2N)) = Fayyy (i (yl,...,yN,f“(yl,...,yN))’
= |f (w1, i1y, (1)s - - un i, (En) F (@1, an) (f¥ (@1, .. an) — s(21, .., 2N))
= (w60 1) iy () = @ (s yn) (F (s uw) = s(yn,- - )|
<l|a(z1,...,zen)(f*(z1,-.-s2n) — [“(y1, .- yn)| + ez, .. s zn)(s(z1, -y 2n) — s(y1, - -, YN))|
+ (s yn)l + sy, yn)l) e (@, on) — e (Y, yw))|
| (i, (@1), s i, (B8) = F (), (1) U i), (9))|
<Ay (@, aN) = fY Y, yN) Q) Kl (T e) — (Y, yn) 198

+ Ka (/%Moo + Islloo) Iz, - 2n) = (w1, - yw) 137
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+ Ky || (U1,(i1)1(I1), EARR) UN7(iN)1(1:N)) - (u17(i1)1(yl)7 ) UN7(iN)1(yN)) H;l

Sa(il)l-u(iN)lRfa [IN] +a(1'1)1<~.(i1\1)1]:{8”(Q:la cee 7931\/) - (yh ceey yN)”g

1 1
0 (14 Isloe) 4 Ky { e e cm) = el

_ _ K"\ o
SB(ir)s - (in Ry [TV] + <Oé<z‘1)1...(m)1Ks + M{’) NP2

K*\ .o
<NaRj[IN] + (aKS + ) NEHL,
MY

Further iterations lead to the following result:

RF(zzl)m...(iN)m [G(il)l---(il)m—l-u(iN)l--~(iN)wz—1]

K* aKk o
<NaRa[D; ; : : | NETT! 3.5
SiNadvy [ (11)1...(11)m—1...(zw)1...(1N)m_1] + (M{n,g’ + M1(m1)0> 2 ( )

completing the claim. O]

Note 3.7. In the proof of Lemma 3.6, it was assumed that x; and y; belong to
the interval Iy, ;,), for k € ¥ and (ix); € Xy, However, if there exists a k € Yy
such that wj, is in Iy ,), and yx is in Iy j,),, where (iz); and (ji); are elements
of ¥y, and (ig)1 # (jk)1, then Equation (1.13) can not be applied directly. In
this case, Equation (1.13) can be applied by first utilizing the triangle inequality
and

with the joints (i.e., {#x,1,..., 2k, }) between the intervals Iy, ;,), and I

1 Jk)1)

subsequently employing Equation (1.13). For example, let us consider z; € I 5 and

Y1 € I; 3, then we have

|F2...(iN)1 (Il,...7IN,fQ(.fC17...,IN)) _F3...(iN)1 (y17~-~7yN7fa(y17--~ny))|
< |F2...(iN)1 (‘Tlv"'7xNafa(:rl7"'7IN)) 7F2...(72N)1 (I1,27"'ayNafa(yla"'ﬂyN))}

+ |F3...(iN)1 (xl,Qa“waafa(xlv"wl'N)) - F3...(iN)1 (ylv"'avafa(yla" 7yN))| .

Now, using (1.13) into both terms of the right-hand side and following the same

steps as in the previous lemma, the desired outcome can be obtained.

Remark 3.8. In the course of this thesis, we have employed the same technique

to prove the results that were utilized in Lemma 3.6, whenever we made use of
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Equation 1.13 or the self-referential equation, i.e., we have considered xy,y; € I,

for k € X x. Any other scenarios can be addressed by referring to Note 3.7.

The following theorem establishes bounds for the graph dimension of the multivariate

a-fractal function f¢.

Theorem 3.9. Let f¢ be the multivariate a-fractal function. Further, suppose that
M, < -+ <My <M for some M > 2 and i, — Tpi—1 = Mik for each k € Y.

Then, we have the following:

(1) If amin > MLi,, then N < dimg (g(fa)) < di_mB(g(fa)) < imB(g(fa)) <

log(®)
1+ log(M) "

(i) 1f 57 < s < 1, then N < dimpr (G(/°)) < dimp (6(/)) < dims (G(/) <
N +14 log(amax) '

“log(M)

(i60) If G < ke then N < dimp (G(f)) < dimyy (/%)) < dmp(G(f2)) <
N+1-—o.

Proof. Note that for all (xy,...,zy) € Hgil I} ;, the functional equation is satisfied

by the function f¢,

[z, .. an) = Fy iy (ui}l(:ﬁl), . ,u]’\,}iN(xN), fa(uiil1 (1), ... ,u&liN(:cN))).
For (z1,...,2n), (Y1,---»YN) € D), (in):» We Obtain

’fa(xl""7xN)_fa(y17"'7yN)’

1 -1 -1 -1
= F(i1)1...(iN)1 (uL(il)l(xl)v o >uN7(iN)1($N)a fa (ul’(il)l(ajl)a cee ’uN,(iN)l(xN)))

-1 -1 o —1 -1
- F(il)l...(iN)l (ul,(il)l(yl)a v 7UN}(Z»N)1(:1/N), f (ull(il)l(y1)7 v 7UN,(iN)1(yN))> ’
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< sup Fi)y . (in) u_li1 1($1), .. .,u_liN 1(;1:1\;),
(1,2 N), (Y15 YN)ED(iq)1 ... (in )1 ‘ (i) ( L) N (éw)
o (ul_,%il)l (z1),..., uil(iN)l (xN)))
—Fliy v (Ufjil)l(yl), e ,u]_\/,l(iN)l(yN%fa (Uibl)l(yl), fe 7“&71(1-N)1(9N))>‘
= sup ‘F(il)l_”(m)l(x],...,a:}v,f“(:fl, %)
(#1508 N )y (Y150 yN)ETN
- F(il)l...(iN)l (2717 s 7y}V7 fa(y~17 s 7?/}\7)) ’
=RFGy), [G(F)]-
Since (x1,...,zy) and (y1,...,yn) are arbitrary, we get
Rpa[Diiy)y...inn] < Bigyy, o, [GU)])
Using iteration, it follows that
Ryo [Diin)ycc(in)m(in)rin)m)] S BEa e (G010 mmt i) i )1 |
Using Lemma 3.6, we obtain
Ry D)y in)mee(in)1(in)m]
i) ein)n -+ Wliys i B[ 1]
1 Q(i1)m.(in) Qg ) (in)m - - Ai1)2(in)
+20/2K*< 4+ 1)m Nm_i_..' 1)m.-.(tN)m 1)2 N2>
Mlma Ml(m—l)o + Mif
+ 20—/2KS< (Zl)nL---(lN)nL + (Zl)m---(“\])m tm—1Jm—1 _I_ e + a’t e (AN )m * a’t (1 )
Ml(m—l)a Ml(m—2)o' (i11)m-(in) (i1)1--(in )1
i ) 1
(i) If aupin > 77 then we get

Rfcx [D(il)l"'(il)'m'“(iN)l~~(7;N)m]

< iy (i) - Wiy (ine ) Bope [TV

27 2K (@ i) i) - -~ Wi )a-o(i)) ! 1
+ My ( Tty T matM{m YT

Qmin
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95

1

+ 27K 0, (in - Wi (i) (1 + Qin M

- - 20/2K* . 1
S Qi) (in)m - -+ Oin)1o.(in ) <Rf“ [IN] + <Mlaamm +2 /2K3> (1_1>>

We write

Rpa[Di)y. (in)mo(in )1 in)m] < BK1®(iy) o (in)on - - -

Mg

where Ky = Rpa[IV] + (% 4 20/2[(5) (ﬁ

“min

From Lemma 3.3, we have '

Ns(G(f*) < [M...M]™

_|_

(21D T Zary

(07

1
+ m_lMl(m—l)O')

min

Amin Mf

Q(i1)1..(in)1 5

Z (Mmea [D(il)1~~»(i1)m~~~(iN)1-~~(1'N)m]~|

<MY > [M™ K51, (i o -+ Tlin)a (i) |

N
((#1)kse-s(in)K)E T By,
k=1

< oM™ 4+ M™EK, Z Qi1 ) (in)m ** X(in) 1 (in )1

< 2MmN + ]\4777,[(177117

My,....Mn
where 7 = > @, _iy. Moreover,
U1, tN=1

log (N5(G(f)))

log (2MmN + MmKﬁm>

lim;_,o <limy, o0

—log(0)

., log(®)
=1+ oM}’

(ii) Assuming that 15 < Qmax < 1, then one get
1

Rya[D(iy)y .6 (in)1 (5 )om)

mlog(M)
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292 K v 1 1
< oo Ry [IN] + a<LF -F“+———Trﬁ>

1 1
+ 29K I ——
amax < * amafo * * am— lM(m Do >

20/2 [+ 1
m Rt + <_+20/2K8> L)),
< f MY avpax 1_ama)1ch

IN

Hence,

R [ D)y (i0)me (i )1 (in )] < F 2000

max’

where Ky = Rya[IN] + <ﬂ + 2"/2Ks> <1+) . On similar lines to

M7«
1 @max Oémaleg

that in (i), we deduce

log (N5(G(f)))
—log(d)

log (ZMmN + Mm<N+1)M2agax>
mlog(M)

log(max)
log(M)

< limy, o0

lims_,g

=N+1+

(iil) If apax < then we have

M“’

Rpa[IN] + m2°/2(K* + K)
Rfo‘ [D(i1)1‘..(i1)m..A(iN)1..A(iN)m] < Ao .
1

We get the following in the same way as in the above two cases:

_ log (Ni(9(/))
1ms—0
—log(0)
 log (2MmN + MON MO (R [IV] + m2o 2 (K + Ks))>
-7
=N+1-o0.



Chapter 3. Multivariate a-Fractal Functions o7

Remark 3.10. The above theorem can be compared with [54]. It should be noted
that Malysz gives an exact value of box dimension for a special class of multivariate

FIFs. However, our result gives bounds of box dimension for a more general class

of FIFs.

Theorem 3.11. Let f,a and s be Hoélder continuous with exponent o. If a =
min{|ax,, | : k € Xn,ix € Xp,} and max{%,“a”} < 1, then f is Holder
continuous with exponent o. Moreover, N < dimpg (g(fa)) < di_mB(g(fo‘)) <

dl_mB(Q(fa)) S N + 1 — 0.

Proof. Let ’H?(IN) = {g e H(IN) : g(x14ys -y TNiy) = f(T1dyy -+, Tniy) for all
ir € O%a,0, k € Xy} . We note that the space HF(I"V) is a closed subset of H7 (1Y)
and consequently ’H;(I N is a complete metric space concerning the metric induced

by norm || - ||. Define a function T : HF(I™) — HG(I") by

(ng)(xla s 7xN) = f(xla s ,l’N) + Oé(l'l, s 7$N) (g - S)(“iiﬂ@“)? cee 7u]7\/,1iN(xN))
for all (xy,...,2n) € Hszl It , where (i,...,in) € Hff:l Y, - Note that

Tt9]o

T -T
= max sup |Trg(x1,...,2N) (Y1, ... YN)|

(i1,in)ETTRZ 1 Zmy, (@1, 2N )E W15 YN ) [(z1,.. . zn) — (Y1, YIS
(@15 N ), (Y15 YN ) ET TRy Ty,

< max sup |f(z1,. ., on) = f(y1,- -, un)|

(’il;m,iN)EHg:l My, (Z1,e.ey TN)FA(Y1,e--s yN) ||({,C1,...,.’EN) - (ylvayN)”g
(@1, N), (Y1, yn ) ET TR, Ii,ip,

+ sup
(z1,..., TN)FA(YL,-s YN)
(@1t ), (Y15 YN ) ET TRy Ty,

oo |(g = ) (uii, (1), -y unts (@n) = (9 = 8) (upg, (91), - unh (yn)
”(:L'la"'axN) - (ylv"'vyN)”g
llg = slloo|(x1, ..., 2N) — aly1, .., YN)
+ sup
(x1,--ey TN)F(Y1se-es YN) ”(xla-'-axl\/)7(y17"'ay1\7)”g

(@10 N ), (Y15 YN ) ETTRy iy,
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vl

< fle + —=(lglo + [5l0) + llg = sllocle]s-

aO’

For g,h € H5(IV)

|Trg — Trh|| = |Trg — Thlloo + [Trg — Trhls

|
< llallocllg = hlloe + <219 = hlo + llg = hllsolals

g

o
= 182l — bl +llg — hllcli
o

O/U

o
< max { 120 o } g - .

<

lg = Al +llg = Plloolex]

It follows from the hypothesis that T'is a contraction function on H% (I N). Hence, a
unique fixed point of T" is obtained by the Banach contraction principle. In partic-

ular, f* € HF(IV).

Let Ko be the Holder constant for a Holder continuous function f@ : IV — R with

exponent o. For § = ﬁ and using the Lemma 3.3 we get

5 log (N5 (G (f) _ o log (2M™Y 4 M= M™ VK .2%)

dim (g(fa)) - }IL% — log(é) ~ m—oo mlog(M) S1EN- 7
and this completes the proof. O]

Example 3.12. Consider the following function in the domain [—1,1] x [—1,1] as

the germ function

fla,y) =41(y° — 2°)* + (y — %),
Let us consider the following parameters:

(i) A net A determined by the partition {—1,—0.5,0,0.5,1} of [—1,1].

(ii) Scaling function a(z,y) = 0.1,0.2,0.4,0.5,0.7,0.9, respectively for all (z,y) €
[—1,1] x [-1,1].
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(iii) Base function s(z,y) = 23y° f(z,y).

a(z,y) =0.5 alz,y) =0.7 a(z,y) =0.9

FIGURE 3.1: G(f%) on different Scaling function

3.2.1 Restrictions of a-Fractal Function on Axis

Let f® be a fractal interpolation function as in Subsection 1.3.4. Now define a

function ¢* : I;;, — R such that

g (z1) = f* (v1,u21(0), ..., un1(0)) for all z; € I, (3.6)

where a9(z;) = a (x1,u21(0),...,un1(0)) and s9(z1,...,2n) = s(z1,u21(0),...,un1(0)).

Theorem 3.13. Let f € C(IN) be a continuous function and f® the a-fractal func-
tion corresponding to f, then g* as defined in (3.6) is the induced a-fractal function
corresponding to a continuous function g : I — R, where g(a') = f(a,u21(0),...,un1(0))

for all * € I. Moreover, dim (G (¢*)) < dim (G (f*)).
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Proof. To prove that ¢* is an a-fractal function corresponding to g, it is sufficient
to prove that g** satisfies a self-referential equation. With the definition of uy,, it

is clear that for all k € Xy, u1(0) = 0, then we have

g% (1)
:fa (581, ’UJ271(0), e ,UNJ(O))
=f(z1,u21(0),...,un1(0)) + @ (ul_jl(xl),o, .. .,0) [fa (ui%l(xl),o, . 7O) -5 (ul_;l(xl),(), .. .,0)]

:g(l‘l) + Oég(ul_jl (:L’)) |:ga-q (ul_,zl1 (1'1)) — Sag (ul_,zl1 (:L’l))):| .

It satisfies a self-referential equation, hence ¢®’ is an a-fractal function correspond-
ing to g.

Moreover, G (¢*') € G (f*), implies that
dim (G (¢°)) < dim (G (f*)).

This completes the proof. O

Example 3.14. Let f : I? — R be a real-valued function. Using f, we define

g : I — R as follows:

g(x) = f(z,0). (3.7)

It can be seen that

dimG(g) < dimG(f).

Consider f(z,y) = z* + y?, then the function g(x) = z? is obtained by using (3.7).
It can be easily seen that dimG(f) = 2 and dimG(g) = 1, that is, dimG(g) <
dimG(f). Now, take f(z,y) = W(x) + y, where W : I — R is the Weierstrass

function. Similarly, we get g(z) = W(z). Finally, dimG(f) = 1 + dim(W) and
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dimG(g) = dimG(W). Hence, dimG(g) < dimG(f). Now, select f(z,y) = W(x)y,
then g(z) = 0. Thus, we get dimG(fg) = 1.

Theorem 3.15. Let f,a and s be Holder continuous with exponent o. If a =

min{|ax,, | : k € Xn,ix € Xp} and max{m HaH} < 1, then g™ is Holder

a® ?

continuous with exponent o. Moreover, 1 < dimpy (g(gag)) < dimB(g(Qag)) <

dimp(G(g™")) <2—o.

Proof. In view of Theorem 3.11, the fractal function f¢ is Holder continuous with

exponent o. Since

gag($1) = fa (1’1, UQJ(O), Ce ,UNJ(O)) fOl" all T € [171'1,

where a?(x1) = a (21,u21(0), ..., un1(0)), s9(x1,...,2n) = s(x1,u21(0),...,un1(0)),

we have

9% () =g (y)| = |f* (2,u2,1(0), ..., un1(0) = f* (y, u2,1(0), ..., un1(0)) | < |lz—y|°.

That is, ¢* is Holder continuous with exponent o.
Now, by [36, Corollary 11.2] it is obvious that dimp (G(g*’)) < 2—o. This completes

the proof. O

3.3 Mixed Riemann-Liouville Fractional Integral

Definition 3.16. The Mixed Riemann-Liouville fractional integral of a multivariate

continuous function f : Iy — R is defined as

(30 £ (2, ay)
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1 T1 TN
= e _ p1—1 _ un—1
F(ul)F(IuN) /0 /0 (1‘1 tl) (ZL‘N t]v) f(tl,...,tN) dtl...dtN,

where iy,...pux >0 and (zy,...,2y5) # (=1,...,—1) for all (zy,...,zy) € IV.

Theorem 3.17. Let g* be the FIF defined as in (1.12) which is determined by
the IFS defined in (1.10), then JWi=1N)g* will satisfy the following self-referential

equation
3(#1 ----- #N)g* (z T ):/F\ ) -1 (1) -1 (zn) ~(prsepn) 6 (=1 (21) -1 (zx)
1y---3 LN i1.dN uLZl T ,...,UNJ-N TN), J g ul’“ T ""7uN,iN TN s

where /ﬁil...m : X — R s defined as,

P P
_ 5o BN 1
Fi iy, on, 2) = 0ayy a2+ Biy iy(T1,. .., 7N),
here

Bil...iN(xla R 7.’1/']\])

u1,iq (%1) un, iy (0) . L
- M / / (ul,il(l'l)—tl)ul_ ...(UN’Z‘N(QTN)—tN)“N_ g*(tl,...,tN) dtl...dtN
0 0

" u1,iy (%1) uNfl,iN,l(O) TN . X
N e . _ H1— _ KUN—
TN ix / / / (i, (21) —t1) (zn — wy)

0 0 0

g*(tl, c o UN iy (wN)) dty...dty_1dwy
v (1) 1 1 1
+ N O i 1/0 /0 /0 (uri, (z1) —t)" 7 (@N—1 —wN—)"Y T (an — o )Y
(1, tN—2, UN—1in (WN—1), uN,iy (wN)) dEy ... diy_edwy_1dwn
ul 1(0
+...+a§<;:fm' a212/ / / ulzl 1 7t1)m 1(x27w2)u2 1 (xNin)lJ«N 1
g*(tl,ugiQ(wg) uNiN(wN)) dt;dws ... dwy

—l—aNZN. alh/ / (x1 —w)" 7 (y — wn)P Y T By iy (W, wp) dwl...dwN>,

1

where M = )
() T(aw)
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Proof. For (z1,...,xx) € IV, we have

JUe N g (w4 (1), Uy (TN)

w1,y (21) UN,iy (TN) . .
:M/ / (ulﬂ-l(xl)—tl)’“_ ...(UN’iN(Z'N)—tN)HN_ g*(tl,...,tN) dtl...dtN
0 0

u1,iq (1) un, iy (0) 1 1
M / / (ura, (1) — 1) (i (Tn) — )N L (b, ) dby . dEy
0 0

u1,iq (1) uN, iy (TN) . L
+/ / (ul,il(l'l)ftl)p'17 ...(UN71'N($N)7tN)HN7 g*(tl,...,tN) déy ... dty
0 uN,zN(O)

put tx = un,iy (wn) in the second integral, then we get

u1,iqy (1) unN, iy (0) L .
=M / / (ul,i1($1)—t1)“17 -~-(UN,iN(1'N)_tN)#N7 g*(tl,...,tN) déy ... dty
0 0
U1,iq (z1) TN 1 1
+aN,z'N/ / (u1,iy (21) = )" 7 (Ui (@) — Uiy (W)Y
0 0

g*(tl, I 7UN,2'N (U}N)) dtl .. .dtNld’lUN)

u1,iy (%1) un,iy (0) 1 1
=M / / (ua,iy (z1) =) 7 (i () = EN)"N T g (B, Ey) dEy - dEy
0 0

u1,iq (1) unN—1,in_;(0) pzN . .
+am”/ / / (uriy(z1) =) (an —wN)MNT
0 0 0
g*(tl, <y UN iy (wN)) dtl .. .dthldwN

u1,iq (1) UN—1,iy_; (@N-1) pIN . )
+a§LVJ:]iN/ / / (Ul,il(lﬂl)*tl)’“i ...(iﬂNf’wN)‘uNi
0 u 0

N—1,iny_q(0)
g*(tl, e 7UN,2’N (wN)) dt1 .. .dtNldwN>
put tny_1 =uUN—_1,iy_,(wWn_1) in the third integral, then

ul.il(ﬂll) uN,iN(O) 1 1
_ M / / (ura, (1) — 1) (i (Tn) — )N L (b, ) dby . dEy
0 0

u1,iq (1) UN—1,in_;(0) pxN . .
+a§‘vfjm/o /O /0 (i, (1) — 1) (i — )N
g*(tl, ce e UN iy (’LUN)> dtl .. .dthldwN
u1,iq (1) IN-1 [IN L
+ A\ AN 1y /0 /0 /0 (uri (z1) = 1) 71 (uN—1in (BN 1)
-1 _
*UN—LiN_l(wN—l))#N Y (ay — wn)MY T gt (. AN—2, UN—1in_y (WN=1), UN,in (WN))

dtl . dtN_deN_ldwN>
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u1,11(11) UN,ipn (0) " 1 M 1
. . _ 1— . _ N— *
- i o (un g o
/ / (U1, (21) — t1) (un,iy(@zn) —tN) g (t1 ty) dty...dtn
0 0

u1,iq (1) UN-1,in_,(0) TN | .
-I-GMNIYZ‘N/ / / (U1, (1) —t1)" o (en — W)Y T
0 0 0

g*(th ce 3 UN iy (’LUN))dtl .. .dthld’wN

u1,iq (1) IN-1 [fIN L )

+al o iy 1/0 /O /O (wriy (z1) = t)" 7 (@Non —wN—)MY T
(.I‘N — wN)”Nilg*(tl, v INC2, UN 1 iy (wN_l),uNyiN (’LUN)) déy .. .dtN_gdwN_1d’LUN>

going on with similar steps, we get

u1,iy (@1) uN, iy (0) L L
=M / / (’U,l,il(l‘l)—tl)ul_ ...(UNJ'N(J)N)—I‘,N)#N_ g*(tl,...,t]\[) dtl...dtN
0 0

u1,iq (1) UN—1,iy_1(0) pxN ) L
+GHN]:]7;N/ / / (Ulyil(l'l)—tl)uli ...(.’EN—’U}N)MN7
0 0 0

g*(tl,...,uN7¢N(wN))dt1...dtN_ldwN
w1 iy (1) TN_1 TN
v /0 /O /0 iy (1) = £)P 0 (y—y = g )1
(xn —wn )" Lg*(t1, .. N2, uN_ Lin 1 (WN=1),un,iy(wn)) dt1 ... dExn_2dwy_1dwn
u1,i, (0)
+ - —l—aNZN.. 212/ / / (w14, (1) — t1)M (xg—wg)“rl...(xN—wN)”Nfl

g*(tl,UQ o (U}Q) e, UN VN (wN)) dtldwg e d’LUN =+ a'xf]:]iN . a‘f}il

/ / 371 — ’LU1 /“ 1 (SL’N wN)“N 1g (U1 i (wl) ,UN,iN(wN)) dw1 .. .d’LUN)
u1,iq (1) un, iy (0) L L
M / / (uri (1) = )" 7 (uniy (Bn) = EN)"N 7 g™ (b, ty) dig . dEy
0 0

u1,iq (1) UN—1,iy_q1(0) pxN L .
+al]<;:ij/ / / (ulyil(:rl)—tl)’“_ ...(.’EN—’LUN)NN_
0 0 0

g*(tl, « oy UNin (wN))dtl .. .dthld’wN
uy iy (1) TN-1 [fIN
+aNZNa'L;VN 1111\/ 1/ / / (Ul,i1($1)—t1)’”71...(xN_1—wN_l)”N—fl
0 0 0
(xN — U)N)“N_lg*(tl, ce tN_Q, UN-—-1 iNfl(wN_l) UN,in (U}N)) dtl ce dtN_gdwN_ldwN
w11 (©) 1 . 1
+ - +GNZN .. 212/ / / U1 i1 .’El _tl)ﬂl (.’EQ — ’lUQ)M2 (xN U}N)MN

g*(tl,uliz (’wg), e 7UN,iN (U)N)) dtldU/Q e dwN

z1
12\ M1 1 —1 *
+ayiy -y n/ —w)M T (ay —wN)PY T g (we,y .., wy) dwy L dwy
0

1
KN M1
FaNy 01y /o

o\h

:1:1 —w))M T (e — wn)PY T By iy (W, o) dwl...dwN>
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o~

—SaHN H1 ~ yeeey *
_5aN7iN T 0’1,2’1“‘(“1 #N)g (xlv cee 71‘]\/‘) + mai}v (Ila v axN)v

establishing the claim. O

Remark 3.18. The above theorem can be compared with Theorem 5.3 of [28],

wherein the calculus of fractal surfaces has been studied.

Remark 3.19. The fractal integral of a FIF has also been discussed previously. See,
for instance, [42, 43]. In [43], the authors have studied the F“-integral of a FIF.

However, we have discussed the Riemann-Liouville fractional integral of a FIF.

3.4 Conclusion

In this chapter, we have discussed the construction of a multivariate fractal inter-
polation function based on a given data set (Subsection 1.3.3). We have observed
that the graph of this constructed function acts as an attractor for an IFS (Theorem
1.16) and satisfies a self-referential equation (Equation (1.12)). Additionally, we
have proven the existence of multivariate a-fractal functions corresponding to con-
tinuous functions defined on IV (Subsection 1.3.4). Furthermore, we have examined
the fractal dimension of these multivariate a-fractal functions (Theorems 3.9, 3.11),
as well as their restrictions on the coordinate axis (Subsection 3.2.1). Finally, we
have demonstrated that the mixed Riemann-Liouville fractional integral of a multi-
variate fractal interpolation function satisfies the self-referential equation (Theorem

3.17).

Kokokokokokook ok ko kok
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