Optimality Concepts and Methods for Interval-Valued
and Set-Valued Optimization Problems

Thesis submitted in partial fulfillment

for the Award of Degree

Doctor of Philosophy

by

Krishan Kumar

DEPARTMENT OF MATHEMATICAL SCIENCES
INDIAN INSTITUTE OF TECHNOLOGY
(BANARAS HINDU UNIVERSITY)
VARANASI - 221005

Roll No. 19121001 October 2024



CERTIFICATE

It is certified that the work contained in the thesis titled “Optimality Concepts
and Methods for Interval- Valued and Set-Valued Optimization Problems" by
Krishan Kumar has been carried out under my supervision and that this work has
not been submitted elsewhere for a degree.

It is further certified that the student has fulfilled all requirements of Comprchensive

Examination, Candidacy, and SOTA for the award of Ph.D. Degree.

TE /Supervisor
2;/,0/24_ nferf Free gy
Depa~mrr ~ Mar v matca Scences

Dr. Debdas Ghosh Ay Naind g
. Indian Institute of Technol
(Supervisor) el oy i’qaﬂfélam%?
) naras Hindu Universily)
Associate Professor  A\/aranaci-221008

Department ol Mathematical Sciences
Indian Institute of Technology
(Banaras Hindu University)
Varanasi-221005



DECLARATION BY THE CANDIDATE

I, Krishan Kuwmar, certify that the work embodied in this thesis is my own bonalide
work and carried out by me under the supervision of Dr. Debdas Ghosh [rom
July 2019 to October 2024 at the Department of Mathematical Sciences,
Indian Institute of Technology (Banaras Hindu University), Varanasi. The
matter embodied in this thesis has not been submitted for the award of any other
degree/diploma. I declare that I have faithfully acknowledged and given credits to
the research workers wherever their works have been cited in my work in this thesis.
[ further declare that I have not willfully copied any other’s work, paragraphs, text,
data, results, efc., reported in journals, books, magazines, reports dissertations, theses,
cte., or available at websites and have not included them in this thesis and have not

cited as my own work.

DM£:Q£!10{2024- ¥ﬁ&ﬂ€ﬁ£§%§B\QOW*

Place: Varanasi (Krishan Kumar)

CERTIFICATE BY THE SUPERVISOR

It is certified that the above statement made by the candidate is correct to the best of

our knowledge.

26/16/24 26 (02024
(Dr. Debdas Ghosh) (Prof. Sanjay Kumar Pandey)
Associate Professor Professor and Head
Department, of Mathematical Sciences Department of Mathematical Sciences
Indian Institute of Technology Indian Institute of Technology
(Banaras Hindu University) Banaras Hindu University)
( EarTTeaeT /HEAD
SRS aranasi- =4 W[aﬂl'l
Varanasi-221005 TN/ Supenvisor Varanasi-221005 | ﬂﬁlﬁtﬁgm ficat Sciences
T R BT T St g
Depant ment of Mathzmatical Sciences ~dian Institute of Tt y
TSI Sear (it iversity)
Indian Institute of Technol 3aneras Hindu Univers g,
Freaterom ~roTeit /Varanasi-2210
aras Hindu University)

/Varanasi-221005



COPYRIGHT TRANSFER CERTIFICATE

Title of the Thesis: Optimality Concepts and Methods for Interval-Valued and Set-

Valued Optimization Problems

Name of the Student: Krishan Kumar

Copyright Transfer

The undersigned hereby assigns to the Indian Institute of Technology (Banaras
Hindu University) Varanasi all rights under copyright that may exist in and

for the above thesis submitted for the award of the Doctor of Philosophy.

o -
Date: 2((’[0/20 24 W{;\w\gczk

Place: Varanasi (Krishan Kumar)

Note: However, the author may reproduce or authorize others to reproduce material
extracted verbatim from the thesis or derivative of the thesis for the author’s personal

use provided that the source and the Institute’s copyright notice are indicated.



I lovingly devote this research to my parents, the foundation of my life,
whose unwavering support and love have been my greatest source of

strength.



ACKNOWLEDGEMENT

It fills my heart with unspeakable joy and emotions to express my deepest gratitude
to everyone who contributed to the successful completion of my PhD thesis. Though
my name appears on the cover, this work would not have been possible without the
invaluable contributions of many remarkable individuals. I owe my heartfelt thanks to
all those who made this thesis a reality.

Foremost, I would like to thank my supervisor Dr. Debdas Ghosh, for his constant
guidance and support. His insightful advice and expertise have been helpful in shaping
this research. His mentorship has not only improved my work but has also helped me
grow as a researcher. This thesis would not have been possible without his dedicated
supervision and belief in my potential. I am grateful to my supervisor for mining,
polishing, and making me a confident researcher.

I would also like to thank the Research Progress Evaluation Committee (RPEC)
members Dr. Somak Bhattacharyya and Prof. Rajeev for their insightful comments
and encouragement, but also for the hard questions, which encouraged me to widen my
research from various perspectives.

I express my cordial thanks to the head of the Department of Mathematical Sciences,
IIT (BHU), Varanasi, Prof. Sanjay Kumar Pandey and a sense of gratitude to all the
faculty members of the department. Additionally, I would like to express my gratitude
to the entire IIT (BHU) staff, who have assisted me throughout my research. Further,
[ am also thankful for the institute funding provided by IIT (BHU) for carrying out
research work.

Further, I would like to extend my thanks to my seniors Dr. Abhishek Singh, Dr.
Ram Surat Chauhan, Dr. Jauny, and Mr. Ashutosh Upadhyay for helping me as
a younger brother. Their valuable insights, patience, and willingness to share their
knowledge have been crucial in helping me navigate the challenges of my PhD. I am
especially thankful for their encouragement during difficult times and for fostering a

collaborative and friendly lab environment. I would like to extend my sincere thanks



to my fellow mates Ms. Anshika, Mr. Nand Kishor, Mr. Ravi Raushan, Ms. Suprova
Ghosh, Mr. Krishna Gupta, Mr. Jaydeep Das, and Ms. Tapasi. Working alongside such
talented and motivated individuals made the research process enjoyable and inspiring.
I am grateful for the stimulating discussions, shared experiences, and the camaraderie
we built, which helped me stay motivated during challenging times.

My time at IIT (BHU) was made memorable due to many friends and groups that
became a part of my life. In this regard, I express my gratitude to my dear friends
Dr. Megha Pandey and Ms. Anshika. Their belief in me, along with the moments
of laughter and relaxation we shared, helped me stay grounded and focused during
challenging times. I am also thankful to Ms. Mansi Mishra, Dr. Chetna, Dr. Anant,
Mr. Pradeep Rai, Mr. Gaurav, and Mr. Sita Ram Yadav for making this journey not
only bearable but also memorable. I want to thank my two friends, who are with me
from IIT Bhubaneswar, Ms. Smrati Pandey and Mr. Manish Chaurasia.

Next, I am indebted to my parents Shri. Jagpal Singh and Smt. Sushila for their
blessings, support, and belief in my ability to pursue my career as a researcher. I
feel extraordinarily fortunate to have moral support from my family during my PhD.
My acknowledgment would be incomplete without expressing my heartfelt thanks to my
younger brother, Mr. Manish Kumar, my sisters, Mrs. Preety, Mrs. Renu, Mrs. Meenu,
and my friend, Ms. Salila Paradhan. I truly appreciate their patience, understanding,
and unwavering support throughout my journey. They have been there for me through
both the highs and lows, offering encouragement, when I needed it most.

My acknowledgment will be incomplete if I do not mention Pt. Madan Mohan
Malaviya with whose blessings and support I could be able to achieve my goal successfully.

Last but not least, a very special thanks to Baba Kashi Vishwanath and Lord Shri
Krishna. Their blessings can be felt in every space of this place. I thank you for the
hidden forces of nature brought within me during this scientific endeavor. I apologize

if I could not acknowledge somebody who supported me directly or indirectly during

this journey. W \é‘(“o \9;0 e
Date:26110’2024— 'Z.("\ﬁ/
Place: Varanasi (Krishan Kumar)

vi



List of Figures

2.1

3.1
3.2
3.3

4.1

4.2

4.3
4.4
4.5
4.6

5.1
5.2
2.3
5.4
2.5
5.6

5.7
5.8

Graphs of F(z) = |z| ® A, x ® Gy and 2 ® Gg, where A = [1,2] and Gy,
G, are two possible subgradients of Fat 0 . . . . .. ... .. ... .. 41

Geometrical representation of gH.-subgradient of IVF F of Example 3.2 78
Graph of ®(x,z) in Example 3.6.. . . . . .. .. ... ... 96
Graphs of F(z) and x ® Ly, where Ly = [0.75,1.5] . . . ... ... ... 96

The value of F at intermediate iterates generated by CD method for
Example 4.1 for the initial point xy = —10.3000 . . . . . . ... .. .. 133

The value of zy for three different initial points ((—8,—12)",(—6,10)"

and (12,14) ) at each iteration generated by CD method for Example 4.2134
Output of CD method for Example 4.3 . . . . . .. ... .. ... ... 136
Output of CD method for Example 4.4 . . . . . . ... .. ... .... 137
Output of CD method for Example 4.5 . . . . . . ... ... ... ... 138
Output of CD method for Example 4.6 . . . . ... .. ... .. .... 139
Output of Algorithm 2 for Example 5.1 . . . . . .. ... .. ... ... 170
Output of Algorithm 2 for Example 5.2 . . . . . . ... ... ... ... 171
Output of Algorithm 2 for Example 5.3 . . . . . . ... ... ... ... 173
Output of Algorithm 2 for Example 5.4 . . . . . . . ... .. ... ... 174
Output of Algorithm 2 for Example 5.5 . . . . . . . .. ... ... ... 175
The value of zj, for three different initial points ((—5,—5)", (=5,10)"

and (9,10)7) at each iteration generated by Algorithm 2 for Example 5.6 177
Output of the Algorithm 2 for Example 5.7 . . . . . . . ... ... ... 179
Output of the Algorithm 2 for Example 5.8 . . . . . . . . .. .. .. .. 180






List of Tables

2.1
2.2

4.1
4.2
4.3
4.4
4.5
4.6

5.1
5.2
2.3
0.4
2.9
2.6
5.7
5.8
2.9

Sample interval-valued returns of the given assets . . . . . . . . .. .. 61
The risk covariance interval-valued matrix Q of the returns of the given

assets ... s e e 62

Performance comparison of FR, CD, and SD methods on Example 4.1 . 133
Performance comparison of FR, CD, and SD methods on Example 4.2 . 135
Performance comparison of FR, CD, and SD methods on Example 4.3 . 136
Performance comparison of FR, CD, and SD methods on Example 4.4 . 137
Performance comparison of FR, CD, and SD methods on Example 4.5 . 139
Performance comparison of FR, CD, and SD methods on Example 4.6 . 140

Performance of Algorithm 2 on Example 5.1 . . . . . . ... ... ... 170
Performance of Algorithm 2 on Example 5.2 . . . . .. ... ... ... 171
Performance of Algorithm 2 on Example 5.3 . . . . . . . .. ... ... 173
Performance of Algorithm 2 on Example 5.4 . . . . .. ... ... ... 174
Performance of Algorithm 2 on Example 5.5 . . . . . . ... ... ... 176
Solution found in the argument space for Example 5.5. . . . . . . . .. 176
Performance of Algorithm 2 on Example 5.6 . . . . . . ... ... ... 178
Performance of Algorithm 2 on Example 5.7 . . . . . . ... ... ... 179

Performance of Algorithm 2 on Example 5.8 . . . . . .. . .. ... .. 180






List of Symbols

Symbol Description
R Set of real numbers
R Set of nonnegative real numbers
N Set of natural numbers
R™ R xR x--- xR (m-times)
R Ry xRy x--- xRy
Il |l Euclidean norm on R"
(-, ) Standard inner product on R™
I(R) Set of all closed and bounded intervals in R
R R U {—o00,+00}
I(R) I(R) U {—o00, +00}
I(R)" Set of interval vectors
B Closed unit ball in R"”
i(z) Support function of a subset S of R" at z € R"
cl(S) Closure of the set S
Z (R™) Class of all nonempty subsets of R™
int(A) Interior of the set A
conv(A) Convex hull of the set A
K e Z(R™) Closed, convex, pointed, and solid cone
K* Set {v eR™:v"u>0foralue K}, i.e., dual cone of K
[p] Set {1,2,...,p}, where p € N
S, Set S—x={s—x:s5€S}, where S CR" and x € R"”
J f(z) Jacobian of the function f at x and range or image space

of J f(x), where f : R™ — R™ is a differentiable function at x






List of Abbreviations

Abbreviation
IVF

I0P
KKT
WSM
ILPP
MRPIOP
SOP
VOP
CSOP
CVOP
FR

CD

SD

Description

Interval-Valued Function

Interval Optimization Problem
Karush-Kuhn-Tucker

Weak Sharp Minima

Interval Linear Programming Problem
Minimum Risk Portfolio Interval Optimization Problem
Set Optimization Problem

Vector Optimization Problem
Constrained Set Optimization Problem
Constrained Vector Optimization Problem
Fletcher-Reeves

Conjugate Descent

Steepest Descent






PREFACE

Optimization is a fundamental tool that plays an essential role across a wide range of
disciplines, including science, engineering, economics, and management. It serves as the
backbone of decision-making processes that seek to identify the most effective solutions
within specific constraints. Whether the objective is to enhance efficiency, reduce costs,
or reconcile competing goals, optimization offers a systematic framework for finding
the optimal solution. By formulating problems to allow the calculation of maximum or
minimum values for a given function under various conditions, optimization provides
a precise methodology for tackling complex challenges. Utilizing advanced mathemat-
ical models and algorithms, optimization empowers decision-makers to navigate the
complexities of real-world problems, where resources are constrained and objectives are
conflicting in nature.

Classical mathematics often struggles to capture accurately real-world situations due
to the inherent uncertainty of events and environments. Commonly, the collected data
is imprecise or inexact, influenced by factors such as measurement errors or random
occurrences. In some cases, the data may only be rough estimates, adding to the
challenge of representing complex systems with precision. To handle this uncertainty in
problems; some specific areas of optimization have been developed. These areas include
robust optimization, fuzzy optimization, stochastic optimization, interval optimization,
multiobjective optimization, and set optimization. Among these potential fields, this

thesis focuses on interval and set optimization.



XX Preface

Optimization involving interval and set-valued problems represents a significant ad-
vancement in the field, addressing the complexities that arise when uncertainty and im-
precision are inherent in the decision-making process. Unlike traditional optimization,
where decisions are based on precise values, interval optimization deals with uncertain
data by representing it as intervals, thus allowing for solutions that are robust to fluctu-
ations in the input. Similarly, set-valued optimization extends this concept further by
considering solutions that are not single values but entire sets, accommodating a wider
range of possible outcomes. These approaches are particularly useful in real-world ap-
plications, where data is imprecise or subject to variation, such as in engineering design,
financial modeling, and robust decision-making under uncertainty. The ability to opti-
mize over intervals and sets ensures that solutions are not only theoretically sound but
also practical and adaptable in dynamic environments.

In this thesis, we define the concept of a support function for interval vectors and
subdifferentiablity for interval-valued functions using generalized Hukuhara difference
(known as g H-subdifferentiability). Next, the notion of weak sharp minima for interval-
valued functions is given. Using the support function and subdifferentiability, primal
and dual characterization of weak sharp minima for interval-valued functions are pre-
sented. Further, a more general form of gH-subdifferentiability, e-subdifferentiability
(gH -subdifferentiability), is defined for interval-valued functions. Subsequently, the
difference between ¢H-subdifferentiability and gH.-subdifferentiability is also men-
tioned. The nonemptiness, closedness, boundedness, and convexity of both gH and
gH.-subdifferential set of interval-valued functions are proved. Next, the definition of
an approximate solution to the interval optimization problem is given, and with the
help of gH.-subdifferentiability, two necessary and sufficient optimality conditions are
proved. It is also given how gH.-subdifferentiability can be used to find an approximate
solution to interval minimax optimization problems.

After the theoretical analysis and optimality conditions for interval optimization,



Preface xxi

we move to the numerical development for set optimization, which is a more general
framework, in this thesis. Recently, numerical algorithms for set optimization prob-
lems have gained significant interest. Researchers are providing different methods for
different types of set optimization problems nowadays. Recently, a steepest descent
method for a particular class of set optimization problems, in which the objective func-
tion has finite cardinality, has been proposed. We extend the numerical development
for this class of set optimization problems in this thesis. After the steepest descent
method, conjugate gradient and projected gradient methods are the most fundamental
and prominent first-order methods, which are commonly used by researchers. There-
fore, in this thesis, we propose the conjugate gradient method and projected gradient
method for unconstrained and constrained set optimization problems whose objective
function has the collection of finite vector-valued functions, respectively. Subsequently,
the well-definedness, convergence and numerical demonstration of proposed methods
are also shown. Moreover, a numerical comparison with the existing steepest descent
method for the considered unconstrained set optimization problem is also given.

We hope that the contributions in this thesis will help move the fields of interval
and set optimization forward. By providing new ideas and methods, this work aims
to tackle the challenges of uncertainty and inexact data in real-world problems. We
believe these contributions will encourage more research and lead to better and more

practical solutions in both theory and applications of optimization.
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