Chapter 5

Oscillations of Fourier coefficients of product of

L-functions at integers in a sparse set

In this chapter, we study the asymptotic behaviour of higher moments of generalized
divisor functions associated to the Fourier coefficients of Rankin-Selberg L-function
associated to a normalized Hecke eigenform over SLs(Z), supported at the integers
represented by primitive integral positive definite binary quadratic forms (reduced

forms) of a fixed negative discriminant.

5.1 Introduction

Study of the asymptotic behaviour of summatory functions of arithmetical functions
is one of the classical problems in analytic number theory. Such problems are referred
as divisor problems ([36, p. 27], [50, p. 149], [69, p. 510]). For ¢ be a positive integer,
the generalized divisor function dy(n) (defined in 1.2) is closely related with ¢*(s),
where ((s) is the famous Riemann zeta function. Several authors have considered
divisor problems and their analogues in the case of various automorphic forms. In

particular, the following divisor problem was considered by several authors:

Sw(X) =) Auyxs(n), w>1, (5.1)

n<X

65
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where A, fxr(n) = Z Apxp(na) - Apxp(nw) and App(n) = Aj(n) is the n-th
normalized Fouriernzggﬁ%ient (defined in Chapter 1, page 17) of Rankin-Selberg L-
functions R(f x f, s) associated to a Hecke eigenform f € Si(SLy(Z)) defined in [30,
p. 118, Chapter 6]. The study of this type of sum was initiated independently by

Rankin [62] and Selberg [64], and the following estimate (for w = 1) was obtained:

3 €
S1(X) =3 N3(n) = CpX + 05 (X3, (5.2)
n<X
where C} is a positive constant depending on f. Later, Kanemitsu, Sankara-
narayanan and Tanigawa [36] extended the above result for w > 2 and obtained

the estimate for the sum S,,(X). More precisely, they proved the following:

Su(X) =D Nupus(n) = My(X) + Op (X' 7279), (5.3)
n<X

Here M, (X) = E{:els (MXﬁ which is of the form X P,_;(log(X)), where P, (t)
is a polynomial of degree w. The estimate in (5.3) has been refined and generalized
by several authors for GL(2)-forms (see [33, 50, 69] for more details). Such types
of problems become more interesting if one considers the summatory function over
a sparse sequence. More precisely, {z,} is a sequence of positive integers given by
n = Q(xy,x2) (defined later on page 70), and if n is not represented by Q, then
z, = 0 and an arithmetical function A(n), it would be interesting to consider the
summatory function Z A(x,), where £ > 1. In this direction, several interesting
results for A(n) = Ay (nrf)X(n—th normalized Fourier coefficient (as defined in Chapter 1
on page 17) of a normalized Hecke eigenform f) have been obtained. For details, we
refer to the introduction in [51]. One interesting sequence is the sequence supported

at the sum of two squares. Zhai [73] considered the sequence supported at the sum

of two squares and obtained the estimates of the following sums (for 2 <r < 8 and
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X >1):
Y Oyt +a)

(zq,xp)€L2
2. .2
m1+12§X

More precisely, Zhai [73] proved that

> (Mlad+a3))" = XPy(log X) + O (X"T), (5.4)

(eq,29)€22
2 2
zl+z2§X

where Py(t), Py(t), Ps(t), Ps(t) are polynomials of degree 0, 1,4 and 13, respectively,

and P,(t) = 0 for r = 3,5,7 and 0y = %,03 = ;—5,04 = ﬁ,@g, = %,06 = %,97 =

355 @ — 152

355, U8 = =x=. Later, by using the analytic properties of symmetric power L-functions,

Xu [70] has extended the work of Zhai [73] for general € N and proved the estimate

for the following sum associated to Hecke eigenform f € Si(SLy(Z)) :

> Xj(af +a3).

a:%—l—m%SX

In another direction, Vaishya [67, 68] studied the following sum Z (Af(Q(x1,22)))"

Q(zy,22)<X
(w1,@0)€Z2

for r < 8, where Q(z1,x2) is a reduced form of a fixed negative discriminant D (de-
fined in Section 5.2) with certain conditions and obtained several interesting results.
Further, Vaishya and Pandey [59] obtained the estimates for the more general power
moments associated to the Fourier coefficients A¢(n), where n is represented by a
reduced form of a fixed negative discriminant D. Also, the behaviour of sign change

of the sequence A\;(Q(%1,%2)) (2, ,20)cz2 has been studied in [67, 68].

Recently, Hua [29] obtained the asymptotic behaviour of the following sum:

St (X) = > Mg (1) Ay s (1) A, () (5.5)
n:z%«kz%ﬁX
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for w;,i; > 1 with 1 < j < ¢, where £ > 2, in the form of the following result [29,

Theorem 1.1].
¢

¢
Let w = Hw;-j and 0 = sz For any € > 0, we have the following estimate for
j=1 j=1

Si () given by

St (x) = J,‘P%< 20 )_l(log:v) + 0 <Xl_m> )

W, W 01

where P, (z) is a polynomial of degree m.

For w > 1, we define an L-function R(f x f,s)" associated to f as follows

= A\w n
R(f x f,5)" = Z—”ij ) (5.6)
n=1
where Ay, £ f(n Z Afxp(n1) - Apxp(ny). In this chapter, result of Hua [29]

n=ni...Nw

has been extended for any reduced form of discriminant D. We also improve certain

previous estimates of Hua [29] when Q(zy,xs) = 2% + 23 .

For m > 2, the m-th symmetric power L-function associated to f is defined as

o

L(sym™f, s) H H (1—a,"7B,/p*) = Z Z—)\sym;f(n)a
p—prime j=0 n=1 n=1

(5.7)

where Agymmp(n) is a multiplicative arithmetical function whose value at prime p is

given by
Asymm () = Ap(p™) = D o™ 7. (5-8)

=0

Remark 5.1. From Deligne’s bound [31], we have |Agypm(n)| < dimi1(n) < n
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Finally, we define the twist of m-th symmetric power L-function by a Dirichlet

character y of modulo N as follows:

L(sym™f x x,8) = Y Aoy (2)X(1). (5.9)

ns
n>1

The L-functions L(sym™f,s) and L(sym™f X x,s) have analytic continuation to
the whole complex plane and they satisfy a certain functional equation (see [31])

under s — 1 — s.

Remark 5.2. For a Hecke eigenform f, Shimura [65] established the automorphy
of L(sym?f,s) and exhibited the explicit description of analytic continuation and
functional equation of L(sym?f,s) under s — 1 — s. For m = 3,4, Cogdell and
Michel [16] have proved the automorphy of L(sym™f, s) the analytic continuation
and functional equation of L(sym™f,s) for all m > 3 under s — 1 — s. For more
general m > 5, Newton and his collaborators [55, 56] established the automorphy of
L(sym™f,s).

We assume the following convention:

L(sym’f,s) =((s), L(sym®f x x,s) = L(x. s),

L(sym'f,s) = L(f,s), L(sym'f x x,8) = L(f X X, ).

This chapter is organized as follows. In the next section, we state the main results
of this chapter. Next, we provide some key ingredients which are necessary to prove

our results. Finally, we give the proof of our results.
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5.2 Statement of results

To state our results, we need to set up a few notations.

A primitive integral positive definite binary quadratic form of a fixed negative dis-
criminant D is defined as Q(x1,3) = ax? + bryxy + cx3, where (z1,75) € Z2,
a,b,c € Z and D = b* — dac < 0 with (a,b,c) = 1. A primitive and positive definite
binary quadratic form is said to be a reduced form if |b| < a < ¢. Throughout this
section, by a reduced form Q(xy, z5), we mean a primitive integral positive definite
reduced binary quadratic form with fixed negative discriminant D. Two reduced
forms Q;(x1,z2) and Qy(x1, x5) are said to be equivalent if there are integers p, ¢, r
and s with ps — ¢gr = +1 such that Q(xy,22) = Qa(pr1 + qra, 721 + Sx2). For
a fixed discriminant D < 0, Sp denotes the set of inequivalent reduced forms of
a fixed discriminant D. It is well-known that for a given discriminant D, Sp is a
finite set. Let h(D) denotes the number of elements of discriminant D in Sp, i.e.,

We define the following generating function 6p(7) associated to a reduced form Q :

QD(T) —- Z q(Q(ILIQ)) = ZTD(TL)C]”, q = 627ri77
(x1,22)€Z? n=0
where rp(n) := #{(x1,x9) € Z*|n = Q(x1,22) for some Q € Sp}. Next, we define

the character sum r(n; D) as follows:

6 if D=-3,

r(n; D) = wp Z xp(d), where Wwp =144 if D=4, (5.10)
dn
2 if  D< -4,
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where yp is a Dirichlet character modulo |D]|, is given by Jacobi symbol xp(d) :=
D
()

Remark 5.3. The formula for r(n; D) depends only on the discriminant D (=

b? — 4ac < 0) and not on the choice of a,b and c.

Remark 5.4. From Weil’s bound [31, p. 280], it is easy to deduce that rp(n) < nf,

for any arbitrarily small positive real number € > 0.

Here, the formula r(n; D) given in (5.10) agrees with rp(n). Thus, we have

rp(n) =r(n; D) = wp ZXD(CZ)- (5.11)

dln

For more details on quadratic forms and related topics, we refer to [17, Chapter 2].

The main aim of this chapter is to study the asymptotic behaviour of the following

Ssums:
b
SIDiX) = D Apes(Q@) (5.12)
Q(z)<X '
O(z)eSp,z€Z?
and
b
S(D:X) = Y N pg(Q@) Xy 4 (QM), (5.13)

Q(z)<X

where the sum runs over the square-free integers represented by reduced forms of a

fixed discriminant D.

More precisely, we prove the following results.
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Theorem 5.1. [7, Theorem 2.1] Let f € Sp(SLs(Z)) be a normalized Hecke eigen-

form. Then, for any e > 0, we have the following estimate for the sum S1(D; X) :

S1(D: X) = X Py(log X) + O (Xl—#f) , (5.14)

where Py, (x) is a polynomial of degree m in variable x, M = ((2;) — (42_61)) w’—1 and

2&((25) ( )) %((52761) B (zzfz))

r

In the next theorem, we consider a more general divisor problem associated to Fourier
coeflicients of Hecke eigenform and improve an estimate obtained by Hua [29] when

the indices are given by sum of two squares.

Theorem 5.2. [7, Theorem 2.2] Let f € Si(SL2(Z)) be a normalized Hecke eigen-

form. Then, for any € > 0, we have the following estimate for the sum Sy(D; X) :
$:(D; X) = X Py, (log X) + 0 (X' 2", (5.15)

where P,,(x) is a polynomial of degree m, w = wa", 0 = Z&,

e () (ot oty = P TG HED) - (2
A (>R (R )

220

Remark 5.5. Here, we obtain a better estimate as 7, /w < 2%°; which improves the

result of Hua [29].
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5.3 Preparatory results

In this section, we recall some necessary results for L-functions and their Euler

product decomposition which are required to prove Theorem 5.1 and Theorem 5.2.

We first express the sums defined in (5.12) and (5.13) in terms of the known arith-

metical functions as follows:

Si(D;X) = Zb M (2 Z/\wfxf (n) (5.16)

Qz)<X n<X
QESD,QGZQ
and
Sy(D; X) = Z )‘ﬁ}l i (Q(z)) - )‘uﬁrfxf Z Ay xp(n) . )\fu,fxf(n)TD(n)-
Qz)<X n<X

QeSp ,gEZQ

(5.17)

Now, we define two Dirichlet series that will be used to obtain the approximate be-

haviour of the sum S;(D; X) and Se(D; X) defined in (5.12) and (5.13), respectively.

¢ n)ry(n
Li(s) := Zb X pes (W7 ), (5.18)

ns
n>1

and

L2(8> — Zb >\u}1f><f( ) : Au?rfxf( ) *<n> (519>

Y

where r},(n) = Z Xp(d). The Dirichlet series Lq(s) and Ls(s) converge absolutely

and uniformly for R(s) > 1. Next, we decompose L;(s) and Ls(s) in terms of the

known L-functions and using the analytic properties of these well-known L-functions,
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we obtain the desired estimates. Now, we state the decomposition of L;(s) and Ly(s)

in terms of well-known L-functions.

Proposition 5.3. We have the following decomposition of L1(s) and La(s) :

Li(s) = L11(s) X G1(s), La(s) = Lai(s) x Ga(s),

x H (L<sym% n ) ()= GED L gym2e2ms 5y, S><<if>—<ffl>>) |
h (5.20)
and
Lon(s) = () (=D Ly, 5 () =(2)
T (toum =g, oy 1D syt (G2
B (5.21)

Here w = le 0= Zf“ Xp s a Dirichlet character modulo |D| and G, (s);r =
1,2 is a Dzmchlet semes gwen in terms of FEuler product which converges absolutely
and uniformly for R(s) > 1 and forr =1,2, G.(s) # 0 for R(s) =

To prove Proposition 5.3 we use the following Lemma.

Lemma 5.1. /48, p. 4, Lemma 2.2] Let £ € N. For each j with 0 < j < ¢, we define

l
l 14 o
Agj = (zj) - (u B 1) if j=4¢ (mod?2). Then T ZAf,ijﬂj(x)a

2 2 j=0
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where T, (x) = Uy, (2x) and U,,(z) is the m-th Chebyshev polynomial of second kind.

Proof of Proposition 5.3: The arithmetical functions r},(n) = pr(d) and
din
Afxf(n) are multiplicative. This implies the following Euler product of the function

Ly (s) in the region (s) > 1

Li(s) = Y R OB Ty (14 Lupes50))

S
n>1 p

Tl (1 N szff(p)(l + XD(p)))

(5.22)

pS

Now, we obtained the following relation from Lemma 5.1

-3 (()-(L)) e 0

n=

This yields,

X1+ x0lp) - Z (1)~ (,21)) w1+ 0 =

S () (1)) Ao +§ ((1)=(,51)) Mamesos o)

(5.24)

Now following the argument as in [67, p. 6], for R(s) > 1, we express the function

Lii(s) = C(s)we((ie)_(ziel))L(XD, s)wz((if)_(ifl))
X H (L(sym%?nf, 5)“’[((2"[)7("2*@1))L(symM*Z”f X XD, s)wl((%)_(ffl)))
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as an Euler product of the form

Alp) | Alp? ]
11 (1 + ¥ + % +o ), where  A(p) = —(Ausxs(p) 7D (p)-
» p p
Moreover, for each prime p, we define the sequence {B(p")} as follows: B(p) = 0
and for each r > 2, B(p") = A(p") + A®" ™) (Awsxs(0)r5(p). It is easy to see
that B(n) < n° for any positive €. Associated to the sequence {B(p")}, we define
an Euler product for Gy(s) given by
B B(p?
o T (1 22 20, )

2s
» p p

with B(p?) = A(p*) — Aw.rxs(p))*(r5(p))*. Now this gives the required decompo-
sition of Ly(s), i.e.,

Ly(s) = L11(5)G1(s).

This completes the proof. The decomposition for Ly(s) can be obtained in the same

way.

Lemma 5.2. For any € > 0, we have

C(O'—Flt) <. (1 + ’t‘)max{%(l—a)@}-‘rs
(5.25)

and Ly, 0+ it) <y (1+ [t)medsi-0}e

uniformly for % <o<1landl|t > 1.

Proof. The bound for ((o + it) follows from [11, p. 2, Theorem 5] and the bound
for L(x, o + it) follows from [28, p. 1, eq. 1.1] and Phragmen - Lindel6f convexity

principle. [
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Lemma 5.3. [57, p. 2, Corollary 1.2] For any arbitrarily small € > 0, we have

L(sym?f, o + it) <. (1 + [t))> {50010} +e (5.26)

uniformly for 1 <o <1 and [t| > 1.

Lemma 5.4. [31, p. 100] Let L(f,s) be an L-function of degree m > 2, i.e.,

wo=S M= TI(-24) e

S
n>1 p—prime j=1 p

where oy, 55 (1 < 7 < m) are the local parameter of L(f,s) at prime p and Af(n) =
O(n®) for any e > 0. We assume that the series and Euler product converge absolutely
for R(s) > 1 and L(f,s) is an analytic function except possibly for pole at s = 1 of
order r and satisfies a functional equation for s — 1 — s. Then for any e > 0, we

have

m

—1\"7
(‘Z+ 1) L(f, 0 +it) < e (14 [t]) 20—t (5.28)

uniformly for 0 <o <1 and |t| > 1, where s = o +it. For T > 1, we have
27
/ L (f, 0 +it)|* dt < T+ (5.29)

T

uniformly for % <o<land|T|>1.

5.4 Proof of results

Proof of Theorem 5.1 To obtain an estimate for the sum S;(D; X) defined in

(5.12), we introduce a compactly supported smooth function w(z) for 1 <Y < £
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such that

1if z € [2Y, X],
w(z) =
Difz<Yandz > X+Y

and w"(z) <, Y for all r > 0.

For an arithmetical function h(n) [33, p. 60], we have

> h(n) =" h(n)w(n)+0 (Z |h(n)|> +0 ( > |h(n)|> . (5.30)

n<2y X<n<X+Y
Applying Mellin inverse transform we have
1 h(n)
h D — |d

where b is a positive real number bigger than the abscissa of absolute convergence

h
of the series Z (n)
n

n>1

and w(s) is the Mellin transform of w given by

o dx
w(s) = / w(x)r®—.
0 x
Moreover, using integration by parts, we obtain

w(s) = L oow(m) stm=Lliy Y X"
(5) s(s+1)-~-(s+m—1)/0 ()™ dr < 5 (| |y> (5:31)

for m > 1, where o = R(s). By Cauchy’s residue Theorem, we have

h(n) 1 . h(n)
h(n Res — w(s ——= 1ds. (5.32
> ( 5) )/ <>(z ) (5:32)

n>1 n>1

As the convexity bound of Z ) at R(s) = 1/2 + € is known [33, Section 2], the

n>1
contribution from the integral over |s| > T = X;re on the right hand side of (5.32) is
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negligibly small (i.e., O(X~4) for any A > 0) if we choose sufficiently large positive

integer m. Therefore, it is sufficient to find an upper bound of the following integral

1/2+e+iT n
% w(s) (Z %) ds. (5.33)

1/24€—iT o1

with 7= £

For details, we refer to [33, Section 3].

Substituting h(n) = X, ;. ;(n)rh(n) in (5.30) gives the following:

Z N g (1 Z Mo g (1 n)+0 (Z [N e ()T (1 )V>
Z wf><f (”)|> .

<n<X+Y

Since AL, 1, (n)rp(n) < nf, therefore, by using Mellin inverse transform, we obtain

1 -
S N pestmrpte() = 5 [ )6 (534

n>1

for some arbitrarily small € > 0. Moreover,

(Z [N e ()T (12) ) Z N g (M) (1 )\) <Y (5.35)

n<2Y <n<X+Y

We now shift the line of integration in (5.34) from R(s) =1+ € to R(s) = 5 + € and

then apply the Cauchy’s residue theorem to obtain

Z N g p (M) (n)w(n) = L w(s)Ly(s)ds

2mi .
" " ) (5.36)
= Res (w(s)L — 0(s)L1(s)ds.
Res (w(s) 1(5))+2m, /(1/2+E)w(s) 1(s)ds

Since w(s) < = <‘ s)\(Y> for any m > 0, the contribution for the integral over
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|s| > T'= 2= on the right hand side of (5.36) is negligibly small, i.e., O(X~4) for

any large A > 0 if one chooses sufficiently large m > 0. Moreover, we have

1 ] | [T »
— w(s)Ly(s)ds = — w(s)Li(s)ds + O(X ™)

210 J1/24¢) 270 J1j2 4 eit

T
< / [W(1/2 4 € +it)|| L1 (1/2 + € + it)G1(1/2 + € + it)|dt + O(X ),
-T

T 5+e€
< / A Lu(1)2+ e+ it)|dt + O(X ),

|5+ €+ it|
<<(/ /) X 24 et it + O(X )
€+1 ,
L 4etat]
<<Xé+6+Xé+6/ ’L11<1/2’;|r6+”)|dt+0(xA),
1

where estimates in the previous lines are obtained by substituting the bound for @(s)
when m = 1, and substituting the decomposition L;(s) = Li11(s)G1(s). Note that
in view of Proposition 5.3, the series G(s) is absolutely convergent for R(s) > 1.
Now, we apply dyadic division method, substitute Lq;(s) from (5.20) and then apply

Cauchy-Schwarz inequality to get (o9 = 1/2 + ¢€)

T : T
|L11(1/2+€+Zt>| 1 ! .
/1 m dt < logT ,max | o s |L11(1/2 + e + it)|dt

i <T1max <|(C(Uo +it)L(xp, 00 + z’t)|wl((2eé)(e2’“’1))>>

X | max (|(L(sym2f, oo + it) L(sym?f X xp, 00 + it)]wé((f—ll)_Q_z
D<t<my

D=

<<10gT max -2 2

e B ER H|L (sym? 2" f, 00+zt)|((2z) (X))
: n=0

dt

NI

-2 2

o H|L sym? 2" f x XDa00+Zt)|((%) (.5))
n=0

wé{;’g((if)(%))ﬁ((%)<22>>+é§<% —2r+1) ((Qf) - (r 2—€ 1)) }ﬂ
<T =

dt

r

>>>>

= Tte
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which is obtained by substituting the convexity/sub-convexity bound and integral

estimate of associated L-functions with ((") — (,",)) = 2=22( ") (for any 1 <

r—1 r r—1

r < n). Thus, we have

S1(D, X) = Res ((s)La(s)) + Xatepn-tte L yte L (X4, (5.37)
where .
2 2 5((2 2 1 = 14 /¢
- B0 - ) - )+ -2 (1) - ()

We know that the Dirichlet series L (s) has a pole of order ((Qf) — ( 122}1)) what s = 1.

€ ;/2 .
Now, we substitute 7' = X;; and choose Y = X 7" to get the required result.

Proof of Theorem 5.2 The proof follows from exactly same arguments as in the

proof of Theorem 5.1.

5.5 Conclusion

In this chapter, we have observed the oscillatory behaviour of product of L-function
through the asymptotic behaviour of higher moments of generalised divisor function
associated to Fourier coefficients of Rankin-Selberg L-functions associated to nor-
malised Hecke eigenforms. We have extended the result of Zhai. He has studied
summatory function over the sequence supported at sum of two squares while we
have examined the summatory function over a sparse sequence obtained from binary
quadrtaic form of a fixed negative discriminant utilising character sum, Deligne’s
bound, Weil’s bound. We have obtained a better estimate which improves the result

of Hua.

Skoskoskokokskokokskokok






