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6.1 Introduction

The present chapter concerns with the analytical solution to the Riemann problem
(RP) for a 1-D non-ideal flow of a dusty gas with friction term. There are numerous
applications of the flow of dusty gas in physical sciences and modern engineering
[167, 11, 113]. Generally, this is a mixture of gas and tinny solid particles. Also
the particles are assumed to be identical in size and contribute less than 5% to
the total volume of the mixture. Recent research studies have examined how dust
particles present in gases affect the solution of gas dynamic equations [100, 168, 169].
Using ideal dusty gas, mixture of ideal polytropic gas and small solid particles, Pai
et al. [112] studied similarity solution of the equations governing the shock wave
motion. More information about shock wave motion in ideal dusty gas can be found
in [113, 170, 171]. Vishwakarma and Nath [119, 172] have also analyzed the self-
similar solution for a shock wave motion in a non-ideal dusty gas containing small
solid particles. Further analysis was made by Nath [173, 174] on similarity solution of
the equations governing the propagation of a spherical shock wave in non-ideal flow
of dusty gas with gravitational field. In the applications of the Riemann Problem,
mathematicians are continuously studying its solution for the various systems of
PDEs and analyzing the behavior of the solution obtained for the system. In various
flows, such as Granular flow, shallow water flow, traffic flow, and many other models,
the Riemann Problem is continuously studied by ongoing research. Several analytical
and numerical methods have been developed in the past to explore the solution of
the RP for the system of PDEs [14, 36, 127]. Solving the Riemann problem for a
dusty gas involves solving the system of PDEs with appropriate initial conditions.
The solution to the Riemann problem provides valuable insight into the behavior
of the dusty gas, such as shock wave formation, expansion waves, and rarefaction

waves [142]. This inspires us to explore the RP for the flow of a dusty gas.
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The conservative system for the non-ideal flow of dusty gas with external force is

given as [175, 152]

(

(p) + (pv). = 0,

(pv)i + (pv* +p)a = hp, (6.1)

(% + pe)t + (% + pre —l—pv) = hpv,
\ x

where v, p, and p denote the velocity, density, and pressure of non-ideal flow of dusty
gas, respectively. t is time, x is spatial coordinate, and h = h(t) represents the exter-
nal force (# 0 continuous function of time). There have been many studies of the
Riemann problem with different pressure laws in the system (6.1). As p =0, [176]
presented a special solution to the Riemann problem for (6.1) that has become known
as the delta shock wave solution, whereas Cheng [41] has completely shown the solu-
tion to this problem. In [18] Courant and Friedrichs studied the RP and shown that
the ideal polytropic gas regulates the interaction of the elementary (fundamental)
waves in equation (6.1). The formation of shock waves is one of the most inter-
esting problem of non-linear wave theory in gasdynamics. Various researchers have
conducted detailed investigations into the wave interaction phenomenon, including
([177, 178, 179, 180]). The process of wave interaction in various type of fields, such
as shallow water, magnetogasdynamics, elastic solids, non-ideal gas, relaxing gas,
etc., has been studied by the authors Radha et al. [181], Ruggeri [182], Virgopia
and Ferraioli [183], Pandey and Sharma ([184, 185]). The RP for an isentropic case
of the system (6.1) in an ideal dusty gas has also been explored by ([141, 142]).
Then a quasilinear hyperbolic system of equations governing the 1-D unsteady flow
of an ideal polytropic gas containing dust particle was solved by Nath et al. [170].
However, as demonstrated in [186], the assumption that the ideal gas is deceptive

in low-density regions or high-temperature ranges, which encourages us to explore
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the non-ideal flow of dusty gas. The constant external force term (Coulomb-like
friction term) appearing in the momentum equation of the model was used for the
first time in [187]. The advantage of the source term appearing in the model (6.1)
is that the nonhomogeneous model (6.1) can be reformulated into the homogeneous
conservation form, which enables us to determine the solution of the RP for the
model that causes to bent all the waves including shock wave, contact discontinuity,
rarefaction wave and delta shock wave into the parabolic shape, and the solution of

the RP for the model (6.1) is not self-similar solution.

The internal energy of the non-ideal flow of dusty gas is expressed as [119]

r(1-2)
p(T = 1)(1+bp)

e= (6.2)

Here, volume fraction Z and mass fraction k, are connected as Z = V;,/V = fp,
where V' is the total volume of mixture and V, is total volume of the small solid
particles, and 6 = k,/ps, is constant, with p,, denoting the species density of small
solid particles. b = (1—k,)b with k, = m,,/m (constant), where b is internal volume
of molecules in gas, and m total mass of the mixture and my, total mass of the small
solid particles. I" is the Grineisen coefficient, defined as I' = y(1 4+ A\5) /(1 + A\37),
with g = Cs,/Cp, A = k,/(1 — k), and v = C,/C, > 1, is adiabatic index, C), is
specific heat of solid particles, C), is the specific heat at constant pressure and C, is

the specific heat at constant volume.

Using (6.2) in (6.1), the RP for non-ideal flow of dusty gas is obtained as

(

(p): + (pv). = 0,

(pv)e + (pv* + p)a = hp, (6.3)

L2 (1-7) L3 (1-7) _
\ <% + (rfl><1+6p>>t t (% iV +p”>x = hpv,
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with the initial condition

_,v_,p_), © <0,
p)(0,) = 4 L) (6.4)

(,0+,V+,p+), x> 07

where py, vy and pi are used as corresponding constant values. There are many
discusions available in the literature, for homogeneous system (h(t) = 0) in (6.3)
using the initial condition (6.4). In ([41, 50, 128]), the RP for the zero pressure
homogeneous Euler equation is solved with the presence of vacuum and the delta
shock. It has also been shown that there are weak global solutions by Brenier and
Grenier [188] and Weinan et al. [158]. Using the viscous vanishing approach, Sheng
and Zhang [130] determined the vacuum and delta shock waves in the Riemann
solutions. See ([189, 190, 42, 191]) for more information about delta shock waves.
With h = —1, Edwards et al. [192] solved the RP and described the mass tube by
a delta shock wave. Additionally, Shen [139] got the Riemann solutions as h =
(8 = constant), and showed how the constant affects the Riemann solutions. Ding
and Huang [193] used an Oleinik-type entropy criterion to prove the weak solution’s
uniqueness when h = x. With Coulomb-type friction, Chaturvedi and Singh [155]
have derived the classical wave solutions for the logrithmic model and analyzed
the solution’s behavior. Recently, Shobhit et al. [152] studied the RP for a non-

homogeneous 1-D compressible dusty gas flow system.

Now we consider modifying the state variable u, which is specified as [194]
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Equ. (6.3) can be reduced to the following conservative form by using (6.5):

(p)t + (p(u+ H(t))). =0,

(pu); + (pu(u+ H(t)) + p)s = 0, (6.6)

2 (I—Z) u? (I_Z) —
(25 + ), + (e H) (5 + 25) ) =0

and the corresponding piecewise initial data is

(p_,v_,p_), =<0,
poup)0n)=4 " " (6.7)

(p+,V+,p+), x> 0.

This study investigates how non-ideal dusty gas flow affects the Riemann Problem
solution in a non-homogeneous system. The presented chapter uses a modifica-
tion to simplify the given original system and then determines the solution to the
simplified system. Furthermore, it has also been observed that the curves of rarefac-
tion, contact-discontinuity, and shock waves take a curved shape under the time-
dependent external force. Therefore, the solutions are not self-similar. This chapter
will discuss the following sections: In sect.6.2, the elementary wave curves corre-
sponding to the Riemann invariants of the eigenvectors were analyzed and calculated.
In sect.6.3, we evaluated the modified homogeneous system of equations” RP solu-
tion under specific conditions. The sect.6.4 deals with the given non-homogeneous
system solution using the given initial condition, and we examine the solutions’
structures. The final sect.6.5 of this chapter summarizes the complete examination

of this work.
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6.2 Behaviour of the Riemann solutions

The quasi-linear form of the system (6.6) is

W, + QW, =0, (6.8)
where
p u+ H(t) p 0
W= lu|, and Q = 0 u+ H(t) 1/p
P 0 p(C(L4bp)* —bp?(048)) ) o H(t)

(1—2)(1+bp)

The eigenvalues of the above system can be obtained as

(

_ (T'(1+bp)2—bp?(6+b))
)\1 =u-+ H(t> - \/p p(lfz)(l—i[—)bp) ’

_ p(L(1+bp)2—bp?(6+b)) 6.9
Y XA =u+ H(t)+ \/ e, (6.9)

\

With respect to these eigenvalues, the right eigenvectors are

)
. _< B \/p<r<1+5p>2—6p3(0+5>> p(r(1+5p>2—5p2<9+5>>)T
L= \” p(1-2)(1+0p)  ° (1-0p)(1+bp) )
S \/p<r<1+6p>2—5p3<9+5>> p(C(1+8p)° B2 (0+8)) \ (6.10)
2 P p(1-2)(1+5p)  * (1-0p)(1+Dp) ’
rs = (1,0,0)T.
\

We see that, VA;.r; #£ 0,7 = 1,2. Here, V = (%,%,8%), which shows that the
characteristics fields A\; and A\, are genuinely non-linear. In this instance, the waves
are therefore either rarefaction or shock waves, which are symbolised by R and

S, respectively. While the third characteristic field A3 is linearly degenerate. The
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Riemann invariants (RI) for these characteristic fields are defined as

(

. p 1 [p(T(1+bp)2—bp2(6+D)) 1 r r—1)b/6
L: <“+ - E\/ Sy o ( — O (1= 6p) ) ’

RI: Qo (e f7 4\ fEECREBR D gy b (1 — ) (1 — ) 70)

P+ p p(1-2)(1+bp) T1tbp\p

3: (u,p).

\

(6.11)

6.2.1 Continuous solutions

We consider self-similar solutions U(t,z) = U(x) with x = z/t. Under the given
transformation, both (6.6) and (6.7) are invariant. Hence, the systems (6.6)-(6.7)

are converted to the equations

p

—X(P)x + (plu+ H(1)))y =0,

—x(pu)y + (pu(u+ H(1)) +p)y =0, (6.12)

| X <%+pe)x+ ((’JQLQ—FPe) (u+ H(t)) —|—pu> =0,

X

with

(p’ u,p)(j:oo) = (Pi; Ui>pi)-

The equations (6.12) is determined in the following form to obtain a smooth solution

—x+u+H() p 0 Px
; Syt H®) ] uy | =0. (6.13)
0 p(L(1+bp)> —bp*(9+b)) —x +u+ H(t) Px

(1—2)(1+bp)
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On solving, it gives, besides constant state (p,v)(x) = constant, (p > 0), and a

vacuum state

(psu,p) = (0,u(x),0), (6.14)

Since u(y) is an arbitrarily smooth function. The smooth solutions satisfy the

expressions
(
= p(L(1+bp)? —bp?(6+))
x=u+H(t) - \/ A1)
du _ 1 [p(T(1+bp)2—bp?(6+b)) (6.15)
o p p(1=2)(14+bp)
dp _ p(L(1+bp)>—bp?(0+b))
&P p(1=z)(1+bp) 7
or

"

p(1=2)(1+bp) ’

du _ 1 \/p(r<1+bp)2—bp%<9+b>> (6.16)
dp —p p(1=2)(1+bp) ’

dp _ p(D(14+bp)>—bp*(6+D))
L dp p(1—2)(1+bp)

Y=u+H(t)+ \/p(l“ 1-+bp)2 —bp?(+b))

On integrating (6.15), using the left state U_ = (p_,u_,p_) and a given condition

M(U-) < A\ (U), we have l-rarefaction wave curves

/

= P bpP 02 (010))
X =M=k H(f) =/ MECRERE e,

Ri(p;U_) : _ . rp 1 [p(L(1+bp)2—bp2(6+b))
(i U-) w="r- p— p\/ p(1—2)(14bp) P

(T—1)b/6
_ (1-6p_) (1-0p_)
7= - (14 bp) <p a pem) ( = ) cUspspe
(6.17)

Now, we will determine the value of p,,, u,, and p,, inside the 1-Rarefaction wave.

Calculating the following initial value problem

dx

=A r1s Uryy Pry O:O,
O\ (frs ). (0
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we get,

(14 bp)2 —bp2(0+b t
w, 1 [PEA b =026 £0) ), —/ Hipdy.  (6.18)
p(1 —z)(1+ bp) 0
In the 1-rarefaction wave, suppose U,, represents the values of U on (¢, x) point. So

U,, is obtained as

)07"1 - prl(twr)a p'rl :p(pm)7

pri 1, | p—(C(14Bp)2—5p2(6+5)) <p(1_9p_)>F ((1—ep_>>(r‘”b/ ‘i
p— P p(1=2)(1+bp) p—(1-0p) (1-6p)

(6.19)

Up, = V_ —

where p,, = p,,(t,x), is uniquely determined by

x+\/p <F<1+5pm>2—5p%1(6+5)> (pn(l—ep_))F<(1—ep_))<F1>b/9

t pr (1= 2)(1+ bpn,)
pri 1 1 + bp Bp (9 + B)) p(l _ Qp_) r (1 . 90_) (T—1)b/0
/ \/ p(1—2)(1+bp) (p—(1—90)> ((1—9p)) o

—;/O H(y)dy =

Similarly, under the restriction A\o(Uy) > A2(U), as a result of integrating (6.16) and

(6.20)

using the right state U, = (p4, uy, py), 2-rarefaction wave curves are:

(

F(1+bp )2—bp2(0+b))
X = )\Q—U+H +\/ —2)(1+bp) )

) . (L (1+bp)2—bp?(6+b))
Rapr Vo) Yu= s+ ) PECRETE S dp,

r (T—1)b/6
_ (1-6p4) (1-6p4)
\p - 1+bp (1+ bp) <Z+(1—%J;)> ( (1—5;) ) , 0<p<py.
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In 2-rarefaction wave, suppose U,., represents the values of U on (¢,x) point. By

using the formulas (6.16) and (6.21), one can find the expression of U,, as

z \/p+(F(1 1 Bp,,)? — bp2, (6 + 1)) (pwu - em)F ((1 - em)“‘”b/e _,

t pra(1 = 2)(1 + bpr,) p+(1="0pr,)) \(1—0pr,)

o2 1 [py(D(1L+bp)2 = bp2(0 +B)) (p(1=0p )\ ( (1= 0py)\
/ \/ p(1—2)(1+ bp) <p+(1 —9p)) ( (1—0p) ) %@
__/ H(y

The expression (6.22) admits uniquely a function p = p,,(¢,z). Accordingly, U,, is

(6.22)
provided as:

pTQ = prg(twr)a p?"z :p(pT2)7

— - r (T—1)b/0
_ pry 1, [ p(D(1+bp)2—bp2(0+b)) (p(1—6ps) (1-0p+)
Ur, = Vg + p+2 P\/ p(1=z)(1+bp+) <P+(1—9P)> ( (1=0p) ) ap-

(6.23)

Now we study how elementary wave curves behave.

Lemma 6.1. Consider the curve Ry(p;U_), using the above values of T, 0, and b,
the p is an increasing function of p and goes to 0 as p — 0T, but the function u is

a decreasing function of p and tends to u as p — 0%, where

(14 bp)2 — bp2(0 + b))p— [ (1 —0p_)p\" /(1 —0p_)\ L ~D¥°
/ \/ p(1—2)(1+bp-) (p—(l—Gp)) ((1—9p)> o

Therewith, on Ry(p; Uy ) using the given values of T', 6, and b, the p is an increasing

I}
||

function of p and goes to 0 as p — 0T, but the function u is an increasing function

of p and tends to u as p — 0", where

= _ pa(T(L+0p)2 —bp2(0+D)) [ p(1—0p )\ [(1—0ps)\ T VY
o /p+ \/ p(1—2)(1+bpy) (m(l—@p)) ((1—(9p)) ap-
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Proof. The values of T', #, and b can be used to determine from (6.17) so that,

570\ —1
<P(199—)>F ((19p_)>(F—1)b/9
op p—(1-0p) 1—6p)
8_]9 N p—(D(1+bp)2—b(0+b)p?) > 0,
p(1+bp-)(1-6p)

which implies that

p<p_ asp<p_. (6.24)

Now, on R;(p; U_), the specified value of I, 6, and b are used. Furthermore, we have

du _ udp _ 1, [p—(T(14+bp)2=b(6+b)p?) (p(l—ep_>)F ((1—ep-))(F nb/ 0_ < 0.
dp ~ dpdp ~  p p(1+bp—)(1—06p) p—(1—0p) (1-6p)

In addition, from (6.17)3 demonstrates that p — 0 as p — 0%. According to the

convergence of the integral

/0 1 13-T
—dp, a:max{—,—}.
o P° 4° 2

By analysing the integral we have

T(1+bp)2 —b(0 +0)p2) [ p(1—0p)\" [ (1—0p_)\ TV
/ \/ p(L+bp-) (1~ 0p) (P—(l—ﬁp)) ((1—9p)) 4

is convergent. Hence u — @ as p — 0T. Similarly, we can also prove the properties

of Ry(p; Uy), using the specified value of ', @, and b.

6.2.2 Vacuum solution

It is also possible to have a vacuum, a continuous solution of a modified homogeneous
system (6.6), as

(p,u,p) = (0,u(t,z),0). (6.25)
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Here, an arbitrary smooth function is represented by u(t, x).

6.2.3 Bounded discontinuous solutions

For a discontinuous solution of equation (6.6), the R-H conditions are obtained by

.

—alpl + [p(u+ H(t))] =0,

—olpu] + [pulu+ H(t)) + p] = 0,

|~ [’Eﬁ—kpe} + [(p—ZZ+pe> (u+ H(t)) +pu] =0,

(6.26)

where o = 2/(t), is the speed of the discontinuity, and [G] = G — G_, is the jumps

of the function G about the discontinuity x = x(t), whereas G_ = G(t, z(t)

G = G(t,z(t) +0). Solving (6.26), we obtain

.

r—1)(1+b 1+, 1—6 6+b
oy =u_+ H(t) — \/( );pf(fje)ff)ﬂ ) | (it P(i( epff(zﬁp p)+( )

=1 (1+bp4) (p++p—) (14bp_)(1—0p+)+p—p+ (0+b) B
\/ 2pf(f—+9pi+) =4 p(l epf)+(1+§p_p)+ ] + plu] =0,

(T—1)( 1+bp (p++p-) | p+(+bp—)(1=6p+)+p—p4(6+b) _
1+9p++ +5 (- (9/JJr)+(1+l3ﬁL)+ [u] + [Pl =0,

(

(C=1)(A+bp+) (p++p-) (1+bp—)(1=0p4 ) +p—p+ (60+D)
o2 =u-+ H() + \/ 20 (lerﬁpT) = pp (1- pr)+(1+§pf)+ ’

F 1)(1+b )( + ) (1+b )(1 0 )+ (9+b) o
—/CN e pte) - pebo)0odrabbene OB ] 4 ply] =,

T'—1)(1+b 1+b 1-60 _p. (04D
|~/ DL ete) | ps (MO s Gy 4 ] 0,

¢

03 = U_ +H(t),

—0) and

(6.27)

(6.28)

(6.29)
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6.2.3.1 1-Shock wave curve

Using (6.27), under the stability condition A\;(U) < o1 < A\ (U-), A3(U) > oy, with

left state U_, the 1-Shock wave curve is obtained by

(

- (I'=1)(1+bp)(p+p-) (14bp_)(1—0p)+p— p(6-+b)
oy =v-+H(t) - o (ol T (O (i)

. . _ (L—1)(p—p—)+2p(1—0p—)/(1+bp—) p—p—
SipU-) s qu=v - \/p— (‘ T—1)(p—p—)—20—(1-0p)/(1+bp) 1) o

_ _ (=) (p=p)+2p(1=0p-)/(1+bp—)
P= = TG )2 (-0p) (k) P=r P= <P

\

(6.30)

6.2.3.2 2-Shock wave curve

Under the stability condition A\o(Ut) < 02 < A2(U), A3(U) < 09, with right state

U, using (6.28), we derive 2-shock wave curve as

;

B (C=1)(1+bp) (p+p1) | p(1+bps)(1=0p)+p+ p(0+D)
o2 = vy + H(t) + \/ 2y (080 T (B ()

. . _ =1 (p—p+)+2p(1=0p+)/(1+bp+) p—p
Sa(piUs) = §u= Vit \/p+ (_ (F—l)(p—;+)—20+(1—;p)/(1+5/5 B 1) PP++’

_ _ (=D (p=p1)+2p(1=0p+)/(1-+bp-)
(P = T T 0620 (-6p)/(rbp) P+ P+ < P

(6.31)

6.2.3.3 3-contact discontinuity

With the left state U_, by using (6.29), we obtain a 3-contact discontinuity as

(

o3 =v_+ H(t),

J3(p;U-) U=v_,p=7p_, (6.32)

Gl
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Lemma 6.2. The behavior of p and u w.r.t. the values of p at the curve Sy(p,U-)
corresponding to the values of I', 0, and b, are given as: the values of u decreases as
p increases and tends to —o0 as p — 400, whereas p increases as p increases and

tends to p as p — 400, therefore

o VBT 1) + 20+ Abp (7 1) — (L= bp) (T~ 1) + 20p.)
20— 1)b '

Besides, the behavior of p and u w.r.t. the values of p at the curve Sy(p,Uy) cor-
responding to the values of ', 0, and b, are given as: the values of u increases as
p increases and tends to 400 as p — +00, whereas p increases as p increases and

tends to p as p — 400, therefore

V(L =bp ) (T = 1) +20py)? +dbp, (I — 1) — (1 = bp, (T = 1) + 26p,)

2( — 1)b

el

Proof. From (6.30), we can write

u=v_—\/<p—p_> (/}—%) (6.33)

which gives

p— b

oy e e

that is, u — —o0 as p — +o0.

Now, it follows from the second and third part of (6.27), with T, 6, and b, are given
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so that
] p [C=D)A+bp)(p+p-)  p(L+bp)(1—0p)+p_p(+D)
w_ = > 0,
] p- 2p-(1—6p) p—(1+bp-)(1—6p)
(6.35)
which implies that
dp
— > 0. .
o = 0 (6.36)
So, we have
p>p_as p>p_, (6.37)

along the curve S;(p;U_), using the corrsponding values of T', 6, and b, and the

equality of (6.30)3, we have

L VO =bp )T = 1) +20p ) +4bp (T2 — 1) — (1= bp)(T — 1) + 20p.)
p 20— 1)b

<1/6 as p — +oo.
(6.38)

Similar proofs can be provided for the results along the curve Sy(p;U,) with the

specified values for ', §, and b.

P

FIGURE 6.1: The (u, p) phase plane
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6.3 Solution of transformed homogeneous systems

(6.6)-(6.7) to the Riemann problem

The (u,p)-plane is divided into four distinct regions, labelled I, II, III, and IV, as

shown in Fig.6.1 by the projection of the curves Sy(p; U_), So(p; Uy), Ri(p; U-), and

Ro(p; Us).

The expression u = v_ — % (See Fig.6.1). Along the space-(p,u,p),

using p > 0 and p > 0, Re(p; U_), So(p; U_) are expressed as

p

dz (T (1+bp)2—bp2 (6+D))
ar = ut H(t +\/ p(1-6p)(11bp) P>

Ro(pyU-) : Qu=wv_ + X lJr1bp(92p bf+bi+b pdp, (6.39)

(D—1)b/0
_ (1=6p_) (1-8p_)
\p = 1+bp ( + bp) (Z?(l_pep)) ( (1_5p) ) , p— <p,
and

.

(r=1)( 1+bp)(p+p ) | p(1+bp—)(1=0p)+p—p(6+b)
op = v+ H(t) + \/ -00) T o (—8p(ithp)

: ) _ (T=1)(p—p_)+2p(1—6p_)/(1+bp_) —p_
S(pU-) s qu=v+ \/ p- (_ T D )25 (-89 (Lthp) 1) o

_ _ (=) (p=p-)+2p(1—0p_)/(1+bp-)
\p— T—1)(p—p_)—2p_(1-0p)/(1+bp) P—» P— = P-

(6.40)
We study the solution to the Riemann problem for transformed systems (6.6)-(6.7)

and followed all possible cases.
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Case-1: When the state (py,v4,py) € 1, it is possible to express the solution as

(

(p_,y_,p_), l‘<$1(t),

w13 Usy P ) xlt x x2t>
(.. p)(t,7) = (P U ) (1) <@ < wa(t)

(p*zvu*ap*)a x2(t) <~T<ZL‘3(t>,

\(10+7V+7p+)7 $>$3(t),

and (u., p.) can be obtained from the equation

u :u++\/(p*—p—) (2-2),
w=v = Jo - (- 1),

where
_ _ (@=D)(pey —p)+2ps (1—0p4)/(1+bpy)
Pe = T D) (0w, —p1) 201 (1—0pey) /(I Bpey ) P+
_ (D) (pey=p) 4204y (1=0p_)/(1+bp_)
Pr = U 0)(peg )20 (10pog) [(1Fbprg) P
_ (C=1)(1+bpsy ) (pst+p=) | Px(1+bp—)(1=0ps) ) +p—ps;y (0+D)
$1(t) - (V— B 2p_(1—ép*1) + p,(lpr*l)l(1+l_)p,)1 ) t+ fO

is 1-shock wave,

_ (C—1)(1+bpug) (PeAp+) | Px(14bp1) (1=0psy) +D+ sy (0+D)
t) = <V+ + \/ 2p+(17§p*2) t p+(1—90*2>2(1+l3p+)2 ) et fo

2-shock wave, and

walt) =t + [ )iy

(6.41)

(6.42)

(6.43)

y)dy,

y)dy,
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is 3-contact discontinuity.

Case-2: Here, the state (py, vy, py) € II. The possible solution is constructed by

(p*71/*7p*>7 T < xl(t)7
(p*lyu*ap*)v xl(t) <z < 1‘2(‘[;),
(Pﬂ%p)(tax) = (p*Q,u*,p*), l’g(t) <z < xl;(t)v

(p’l“27u7“27p’r‘2)7 ajg(t) S.TSZE;(Z%),

(p+7y+7p+>) x>x§f(t),

where (u,, p,) can be determined from the equation

_ [P 1 [ps(T(14+bp)2—bp?(6+D))
U = V- fpflp\/ p(1=0p)(1+bp) dp,

u*:y_—\/(p*—p—) (,,%‘ﬁ)

and . _
B ooy =00\ T [ (1—0p_) | T LE/0
P« = 1+bp (14 bp..) (pf(l—@p*l)) ((1—9/)*1) ’
_ _ (=) (pey—p)+2psy (1-0p-)/(1+bp-)
P+ (T=1)(pxg—p—)=2p—(1=0pxy) [ (1+bpsy ) £ 7
_ px(C(1+bpsy)2—bp2, (6+D))
z3 () = (u* + \/ p*2(179p2*2)(1+l_)2p*2) ) t+ fo y)dy,
_ p+(C(1+bp+)%—bp3 (6+b))
z3 () = (qu T \/ p+(1— 9p+)(1+zp+) ) t+ fO y)dy.
\
x1(t) is 1-shock wave and x(t) = u.t + fo y)dy, is 3-contact discontinuity.

(6.44)

(6.45)

(6.46)

Case-3: Consider the state (py, vy, ps) € III. There arise three cases , which can

be determined as follows

Case-3(a): u > u, the curves Ry(p_,v_,p_) and Ra(ps,vi,py) intersect in the
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plane (u,p) which is shown as (u., p.), and is defined by

pey 1 \/p*<r<1+5p>2—5p3(0+6)>
p— P p(1=0p)(1+bp) P (6.47)

B pur (1-0p_) r (1-0p_) (T-1)b/6
DPs = 1+bp (1+bpu,) (p_1(1—ep*1)> ((1—95@) :

Up = V_ —

Therefore, the Riemann solution on the (¢, z)-plane is expressed as

4
(p_,v_,p_), x<uzi(t),
(p7"17u7"17p7‘1)7 x;(t) S'T Sxf(t),
(p*nu*ap*)a Z’T(t) <r < l’g(t),
(o, u, p)(t, ) = (6.48)
(Pror s, i), ma(t) < @ < w5 (2),

(pr27u7’27pr2)7 xg(t) Smgx;(t)7

\(p-l-vl/—i-?p—i-)? x>x§'(t),

where )
O e
) = <u* \/ *;*(11J;bpg;3f llai*gp(i* b) ))t—i- fo y)dy, (6.49)
0 (o PP s G
o100 (o0 + EITEEEET )+ s

Here, (py,, ur,,Dr, ), is 1-rarefaction wave, which is given by (6.19) and (py,, Uy, Dry),
is 2-rarefaction wave governed by (6.23), and z5(t) = u.t + fo y)dy, is 3-contact

discontinuity:.

Case-3(b): @ < u, here, the curves Ry(p_,v_,p_) and Rs(pi,v4,py) meet the

u—axis at the points (uy,,0) and (u.,,0) and they do not intersect both the curves,
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we have

r (I'-1)b/0
_ 0 1, [ p—(T(14bp)2—bp?(6+b)) ( p(1—6p-) (1-6p-)
oy = V= p\/ p(1—=) (1 +bp_) (p_<1fep>) ( agﬂp>) dp,

r ("=1)b/6 (6.50)
HWQMW%»CﬁﬁmU Ck%n>

Uy = Vi F fp+ p p(1=2)(1+bp4.) p+(1—0p) (1-0p) dp.

Here, 3-contact discontinuity does not exist because p., = 0 = p,,, so it is possible

to express the solution as

/

(p—v—yp-), @ <ay(t),
(pﬁ?uﬁaph)? Il_(t) S x S .TT(Z%),
(p:u,p)(t, ) = 9 (0, u(t,x),0), zi(t) <z <a;(t), (6.51)

(Pras iy, Pra), 25 (1) <2 < 2y (1),

\(P+7V+7p+), x>x§'(t),

where x7 (t) and z (t) are given by (6.49) and

If(t) Uy T+ fo dy7 (6 52)

wﬂﬂzumﬁhﬁH@My

A vacuum is defined as (0, u(t, z),0), using u(z{ (t),t) = us,, u(xs (t),t) = Uy,. The 1-
rarefaction wave Ry(p_,v_, p_) is connected to the 2-rarefaction wave Ry(py, vy, py)
by a vacuum (0, u(t, ), 0) through curves z7 (¢) and x5 (t) as their respective bound-

aries on the left and right sides.

Case-3(c): u = 1u, using (6.47), we obtain the curves R (p_,v_,p_) and Ra(p4, vy, p)

meeting at a point (u., p,) along the plane (u,p); here p, = 0 and

o [ (o (=)
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It is also noted that p,, = 0 = p,,; there will be no 3-contact discontinuity. It follows

that the solution is

(p—,vosp-), x <z (1),

e ey Pry ) X (8 Sxﬁxft,
(p,u, p)(t,2) = v ) " W (6.53)

(Pras sy Pra), 7 (8) <@ < a5 (8),

(P+,V+,p+)7 .T>.T§—<t),

where xf (t), 1 (t) and =3 (¢) are given in (6.52) and (6.49), respectively. Here, it is
clear that the Ry(p_,v_,p_) and Ry(p,, vy, ps) has a common boundary with = (¢)

as t > 0, and a vacuum (0, u,,0) forms in the Riemann solutions.

Case-4: When the state (p,,v,,py) € IV. We find the Riemann solution as

(o vyp-), <y (D),
(oris s pr ), 2y (1) < @ < (1),

(0w, D) (8 ) = 9 (poy,us,ps),  xF (1) < 2 < 22(2), (6.54)

(p*27u*7p*)7 wQ(t) <x < l’g(t)’

(P vespy), o> a3(t).

The following equations can be solved to obtain (., ps)

pey 1 \/p*<r<1+5p>2—6p3<9+6>>d
P+ P p(1=0p)(1+bp) ’

Uy = V4 -+
(6.55)
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and )
_ ey (1=0p1)\ " (1—99+)>(F1)b/9
pe = th-(1+bp.,) (p+1(1_0p*1)) <(1_0p*1) : 6.56)
_ _ (=D (pey=p1)+2p4y (1-0p4) /(14bp+)
P (T=D)(pry 1)~ 201 (1—0pay) /(T 0pay) P
where

_ (T—1)(14bpsy) (P=+p+) P (14+0p1 ) (1=0ps) ) +Pt picsy (9+D) t
n (u + \/ 2p+(1- gp*g) =+ p:(l—@p*2)2(1+l_:/r)+)2 ) t+ fo H(y)d@/-

Here, x3(t) is known as 2-shock wave curve and z; (¢), x; (t) are given in (6.49), and

To(t) = uut + fo y)dy is 3-contact discontinuity.

6.4 Solution of non-homogeneous system to the

Riemann problem

Now, we will discuss the solution of the non-homogeneous system (6.3) and (6.4).
The solution of the mentioned above systems (6.3)-(6.4) is obtained by applying the
corresponding solution of the transformed systems (6.6)-(6.7) using a modification of
variables (p,v,p)(t,x) = (p,u+ H(t),p)(t,x). There are some cases to the Riemann

solution, which we will describe as follows:

Case-A: In the present case, the state (p;,v.,ps) € I. The Riemann solution is

given as

(p_,l/_+H(y),p_), x<x1(t),

(p*1>u*+H<y)vp*)v xl(t) <z < $2(t),
(p,u,p)(t, ) = (6.57)
(,0*2,u*+H(y),p*), xQ(t) <r< x3(t)7

\(p+,V++H(y),p+>, $>.’L’3(t).
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Fig. 6.2 represents that if state (o4, vy, p4) € I, then the Riemann problem of system
(6.3-6.4) admits a solution composed of 1-shock wave Si, 3-contact discontinuity .J,

and 2-shock wave Sy, and (6.41) provides the values of the variables.

51
S5

(p—,v— + H(t),p-) (P+ vy + H(t),p+)

0 2

FIGURE 6.2: The structure of solution of a non-homogeneous model (6.3) as a
case-A.

Case-B: This case presents the (p,,v,,py) € II. The Riemann solution is con-
structed as

(p—,v—+ H(t),p-), x<ux(t),

(p*l,u*—i—H(t),p*), $1(t) <x<$2(t)7
(0w, D)t 2) = § (puy, s + H(E), ps),  2(t) <z < a5 (1), (6.58)

(Prostiry + H(t), pry), x5 (1) <z < (1),

K(p-HV-i-—f—]——,(t)vp-&-)a JI>Z‘;_(t).

Fig. 6.3 shows that if state (o4, vy, py) € I, then the Riemann problem of system
(6.3-6.4) admits a solution composed of 1-shock wave Sy, 3-contact discontinuity .J,
and 2-rarefaction wave Ry, and the value of the varriables can be constructed in

(6.44).
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(p_,v— + H(t),p_) (P4, v4 + H(t),p4)

0 =

FIGURE 6.3: The structure of solution of a non-homogeneous model (6.3) as a
case-B.

Case-C": Consider the state (p;, vy, py) € III. There arise three cases , which can

be determined as follows

Case-C': u > u, the Riemann solution is presented as

(p—,v-+ H(t),p-), x<ay(t),

(Pryytury + H(t),pry), 27 (2) Sxﬁxi"(t),

(p,u,p)(tx) _ (p*uu* + H(t),p*), L1 (t) <z < x2<t)7 (659)
(st + H(E), pi),  w2(t) <o <a3(t),

(ras iy + H(L), pry), 5 (1) < @ < g (1),

(p+,l/+—|—H(t),p+), $>$§_(t)

From fig. 6.4 it is clear that if state (o4, vy, ps) € III and @ > u, then the Riemann
problem of system (6.3-6.4) admits a solution composed of 1-rarefaction wave Ry,
3-contact discontinuity J, and 2-rarefaction wave Ry, and (6.48) provides the values

of the variables.
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R

(p_,v_ + H(t),p_ (p+.v+ + H(t),p1)

0 T

FIGURE 6.4: The structure of solution of a non-homogeneous model (6.3) as a
case-(C1).

Case-Cy: u < u, therefore the Riemann solution is determined as

(p— v+ H(t),p-), =z <z (1),

(Prys ey + H(t),pry), 27 (T) Sxﬁx?_(t)v
(P u,p)(t, ) = (0, u(t, ) + H(t),0), ai(t) <z <a5(t), (6.60)
(Prys Ury + H(),Dry), x??(t) <$§$§_(t)a

(pysve + H(t),py), x> x5 (t).

\

Fig. 6.5 represents that if state (o4,vy,py) € Il and u < @, then the Riemann
problem of system (6.3-6.4) admits a solution composed of 1-rarefaction wave Ry,

vacuum state, and 2-rarefaction wave Ry, and (6.51) gives the values of the variables.
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(p—,v_ + H(t),p_

Ry

R,

vacuum

(p+.v+ + H(t),p1)

0 T

FIGURE 6.5: The structure of solution of a non-homogeneous model (6.3) as a

case-(C3).

Case-C5: © = u, for the present case the Riemann solution is observed as

(psu,p)(t, ) =

(p— v+ H(t),p-), @<z (1),

(pristry + H(t),pry), 2y (t) <@ <af(t),
(6.61)

(pr27ur2 + H(t),prz), xi‘_(t) <z < x;(t),

(pysvy + H(t),py), x> a3 (t).

From figure 6.6 we observe that if state (oi,v,,py) € III and u = u, then the

Riemann problem of system (6.3-6.4) admits a solution composed of 1-rarefaction

wave R; and 2-rarefaction wave Ry, and (6.53) gives the values of the variables.
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(p_,v_ + H(t),p—

Ry

R

(P4, v+ + H(t), p+)

0 T

FIGURE 6.6: The structure of solution of a non-homogeneous model (6.3) as a

case-(Cs).

Case-D: This case presents the (p4, v, ps) € IV. The Riemann solution is obtained

as

(p;u,p)(t, ) =

(oorv- + Ht).po), <2y (0),
(Prystry + H(t),pr,), a7 (t) <@ <y (t),
(Payyue + H(t),ps), (1) <2 < xo(t), (6.62)

(Pagy s + H(t),pi),  ma(t) <z < x3(t),

k(p-‘my-l——f—]—](t)ap-‘r)v 1’>{L‘3(t).

Figure 6.7 shows that the structure of the solution of the Riemann problem of the

system (6.3-6.4), the solution can be represented as 1-rarefaction wave R;, 3-contact

discontinuity J, and 2-shock wave Sy, when state (g4, vy, py) € IV, and (6.54) gives

the values of the variables.

After thoroughly examining the Riemann problem’s constructed solutions for (6.3)

and (6.4), we conclude that there are only two possible cases (6.2) and (6.3) in

which the vacuum is present in the solution. Furthermore, we determined that the

RP (6.3)-(6.4) has a solution that includes contact discontinuities, rarefaction, and

shock waves if and only if the initial values satisfies the condition u > u. If this
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condition fails, a vacuum exists in the solution. Fig. (6.2-6.7) represents the density
and velocity distribution and the formation of shock wave, rarefaction wave and
contact discontinuity. It is observed that the addition of non-ideal dusty parameter
b makes the solution of elementary wave curves more complex. Further, the addition
of external force (friction term) makes the system of governing equastions non-
homogeneous which is solved by transforming the system into homogeneous one.
Also, the friction term causes to bend the solution curve to the parabolic shape

which is clear from the Figure (6.2-6.7).

t R:

Ss

(p_.y_ + II(t)p_ U}_F__LJ_'_ + II(ij+)

0 T

FIGURE 6.7: The structure of a solution of a non-homogeneous model (6.3) as a
case-(D).

6.5 Conclusion

This chapter presents the solution to the RP, continuous with time, for the one-
dimensional flow of a non-ideal dusty gas with external force. Here, we derive ele-
mentary wave curves and analyze their behavior. In the case of a non-homogeneous
system of equations, the dust particles present in a non-ideal gas play a crucial role
in solving the equations. A study of elementary wave solutions involving rarefac-

tion waves, shock waves, and contact discontinuities is presented. Then, we have
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analyzed the case where all the elementary waves appear in the RP solution, as
well as the case where the vacuum appears in it. All analytical solutions are ob-
tained with the help of these observances. By adding parameter b for the non-ideal
dusty gas, the elementary wave curves become more complex than in the ideal dusty
gas [170]. Our work reveals how dusty gas flow behaves in low-density regions and
high-temperature regions. The implication of addition of external force term to the
governing equations of non-ideal gas flow is that the self similar solution of the sys-
tem does not exist. Further, it is observed that the elementary wave curves bend

into a parabolic shape due to presence of an external force term.

Rokookoskokok sk kokok >k



