Chapter 6

The Riemann Problem for
one-dimensional dusty gas

dynamics with external forces *

“Each time you fail, you have

eliminated another wrong option.

~Thomas A. Edison.

6.1 Introduction

In this chapter, we studied the Riemann Problem for a non-homogeneous system

governing the one-dimensional compressible flow of dusty gas, where the external

*“The contents of this chapter have been published in Waves in Random and Complex
Media (Taylor & Francis), 2022.”
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forces are assumed to be continuous function of time. We have examined the effect of
dust particles on the density, flow velocity and shock speed, and their consequences
on the solution of the Riemann Problem. In recent decades, dusty gases got signif-
icant attention from physicist and mathematicians due to its applications in many
science and engineering fields. Nowadays various research works has been done on
the analysis of the effect of dust particles present in the gas on the behavior of the
solution of a given system of gas dynamic equations [141, 168, 148, 147]. Bomb
explosions, coal mine explosions, underground explosions, volcanic eruptions, coma
collision with the planet, nozzle flow, and a variety of other scientific and industrial
areas where dusty gases are used in a wide range of physical processes [109, 15, 108].
The presence of dust particles in the gas is very common and generally occur in
most of the flow phenomenon in gas dynamics. The major problem is how to deal
with the the situation when the dust particles are present in the gases and what
physical changes happen depends on the concentration of the dust particles present

In mixture.

In the last seventy years, several methods have been developed for analyzing the
elementary wave solution of the Riemann Problem governed by the quasilinear hy-
perbolic system of PDEs for gas dynamics, magneto gas dynamics, and many other
fields. The Riemann problem is an initial value problem with piecewise constant
initial data. It’s exact solution provides the real physical properties with several
wave families and their propagation. Due to the applications of the Riemann Prob-
lem (RP), the mathematicians are continuously studying its solution for the various
system of PDEs and analyzing the behavior of the solution obtained for the system.
In various flows, such as Granular flow, shallow water flow, traffic flow, and many
other models, RP is continuously studied by ongoing research. Several analytical

and numerical methods have been developed in the past to explore the solution of
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the Riemann Problem for the system of PDEs [69, 169, 17]. When we deal with the
initial value problem for the system of conservation laws, we need a criteria imposed
on the solution determined, which ensures physical relevance of the solution. Lax
[169] have derived a condition that ensures the physical validation of the solution,
known as entropy condition. The basic idea of the Riemann Problem comes from
the problem of the motion of a gas in shock tube. The analysis of the solution of
the Riemann Problem has been studied by many researchers for homogeneous and
non-homogeneous systems in different gas regimes. The governing system for one

dimensional compressible flow can be written as [170]

/

de(ou) + Oz(0u® + p) = go, (6.1)

0i(22 + ge) + 0,(22 + gue + pu) = gou,

\

where o, u and p denote the density, velocity and pressure of the dusty gas, respec-
tively. Here, x is the spatial coordinate, t is the time and g = ¢(t) represents the
external force, which is a non-zero continuous function of time t. 0; = % represents
the partial derivative with respect to t. The internal energy per unit mass of the

mixture of gas and small dust particles is denoted by e and is given as [91]
e=——. (6.2)

Here, I" is Griineisen coefficient, which is defined as I" = (1 + A5)/(1 + ABy),
where 5 = ¢gp/cp, A = k,/(1 — k,) and v is the adiabatic constant, which is the
ratio of specific heat at constant pressure to the specific heat at constant volume, ¢,
represents the specific heat of the gas at constant pressure. c,, denotes the specific

heat of the solid particles and k, stands for the mass fraction of the solid particles
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in the mixture. The volume fraction Z and the mass fraction k, are related by
the relation Z = 6p, 0 = k,/ps,, where pg, denotes the specific density of the solid

particles present in the mixture.

In view of (6.2) and (6.1), the Riemann problem for compressible flow of dusty gas
can be written as

;

0o + 0.(ou) = 0,

Oy (ou) + 0x(ou® + p) = go, (6.3)

(% + gy (1= 00)) + 0u (% + F5(1 — Bo)u + pu) = gou,

\

with the initial data

(0-,u_,p-), =<0,
(0, u,p)(0,2) = (6.4)

(04 u4,p4), x>0,

where, p;, p; are non-zero and ¢ = + are used to specify the constant values. For a
homogeneous system, i.e., g(t) = 0 in (6.1) with the piecewise constant initial data,
there are many studies available in the literature. The Riemann Problem for pres-
sureless homogeneous Eular equations is solved by [171, 172, 173], where the delta
shock and vacuum is present in the solution. Ambika and Radha [174] have studied
the Riemann Problem for one-dimensional van der Waals gas and determined the
explicit form of contact discontinuities, shock waves and simple waves. The Rie-
mann Problem for dusty gases is getting significant attention due its wide range of
applications in the study of the system of conservation laws by using various ana-
lytical and numerical techniques (see [112, 175, 176, 177]). Chaturvedi and Singh
[113] have examine the concentration and cavitation phenomenon in the solution

of the Riemann Problem for the isentropic zero-pressure dusty gasdynamics. Also,
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they have discussed the presence of delta shock wave solution and vacuum state in
the flow field. In the last few years, some of the authors have generalized the struc-
ture of the Riemann solution for the Chaplygin gas and discussed the classical and
non-classical waves. Shen [178] investigated the Riemann solution of a given system
of equations governing the Chaplygin gas flow with source term, and derived the
condition for the existence of delta shock. Shao [179] and Zhang et al. [180] have
studied the solution of the RP for isentropic relativistic system and explore the all
possibilities in the construction of the solution. Further Shao [181] have discussed
the Riemann problem with the initial data containing the Dirac delta function for
the isentropic relativistic Chaplygin Euler equations and constructively obtained the
global existence of generalized solutions including delta shock waves that explicitly
exhibit four kinds of different structures. Pang et al. [176] constructed the Riemann
solution for a non-homogeneous system in the presence of external force and exam-
ined the van der Waals effect on the solution obtained for different states. In the
present scenario, the elementary waves are the basic building block to understand
the mathematical theory of non-linear waves described by the system of conservation
laws. The non-classical solutions of the Riemann Problem are also getting excellent
attention because of their particular form of discontinuity. Chaturvedi and Singh
[182] obtained the classical wave solution for the logotropic system in the presence
of Coulomb-type friction and examined the behavior of the solution under the ef-
fect of the friction. The author in [183] have studied the mixed initial-boundary
value problem for first-order quasilinear hyperbolic systems with general nonlinear
boundary conditions in the half space and showed some applications to quasilin-
ear hyperbolic systems arising in physics and other disciplines, particularly to the

system describing the motion of the relativistic closed string in the Minkowski space.
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This study aims to analyze the behavior of the solution of the Riemann Problem un-
der the effect of small dust particles for a non-homogeneous system. In this chapter,
we use a transformation to reduce the original system into the simplest conservative
form, and then we determine the solution of the reduced system. The entire work
of this chapter is divided into the sections as follows: In the second section of this
chapter, we obtained the Riemann invariants for the corresponding eigenvectors and
analyzed the elementary wave curves associated with the corresponding Riemann
invariants. In section 6.3, we determined the solution of the Riemann problem for
the reduced homogeneous system of equations under the certain conditions. The
fourth section is referred to the solution of the original non-homogeneous system
with the given initial data. The conclusion of the entire analysis of this chapter is

summarized in the last section 6.5.

Consider a change of state variable v, which is defined as ([184])

v=u—Gt) 2 u— /0 g(y)dy. (6.5)

With the help of (6.5), (6.3) reduces into the following form:

.

o + du(o(v + G(1))) = 0,

9 0:(0v) + Du(0v(v + G(t)) + p) =0, (6.6)

0% + (1= 00)) + 0u((%5 + 55 (1= 60)) (v + G(1) + pv) =0,

\

and the piecewise constant initial data is given as

(0—,u_,p-), =<0,
(0,v,p)(0,2) = (6.7)

(Q+,U+,p+), x> 0.
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6.2 Elementary waves

In this section, we shall discuss the elementary waves of corresponding system (6.6).

The eigenvalues corresponding to (6.6) are

(

M1:U+G(t)—\/ﬁ,

pe = v+ G(t), (6.8)

I
s = v+ G0 + [ 5y

and the corresponding right eigenvectors are given as

T
— o I'p I'p
= (Q’ o(1—00)° 9(1799)) '
9 Ty = (17070)T)
I'p I'p T
kr?’ - (Q’ \/ o(1-00)’ 9(1—99)) :

We see that V.1 = —% lggfi—g, po.ry = 0, Vug.ry = % I;’(Jl(l_;gf, which indi-

cates that the first and third characteristic fields are genuinely non-linear and the sec-
ond characteristic field is linearly degenerate. Here, V is defined as V = (9,, 0,, 0,).
Now, the Riemann invariants with respect to these cigenvectors can be written as

r
1-Riemann invariant : {’U + %1 [T'p (é — 9),p (i — 9) },

2-Riemann invariant : {v,p},

r
3-Riemann invariant : {v — % I'p <% — 9>,p (é — 0) }
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6.2.1 Continuous solutions

1-Rarefaction wave : Now, the rarcfaction wave of equation (6.6), with the left
state (o_,u_,p_), associated with the 1-Riemann invariant for py(o_,v_,p_) <

p1(o,v,p), the l-rarefaction wave curve can obtained as

@ ==\t T GO,
Ri(o- u—,p-) s Qv+ 22 Fp(é—@)zu_—&—% Fp_<g%—9),p>p_, (6.9)

dv (1-60)
dp I'po <0,
21)
{ Py =L Ip (é . 9) >0, (6.10)

Further, we notice that as p — 0, v — u_ + %\/Fp <Qi_ — 0) and o — 0. From

equations (6.9) and (6.10), we have

(6.11)

20 — (1_397)@— - Q) > 0.

Equation (6.11) shows that, in the 1-rarefaction wave with the left state (o_,u_,p_),
an increase in the value of the parameter 6, the variable v decreases where as the
density o increases as 6 increases.

Next, we shall find the value of g, , v,, and p,, inside the 1-rarefaction wave. On
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solving the following initial value problem d—f = 111(0ry, Vry, Pry ), 2(0) = 0, we obtain

I'py, B '
(Um - m) t=x —/0 9(y)dy. (6.12)

The quantities o,,, v, and p,, satisfies the following equations

Um—i-%\/]—‘ph (g%—G =u_ —I—— I'p_
o (6.13)
_ 1
Pry = P- <QT_0) (g71_9)
From equation (6.12) and (6.13), we have
1+F—2egm\/ Iy ( o ( 1 ))F
r—1 (1 —00.) \1— 0o, _—4
on (1= 00r,) N (6.14)

2 1 x 1 [t
— — ———— [ Tp_ [ — —0 S dy = 0.
b= q\/'P (Q >+t t/og(y)y

From the above cquation (6.14), one can uniquely determine the value of o, =
or, (t, ). Now, in view of (6.12), (6.13) and (6.14), o,,, v,, and p,, can be obtained

as
.

Ory = Ory (ta ZC),

I'pr

v =\ artte 1~ 1 h 9y, (6.15)
1 1 -

S (e_—_9> (E_Q) '

3-Rarefaction wave : The 3-rarefaction wave curve with the right state (o4, uy, py)

can be written as

R0, ur,ps) : Qv+ 22 Fp ——9 —u+ I'p, (——9)p<p+, (6.16)

p(1-0) =ne(E-0)
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Along the 3-rarefaction wave curve, we have

dv . [(1-60)
dp — I'pe >0,
21}
{8y = L [ Tp (%—9) <0, (6.17)
do _ o(1-60)
& = T > 0.

Further, we notice that as p — 0, v = uy — %\/Fer (i — 0) and o0 — 0.

ov
20 = —2(1€EQ+)(U+ - U) > 0, (6 18)
9o

5% = g0+ —0) > 0.

Thus, for the 3-rarefaction wave with the right state (0., uy,py), v and ¢ both are
the increasing function of 6. Inside the 3-rarefaction wave, o,,, v,, and p,, can be
obtained as

Orz = Ors (t, LE),

I'py z
s ==ty £~ I 9wy, (619)

Ors3 (1_997'3)
1 Fry -r
e () ()

Here, 0., = 0,4(t,x) can be determined from the following equation

1+ I"— 200, I'py 0rs 1 "
F -1 QTs(l - 9@7‘3) 1— 9@7‘3 0+ — 9

2 r 1 [
— | Ip ([—-0) - += dy = 0.
gy — 5 p+(g+ ) t+t/og(y)y 0

Vacuum state solution : Other than the 1-rarefaction and 3-rarefaction waves,

(6.20)

there exists a vacuum, which is a continuous solution of (6.6) given as

(0,v,p) = (0,v(t, x),0), (6.21)
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where v(t, z) is a smooth arbitrary function.

6.2.2 Discontinuous solutions

The R-H condition for a discontinuous solution of (6.6) is given as

(

—olo] + [o(v + G(#))] = 0,

{ —olov] + [ov(v + G(t)) + p] =0,

ol + (- f)] + (5 +

\

(6.22)

(1 —00)(v+G(t)) +pv] = 0.

Here, [n] = n—n_ is defined as the jump in the function n through the discontinuity

x = x(t), where n_ = n(t, z(t) — 0) and n = n(t,z(t) + 0). 0 = a°(t) represents the

speed of the propagating discontinuity. On solving equation (6.22), we get

alzv_+G(t)—\/g

—(1-6o)

r—1 p+p— + p(1-00)+p—0o
2 I—1 )

\/ i (2 + ) o) + o] = 0 (6.23)
N i (B + R ) )+ o] =0,
092 — U_ + G(t),
(6.24)
[U] =0, [p] =0, [Q] # 0,
(
o3 =v_+G(t)+ \/gflzlog) <P+2Pf + I'(l—‘;g)_l-pf@g)’
_ _ —00)+p_0
) _\/Qﬂ—lag) <;D+2p } PO=telip @)[Q] + o] =0, (6.25)

- — p(1—0 _0
o i (2 Ht ) ) 4 ) — .
\
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1-Shock wave :

The Lax entropy condition with the left state (o_,u_,p_) in terms of (6.22) is

:ul(Qa,va) <01 < ﬂl(g—au—vp—)7 o1 < MQ(Qavap)'

The 1-shock wave curve is given as

Si(o—,u_,p_): (I +1)p+(I=1)p—

/

T )pt(I—1)p_
o1 =u_+ G(t) — \/—( ;Qip(ieg_;p ,

(6.26)

0 = O— (Fi4260 )pr(IFi—200 yp_> P = P—>

— 2(1—60_)
veueT \/97((F+1)p+(r—1)p,) (p—p-).

On the 1-shock wave curve Si(o_,u_,p_), we have

dv
dp

do
dp

Further, we notice that as p — +o0, v - —oc0 and ¢ —

_ [l _(npiBr-ip
o 20— ((I+1)p+(I'—1)p-)3/2 ’

v [1=60_ (I'+1)p+ (71 —1)p_ 6.27
dp* (I'+1) 80— ((I'+1p+(I'—1)p-)5/2 >0, ( )

_ 4I'p—o—(1-00-)
= ((T=14200)p+ (11200 )p)° ~ 0.

o—(I'+1)

T+200_—1 From

1
< 3

equations (6.26) and (6.27), we obtain

do _20° (p——p)(F+1)p+(I'—1)p-) <0
860 — (I'—1+200_)p+(I+1—260_)p_)2 ’

% = s e 6.2
90\ f2(1=60-) \| (T+)p+(I'—1)p- >0, (6.28)

Qo1 _ _ _ o- (C+D)p+(I'=1)p— < 0.

L 90— 2(1-00-) 20_(1—0p-)

Thus, we see that, for the 1-shock wave, an increase in the value of the parameter

 causes to decrease in the speed of the shock wave and the density o, whereas an

increase in the value of # causes to increase v, with the left state (o_,u_,p_).

2-Contact discontinuity :

The 2-Contact discontinuity with the left state (o_,u_,p_), in terms of (6.24) can
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be written as

09 = U_ + G( ),
p=0n_,
Ja(0-umyp) = S (6.29)
v =Uu_,
0F 0-

3-Shock wave :
The Lax entropy condition with the right state (oi,u,,p,) in terms of (6.25) is

P304, us,py) < o3 < pz(o0,u,p), o3 > pa(0,v,p).

Now, the 3-shock wave curve can be written as

)
o3 = uy + G(t) + /L= Dp

204 (1-004) 7
. _ (M+1)p+(r—1)
S3(04+,us,p+) 1§ o = O+ T Tramg et T Toare s P> P+ (6.30)
_ 2(1—6o+)
(VT U T \/ ST (D) (P~ P+)-
On the 3-shock wave curve Ss3(o,uy,py), we have
(
dv . [l=bor (I+Lp+BI—Lpr
dp 20+ ((I+Dp+(I'-1)p4)3/2 ’
Pv 1—0oy (I+1L)p+(TI—L)py 6.31
)@ = U+ Dy a7 <0 (6.31)
do _ 4I'p1 o4+ (1—00+) >0
dp — ((I'—142004)p+(I'+1-2001)p4)? :

Moreover, we observe that as p — +00, v — 400 and ¢ — eI+l - %. With

(F+29@+—1)
the help of (6.30) and (6.31), we obtain

(
do _ 205 (p+—p) (T +1)p+(I=1)py) <0
99— ((I'—1+2004+)p+(I'+1-200+)p+)? ’
ov __ DP+—D %
9 \/2&_0@” (F+1)p+J(rF*1)p+ <0, (6:32)
do3 _ oy C+DpH(C—Dpy

L 90 2(1-bey) 204 (1—fox+) :
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(19)
U-— W ——\/Fp ——9

FIGURE 6.1: Projections of the elementary wave curves R, .S onto the (v, p) phase
plane for the model (6.6) and (6.7) with p > 0.
From (6.32), it can be seen that for the 3-shock wave, as 6 increases, the speed of
the discontinuity increases, whereas the variables o and v decreases with an increase

in 6.

6.3 Riemann solutions of the modified homoge-

neous system (6.6) and (6.7)

Fig.6.1 depicts the projection of the curves Sy (o, u_,p_), S3(o4,us,ps), Ri(o—,u_,p_)
and R3(oy,u,py), which divides the entire (v, p)-plane into four different regions
I, 1, 1T and IV.

Now, on the space (g,v,p) with ¢ > 0 and p > 0, R3(o_,u_,p_), S3(o_,u_,p_) can
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be written as

By(oyump): v =25\ /Tp (L =0) =u = 25y /Tp (L —0), p>p. (633)

03 = u_ + G(t) + /T

Ss(o—,u_,p_) : (I +1)p+(I=1)p—

=0 (I'—14200_)p+(I'+1—209_)p_"’ p<p-, (6-34)

v =t - )
We will construct the solutions to the Riemann problem for the modified homoge-
neous system (6.6) with the constant initial data (6.7), and discuss all possible cases.
Case I: Let us consider that the projection of the state (o, u,ps) lies in region
I. Three cases arise, which we shall discuss separately as follows:
Case I(i): u_ + %\/Fp_ (g% - 0) > Uy — \/Fp+ (— - 0) The intersec-

tion of the curves Ry(o_,u_,p_) and Rs(o4, u+,p+) in the (v, p)-plane is denoted as

(v*,p*), and is given as

o=+ 2\ Tp_o”(1—60-) — 2o/ T (1= o) p I

2r/(r—1

b, = (plu—u++p21(\/Fp o' (1-60-) +\/Fp+9+1(1—99+))> /( )

x —— T .
2 \/Fpl/F 1-00-) +\/Fp1/Fa+l(1—99+)

(6.35)
Next, we find the intersection of 2-contact discontinuity J5 (g1, vs, p«) with the curves

Ri(o_,u_,p_)and R3(0,us,ps) at the points (0«,, Vs, Dx), (0sy, Vs, Px ), TESpPECtively.

0«, and g,, can be calculated, which is obtained as

= 9- -1\1/I
@1 = T390 (1+pep= /T (p.p=VT,

(6.36)

_ o+ —-1\1/r
02 = Teagrrpar 7 PP )
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In this case, we can construct the Riemann solution as follows:

(Q_,U_,p—)7 ZL‘<.131_(t),

(013 Vrs D)y 2y (1) < < af (1),

(Q*];U*7p*)7 x—li_(t) < T < ’CEQ(t%

(0,v,p)(t, x) = (6.37)
(Q*ga U*,p*), xQ(t) <r< $§<t>,

(Q’I‘3av7"37p7°3)7 'I?T(t) S x S x;)_(t)7

<Q+,U+,p+), T > x;(t)a

where, (0., vy, Dr ) is 1-rarefaction wave, which can be obtained from (6.15) and
(Org» Vrg, Pry) 18 3-rarefaction wave, which is obtained from (6.19). z7 (t), z{ (¢), x5 (¢)

and z3 (t) is given as

T
(u RS 1p9g ) t+ fo y)dy.
Fp*
(U* \ o ite) )t+ f y)dy,
(1=0e-, oY (6.38)
I'px
(U*+ \/ 0sg ( 1p99 2)>t+f0 dya
\ :(u++,/ {Pﬂgw)wrfo y)dy,
and the 2-contact discontinuity is xs(t) = v,t + fg g(y)dy
Case I(ii): u_ + %\/Fp (Q% — 6> = uy — I'py (— — 9) From (6.35)

and (6.36), we observe that on the phase plane (U p) the curves Ri(o_,u_,p_) and

R3(0+,u, py) meets at a point (vy, pi), where p, = 0 and v, = u_ —l——\/Fp = — (9>

Further, we notice that, g., = 0., = 0, i.e., the 2-contact discontinuity will not exist.
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Therefore, in this case, the solution can be constructed as

(

(0—,u_,p-), x<uxy(t),

s Unys Pry ), @7 (1) < @ < (1),
(orop) ) — 4 2B ) g (6.20)

(Qrsavrgvprg)a xi—(ﬂ <z < :L’;(t),

\(Q+,U+,p+), T > Ij@)’

where, x (t) and x3 (t) is given in (6.38) and z{ (t) = v*t—l—fotg(y)dy. In this case, we
see that z7 (¢) for ¢ > 0 is a common boundary of Ry(o_,u_,p_) and Rs(oy,ur,py),
where a vacuum (0, v,,0) develops in the solution.

Case I(iii): u_ + %\/Fp_ (Q% — 6) < ugp — %1 [ T'py (i — 0). In this case,

the curves Ry(o_,u_,p_) and R3(o4,uy,ps) do not intersect, and meets the v-axis

at points (v, 0) and (v,,,0), respectively. Here, v,, and v,, are

Uy :u—l—%\/Fp (g%—@),
Uiy :u+—%\/Fp+ <i—0).

Since 0., = 0+, = 0, therefore the 2-contact discontinuity does not occur in this
case. Hence, the solution can be constructed as follows,

(- u—,p-), = <ay(b),
(015 Vrys Pry)s 2y (1) < @ <y (1),
(0.v.p)(t,2) = € (0,0(t,2),0), zF(t) <z <az;(), (6.40)

(QT37U1"37p7‘3)7 Ig(t) < x S x;—(t%

(Q+,U+,p+), T > x;,r(t)
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Here, 27 (t) and x5 (¢) is given by (6.38) and z{ (¢), =3 (t) are

2y (t) = vt + [; g(y)dy,

3 (1) = vt + [0 g(y)dy,

and (0,v(t, x),0) is vacuum with v(z] (t),t) = v, v(z5 (t),t) = v,. In this case, it is
observed that a vacuum (0, v(t, x),0) connects the 1-rarefaction wave Ry (o_,u_,p_)
and 3-rarcfaction wave R3(04,uy,py) through the curves x7 (t) and x5 (¢) as its left
side and right side boundaries, respectively.

Case II: We consider that the state (o4, uy,py) lies in the I region. In this case,
solution can be constructed as

(

(o—,u_,p_), = <z(t),
(Q*lav*ap*), xl(t) <z < JJQ(t),

(0,0, 0)(t, %) = § (01,04, p2), T2(t) <z < x5 (1), (6.41)

(Orgs Vrss Prs), 23 (1) <z <23 (t),

\(Q+7U+,p+)7 T > x3+(t),

where,
(L' +1Dpe +(I' = 1)p_

O T T T 200 )p. + (I + 1— 200 )p_
_ O+ —1\1/T
% T T 00, (1 + popy )T (pep:)

_ I'p. !
3 (t) = (U* + m) t+/0 9(y)dy,

+ . Fer !
w3 (t) = <U+ + m) H‘/O 9(y)dy,
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and (v,, p.) can be determined by using the the following equations

2 2 _
= \/F 1+/FQ+ — 0o, )pip Ve +uy — ﬁ\/FPJr (Q+1(1 - 9@+))7

oy (1—00-) B
b= \/ o (T F Opt (T = 1p) P72

zo(t) = u_ — (le)f Ef_(ggil))p + f g(y)dy denotes the 1-shock wave and z5(t) =

vt + fo y)dy is the 2-contact discontinuity.

Case III: In this case, the state (04, u,py) lies in the III region. The solution can

be written as

(Q—vu—7p—>a T < xl(t)a

(Q’ U,p)(t’ x) _ (Q*”?)*,p*), Z’l(t) <x < $2(t), (642)

(9*27'U*7p*)> xQ(t) <r< x3(t)7

\(Q-‘r?u-f—?p-f—)’ T > x3(t)7

Here, (vs, ps) can be determined by the following equations

2(1-0
=us + \/Q+ (F—i—l)p* Q+F 1)p+)(p _p-l-)?

_ 2(1-609-) _
Ue = U= \/ @+ TTp) (P~ P-)-
and ., 04, 1s given as

_ (M +1)pe+(I'=1)p—
Q1 = O— 14200 )p (T +1—260_)p_’

(I +1)p«+(I"=1)p+
Oz = O+ (T-14200+ )p» (T +1—2007)p+
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x(t) = (u, — \/Q*((FQJ;i)g*f;i_)l) ) t—I—fO y)dy denotes the 1-shock wave, x5(t) =

Vi t+ fo y)dy is the 2-contact discontinuity and z3(t) = <u+ + <F+219)f(1+_(£{+1))“> t+

fo y)dy is the 3-shock wave.
Case IV: In this case, the projection of the state (o1, u,ps) belongs to the IV

region. The solution can be constructed as given below,

(0 u_yp-), & <y (D),
(0r1: i, Pr ), 27 (1) S @ < 2y (t),
(0.0 D)t ) = Q (04,04, p1), 2T (1) < 7 < 25(1), (6.43)

(Q*zav*yp*)y xQ(t) <z < l‘g(t),

(04, us,py), x> x3(1),

where
o_
1+00 (1 +pp-Hyyr

0o = 0 "+ Dp. + (" — D)py
2SI =14 200 )p. + (I +1— 200, )py

_ I'p— !
zy (1) = (U— - m) t+/0 9(y)dy,

I'px ¢
af (1) = (U* - m) t+/0 9(y)dy,

and (v, p.) can be determined by solving the following equations

)1/F

0sy = (pspZ

2(1—604)
=us \/g+( r+1 p*-l-g(+F Dpy) (P — p+),

v*:_%\/Fpl_/FQZI( —fo_ ) (=0T 4y +ﬁ\/Fp (1—99,)).
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The 3-shock shock curve is denoted by x3, and is given as

|y U HDpe+ (I = Dps) t
T3 = ( + \/ 20, (1= 020) )H/O 9(y)dy,

and the 2-contact discontinuity is

t
Ty = v*t+/ 9(y)dy.
0

6.4 Riemann solutions of the system (6.3) and (6.4)

In this section, we will discuss the solution of the Riemann problem to the origi-
nal system (6.3) and (6.4). By using the change of state variables (o, u,p)(t,z) =
(0,v+ G(t),p)(t,x), solution of the given system (6.3) and (6.4) can be determined
by using the corresponding solution of the modified system (6.6) and (6.7). Here,

we will discuss six different cases, which we describe one by one as follows:

o—

Case (a): When the state (o4, vy, p; ) lies in region [ with u+%\/Fp <L — 6) >

Uy — %\/Fer <i — 0), the solution can be written as

(0, u_+G(t),p-), v <z (t),

(0,00 +G(t),pry), 71 (1) <2 < xf(t),

o, Us + G(1),py), o T < x9(t),
(0,v,p)(t, 7) = 4 (Gt CULe) i) < < all) (6.44)
(0ny 0s + G(t),p4), T2(t) <z < 25(2),

(0rys vry + G(1), pry), 5 (1) < & < (1),

k(Q+7u+ +G(t)7p+)7 x> x;(t)
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In this case, the solution is presented in Fig.6.2, and the values of the variables are

given in (6.37).

FIGURE 6.2: Solution structure of system (6.3) and (6.4) for case (a).

Case (b): When the state (o4, u4, p+) lies in region I with u_+%\/Fp_ (@% - 0) —

Uy — % I'p, (i — 9), the solution can be written as

(0—,u_ +G(t),p-), <z (t),
(T17/U1“1+Gt77“1>x1_t§$§$i~_ta
(o0, p)(t,2) = ’ (0:r) ) " (6.45)
(QT37U7"3 + G(t)vprs)v xi_(t) <x < x;(t),

(04 uy +G(t),py), x> a3 (t).

\

In this case, the solution is presented in Fig.6.3, and the values of the variables are

given in (6.39).
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(p—7u— +G(t)7p—) (p+,U++G(t),p+)

< Y

FIGURE 6.3: Solution structure of system (6.3) and (6.4) for case (b).

o—

Case (c): When the state (0, u, p) lies in region I with u—i—%\/Fp (i — 9) <

Uy — % I'p, (i — 9), the solution can be constructed as follows,

(0— u—+G(t),p-), x <z (1),

(0ry,vr, + G(t),pry), a7 () S @ <] (1),

(0, 0,p)(t, ) = 9 (0,0(t, z) + G(1),0), 7 (t) <z < x5 (1), (6.46)
(0rsr Ury + G(t),pra), 5 (8) <@ < 25 (1),

(Q_|_,’LL+ + G(t)’p-l—)v x> l‘;_(t)

\

In this case, the solution is shown in Fig.6.4, and the values of the variables can be

obtained from (6.40).
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FIGURE 6.4: Solution structure of system (6.3) and (6.4) for case (c).

Case (d): When the state (o4, uy,ps) belongs to the region II of the phase plane

(v, p), the solution can be presented as

(

(Q—:u— + G(t),p_), r < xl(t)a
(0y, 0 + G(1),pi), 21(t) <z < wa(t),
(0.0, 0) (%) = 4§ (01,02 + G(1), ps), Ta2(t) <z < 35 (1), (6.47)

(0rys vry + G(8), vy ), w3 (1) < @ < 25 (1),

(Q+,U+ + G(t),er), x> .’E;(t),

\

In this case, the solution is shown in Fig.6.5, and the values of the variables can be

obtained from (6.41).
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FIGURE 6.5: Solution structure of system (6.3) and (6.4) for case (d).

Case (e): When the state (o1, uy,p.) belongs to the region III of the phase plane

(v,p), the solution can be obtained as

4

(Q_,u_ + G(t)vp—)7 T < :L’l(t),

(0.0.p)(t.2) = (0s1, V5 + G(t),ps), w1(t) < < 22(1), 6.48)

(0204 + G(t), pa), w2(t) < < w3(0),

(g+,u+—|—G(t),p+), :L‘>S(}3(t).

\

The solution is presented in Fig.6.6, and the values of the variables are given in

(6.42).
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FIGURE 6.6: Solution structure of system (6.3) and (6.4) for case (e).

Case (f): When the state (o4, u,,py) belongs to the region IV of the phase plane

(v, p), the solution can be written as

(Q7 U,p) (tv x) =

(

(0 u-+G(t),p-), <z (t),
(0ry,0r, +G(1),pry), 27 (t) <o < a7 (1),
(0ur, e + G(t),pi), 2 (1) <2 < 29(1), (6.49)

(0uys v + G(1), 1), 2a(t) < & < 3(t),

(Q+7U+ + G(t),er), x> .’Eg(t),

\

The solution is presented in Fig.6.7, and the values of the variables are given in

(6.43).
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Ry

(p—>u— —l—G(t),p_) O (p-i-au-i- —I—G(t),p+)

) A

FIGURE 6.7: Solution structure of system (6.3) and (6.4) for case (f).

After the entire analysis of the solution of the Riemann problem constructed for the
(6.3) and (6.4), we arrived at a result that only two cases are possible (b),(c), where
the vacuum exists in the solution. Moreover, we observed that the solution of the
Riemann Problems (6.3) and (6.4) consist the rarefaction waves, shock waves and

contact discontinuity if and only if the given initial data satisfy the condition

2 1 2 1
u,—i-m Fp(Q__9>>u+_F—_1\/Fp+<Z_0>, (650)

if the above condition fails, then there exists a vacuum in the solution.

6.5 Conclusion

In this chapter, we constructed the solution of the Riemann problem for one-dimensional
flow of dusty gas with the presence of external force, which is a continuous function

of the time. The presence of dust particles plays a crucial role in the construction of
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the solution of the considered non-homogeneous system of equations. The elemen-
tary wave solutions such as rarefaction wave, shock wave and contact discontinuity
are presented. Further, we have discuss the case, where all the elementary waves
present in the solution of the Riemann Problem and also, we described the case,
where the vacuum appears in the solution. It is observed that an increase in the
value of the parameter 6 causes to increase the density and decrease the velocity
for 1-rarefaction wave with a given left state, whereas in case of 3-rarefaction wave
through a given right state, the velocity and density both increases with respect
to an increase in . In addition, we noticed that if we increase the value of 6, the
shock wave speed and the density both simultaneously decreases for 1-shock wave
with the left state. In contrast, velocity increases with respect to an increase in the
parameter 6 for 1-shock wave. In case of 3-shock wave through a given right state, if
we increase the value of 8, the velocity and density both decreases whereas the shock
speed increases. We observed that, in all kind of solutions discussed in this chapter,
no one is self-similar because of the presence of external force appears in the system
considered for the flow of dusty gas. Moreover, due to presence of external force,

the elementary wave curves bend and takes the parabolic shape.
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