Chapter 4

An Efficient Temporal
Approximation for Weakly
Singular Time-Fractional
Nonlinear Diffusion-Wave
Equation with Variable

Coeflicients

This chapter deals with an efficient discretization in handling the discontinuous
initial data and nonsmooth exact solution of the nonlinear TFDW equation with
variable coefficients to achieve the optimal convergence rate. The nonuniform L1
approach with half point discretization process used to obtain the approximation of
Caputo fractional derivative of order @ € (1,2). The error analysis in approximation

of the Caputo derivative is proved. Then the mentioned model is transformed into
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a system of equations by using the developed nonuniform L1 method and second
order approximation of the space derivatives. We constructed two linearized finite
difference schemes in solving nonlinear single-term and multi-term TFDW equations
with min(3 — «, y(aw— 1)) and min(3 — o, (. — 1)), 7 = 0, 1, 2 convergence order,
respectively where parameter v > 1 is used in formation of nonuniform temporal
grids. The Von Neumann stability analysis is proved for the developed scheme. To

illustrate the theoretical findings, we provided four numerical examples.

4.1 Introduction

The main motive of this chapter, we examined and elaborated an efficient approxi-

mation method in solving the nonlinear TFDW equation with variable coefficients:

CD(‘itu(a:,t) + q(z)F(u(z,t)) = 2 (p(az) M) + f(z,t), x€Q, 0<t<T,

Ox Ox
(4.1)
u(z,0) = ¢(x), w(z,0)=(x), v€Q=QUN), (4.2)
u(z,t) = ®(x,t), r e, te (0,7, (4.3)

where Q = (0,L), p € C'(Q), ¢ € C(Q), 0 < ¢; < p(x) < ¢, q(z) > 0, Vo € Q,
peC(Q),peC(Q),®ecC(Qx[0,T]), f e C(Qx][0,T]), where the function F(u)

satisfies the Lipschitz condition with Lipschitz constant L i.e.

|F(u) = Fu)] < Llu—1l, Vu, u, (4.4)
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and the operator “Df, denotes the Caputo fractional derivative of order o € (1,2),
which is defined as [12, 14]:

1 ! _, Q*ulx, s
CD&tu(x7t) = m\/o' (t - 8)1 % ds. (45)

The primary objective of this chapter is to handle the discontinuous initial data and
nonsmooth exact solutions of the variable coefficients nonlinear TFDW equation. We
involved the nonuniform temporal discretization of the time domain to tackle the
initial singularity ¢ = 0 in nonsmooth solutions of problem (4.1)-(4.3). Moreover, in
the existing literature [73, 79, 127, 128, 129] authors proposed the numerical schemes
in solving the constant coefficients linear and nonlinear TFDW equations with some
specific regularity conditions. The key contribution of the proposed chapter consists

of the followings:

e We proposed and analyzed two difference schemes to solve the one-dimensional
Klein-Gordon and Sine-Gordon single-term and multi-term TFDW equations
with variable coefficients. For the numerical solutions of the two-dimensional
Klein-Gordon and Sine-Gordon TFDW equations with variable coefficients,
we use linearized alternating direction implicit approach with half point dis-

cretization of Caputo derivative of order a € (1,2) on nonuniform meshes.

e The analysis of error bound in approximating the Caputo derivative is demon-

strated by assuming weak initial singularity at ¢t = 0.

e Considering the graded temporal meshes and under some weak regularity con-
ditions on exact solutions of nonlinear TFDW problem, the established dif-
ference schemes are O(N~minB-a1) 4 p2) and O(N~minG-aryar) 4 p2)_order

accurate.
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e To demonstrate the effectiveness of nonuniform finite difference schemes, we
perform four computational experiments involving nonsmooth exact solutions,
incorporating discontinuous initial conditions and quantify the solution behav-

ior near singularity point ¢ = 0 through absolute error figures.

The structure of the chapter is organized in the following manner: In Section 4.2, we
examine the discretization of the Caputo fractional derivative of order a € (1,2) on
nonuniform temporal meshes and also establish error bound of the Caputo derivative
approximation. In Section 4.3, we propose two linearized finite difference schemes in
solving the single-term and multi-term TFDW equations, and discuss ADI scheme
for the numerical solution of two-dimensional model. In Section 4.4, we examine
the unconditional stability analysis of the approximation scheme. In Section 4.5, we
display numerical examples involving both smooth and nonsmooth exact solutions
having discontinuous initial conditions to confirm the theoretical convergence rate.
A concise summary of the work is provided in Section 4.6.

Throughout this chapter, symbol C' represents a positive generic constant that is
independent from time and space step-sizes, initial data u|—o, source function f.

However, it may depend on the parameter o and time 7'.

4.2 Time-Stepping Discretization of Caputo Deriva-

tive on Nonuniform Mesh

Consider the partition of the interval [0,7] then the nonuniform temporal grids
domain is Q, = {t,|t, = (%)VT v >1,1<n<N-1} with Q, = Q,U0Q,. The
time step sizes are 7, = t,, — t,_1 with the assumption 0 < 7,1 < 7,, 1 <n < N.

We construct the temporal nodes ¢, = (k7)7, 0 < k < n, where v > 1 used to
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. The

accumulate the nodes near ¢ = 0 by increasing the value of v, and 7 =

2|Q\>—A

fractional grids are followed by using ¢, = A,_1 + (1 — A)t,, 0 < XA < 1. Suppose

v(t) = %(t) and F; = {g(t,) = ¢"|1 <n < N}. Then, we define some notations on

grids as:

u = 2 s
a t k+1 _ k 1
_, Out) =L U LR k=01, N1, (4.6)
ot =ty 1 Th+1
2
o(t) _ 1 [Wg —utth Wt - “H} + Ry, (47)
where
k+3 1 tk+% 2 m Kax 2
R < [ et [ e - ot oa], @)
2'Tk+1 tk tk 1
2
l 4 1 tk l m
'R§+2‘ = [ / Tt )Pu ()t
3!<Tk+2+27'k+1 +Tk) tk-}-% —tk_l t 1 2
2

[ 1Y)

1 t "

- / T tpys — 1) (t)dt} ‘ (4.9)
b =yl Bt} 2

(R1) Consequentially to [108], we assume that the unique solution u of (4.1) holds

the following bound for all ¢ € (0, 7], where C' is a constant:

OFul(t)

u(.,t) € C?[0,T] N C*(0,T], o

’ <C@A+t**), k=0,1,2,3.  (4.10)
(R2) The considered temporal step-sizes satisfies the following inequality

271 <tp, m=12.n—-1 1<n<N.

tm 1\" 1
+1_ (m—l- ) —(1+—)<2. (4.11)

tm m m’
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(R3) The following bound will be useful to show the theoretical analysis for the

discretization scheme in solving the problem (4.1)-(4.3):

v -1 Y
Tm:T[(%> —<mT)}, 1<m<n—-1,1<n<N,

Y
=TN "m" [1 - (1 - l) } < CTN "m" . (4.12)
m

(R4)IfEm:%,1§m§n—1,1§n§N,then1<Em+1§Em.

Since, Tmy1 = T[(m + 1)Y — m?]N~7, then there exist 6 € (0, 1) such that

T _mY y-1 V-1
Tmi1 _ (m+1)7"—m*  (m+0) > 1+l o1
Tm my—(m—1)7 (m—14+6)"1 m

v—1
.. -1 —_
Similarly, % = (T,:i;fw)fl < (1 + %) < Epn.

In Figure 4.1, we illustrate the development of the step size 7, over the time domain
[0, T'] with increasing the values of parameter . This demonstrates the variable step

sizes accumulate more near ¢t = 0 as we increase the values of 7.

107°Y Uniform |3

o 0.2 0.4 0.6 0.8 1 1.2 1.4
t

n

FIGURE 4.1: The change in variable step sizes 7, is analyzed for several different
values of parameter ~.
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The half-point discretization of Caputo derivative CD&t_l’U(t), 1 < a < 2 at the grid

t, is given as follows:

- 1 n—1 t7n+% - a
D o(tn) = r2—a) [Z / (tn = p) 8;*’)@

t 1
2

m—

+/tn (tn —p)~° 81(;2’ dp — / gip)dp : (4.13)

1
n=3

[SE

m—3)

(e 0Ol )1 0 < m <= Land {5000, ). (3 0(0l, )},
8v(t

e We consider linear interpolation polynomial using points {(¢,, 1,v(t)]; ),
mT2

n > 1 to approximate the

in first and second integration terms of (4.13),

respectively with ¢_1 = t,. Then, we observe that v(t)[, ,= v(to) + O(72) (see

NI

[130)).

In accordance with the method discussed in [130], the approximate formula of Ca-

puto derivative at t,, is:

“Dgu(t)]s,

1 ["Z‘l {vm+% —vm—é} P § - (a)
SN D PR f i (b, — p)'~dp + <1
F(2—a) s tm+1 —t % /tm_% n

n—1 n—2 tn
Tz — "2 o
+{—}/ (t, — p)' " dp + &\ )],
tn_% - tn_% nol

2

2 ["i [(tn = tpo2)?™ = (tn — g 1)*™°] { (umt —um)  (um — um—l)}

'3 —a) 0 (T + Tmt1) Tm+1 Tm
1 T 2—a (un _ un—l) (un—l _ un—2> (@) N
on — R RY
etl®) (s
n—1
2 ( m—l)
_ o> =) C(a)
I'(3—a) [mz_:o Y T Z
n n—1 n—l ., n—2
+5(n){(“ L B it >H+R +R
Tn Tn—1
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cm .
+ Z ( )(um - um*)} + R+ Ry
=0 Ou(t,) + Rta), (4.14)
where R{™ = &{® + £/ and

3

n—1
|Rn| [cha Rm+1/2 ,R’gn—l/Q) + S(n)(R?*i _ RT2):| ‘7 n>1.
m=0

(4.15)

Forn > 1,1 <m < n—1, the corresponding coefficients of equation (4.14) are

given as:

1
L = —[(ta — o)™ — 2972(2t, — tg — t1)*7°], (4.16)
b 7—1
[(tn =t 1)? = (tn — t,001)* 7]
cl), = : La K (4.17)
' Tm + Tm+1
5 7.2—01
S(n) =2""—"—— > 1. 4.18
(n) e n > (4.18)

We can easily establish the following bound using Mean Value Theorem

o<l <c) . n>1 m>0, (4.19)

Crltn = tys1)' ™ < C < Coltn —t,,_1)' ™%, 0<m<n—1, n>1. (4.20)

Since oD u(t,) —o Ofu(t,) = R for n € {1,2,..., N} with R = =g )+€§a), where

(@ _ 1 mid o fOu(p)  v™FE —mo
£ = (tn —p) {ap bt — dp,  (4.21)

1
m—3
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o 1 tn o[ Ov VT — s
& = gy [ - T b (1.22)

I'2—a«

Using integration by parts in (4.21), we obtain

n—1

(@) 1 _ Nl-a _ VMtE — s m+d
9 =t o) mzjo{ (ta — 1) {v(m T (M} .
(1 — Oé) /tm+% B —a B
Tea) ) | (tn —p)~" (X (p) = Y(p)) dp ¢,
where (by using the Mean Value Theorem)
X(p) =v(@) —o(t,_1), @ € (typytst, 1),
VMt — M3
Y(p) = t n (’ZD - tm—%)? w € (tm-l—%vtm—%)a
m+3 ~ ‘m—3%
Now,
[v(@) = v(ty-1)] VIt — med
X(p)=Y(p) = 2 (w —t,_1) — (w—1t, 1)
w_tmf% 2 m+%—tm7%
0*v(wm3)

= (w - tm—%)(wl - w2) y Wi, W2, W3 € (tm—{-%atm—l)'

2

ot?

Therefore, the equation (4.21) and (4.22) yields

n—1

@) < | LZ0) Dot 1)

klr_\NQ_a%mﬂ<mH2 )
821] t tm+% o
mfé’ m+i mfé
2 tn

(a) < (1 - Oé) _ . 2 0 U(t) / \—a

|€2 | N ’F(Q - a) <tn tn_i) te(tn’ia;u{ tn) atQ t 1 (tn p) dp ‘ (424>

n-3
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4.2.1 Error Analysis

Lemma 4.2.1. For all 1 < a <2 and t € (0,71, it holds

CDg ulty) —o Ofu(t,)] < C n~mn{B=a) a1},

Proof. For 1 < m <n — 1. Using the inequality (4.10) into (4.23), we obtain

n—1
(a)< (]_—O./ " ¢ 2 /mg ad
’51 ‘ — ‘F(? . a) — ( m+% m—%) te(tmI_n;?)gm |Uttt ‘ % p
n—1 r ) , tm+%
m=1 b tm_%
n—1 r
§ CZ (tm—i-% - tm 2) ta 3 (t _t ) (tm-i-% - tm—;):|
m=1 &
< C [ Tm+1 + Tm s tm + tm—l o (tn - tm-l—l) + (tn - tm) -
= mzzl I 2 2 2
n—1
<CY [ o (b —tm) 0. (4.25)
m=1

For 1 <m < [§] — 1, and using (4.12) into (4.25), we obtain

131-1
1" |<CZ Tttt £

f -1

2 (a—3) —ya
<cC (N -yt pees (M) e (1)
- N N

)
C ne o < 2,
[31-1
<Cn Z m* = 0 In(n) ; vy =2, (4.26)

m=1

Cn?, ya > 2.
\
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For [§] <m <n—1,

<O n~B), (4.27)

The bound for m = 0 and m = n — 1 in (4.23) still remains to establish. Suppose

n =1 and m = 0, then bound for the first term of equation (4.21) becomes

% ov(p)
L] < —
| c/ t S db

SC/ (th—p) ~* p** dp
to

1 - 1 Ca |
<cfiyt-w= gLy v
t—t
<C
B < t1 )
<C. (4.28)

Now, considering the second term of (4.21) to show the bound for n =1 and m = 0

as:

t1 N
[12] < C/ “(t—p)e 2 (v2 —2°) dp
to

T1
. [(t = 10)>~ = (t1 — £1)*™°] /t% dv(p) i

- T to 8p

ti—to)> = (g —t1)?>7] rt1
D Vi Y o OO

T to

[(t1 — o) (ti—t)*]

< tg
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<O et (4.29)

Now, we consider the case when n > 1 and m = 0. Then bound for the first term of

(4.21)

t1
|I5] < C/ “(t, —p) T p2 dp
t

0

1

<C

la—1

i t, —ti\ 1@ t, —t1\ ¢
< C 1 2 _l 2
— (a—1) t a t

1
2

C'tn—t% 1 ty =1\ ®
< -1
<l

tn_tl l-a
<C( 2)
o t

1
2

< Cpvlesh), (4.30)

Here, we establish bound for second term in (4.21) for n > 1 and m = 0 as follows:

t1 %_ 0
e [He-wre (S ) b
to %_ 0

_ [t = (ta—11)") 2 /t% Av(p) do
N (2—a) T Jt op
e A I L

n

0

1
2

<C pe? dp

T to

<O = (=)0 72

[

[\
Q
7 N
O]
~
3

=
S
~_
v
2 i

< C peh), (4.31)
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For m =n — 1 in equation (4.21), we obtain

(a) |
1

e

-} B =3 _yn3
<C /tn% (ta —p)'—@ {3223) _ ?;n_é _:n_g } dp‘
S (avg?) - %S?)) /t t”j(tn —p)te dp‘

’ ’ no3

< Cfltacy ~tac) weeamixtn_%) <821c}9(t?6)> [(tn = t0g)* = (ta = t,)"]
<ol (TR ) g
<C 7y (ts)? (2tn - tn21 - tnz)z—a

<C 7'3*04 (tn—l + tn—?)a_g
>~ n —2

a—3

< C(TNm~ )" <TN‘7(n - 1)7)

< Cn B, (4.32)

Now utilizing inequities (4.10) and (4.24) to get the error bound on [tn_%,tn], we
obtain
2
o2l < r'e- a)< n = tu-g) te(tfixtn) ot | (1— a)( " "_%)
DPu(t)
< Cty —t,_1)>°
( nt) te(tInn%X tn) | O3

< Cn~ G-, (4.33)
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]

Lemma 4.2.2. Suppose u satisfies the regularity condition defined in (4.10). Then

the local consistent error 7/5? at grid ¢t = ¢,, holds the following inequality
Z|R"| <+ 0227‘3 ape3 1<k<N. (4.34)
Proof. Form equation (4.15), the bound for n = 1 is obtained as,

IRy < (€Y + SR,

2
['3—a)
2
< l—aRl/Q
“T@B—a) ! ™

1
< 3—ozta—3' 4.35
—12I'(3 — @) Toh (4.35)

Suppose i = F(32_°‘), then for n > 2

o’
<. é[gﬁ?ﬂnm?*lﬂ—w V%) + Sy (R R’f”)] ,
= % :chn R 2+n23:121 (Chom — Céf%JRT‘”HziS(n)RF/Q]
S%:Zcm Ri l/g+§n%l (i = Cim)RY™ 1/Q+2;S )Ry 1/2}
Siizcm Ry 1/2+Z( mhim = Cii 1> Ry 1/2+2ZS RI™ 1/2}
E _chn R+ ZquHmRT‘”Q+225(n)7z’;—1/2}7

= =

IN
= tl'—‘

k
> (@ St

n=



Chapter 4. An efficient temporal approximation... 137

k

1 27—71 + Tn— 1 2o n—1/2
E R

M 22 @ Tn + Tn— 1) ! ’

- 2+T“) N P
S Z 1+’Tn 1) Tn ﬂTntn—h

n=

| /\

a—l o

k
<Gy Tttt (4.36)

n=2

4.3 Methodology of the Linearized Difference Scheme

4.3.1 Scheme for One-Dimensional Problem

This section introduces a difference method to estimate the numerical solution of the
nonlinear time-fractional diffusion-wave equation (4.1)-(4.3). We divide the spatial

range [0, L] into equally spaced node points with spatial step-size h = ﬁ We
consider the uniform space grids domain Q;, = {z; | ; = ih;i = 1,..., M — 1} with
Q= Qp, UOQ,,.

To calculate the approximate solution of problem (4.1)-(4.3), we introduce difference
scheme on the families Q. and Q,, of grid points. Then the considered model (4.1)-

(4.3) at node (x;,t,) (1 <i< M —1, 1 <n <N —1) can be written as:

DG ulwi tn) + qla) F (u(w, t,)) = 2 (p(a) 2420) + f(wi, tn) + R,

(mivtn)

u(zy, tn) = ®(a;,ty), ie{0,M}, 1<n<N-1

(4.37)
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Now, we adopt the approximation process for TFCD of order 1 < a < 2 defined in

(4.14).

1 n—1 ! n—1 1 1 3
. [Z clol o™ =) sl + S(n){étui 2 _ b, ? H + qiF (uj')
m=0 m=1

1

=2 [ﬁz‘+1 Uiy — (ﬁi+1 ‘1‘171) ui + pi U?_J
IR AR 4+ (RO, (i) € 2 x O, (4.38)
where = @ and
d du Div1ul — (Dig1 + Di)ul’ + puf
— — = L : : O(h?) := Hul' + (R,)7,
2 (P5)| - FOU) = + (R,
(4.39)
D*u(x,t M — 2ul 4w 0 i1 — Di
AICE N l SLCOl TS Y
2 P h? or |, h
where H is an approximation of the operator %(p(x)a%) and p approximates p

with the replacement p; = Pi1- We use Taylor expansion of F'(ul') to obtain the

linearized scheme from equation (4.38). Then F(u}) = F(u?)+(R,)}, for n = 1 and

)

F(u) = F(u™") + (uf = uf )0 F(u™") + (Ru)}
= F(u!™) + (R.)!, 2<n<N, (4.40)
where,
(Ru)il < Cur,  [(RW)7] < Csmpty ™, Vn>2. (4.41)

If U}"; is the approximate solution of the problem (4.1), then we get

FU) = F(ui') = F(U?) = (F(U}") = (Ru);)

(3 7
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= F(U) = FUP) + (R}

]

= [F(U7") = F(UP )] = (U = UP HF (U7 + (Ra)y - (442)

(2

where, (R;)? and R, R, (R.)? denotes the spatial and temporal truncation
errors, respectively.
Next, we derive the linearized implicit difference scheme using (4.40) into (4.38)
nn 1 +S B~ n ~ ~\,,N g ¢}
{ (uf — T [Diviufy — (Pigr + Pa)uf + P4
n—1

— { (Cﬁfm — Cé?‘g%l)étuzn_% } — S(n)étu?_%
1

m=

7 = G F ) + R, (25, t) € QX Qy, (4.43)

(@)
—u_ 1, Cohn1+8(n) _ .
{ﬁpi—i—l} Uipy + [1— + % (i1 + i) [u + hgpz u;

Tn

Y +8n ot o1
_ [ n,n—1 ( ):|u? ( ) 3
Tn ’

+ S(n)du; 2 — g F (™Y + ufr + R0 > 1, (4.44)
where

W“Lﬂ < C(Nf min(3—a,y(a—1)) + h2)’ (4.45)

and C is a positive constant. We substitute the numerical solution U, for the
analytical solution u! in order to eliminate the error term in equation (4.44). Con-

sequently, we obtain the numerical scheme into a brief format:

AU™ = B, (4.46)



Chapter 4. An efficient temporal approximation... 140

where

( n K mn C5271+30U 1% -~ ~ n — KU TTINn
AU = 35pin Ul + | =5 —— + i Pir + 1) | U + 750U

(a) n n—1 m—1
B = [—Cw;:s( )}U{“l + 3 (Cen =l )eu (4.47)
m=1

+S(n)8U; 7 — pg F (U + puff, (w4, ta) € Q x Q.

4.3.2 Extension to the Multi-Term Time-Fractional Diffusion-

Wave Equation

Here, we consider a generalization of our single-term nonlinear TFDW problem

(4.1)-(4.3) to multi-term nonlinear TFDW model which is defined as follows:

> “Dfutet) = 5 (p0)52 ) = )P () + flo), 7€, 0E O.1]

s ox

(4.48)

where 1 < ap < a1 < ... < 1 < g < 2, w, >0, r=0,1,....k, k € N with
the same initial and boundary conditions as mentioned in (4.2)-(4.3). Then the
approximate formula of multi-term time-fractional derivatives of order 1 < «, < 2,
0<r<katgridt=t, is given as:

n-l n—1
1
CDgpu(ly) —— [Z ¢ g+t =3 ¢l s}

m n,m,r n,m,r
" Lm=0 m=1

+S(n,r){su"7 — mn—%}} + R L RE >, (4.49)

where, the coefficients of equation (4.49) are given as:

1
g 7-_ [(tn —_ t0)2—06r _ 20”‘_2(2.[;71 _ to _ t1)2—ari|7 n Z 1’ (450)
1

C(a)

n,0,r
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(tn - tm—l)Zﬂlr - (tn - tm+%>27ar

Clo) = : L 1<m<n, (4.51)
Y Tm + Tm+1
7_27ar
S(n,r)y=24"72—"_ pn>1. (4.52)
Tn + Tn—1

By using equations (4.39), (4.40) and (4.49) into the problem (4.48) at point (z;,t,),

it yields:

k n—1 i
m+1 m—1 o1 s
Z {(Ji |:Z sz??%),r(stuz +3 . Z Cf;?;z),r(stuz 2 + S(TL, T) (5tUZ 3 6tui 2):| }
| & 2

1

+ ¢ (uf) = e [Di1 Wiy — (Dign +0) wf + P uf ] + f7+ (Ro)F + (Ro)7F,
2

~ k ~
_7; . wy (Con 1, +S(n,T) I |, | 7D a
{ z;l]qu—i— { E {—( ol )}+h—(p¢+1 +pi)}ui + { h]; }uil

r=0 Hr Tn

k N Csrnf r_|_5<n77~) k ) n—1 X .
Z{%( — )}“ +Z{°i{ (Clen e | Yo ”

r=0

S|

S(n, 1)l — () + 2+ R, (1, ta) € D X Qs (4.53)

+

ﬁ
<H:
=&

where

R7| < C(N~minG-ary(ar=1) 4 p2) (4.54)

—F(ggo"”) (0<r<k)and p; = p,;_ as stated in (4.39).

Cis a positive constant, p, =
The compact form representation of the equation (4.53) with numerical solution U}

in place of analytical solution u}, we obtain

k

—Dit1 |y wr (Con 1+ S(n,r) 1 T AN
{ h? ]Um + [;{ur( - + hQ(pm + i) | U + | Uit
b W'r C,?;Tnil r + S(n, T) k w’/’ n—1 ( )
=3P IS DD RN
r=0 Mo Tn - Loy —

k >
5tUZ”2} } +)° %JS(nw)&U?g — GFU™ ) + /7, (it,) € U x Q,. (4.55)
r=0 "
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4.3.3 The Two Dimensional Difference Scheme

Suppose h; and hy denote the step sizes for spatial directions where h; = ]\L4—11 and

hy = ]\L4—22, and corresponding grid points are x; = ih; and y; = jhs, respectively.
The domain of mesh points is Qy = {(z;,y;)|[1 <i < M; -1, 1 < j < M, —1}
with Q, = QU Q. Denote the grid function space t = {u(z;, y;, tn) = u’;]0 < i <
My, 0<j <M, 0<n< N} Consider the evaluation of functions at given grids

as Fu(zy, yj,tn)) = F(ul;), f(os,y;,ta) = [y (4,7) € Q,, n > 0. For any u € 4,

2y

we establish the following notations:

u . —um . ult —u
o — g i—lyj no o itlj g
Oty = ==, Oz U hi
- ,n 1 [,n  _.mn _ .m n 4.56
OyOzti'y = fups (Wije1 — Uity — Uiy g + Uiy ] (4.56)
_ 1 n n n n n n
0y0zaiyy = faps (Ui jn = Uiny — 20300 + 207 + iy oy — uity 5],

Similar operators are chosen for variable y. The defined problem (4.1)-(4.3) in two-

dimension is as follows:

D+ q(z, y)F(u) = p(5% + 58) + f(z,y,1), (x,y,t) € 2 x (0,T),

U({L‘,y,O) = ¢(m7y)a Ut(l’,y,()) - §0($,y)7 0 S X S Lla 0 S Yy S L27 (4 57)

w(z,0,t) = Uy (z,t), u(x,Lo,t)=Vo(x,t), 0<zx<L;, 0<t<T,

w(0,y,t) = P1(y,t), w(ly,y,t) =Pa(y,t), 0<y <Ly 0<t<T,

Now, considering the system (4.57) at grid point (z;,y;,t,) and also using the ap-

proximation of Caputo derivative in left hand side of (4.57), we get

1{ {Cffi_l +S(n)}( ey Z { - —Cém} ety S

2 Tn

(i,7) € Q, n > 1, (4.58)

2y 1,57

—U’H)} pAu; — qiiF(ui;) + fi + R
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ug; = o(xi,y;), vy = (s, y;), 1<i< M, 1< <M, (4.59)
uiy = Vi(zistn), uiy, = Valzpty), 1<i< My —1, 1<n<N, (4.60)
(I) (y]a )7 ug\bﬁ,j :(I)Q(yj’tn)? 1 S] SMZ_L 1 STLSN, (461)

where |R};| < C'(N-min@-en@=)) 4 p2 4 p2) and p = @ Substituting the exact
solution w;'; with the numerical solution U}"; eliminate the error term in equation

(4.58), we obtain

cle ()

oh—C S(n)
U — 0 MUY, = UM + T, ’ U - U + I, Url
Q h 1,] + Z |: :| ( 1,7 ) + Tnfl ( 2,]
— U7%) = pLogi s F(ULTY) + 0T £, (i,5) € Q2 1<n <N, (4.62)
where, Z,, = ——"=—— and ¢, = puZ,. To develop the ADI scheme, a small term

cl®)_ +8(n)
D2 o26252U7. is added to equation (4.62), then we obtain

n xvy~i,j

S(n)

Th—1

(I — 0n02)(I — 0n0) U = (UF' + 02026.U7 1) + I,

nxYy~i,J

(Un 1 25252Un 1

nxy 1,J

CT(Lam_ (a)
_U2j2_gn6252Un 2 +7Z, Z|: ’ n,m— 1:| (Um+Qn5252Um m—1

7Y T ) Y T 1] %)

— 02020.U" ") — pZyg; i F (U” Y+ uZ, (i,7) € Qg, n > 1. (4.63)

LA TR % z]’

Suppose intermediate solution Y;*; = (I — gnéfl)U 1<i<M—1,1<j< My—1.

’Lj’

Initially, we solve the system of equations to determine the intermediate function
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Y., where j is fixed within the range {1,2, ..., My — 1},

1,57

( _Qn52)Y* _ (U£j1+Qn5252Un 1) +I (Un 1+Qn(5252Un 1

Ty 1,g oY ]

n—1 () o)
_Uz‘T,Lj_2 o 9252521]11 2) —i—I Z |:C Cnm 1} (Uzrg 25252Um U:}—l

nxYy >~ i,J na:yz]

(4.64)
—028202U ") — pZqs  F(UTY) + pZ, f1

nzy %,J

7o1<i<M —1,n>1

Yo, = (L - Qn(sz%)U&j’ Ying = (I — Qn%W%J'

Then the final solution U}"; can be obtained from the following system, for fix i €

{1,2,...,M; — 1}

(I — 00U =Y, 1<j<My—1, (4.65)
Ulo = Vi(wi, tn), Uy, = Vol tn). (4.66)
4.4 Stability Analysis
Suppose that max [u7| = |uf| := [[u"[|eo, max [pi] = |[plloc, and max |g;| = [lglleo,

then the equation (4.1) at the grid point (z;,,t,)

[ﬁio-i-lUilo—&—l - (ﬁio-ﬁ-l +@0)Ui10 + pZOUzlo 1]

= +fion=1,

207

YU, - UR) + 4, F(UL,) =

n n— n— 1 ~ n -~ n
TTL(UiO - Uy 1) + QZOF(U 1) 2 [pioJrleoJrl (Pig+1 +pi0)Ui0 +pioUi071}

S n—1 Cno% C7(La7zl
i (n) (U;(z)—l —Ur?) 2y 4 { 1

7,0’
Tn—1

}(U;” Ur )+ f, n>2, (4.68)

m=1

(@)
M>Oand'f =l T2 >0, n> 2.

HT1 HTn -

where T =
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Lemma 4.4.1. The solution U holds the following bound
1 0 Lia
107l < (4 20) 100 + 31 loer - =1, (4.69)
1 |S(n
07w < (4 5[0 oo 5| S 0 — 1)
n| Tn-1
n—1 e (a)
C’ﬂum - Cn,m—l m m—1 1 n
o 3 [P g o nza
where 7, = ”q”“’L and s = ”q”""E, n > 2.
Proof. From equations (4.67) and (4.68), we obtain
1 1
T+ — 12 (pzo-‘rl +pzo> U =T U + hgpio-‘rlUioJrl
1
+ ﬁploUzlo 1 F(UO) + 1107 (4'71)
1 _ 1.
{T + 0 52 (ploJrl +plo):| Un = TnUZ’Z ! + ﬁpi0+1Uzo+1
R | () P R
h2 ZOU’LO 1 + nil <U10 1 - Uio 2)

n—1 C7(1am C(a) .
+ { e }(U;g — UMY — g FUY + fF, n>2. (4.72)

m=1

For the choice of iy. Equations (4.71) and (4.72) convert into the following inequal-

ities

2 2
Y10 oo + 51210l U oo < TallUlo0 + 75 1200l U o

+lglloo L1T oo + [l oo,

TallU" oo + 25 1Pl 107 oo < LallU™ oo + 5 1Pllooll U™ e

. S(n
gl o + |2

n—1 Cna C(a)
+ { }(Um ur)

m=1

Ui =057

n—1

1 oo, n=2.

(4.73)

(4.74)
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These equations (4.73) and (4.74) are equivalent to

q|[s L 1
10 < (1 29 100l s =1 (475)
07 < (1 292 Y 0o 2 0 - v

— CT(ST)” B CT(L(?V)YL—l m m—1 1 n
+ Z T— (Uz‘o - Uio ) + T_Hf ||007 n = 2. (4'76)
m—1 m n

Now, we show the stability of the scheme (4.44). The equation (4.43) can also be

represented as:

C_ +S(n 1. L _
|:LJ—:| - u? 1) h2 [pi+1uzn+1 - (pi+1 + pl)u? + piu?fl}
n—1 (a C(a
= S@) (uf ™ — )+ { L Tnme 1} (u" —u"1)
HTp—1 m=1
— qu< " 1) + /Lf + g{?, (l‘i, tn) €y, x Q, (477)

U(ZL’Z’, 0) - ¢(Iz)7 ut('xi) 0) - @(xz), Z; S Qh7
u(z, ty) = ®(x4,t,), x; € O, t, € Q.
Suppose the error €' = U — v}, then we obtain

'cf;j21+5(n)} 1

5 T i1 +8(n)
o G — 5 [pi+1éf+1 — (Piy1 +0i)C —l—pigﬁl] = [;}

WTn
(@) _ pla)
St )}(cn L) +Z [C”"‘ Cnm- 1]@ — N = L¢P 1<i <M~ 1,

_,LLTn 1

(o) ~
pz+1 Cn,nfl + S(”) pz-‘rl + pz Di
2 :|<'L+1 + [ LT + 2 Cz Tt -3

{a&fﬁl +8(n)
1

Gty = }cz“+
WTn,
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S( ):| n—1 n—2 = |:C 67(1021 1:| m _ pm—1y _ n—1
Sty X S g - 2ag nz

(4.78)

("(z) = A ’ (4.79)

The Fourier series expression for the function " (x) is presented as follows:

o0

"(x) = Z p" (1) exp(2mlx/L), n>1, (4.80)

l=—00

where the corresponding coefficients p™(l) are referred as:

= %/0 (" (z) exp(—2melz/L)ds, (4.81)

Consider the solution of equation (4.78) be (' = p™exp(c(ich)), where o = 27l/L

and ¢ = v/—1. Now, taking the assumed solution into equation (4.78), we obtain

(3] ions s+ S0 } [l

h2

HTn
¢ +8(n) } . S) [Céam—ca) 1}
”n— — Lq;| p" 1 + _|_ n,m— m
{ o 4| p e ("~ E (p

N ~ S
— p" 1Y), [Ai cos(oh) + the sin(oh) + (A1 + )\3)},0" = [)\3 — Lqi]p" "+ (n) (p!

HTp—1

n—1 C7(1am _C(a)
NAEDY { | mm_‘l}(pm—pml), I<i<M-11<n<N-L

T
m=1 HTm

(4.82)



Chapter 4. An efficient temporal approximation... 148

~ el +8(n

where \; = M, Ny = %, A3 = e ) Rewriting equation (4.82)

as:

|:)\3 _ qu:| pn—l + /;f.iri)l (pn—l _ pn—Q) + Z 5 lrrr:,m—l:| (pm _ pm—l)
Pl = m=1 (4.83)

[:\\1(1 + cos(oh)) + thasin(oh) + /):3]

n—1 [céa%_c(a)

Since 0 < ¢y <p; <o, q>0,Va; € Qn, Tt < Tn, n > 1, then the properties for

the assumed notations

0< |/)\\1| <C;, 0< |;\\2| < Oy,

Crna +S) _ (n =10 )™ — (b —ta ™, 7
WTn W (To + Tr1) (T + 1)’
2(1—2 2 - . 2—«
_ 2O A )T s (4.84)
% Tn<7_n + Tn—l)
IAL(1 4 cos(oh)) + thgsin(ah) + As| > [As|, n > 1. (4.85)

Then the equation (4.83) will convert into the following inequality

n—1

5\ - n n— 7— Cg?%fcfzar)n—l m m—
Napt Tt (0T = )+ 3 { o ](p =)
|pn‘ S m=1 , n Z 1.
[A1(1 + cos(oh)) + tAgsin(oh) + As]
(4.86)

Theorem 4.4.1. Let (" (1 < n < N) represents the solutions of equation (4.86), then

"<, n> 1 (4.87)
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Proof. Using mathematical induction, we establish the validity of this theorem. For

n = 1, utilizing equations (4.67) and (4.85), the inequality (4.86) becomes

cl%9+51)\ o
()

P < — p <1’
‘ [Al(l + cos(oh)) + tAgsin(oh) + <T)] ‘

(4.88)

Therefore the inequality holds for n = 1. Now, we show the bound for n = 2 by
using (4.88),

sy +8(2) . cf+s@ Y| 4 . sy cg‘ﬁ)+$(2) 0
L2 BT w1 pr

%] < = — s ’
{/\1(1 + cos(ah)) 4+ tAgsin(oh) + ( 2L )} ‘
ci+s@) | ci+se) oy oy c§‘*3+s
l ©T2 + BT BT + BT
< (4.89)

b\ ~ ol
’ [)\1(1 + cos(oh)) + tAgsin(oh) + (%(2))} ’

Now, assuming that the validity of (4.86) for n = 1,2,....,7 — 1, i.e. |p"] < |p°| for

(@) _p(e)
1<n<r—1. Let d%a%@ = % then equation (4.86) yields
"]
r—1
3 or— S(r T— T— o & m— o T— a
Aap' ™t + S (ot — ) > (@) —dih)pm =t +d) o = di)
< =

[/)\\1(1 + COS(O’h)) + LB\\Q SiIl(O'h) + 3\3}

~ r—1
o+ X (diy —dih) +dl, — dlY)
m=2

IN

10°]. (4.90)

[:\\1(1 + cos(ah)) + Ao sin(oh) + Xg]

Considering the property of coefficients given in (4.19) and (4.85) into equation
(4.86), we obtain

" < 16°). (4.91)
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Hence, according to the principle of induction, (4.86) holds true for all values of

n. O

4.5 Numerical Examples

In order to exhibit the accuracy and efficiency of the proposed computational schemes
(4.44), (4.55) and (4.64)-(4.66), we consider four numerical examples of the governed
problem (4.1)-(4.3) in both one and two-dimensions. In first Example 4.5.1, we con-
sidered the three cases including smooth and nonsmooth exact solutions, as well
as nonsmooth initial data corresponding to the given problem (4.1)-(4.3). In sec-
ond problem 4.5.2, we handled nonsmooth solution of the nonlinear time-fractional
Telegraph equation with variable coefficients. We explored the numerical solution
of the multi-term time-fractional nonlinear diffusion-wave equation with variable
coefficients in Example 4.5.3. Example 4.5.4 displays the two-dimensional model
corresponding to the problem (4.1)-(4.3) with smooth and nonsmooth exact solu-
tions. We utilize three cases of the function F'(u) for the nonlinear term in equation

(4.1).
Case 1 F(u(z,t)) = u® —u, Case 2 F(u(x,t)) =sin(u), Case 3 F(u(z,t)) = u.

We employ the subsequent formulas to estimate the error and measure the rate of

convergence when the exact solution is known.

Ei(h,2T)
. N 7N _ 1\’ _
Ei(h,T) = o llu;" — UM | L., OC; = log, [—51<h77> ], OC; = log, [— .
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FExample 4.5.1. Consider the following Klein-Gorden and Sine-Gorden TFDW equa-

tion (4.1) with variable coefficients

Do t) + ) Fulo,) = 5 (1) ) + o), (a0) € 2 f0.1),

(4.93)

Here, we examine the accuracy of scheme (4.44) for the following three cases involv-
ing smooth, nonsmooth exact solution and considering discontinuous initial condi-
tion.

Case (i) The exact solution of (4.1) is u(x,t) = t°sin(z), x € [0, 7], t € (0, 1]. Next

the corresponding initial, boundary conditions and force term are defined as:

u(z,0) = u(x,0) =0, z €0,

uw(0,t) = u(m,t) =0, te(0,1],

f(z,t) = %t‘;*a sin(x) — £°p'(z) cos(z) + t°p(z) sin(z) + q¢(z)F(u(z, t)).

\

(4.94)

Case (ii) Consider the nonsmooth exact solution of problem (4.1) as u(z,t) =
(¥t 4 t*)sin(x), x € [0,7], t € (0,1]. The initial, boundary conditions and force

term are given as:

uw(z,0) = uy(x,0) =0, z € [0,

u(0,t) = u(m,t) =0, te (0,1],
(4.95)

flat) = (m +a) + ré(f;2L>t3/2a) sin(z) + (p(z) sin(x)

/() cos(x) + q(x) sin(2)) (/2 4 ),
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Case (iii) In this case, we examine the rate of convergence in temporal direction

for the homogeneous problem (4.1) with discontinuous initial condition

u(z,0) = x0,1/2/(z), w(z,0)=0, z€]l0,1]

w(0,8) = u(1,t) =0, te(0,1], (4.96)

f(xvt) =0,

\

where characteristic function is:

1, 0<z<1/2
X072 (2) =
0, elsewhere.

In Case (iii), the exact solution of problem (4.93) is unknown. Then we use the

following formula to calculate the accuracy of the scheme (4.44).

15 - Ul )

0C; =log ( - -
BN [TCAERA ST

In Tables 4.1-4.5, we display the numerical results in both time and space direc-
tions for the Case (i) of Example 4.5.1 using scheme (4.44). Tables 4.6 and 4.7
represent the computational results for the Case (ii) of Example 4.5.1 through the
utilization of the scheme (4.44). Table 4.8 expresses that the defined scheme (4.44)
has convergence rate N~4~®) 1 < a < 2 for the nonsmooth initial data given in
Case (iii) of Example 4.5.1. In Table 4.1, we demonstrate the errors and OC in

3 — u and two

time direction for sufficiently smooth exact solution with F'(u) = u
different choices of variable coefficient p(z). One can note that the scheme (4.44) is
(3 — ) order accurate in time and OC is almost approachable to the expected order

of convergence (EOC).
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TABLE 4.1: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.1 with § = (2 + a), g¢(z) = 1, F(u) = u® — u, M = 2000

and different choices of coefficient p(x).

a=12 a=15 a=138

T p(x) lu” = U]l OC [u” = U[lo OC [u” = UT]lo OC
1/16 2 —sin(3z) | 2.0249E-02 5.0997E-02 1.3335E-01

1/32 6.2767E-03  1.6897 1.8895E-02  1.4324 5.9236E-02  1.1707
1/64 1.8455E-03  1.7660 6.8282E-03  1.4684 2.6093E-02  1.1828
1/128 5.2697E-04  1.8082 2.4369E-03  1.4864 1.1438E-02  1.1898
1/256 1.4844E-04  1.8278 8.6473E-04  1.4947 4.9994E-03  1.1940
1/512 4.1640E-05  1.8339 3.0612E-04  1.4981 2.1813E-03  1.1966
1/1024 1.1706E-05  1.8307 1.0830E-04  1.4991 9.5078E-04  1.1980
1/2048 3.3280E-06  1.8146 3.8328E-05  1.4985 4.1420E-04  1.1988
1/16 3 — cos(2z) | 1.6249E-02 4.2680E-02 1.1912E-01

1/32 5.0240E-03  1.6934 1.5775E-02  1.4359 5.3240E-02  1.1619
1/64 1.4690E-03  1.7739 5.6826E-03  1.4731 2.3514E-02  1.1790
1/128 4.1646E-04  1.8186 5.6826E-03  1.4907 1.0318E-02  1.1883
1/256 1.1640E-04  1.8391 7.1584E-04  1.4981 4.5113E-03  1.1935
1/512 3.2413E-05  1.8444 2.5298E-04  1.5006 1.9685E-03  1.1964
1/1024 9.0742E-06  1.8367 8.9394E-05  1.5008 8.5805E-04  1.1980
1/2048 2.5962E-06  1.8054 3.1623E-05  1.4992 3.7380E-04  1.1988
EOC 1.8 1.5 1.2

In Table 4.2, we give the numerical results for the case when exact solution of the

problem (4.1) is not known. In this Table 4.2, we determine the OC of the proposed

method (4.44) by employing double computations on distinct grids 77 = 7 and 75 =

7/2. As observed form Table 4.2, the presented scheme (4.44) is computationally

efficient and validates its consistency with the theoretical findings. Also indicates

the stability of the proposed scheme as the OC remaining almost consistent up to

two decimal places.
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TABLE 4.2: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.1 with decreasing temporal grids, § = (2 4+ «), p(z) =
3 —cos(2z), ¢(z) =1, F(u) = v and M = 500.

a=1.2 a=1.5 a=1.8

no | m | |UT-UT?|. OC |Um —UT?||, OC U —U™?| OC

= o5 | 4.7631E-04 2.7773E-03 1.1553E-02

o5 | :e | 1.3731E-04 1.7944  9.9740E-04 14775 5.0912E-03 1.1822
2 | =5 | 3.9572E-05 1.7949  3.5596E-04 1.4864  2.2311E-03 1.1903
=7 | o5 | 1.1405E-05 1.7949  1.2660E-04 14915 9.747T4E-04 1.1947
051 | 7o | 3-2874E-06 1.7947  4.4933E-05 1.4945  4.2514E-04 1.1971
o5 | 196 | 9-4760E-07 1.7946  1.5928E-05 1.4962  1.8526E-04 1.1984
EOC 1.8 1.5 1.2

In Figure 4.2, we describe the surface plot of absolute errors for the nonosmooth
exact solution u(x,t) = t*sin(27z), (z,t) € [0,1] x [0,1] using the scheme (4.44).
Figure 4.2(a) represents the absolute error on uniform temporal meshes and the
error obtained for nonuniform case is shown in Figure 4.2(b). From these Figures
4.2(a) and 4.2(b), we can observe the effects of nonsmooth solution near the singular
point t = 0. In Figure 4.2(a), the absolute error is blows-up near ¢ = 0 but this
behavior of error is tackled in Figure 4.2(b) by choosing more accumulated mesh
near the singularity. Tables 4.3 and 4.4 showcase the maximum absolute errors and
OC for nonsmooth solution by selecting 6 = « in Case (i) of Example 4.5.1 with
Klein-Gorden and Sine-Gorden nonlinear problem (4.1)-(4.3). In these Tables 4.3
and 4.4, the desired computational outcomes can be expressed by taking different
values of v according to choices of . From these Tables 4.3 and 4.4, one can
note that the proposed scheme (4.44) is computationally accurate with theoretical
OC and the numerical results are in good agreement with the expected accuracy

min(3 — «,vy(a — 1)).



Chapter 4. An efficient temporal approximation... 155

%10 x104

Absolute error
Absolute error

(a) Scheme (4.44) with v = 1 and (b) Scheme (4.44) with v =2, M =
M = N = 100. N =100.

FIGURE 4.2: Absolute error surfaces on both uniform (a) and nonuniform (b)
meshes with o = 1.7, p(x) = 3 — cos(2z), q(z) = 1 —sin(2z) and (z,t) € [0,1] x
[0, 1].
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TABLE 4.3: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.1 with 6 = a, p(xz) = 3 — cos(2x), ¢(x) = 1 — sin(2x),
M = 2000 and different choices of F'(u).

(a,7) = (1.5,1) (a,7) = (1.5,3) (a,v) = (1.7,13/7)

T Fu) | Ju"—=UT]|eo OC lum = U] OC lum = U] OC
1/64 u? —u | 8.7671E-03 1.6626E-03 3.5445E-03

1/128 8.7332E-03  0.00558 5.6431E-04  1.5588 1.4088E-03  1.3311
1/256 7ATITE-03  0.22507 1.9588E-04  1.5265 5.6379E-04  1.3213
1/512 5.9862E-03  0.31980 6.8844E-05  1.5085 2.2667E-04  1.3146
1/1024 4.6079E-03  0.37752 2.4337E-05  1.5002 9.1389E-05  1.3105
1/2048 3.4531E-03  0.41623 8.6008E-06  1.5006 3.6893E-05  1.3087
1/4096 2.5415E-03  0.44223 3.0125E-06  1.5135 1.4885E-05  1.3095
1/64 sin(u) | 9.2518E-03 9.1913e-04 2.4481E-03

1/128 7.7680E-03  0.25218 3.3823e-04 1.4423 9.9426E-04  1.3000
1/256 6.0768E-03  0.35423 1.2455e-04 1.4412 4.0251E-04  1.3046
1/512 4.5889E-03  0.40516 4.5605e-05 1.4495 1.6280E-04  1.3059
1/1024 3.4190E-03  0.42458 1.6554e-05 1.4620 6.5842E-05  1.3060
1/2048 2.5163E-03  0.44225 5.9460e-06 1.4772 2.6626E-05  1.3062
1/4096 1.8326E-03  0.45745 2.1024e-06 1.4999 1.0756E-05  1.3077
EOC 0.5 1.5 1.3
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TABLE 4.4: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.1 with § = a, p(z) = 3 — cos(2z), ¢(x) = 1 — sin(2z),
F(u) = sin(u), M = 1000 and different choices of parameter ~.

(@,7) = (14,4) (@)= (16,7/3)  (a7) = (18,3/2)
T lu" — U]« OC lu" = U]« OC lum = U« OC
1/32 1.7202E-03 3.9143E-03 8.3015E-03
1/64 5.9505E-04  1.5315 1.4895E-03  1.3939 3.7592E-03  1.1429
1/128 | 2.0885E-04  1.5105 5.6976E-04  1.3864 1.6687E-03  1.1717
1/256 | 7.3456E-05  1.5075 2.1826E-04  1.3843 7.3326E-04  1.1863
1/512 | 2.5656E-05  1.5176 8.3447E-05  1.3871 3.2051E-04  1.1939
1/1024 | 8.8192E-06  1.5406 3.1761E-05  1.3936 1.3967E-04  1.1984
1/2048 | 2.9367E-06  1.5865 1.1986E-05  1.4059 6.0717E-05  1.2018
EOC 1.6 14 1.2

In Figure 4.3, we plot the surface of absolute error to make a comparison between

uniform and nonuniform meshes for nonsmooth solution discussed in Case (ii) of

Example 4.5.1. From the Figures (4.3)(a) and (4.3)(b), it is clear that both surfaces

exhibit different behavior near the singularity ¢ = 0. In dealing with the weak initial

singularity at time ¢ = 0, we employ a graded mesh by selecting v > 1 in the

discretization of time derivative. Figure (4.3)(b) shows the plot of absolute error

with nonuniform mesh v = 3, indicating the effectiveness of graded meshes in the

time discretization approach.
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(a) Scheme (4.44) with v = 1 and (b) Scheme (4.44) with v = 3, M =
M = N = 100. N = 100.

FIGURE 4.3: Graph of absolute error on the uniform (a) (left) and nonuniform (b)
(right) meshes for Case (ii) of Example 4.5.1 with F(u) = sin(u), 6 = a = 1.5,
p(z) =3 —cos(2z) and ¢(x) = 1 — sin(2x).

In Figure 4.4, we plot the graphs of numerical results on uniform and nonuniform
time meshes for Case (i) of Example 4.5.1. In Figures (4.4)(a) and (4.4)(b), the
computational solution is plotted varying values of (a, ) at final time level T = 1.
Table 4.5 displays the absolute errors and OC in space direction for nonsmooth
solution with different values of (a,v). We can observe that the scheme is sec-
ond order accurate in space which is the expected OC. In Figure 4.5, we represent
the numerical solutions for Case(i) of Example 4.5.1 with § = « on the domain
(x,t) € [0,27] x [0,1]. Figures (4.5)(a) and (4.5)(b) display the numerical results
for uniform and nonuniform temporal meshes with v = 1 and v = 4, respectively.
From Figure (4.5)(a), it is clear that nonsmooth solutions exhibit blow-up behavior
on uniform time meshes and this nature is handled in Figure (4.5)(b) by utilizing

general temporal mesh.
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(a) Scheme (4.44) with v = 1 and (b) Scheme (4.44) with v =5, M =
M = N = 100. N = 100.

FIGURE 4.4: Graph of |u| on the uniform (left) and nonuniform meshes (right)
at final time 7' = 1 for case (i) of Example 4.5.1 with § = «a, F(u) = u® — u,
p(z) =3 — cos(2z), q(z) = 1 —sin(2z) and different values of a.
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Numerical solution
o

Numerical solution

(a) For scheme (4.44) with v = 1. (b) For scheme (4.44) with v = 4.

FIGURE 4.5: Comparison of numerical solutions for uniform (left) and nonuniform
(right) temporal meshes with p(x) = 3 — cos(2z), ¢(x) = 1 —sin(2z), o = 1.1 and
M = N = 100.
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TABLE 4.5: Spatial direction computational errors and convergence order for
Case (i) of Example 4.5.1 with 6 = a, p(xz) = 3 — cos(2x), ¢(x) = 1 — sin(2x),
T = -5 and different choices of parameters (a, 7).

(a,y) = (1.3,4.7) (o, ) = (1.5,3) (a,v) = (1.8,1.18)
h F(u) | v =UT]jec OC lum = U]l OC lum =U]|ss OC
1/8 | u® — u | 8.2348E-03 7.4288E-03 6.1895E-03
1/16 2.0153E-03  2.0307 1.8129E-03  2.0348 1.5019E-03  2.0431
1/32 5.0110E-04  2.0079 4.4996E-04  2.0104 3.7197E-04  2.0135
1/64 1.2495E-04  2.0037 1.1166E-04  2.0107 9.2069E-05  2.0144
1/128 3.1066E-05  2.0080  2.7231E-05 2.0357  2.2255E-05  2.0486
1/8 sin(u) | 8.2483E-03 7.5189E-03 6.3226E-03
1/16 2.0279E-03  2.0241 1.8391E-03  2.0315 1.5353E-03  2.0420
1/32 5.0517E-04  2.0051 4.5651E-04  2.0103 3.8112E-04  2.0102
1/64 1.2642E-04  1.9986 1.1307E-04  2.0135 9.5198E-05  2.0012
1/128 3.1859E-05  1.9885 2.7343E-05  2.0479 2.3891E-05  1.9945
1/8 |u 8.0231E-03 7.2981E-03 6.1334E-03
1/16 1.9643E-03  2.0301 1.7816E-03  2.0343 1.4836E-03  2.0427
1/32 4.8850E-04  2.0076 4.4226E-04  2.0102 3.6879E-04  2.0131
1/64 1.2186E-04  2.0031 1.0978E-04  2.0102 9.1374E-05  2.0129
1/128 3.0346E-05  2.0056  2.6811E-05 2.0338  2.2178E-05  2.0426
EOC 2.00 2.00 2.00

In Tables 4.6, we display the rate of convergence and maximum absolute errors for

nonsmooth exact solution with uniform and nonuniform temporal meshes. In this

Table 4.6, first we fix M = 2000 and vary values of N to get the temporal accuracy.

From Table 4.6, we can observe that the scheme does not achieve desired accuracy

for uniform time meshes (i.e.y = 1). However the scheme is well accurate with the

expected convergence order using the nonuniform time meshes (y > 1) for same

values of a = 1.3, 1.5, 1.8. The obtained results are in good agreement with the

theoretical order i.e. min(3 — a,y(a — 1)).

Table 4.7 shows the errors and OC in
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space direction for the nonsmooth solution of problem 4.5.1. Table 4.7 expresses
that the scheme (4.44) is numerically efficient and achieves second-order accuracy
in space. In Table 4.7, the numerical results are given for p(x) = 3 — cos(2z),
q(x) = 2 — sin(3x) with fix N = 5000 and varying M. In Table 4.8, we display the
errors on L..-norm and corresponding rate of convergence for discontinuous initial
data [131]. To calculate the numerical accuracy, first we considered a reference
solution with h,.; = 275 and then vary N = [23, 24, 25 26 27]. Table 4.8 presents
the numerical results for ¢t = 0.005 and 0.001 as we are interested in the efficiency
of the scheme near small t. We observe that the scheme is (3 — «)-order accurate
for both constant and variable coefficients of problem (4.1) with nonsmooth initial

data.
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TABLE 4.6: Temporal direction computational errors and convergence order for
Case (ii) of Example 4.5.1 with p(z) = 3 —cos(2z), ¢(x) = 2—sin(3z), M = 2000
and different choices of parameters («, 7).

(e,7) | (1.3,1) (1.5,1) (1.8,1)
T lum" = Ul OC lum = U]l OC lum = U]l OC
1/32 3.8734E-02 1.9552E-02 5.5707E-02
1/64 3.0930E-02  0.32461 1.5566E-02  0.32892 3.3345E-02  0.74037
1/128 2.4871E-02  0.31454 1.2003E-02  0.37506 1.9511E-02  0.77321
1/256 1.9959E-02  0.31746 9.2031E-03  0.38315 1.1209E-02  0.79957
1/512 1.5949E-02  0.32358 7.0213E-03  0.39040 6.3291E-03  0.82462
1/1024 1.2702E-02  0.32838 5.2791E-03  0.41143 3.5055E-03  0.85241
EOC 0.3 0.5 0.8

(a,7) | (1.3,17/3) (1.5,3) (1.8,2)

lum = U ||l OC lum = Ul OC lum = U™l OC

1/32 4.5212E-03 5.2846E-03 2.7083E-02
1/64 1.4157E-03  1.6751 1.8227E-03  1.5357 1.2647E-02  1.0985
1/128 4.4215E-04  1.6789 6.3736E-04  1.5159 5.7603E-03  1.1346
1/256 1.3778E-04  1.6821 2.2446E-04  1.5057 2.5783E-03  1.1597
1/512 4.2806E-05  1.6865 7.9282E-05 1.5014 1.1379E-03  1.1801
1/1024 1.3252E-05  1.6917 2.8009E-05  1.5011 4.9598E-04  1.1980
EOC 1.7 1.5 1.2

In Figure 4.6, we plot the comparison of theoretical OC with rate of convergence for

nonsmooth exact solution by selecting suitable grading parameter . Figure 4.6 is

plotted for nonsmooth solution defined in Case (ii) of Example 4.5.1 with variable

coefficients p(z) = 3 — cos(2x), q(z) = 2 —sin(3x), for fix space step-size h = 1/2000

and varying temporal steps 7 = 27" (n = 8, 9, 10, 11). Figure 4.6 confirms that

the scheme (4.44) has almost similar convergence rate for nonsmooth solutions as

presented in the theoretical part i.e. N—minG=arle=1) 1 <o < 2.
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FIGURE 4.6: Convergence rate in time direction for Case (ii) of Example 4.5.1
with F(u) = u, p(z) = 3 — cos(2z), q(z) = 2 —sin(3z), T = 535, =15, 091> 70
and h = 0.0005.

TABLE 4.7: Spatial direction computational errors and convergence order for
Case (ii) of Example 4.5.1 with p(z) = 3 — cos(2z), ¢(z) = 2 —sin(3z), T = =355
and different choices of parameters («, 7).

(,7) = (1.3,17/3) (@,7) = (15,3) (,7) = (1.7,1.2)
h lum = U"||os OC lum=U"]|ss OC lum =U"]|ss OC CPU(s)
1/8 | 1.3503E-02 1.2861E-02 1.2115E-02 31.66963

1/16 | 3.3130E-03  2.0271 3.1465E-03  2.0312 2.9531E-03  2.0365 63.27619
1/32 | 8.2532E-04  2.0051 7.8106E-04  2.0103 7.3592E-04  2.0046 96.84626
1/64 | 2.0702E-04  1.9952 1.9350E-04  2.0131 1.8607E-04  1.9837 143.5895

EOC 2.00 2.00 2.00
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TABLE 4.8: Temporal direction computational errors and convergence order for
Case (iii) of Example 4.5.1 with F(u) = u® —u, a = 1.5, h = 27° and different
choices of coefficients p(z), q(z).

t\(p(x), () | (3 = cos(2z),2 — sin(3z)) (1,1)

T | Ty U™ = U™ OC U =U"| OC
T 2.8650E-02 1.6492E-02

L |5 ]0.005 1.3921E-02  1.0413 7TAT49E-03  1.1416
= | & 6.2423E-03  1.1571 3.0794E-03  1.2794
= | = 2.6179E-03  1.2537 1.1916E-03  1.3697
2 | 25 1.0287E-03  1.3476 4.4012E-04  1.4369
i | % 4.0262E-03 1.6674E-03

+ |5 |0.001 1.8927E-03  1.0890 7.9558E-04  1.0675
+ | & 7.5238E-04  1.3309 3.1739E-04  1.3258
= | = 2.7729E-04  1.4401 1.1371E-04  1.4809
% | =% 9.9727E-05  1.4753 4.0401E-05  1.4929

In Figure 4.7, we demonstrate the approximate solution for Case (iii) of Example

4.5.1 with different values of & = 1.3 1.6, 1.8. In Case (iii) the exact solution is not

known in compact form, then we calculate the reference solution by using h,.; = 27°

in proposed scheme (4.44). The computational outcomes for Case (iii) with varying

p(z) and g(x) are displayed in Table 4.8. We are specifically interested in conditions

where the value of ¢ is small. Therefore, we show the graph of numerical results for

t = 0.1 and ¢t = 0.01 in Figure 4.7. Additionally, as . approaches two, the decay of

the solution slows down (for values of ¢ that are close to zero).
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(a) a = 1.3 and t = (b) @« = 1.6 and t = (c) a =18 and t =
0.1. 0.1. 0.1.

Time [} Space Time 0 0 Space

(d) a =13 and t = () a = 1.6 and t = (f) « = 18 and t =
0.01. 0.01. 0.01.

FIGURE 4.7: Graphs of numerical solution for Case (iii) of Example 4.5.1 using
the difference scheme (4.44) with M = N = 100 and different values of a.

FExample 4.5.2. Consider the following Klein-Gorden and Sine-Gorden time-fractional

Telegraph equation with variable coefficients in both one and two-dimensions

0 ou( X+,
i)+ Dl 06 0 + (O (10X 0) = 5 () P50 ) 4 70,
l l

1=1,2, X, =7, Xo= (z,y), (Xit) € Qx(0,T].

In this Example 4.5.2, we consider two cases (4.97) and (4.98), corresponding to one
and two-dimensions, respectively. Tables 4.9 and 4.10, display the numerical results

in time and space directions, respectively for the case (4.97) using the scheme (4.44).
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Table 4.9 represent the absolute errors and rate of convergence in the time direction,
fixing M = 2000 and varying N. In Tables 4.9 and 4.10, we represent the results
for p(x) = 3 — cos(2x), ¢(x) = 1 — sin(3x) with different values of («, ). Table 4.11
shows the computational results in time for two-dimensional case (4.98) of Example
4.5.2. For the two-dimensional case, we use ADI scheme (4.64)-(4.66) to calculate
the errors and corresponding OC. From these Tables 4.9, 4.10 and 4.11, we observe

that the numerical results are in good agreements with EOC.

;

u(z,t) =t exp (_(%}%5)2), x €[0,1], t € (0,1],

u(z,0) = u(x,0) =0, z€]|0,1],

u(0,t) = t* exp (_(()%52) ), te(0,1],

(@) 9 wu(1,1) = t*exp (F955) ¢ € (0,1],

f(a,t) = T(a + 1)(1 + t) exp (&%) 4 100%(2(z — 0.5) sin(2x)

(@ = 0.5)2(3 = cos(2x)) exp (<G552)

0.02

+(3 — cos(2x)) —

1
0.01

+(1 — sin(3z)) F (u(z,t)).

(4.97)

u(z,y, 1) = P exp (FE520 4+ =) - (2y) € [0,10] x [0,10], £ € (0,1],

w(z,y,0) = w(z,y,0) =0 (x,y) € [0,10] x [0, 10],

u(0,y,1) = u(10,y,t) = P exp (=2 + =)y € [0,10], ¢ € (0,1],

—(z—5)2 _E2
(b) u(x,0,t) = u(x,10,t) = t3exp (% + 75), x € 0,10], t € (0,1],
u(0,0,t) = u(10,10,t) = 3 exp (—750), t € (0,1]

—a - 2
f@,9.0) = (raa ™ + gt * +5t° — (5) (@ —5)°

—(2)*(y — 5)%) exp (F52E + =2 4 g(a, y) Fu(z, y.1)).

(4.98)
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TABLE 4.9: Temporal direction computational errors and convergence order for
1D case (4.97) of Example 4.5.2 with p(x) = 3 — cos(2z), ¢(z) = 1 — sin(3z),

M = 2000 and different choices of parameter (a, 7).

(a,7) = (1.4,4) () = (1.6,7/3)  (ay) = (18,3/2)
T Fw) ||u —Ule OC lum — U]l OC lu = U]l OC
1/16 | v® —u | 9.6733E-04 1.6553E-03 2.4445E-03
1/32 3.0614E-04  1.6598 5.8611E-04  1.4978 1.0893E-03  1.1661
1/64 9.8835E-05 1.6311 2.0878E-04  1.4892 4.7846E-04  1.1870
1/128 3.2306E-05 1.6132 7.5732E-05  1.4630 2.0872E-04  1.1968
1/256 1.0594E-05  1.6086 2.7850E-05  1.4432 9.0792E-05  1.2009
1/512 3.4606E-06  1.6142 1.0317E-05  1.4327 3.9434E-05  1.2031
1/16 | sin(u) | 9.5507E-04 1.6431E-03 2.4343E-03
1/32 3.0215E-04  1.6604 5.8322E-04  1.4943 1.0864E-03  1.1639
1/64 9.7644E-05  1.6296 2.0767E-04  1.4898 4.7773E-04  1.1853
1/128 3.1962E-05 1.6112 7.5374E-05 1.4621 2.0847E-04 1.1963
1/256 1.0494E-05  1.6068 2.7729E-05  1.4427 9.0699E-05  1.2007
1/512 3.4287E-06  1.6138 1.0274E-05  1.4324 3.9396E-05  1.2030
EOC 1.6 1.4 1.2
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TABLE 4.10: Spatial direction computational errors and convergence order for 1D
case (4.97) of Example 4.5.2 with p(z) = 3 — cos(2z), ¢(z) = 1 —sin(3z), T = 1955
and different choices of parameter («, ).

(a,7) = (1.3,17/3) (o, ) = (1.5,3) (a,7) = (1.8,3/2)
h Fu) | Jum=UT]je OC lum = U]l OC lum =U|oe OC
1/16 | u® —u | 3.4503E-02 3.4359E-02 3.4223E-02
1/32 8.2311E-03  2.0675 8.1971E-03  2.0675 8.1696E-03  2.0666
1/64 2.0334E-03  2.0172 2.0253E-03  2.0170 2.0233E-03  2.0136
1/128 5.0535E-04  2.0086 5.0354E-04  2.0079 5.0788E-04  1.9942
1/16 | sin(u) | 3.4573E-02 3.4428E-02 3.4291E-02
1/32 8.2486E-03  2.0674 8.2142E-03  2.0674 8.1861E-03  2.0666
1/64 2.0378E-03  2.0171 2.0295E-03  2.0170 2.0272E-03  2.0137
1/128 5.0645E-04  2.0085 5.0462E-04  2.0079 5.0869E-04  1.9947
EOC 2.00 2.00 2.00
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TABLE 4.11: Temporal direction computational errors and convergence order for
2D case (4.98) of Example 4.5.2 with p(z) = 1, ¢(x) = 3—sin(2(z + y)), 8 = 1000,

My =25, My = 25 and different choices of parameter c.

a=1.25 a=15 a=138

7 Fw) ||v —Ule OC v — U]l OC lu" —U|l OC
1/8 sin(u) | 2.3612E-02 4.2967E-02 9.8346E-02

1/16 6.4007E-03  1.8832 1.4157E-02  1.6017 4.1262E-02  1.2531
1/32 1.7448E-03  1.8752 4.7177TE-03  1.5854 1.7573E-02  1.2314
1/64 4.8170E-04  1.8568 1.5928E-03  1.5665 7.5507E-03  1.2187
1/128 1.3508E-04  1.8343 5.4409E-04  1.5497 3.2615E-03  1.2111
1/256 3.9125E-05  1.7876 1.8767E-04  1.5356 1.4133E-03  1.2065
1/8 ud —u | 6.2593E-02 7.4783E-02 1.3762E-01

1/16 1.9646E-02  1.6718 2.6040E-02  1.5220 5.9020E-02  1.2215
1/32 5.7218E-03  1.7797 8.9216E-03  1.5454 2.5603E-02  1.2049
1/64 1.6113E-03  1.8282 3.0402E-03  1.5531 1.1133E-02  1.2015
1/128 4.4578E-04  1.8538 1.0377E-03  1.5507 4.8424E-03  1.2010
1/256 1.2272E-04  1.8610 3.5628E-04  1.5424 2.1065E-03  1.2009
1/8 U 3.2251E-02 4.6637E-02 9.9393E-02

1/16 8.7921E-03  1.8751 1.5087E-02  1.6281 4.1255E-02  1.2686
1/32 2.3690E-03  1.8919 4.9356E-03  1.6120 1.7451E-02  1.2412
1/64 6.3687E-04  1.8952 1.6367E-03  1.5925 7.4660E-03  1.2249
1/128 1.7183E-04  1.8900 5.5033E-04  1.5724 3.2162E-03  1.2150
1/256 4.7454E-05  1.8564 1.8740E-04  1.5542 1.3914E-03  1.2089
EOC 1.85 1.50 1.20

In Figure 4.8, we display the errors comparison on uniform and nonuniform temporal

meshes for nonsmooth exact solutions. Figure (4.8)(a) represents the maximum

absolute error plot for 1D case (4.97) of Example 4.5.2 with p(z) = 3 — cos(2x),

q(z) =1 —sin(3z) on the domain [0, 1] x [0, 1]. In Figure (4.8)(b), we demonstrate

the errors on Lo, norm for nonsmooth solution in Case (i) of Example 4.5.1 with

p(z) =3 — cos(2z), ¢(x) =1 — sin(2z), F(u) = uv* — u on the domain [0, 7] x [0, 1].
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From Figure 4.8, we observe that the impact of employing nonuniform temporal

meshes on nonsmooth exact solutions.

— (=15 1) |
— (v, 7)=(1.5,3)

=107

10710

Maximum absolute error
Maximum absolute error

= (. M=(1.5.1)

10715 (2.7)=(1.5.3)

(a) For scheme (4.44) with M = (b) For scheme (4.44) with M =
N = 100. N =100.

FIGURE 4.8: Comparison of absolute errors on uniform and nonuniform mesh
for 1D case of Example 4.5.2 (left) and Case (i) (with 6 = «) of Example 4.5.1
(right) at final time 7' = 1.

FExample 4.5.3. Consider the following Klein-Gorden and Sine-Gorden multi-term

TFDW equation with variable coefficients on the domain Q x [0,7] = [0, 1] x [0, 1]

iowr CD&Qu(x, t) + q(x)F(u(x,t)) = % ((3 — COS(QI‘))au{g:t)) + f(x,t),

u(z,0) =0, w(x,0)=0, =€,

u(0,t) =%, wu(l,t) = t?sech®(1), (x,t) € 9 x (0,T],

with the exact solution u(w,t) = t? sec h?(z), (z,t) € [0,1] x [0, 1]. Subsequently, the
associated source term is described as:

T(0+1)

mﬁﬂr sec h*(z) + q(x) F(u(x,t)) + 2¢[2 sin(22) tanh(x) sec h*(z)

f($7t> =

—2(3 — cos(2)) sec h?(z) tanh?(z) + (3 — cos(2z)) sec h*(z)].
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We solve this Example 4.5.3 employing the scheme (4.55). In Tables 4.12, 4.13, 4.14,
4.15, 4.16, we display the computational results for both time and spatial directions.
Tables 4.12 and 4.14 demonstrate the rate of convergence and errors in temporal
direction for Sine-Gorden and Klein-Gorden problem 4.5.3 with smooth exact solu-
tion. However, Tables 4.13 and 4.15 display the time direction numerical simulation
with nonsmooth exact solution utilizing graded meshes for the Sine-Gorden and
Klein-Gorden Example 4.5.3, respectively. In Table 4.16, we give the numerical re-
sults in spatial direction for the Klein-Gorden problem 4.5.3 with nonsmooth exact
solution by using different values of grading parameter . In these Tables 4.12-4.16,
we choose w, = 1 for r = 0,1,2 and different values of ag, a1, ay and p(z), q(z).
The rate of convergence in each table compares with EOC. One can note that the

scheme has good accuracy and in agreement with theoretical findings.

TABLE 4.12: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.3 with 0 = 4, p(z) = 3 — cos(2z), q(z) = 3 — sin(2z),
F(u) = sin(u), M = 2000 and different choices of (a, a1, ag).

(g, a1, ) = (%7 %7 %) (g, 2) = (% % %) (g, a, ) = (27 %7 %)
T lum = Ul OC lum = Ul OC lum = Ul OC CPU(s)
1/16 | 5.4820E-03 4.2087E-03 1.4791E-02 16.9184
1/32 | 1.7499E-03  1.6474 1.2591E-03  1.7410 6.5011E-03  1.1860  36.7088
1/64 | 5.5378E-04  1.6599 3.7688E-04  1.7402 2.7114E-03  1.2616  64.0802
1/128 | 1.7390E-04  1.6711 1.1166E-04  1.7550 1.0961E-03  1.3066  107.347
1/256 | 5.4550E-05  1.6726 3.2917E-05  1.7622 4.3738E-04  1.3255  183.310
1/512 | 1.7227E-05  1.6629 9.7599E-06  1.7539 1.7376E-04  1.3317  330.443
EOC 1.6667 1.75 1.3333
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TABLE 4.13: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.3 with 6 = 2, p(z) = 3 — cos(2z), ¢(z) = 3 — sin(2z),

F(u) = sin(u), M = 2000 and different choices of (ag, a1, a2,7).

(v, a1, 9) = (%a %7 %) (v, a1, 0) = (i, 5%7 %) (v, a1, 0) = (%a 37 %)

N=3 v =3.22 v =2.67

T lum = Ul OC lum = U ||l OC lum = Ul OC CPU(s)
1/32 6.7120E-04 7.5749E-04 2.4923E-03 18.9389
1/64 1.7356E-04  1.9513 1.9513E-04  1.9568 1.1011E-03  1.1786  42.3101
1/128 | 4.5751E-05  1.9236 5.0188E-05  1.9590 4.5663E-04  1.2698  78.4787
1/256 | 1.2500E-05  1.8719 1.3134E-05  1.9341 1.8399E-04  1.3114  142.289
1/512 | 3.6160E-06  1.7894 3.5626E-06  1.8823 7.3368E-05  1.3264  265.764
1/1024 | 1.1501E-06  1.6526 1.0504E-06  1.7620 2.9152E-05 1.3316 579.894
EOC 1.6667 1.75 1.3333

TABLE 4.14: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.3 with 0 = 4, p(z) = 3 — cos(2z), q(z) = 1 — sin(2z),
F(u) = u® —u, M = 2000 and different choices of (ag, a1, o).

(a0, 01, ) = (%/ %7 2) (a0, 01, ) = (%7 %: %) (a0, 01, ) = (27 %7 %)
T |lum = Ul OC lum — Ul OC lum — Ul OC CPU(s)
1/16 | 5.4599E-03 4.2246E-03 1.5155E-02 13.7449
1/32 | 1.8998E-03  1.5230 1.4286E-03  1.5642 6.8266E-03  1.1505  29.5159
1/64 | 6.2290E-04  1.6088 4.4814E-04  1.6726 2.8827E-03  1.2437  51.3131
1/128 | 1.9767E-04  1.6559 1.3484E-04  1.7327 1.1749E-03  1.2948  85.3112
1/256 | 6.1877E-05  1.6756 3.9822E-05  1.7596 4.7133E-04  1.3178  146.558
1/512 | 1.9371E-05  1.6755 1.1770E-05  1.7585 1.8789E-04  1.3269 264.414
EOC 1.6667 1.75 1.3333
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TABLE 4.15: Temporal direction computational errors and convergence order for
Case (i) of Example 4.5.3 with 6 = 2, p(z) = 3 — cos(2z), ¢(z) = 1 — sin(2z),
F(u) = u® — u, M = 2000 and different choices of (g, a1, as, 7).

(g, a, 0) = (%7 %7 %) (g, a1, 0) = (%a % %) (g, a1, 0) = (%7 %7 %)
v=3 v =322 v = 2.67

T lum = Ul OC lum = Ul OC lum = Ul OC CPU(s)
1/32 1.4316E-03 1.6879E-03 2.8141E-03 20.7924
1/64 3.5387E-04  2.0163 4.1528E-04  2.0231 1.2096E-03  1.2181  48.2781
1/128 | 8.9409E-05  1.9847 1.0384E-04  1.9997 4.9315E-04  1.2944 91.2881
1/256 | 2.3238E-05  1.9440 2.6429E-05  1.9742 1.9689E-04  1.3246  166.990
1/512 | 6.3696E-06  1.8672 6.9878E-06  1.9192 7.8090E-05  1.3342  314.496
1/1024 | 1.9700E-06  1.6930 2.0524E-06  1.7675 3.0927E-05  1.3363  638.506
EOC 1.6667 1.75 1.3333

TABLE 4.16: Spatial direction computational errors and convergence order for
Example 4.5.3 with p(z) = 3 — cos(2z), ¢(z) = 1 — sin(2z), F(u) = u® — u,

T= Wloo and different choices of parameter (ag, a1, ag,7y).
(ag, a1, 00) = (37 %7 %) (ag, a1, 00) = (% %7 %) (ag, a1, 00) = (37 %7 %)

y=3 v =3.22 v =267
T lum = UT||s OC lum — U™l OC lum = U™l OC CPU(s)
1/16 | 7.0918E-03 7.0892E-03 7.1224E-03 2302.00
1/32 | 1.8643E-03  1.9275 1.8640E-03  1.9272 1.8681E-03  1.9308 4616.61
1/64 | 4.7738E-04  1.9654 4.7736E-04  1.9653 4.7784E-04 19670 6968.95
1/128 | 1.2075E-04  1.9831 1.2075E-04  1.9830 1.2080E-04  1.9839  9399.80
1/256 | 3.0364E-05  1.9916 3.0365E-05  1.9916 3.0364E-05  1.9921  12000.9
EOC 2.00 2.00 2.00

Figure 4.9, we demonstrate the absolute error surface (left panel) and errors compar-
ison on nonuniform mesh (right panel). Figure (4.9)(a) represents the absolute error
for two-dimensional case of Example 4.5.2 where p(x) = 1, ¢(z) = 3 —sin(2(x + y)),
F(u) = sin(u) within the domain (x,y,t) € [0, 10] x [0, 10] x [0, 1]. In Figure (4.9)(b),
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we display the absolute error at 7' = 1 for Example 4.5.3 where p(z) = 3 — cos(2z),
q(z) = 3—sin(2x), F(u) = v and (ap, a1, a2) = (5/4,23/20,11/10). Figure (4.9)(b)
shows the errors for nonsmooth exact solution by selecting # = 3/2 in Example 4.5.3
using various values of parameter . It can be observed from Figure (4.9)(b) that
the error decreases when the nonuniform temporal meshes utilized in approximation

method as compare to uniform mesh.
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(a) For scheme (4.64)-(4.65) with (b) For scheme (4.55) with M =
My = My = 50, N = 100 and N = 100 and (ap,01,000) =
a = 1.25. (2,23 1y

47207 10

FIGURE 4.9: Graph of absolute errors on uniform (left) and nonuniform (right)
time meshes for 2D case of Example 4.5.2 (left) and Example 4.5.3 (right).

Example 4.5.4. We examine the 2D Klein-Gordon and Sine-Gorden TFDW equation
(4.1)-(4.3) within the domain (z,y,t) € [0, Ly] x [0, Lo] x [0, 1].

“Dg u(z,y,t) + q(z,y) F(u(z,y,1) = 5 (p(z,y) §2) + 55 (0(z,9) §2) + f(z,9,1),
U($»y;0):¢($ay)7 Ut(%yao) :Qo(xay% OSI’SLl, O§y§L27
u(0,y,t) = ¥1(0,y,1), w(Ly,y,t) = Vo(Ly,y,t), 0<y<Ly 0<t<T,

u(z,0,t) = ®1(x,0,1), u(zx, Lo, t) = ®o(x, Loyt), 0<z <Ly, 0<t<T.
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Suppose that the exact solution to this test problem 4.5.4 is u(z,y,t) = (t** +

t¥) sin(z) sin(y). Then the corresponding source term has the form

TQa+1),  (h+1)
Ta+1)  (+l-a)

flz,y,t) = Y7 4 2(42 + %) sin(z) sin(y)

+q(x,y)F(u(,y,t)).

We solve two-dimensional model 4.5.4 through the ADI scheme (4.64)-(4.66) on
Q% [0,7] = [0,27] x [0,27] x [0, 1]. Tables 4.17-4.20 display the maximum absolute
errors and rate of convergence for 2D model in Example 4.5.4. In Table 4.17, we
show the numerical results for the smooth exact solution by choosing ¢ = 2 + «
with different choices of nonlinear term F'(u). In Tables 4.18-4.20, we represent the
computational results for the nonsmooth exact solution by selecting v = « with
p(x,y) =1, q(z,y) = 2 —sin(z + y) and different values of pair (a,~). Tables 4.17,
4.18, 4.19 demonstrate the order of convergence and errors in time direction, setting
M; = M5 = 100 while varying N. Table 4.20 shows the OC and absolute errors in
spatial direction with N = 4000 and varying the values of M7, M. We can see that
the numerical results are matched with EOC and the scheme gives good accuracy

in both time and space directions.
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TABLE 4.17: Temporal direction computational errors and convergence order for
Example 4.5.4 with ¢ = (24 «a), p(z,y) = 1, ¢(z,y) = 2 —sin(z +y), o = 1.5,
and hy = hy = 155 with domain (Lq, Ly) = (2, 2m).

F(u)=u F(u) = sin(u) Flu)=u®—-u

T lum = U] OC lum = U]l OC lum =U|oe OC CPU(s)
1/8 1.2430E-01 1.0804E-01 1.3469E-01 0.842593
1/16 | 4.0042E-02  1.6343 3.8807E-02  1.4772 5.3249E-02  1.3388 2.799085
1/32 | 1.3967E-02  1.5195 1.3643E-02  1.5081 1.9838E-02  1.4245 8.512242
1/64 | 4.8601E-03  1.5230 4.7877TE-03  1.5108 7.1865E-03  1.4649 26.62139
1/128 | 1.7166E-03  1.5014 1.7031E-03  1.4912 2.5876E-03  1.4737 87.89050
EOC 1.5 1.5 1.5

TABLE 4.18: Temporal direction computational errors and convergence order for
Example 4.5.4 with v = «, p(z,y) = 1, ¢(z,y) = 2 — sin(x + y), F(u) = u, and
h1 = hy = 155 with domain (L1, Ly) = (27, 27).

(a,7) = (15,1) (a,7) = (1.5,3) (a,7) = (1.8,2)
T I —UT|le OC I —UT|le OC | —UTls OC  CPU(s)
1/16 | 3.9383E-02 1.6597E-01 2.1691E-01 1.9679
1/32 | 2.0517E-02  0.9407 4.4047E-02  1.9138 7.7008E-02  1.4940 7.7973
1/64 | 1.2601E-02  0.7032 1.2753E-02  1.7882 2.9913E-02 1.3643 25.894
1/128 | 8.5612E-03  0.5576 3.9733E-03  1.6824 1.2267E-02  1.2860 87.367
1/256 | 6.0910E-03  0.4911 1.3588E-03  1.5480 5.2110E-03  1.2351 317.57
EOC 0.5 1.5 1.2
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TABLE 4.19: Temporal direction computational errors and convergence order for

Example 4.5.4 with ¢ = «, p(x,y) = 1, q(z,y) = 2 — sin(x +y), F(u) = v® — u,
and hy = hy = 55 with domain (Ly, Ly) = (2, 2m).
(,7) = (1.5,1) (a,7) = (15,3) (a,7) = (1.8,2)
T lum = Ul OC lum = Ul OC lum = U™l OC CPU(s)
1/32 | 2.4601E-02 1.9153E-01 1.1802E-01 6.9038
1/64 | 1.0750E-02  1.1944 4.6090E-02  2.0551 3.6403E-02  1.6968 31.272
1/128 | 7.4979E-03  0.5197 1.2063E-02  1.9339 1.2929E-02  1.4935 94.299
1/256 | 5.8816E-03  0.3502 3.4533E-03  1.8045 5.0251E-03  1.3633 315.58
1/512 | 4.5822E-03  0.3601 1.2024E-03  1.5221 2.0884E-03  1.2668 1199.2
EOC 0.5 1.5 1.2

TABLE 4.20: Spatial direction computational errors and convergence order for

Example 4.5.4 with ¥ =

«, p(x7y) = 17 q(xvy) =2 - Sin<x+y)7 T =

_1
5000

(ar,7y) = (1.5,3) and different choices of F'(u) with domain (L;, L) = (2, 27).

Flu)=u®—u F(u) = sin(u) F(u)=u
h l[um = U] OC lum = UT||s OC lum = U] OC
1/8 1.7232E-02 2.6345E-02 2.3581E-02
1/16 | 4.5451E-03  1.9227 6.6337E-03  1.9897 5.9569E-03  1.9850
1/32 | 1.1592E-03  1.9712 1.6691E-03  1.9907 1.5008E-03  1.9888
EOC 2.00 2.00 2.00

4.6 Conclusion

We constructed and analyzed two nonuniform difference schemes to compute the

numerical solutions of the single-term and multi-term nonlinear TFDW equations

with variable coefficients. The time-fractional derivative of order o € (1,2) is ap-

proximated by half-point discretization process of nonuniform L1 formula.

The

nonuniform approximation methods have an advantage in solving the nonsmooth
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solutions of the problem (4.1) over uniform grids. We employed the nonuniform L1
method to approximate Caputo derivative while the central difference formula is uti-
lized for the spatial derivatives approximation, and then the given model (4.1)-(4.3)
is transformed into an equivalent system of equations. The bound of error dur-
ing the approximation of Caputo fractional derivative of order o € (1,2) were also
provided for both smooth and nonsmooth functions. The theoretical examination
reveals that the proposed schemes (4.44), (4.55) and (4.64)-(4.66) exhibit the con-
vergence rates QO( N~ minG-en(a=1)) 1 p2y Q(N~minB-ary(ar=1)) 1 p2) » = (,1,2 and
O(N—minB=an(e=1)) 1 p2 1 h2) respectively. Numerical examples demonstrate that
the derived schemes (4.44), (4.55) and (4.64)-(4.66) validate the order of convergence
in both time and space directions. Furthermore, these schemes perform effectively in
obtaining numerical solutions for nonsmooth case as well as two-dimensional prob-
lem (4.1). The examined numerical methods tackled the initial singularity at ¢t = 0
by using suitable choice of grading parameter v. We provided numerous experi-
ments with discontinuous initial conditions and smooth, nonsmooth exact solutions

to attain the optimal accuracy of the presented schemes.
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