Chapter 5

Computational Approach Based on Operational
Matrix /Finite Difference for Multi-term
Fractional Wave Model Arise in Dielectric

Medium

5.1 Introduction

The history of fractional calculus is almost as old as the classical calculus. But, Leibniz was
the first who talked about half order derivative with some remark and about its possibility
[144]). The utility of half order derivative and integral leads to formulations of certain
electrochemical problems which are more economical and useful in comparison to the
classical calculus. The main advantage of fractional derivative in comparison to classical
integer-order models is that it provides an excellent tool for the description of memory
and hereditary properties of various materials and processes. However, over the most
recent couple of decades, different authors reported that the derivative and integration of
fractional order are suitable for the description of the properties of diverse real material
[145]. Fundamental physical considerations are in favor of derivatives of non-integer order
based models [146, 147]. Fractional order derivatives are more interesting because they do
not have an obvious interpretation. Moreover, unlike the classical derivative, the fractional
derivative has more than one definition. Out of these definitions most frequently used
definitions are, the Riemann-Liouville and the Caputo derivative due to their background

in the research [30, 61, 62, 148].
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In recent years, researchers have given attention to the appearance and applications
of FDEs in electromagnetic theory [149-151]. In [152, 153], authors show that the elec-
tromagnetic fields and waves in a vast class of dielectric medium can be represented by
FDEs. Tarasov [154] have shown that, the electromagnetic field in a dielectric medium
whose susceptibility follows a fractional power-law dependence can be described by FDEs
with non-integer order time derivative.

In this chapter, let us consider the following electromagnetic wave equation ([154])
oD u(t, x) — Ay oDlu(t,x) — \V2u(t, z) = f(t, ), (5.1)

with the initial conditions as

5.2
Ou(t, x) B
ot o = (),
and the Dirichlet boundary conditions as
u(t,a) = g1(t), u(t,b) = go(t), (5.3)

where u(t, z) denotes the electromagnetic field, ¢t € (0,7], = € [a,b] and 1 < f < a < 2.
The constants A\; and Ao depend on dielectric medium. Moreover, the fractional terms are
defined in the Caputo-derivative sense with respect to t.

Due to the wide use of fractional calculus in the areas of science and engineering, it is
necessary to develop the tools to solve the differential equations which involve fractional
derivative. However, there are some analytic methods valid for solving some linear and
special FDEs, e.g., the Laplace transform method, the Fourier transform method, the
Green function method and the Mellin transform method [155]. But, there are a wide
range of FDEs, on which these analytical methods do not work. In this progress, we
need to develop some numerical techniques to solve FDEs. Some well-known methods
have been applied by various authors. In [62, 156, 157], authors applied finite difference
schemes to solve FDEs. In [158-160], the authors used finite element methods. Moreover,

spectral methods, collocation methods, finite volume methods have also been applied to
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solve FDEs numerically [26-28, 30-32]. The operational matrix methods have also been
used to solve FDEs numerically [56, 161, 162]. Moreover, Dehghan et al. [163] have used
the homotopy method to solve FDEs. Multi fractional order terms have also been handled
by various authors [164-166].

Some research articles have motivated us to construct a numerical method for problems

(5.1)-(5.3), which are given as follows:

e H. Zhang et al. [167] have proposed a discrete implicit numerical scheme for time

fractional Black-Scholes equation.

e S. Singh et al. [36] have established a numerical scheme based on operational ma-

trices for nonlinear weakly singular partial integro-differenial equation.

e 7. Liuet al. [168] have proposed a finite difference scheme for solving time fractional

diffusion-wave equation.

o F. Mirzaee et al. [169] have solved fractional stochastic advection-diffusion equation
by developing a method based on a combination of the difference method and the

meshless method.

e N. Samadyar et al. [170] have solved the two-dimensional weakly singular stochastic

integral equation using radial basis functions.

e F. Mirzaee et al. [171] have developed a numerical scheme based on hybrid block-

pulse and parabolic functions to solve the nonlinear stochastic integral equation.

Our objective is to design an efficient and stable method to solve the proposed problem

(5.1)-(5.3). The main points of this chapter arc as follows:

e The fractional order terms of order o and 8 are approximated by finite difference

scheme of order O(737%) and O(137%), 1 < B < a < 2, respectively.

e After using the approximation, the proposed problem (5.1)-(5.3) is converted into
a system of second order ODEs with independent variable x and the operational

matrix method is used to solve the system of ODEs.

e Convergences in the time and space directions are derived. It is proven that the con-

vergence rates in the time and spatial direction are O (r™"{3-*3-A}) and © <m
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respectively.
e The stability of the semi-discrete scheme is also verified.
e Numerical experiments are performed to support the theoretical results.

Moreover, the emphasis is given to solve the system of ODEs with the existing scheme
which is reliable and easy to implement. However, there are many software (Mathematica,
Matlab) available those having built-in ODE solvers. Various authors have used in built
ODE solver to solve the system of ODEs ([172-174]). But, one can not trust them blindly.
In [175], an example has been quoted to show how a mathematician might misunderstand
the numerical solution to be correct. In articles [36, 39, 171, 176], one can see that the
methods based on operational matrices are efficient and convergent. Moreover, operational
matrix is a technique that converts the differential equation, integral equation into a system
of algebraic equations, which can be solved easily. This motivates for using the operational
matrix methods to solve the system of ODEs, rather than the ODE solvers. Proceeding

this, the operational matrix approach is applied to solve the system of ODEs.

5.2 Approximation for the fractional order terms

Let, M be a positive integer. Let us discretized co-ordinate ¢ with M uniformly space grid
points t, = tx_1+ 7, to =0, tpy =1, k=1,2,--- , M. At point (tx,x), the functional
value and approximated value of u(t, z) are denoted by u* = u(ty, z) and @*, respectively.

The fractional order term ¢D{u(t, z) is discretized as [168]

rl-a k—1 )
()D?‘u(tk7 :17) = m ,X_:l(Gk_m+1 — Gk_m)(sl’um + Gl(S[,Uk — Gk’lﬁ(l’)

(5.4)

= 50k — skt

R O 3—a
* '3—a) 22@ + B+ 0,
al t, P k _ k—1
where Gz’ — (Z + %)Q—a _ (Z _ %)Q—a’ U(t.,l’) — Ugtl), 5tuk — u Tu and
k—1 tm+% U7n+% _ v?n*%

= F(QI* @) m2=:0tmf1 (vt(t7x) -

-2

(t —t“a))dt, IRy| = O(r*9) (sce [168]).

T
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Similarly,
3 1-8 k—1 )
oDy u(ty, v) = TG=74) > (Hp—my1 — Hgop)Spu™ + Hydpub — H/ﬂ/’(z)}
- m=1
(5.5)
-8 (St’l,bk — Jtuk_l -3
traop e RO,
[ 1 1
1 k=l s VY s ,

WhereHiZ Z‘+12_‘8—i—12_67R = — [y t’x — t _t1_6 dt‘

(4327 = (=4 Re = mz:mm{% (er(t,) (e = £19) ) dt,

and |Rq| = O(r34).
Substituting the approximated value of fractional order derivative from equations (5.4)

and (5.5) into equation (5.1), we get

d>uk plma [E1 k
NgE T r'G—a) mzzl(kam+l = Gr—m)dru™ + Grou” — Gpip(x)
n Fl-o 5tuk — 6tuk_1
'3 —«) 22—«
7_1_[6 k—1
—M INGEE)) Z (Hr—my1 — Hgpm)Spu™ + Hibu" — Hygp(x)
m=1

Y =B sk — sukt
'TB—p8) 22°F

— f(tg,2) + Ri + Ry + O(r37% 4 7376), (5.6)

Omitting the small term R; + Ra + O(737 + 7375), we get the following system of ordinary

differential equations (ODEs) with independent variable x as

d2ﬂk Tl—a k—1 i
T = TG mzzjl(ek,mﬂ—ek,m)atu +Gi16,a" — Gy(x)

rl-o (StZ_Lk — (5t'(_tk_1
I3_a) 22

g [kl
B Alm mzzl(Hk,mH — Hy—p)0e1™ + Hy 6yl — Hyo) ()
-8 6tﬁk — (Stﬂk_l
_/\1F(3_6) 92-5 _f(tkux)' (57)
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The above equation can be written in more compact form as

d*a* = ‘
Mg =a > (Gromt1 — Grom)d™ + G16,0* — Gptp(z)
’ m=1

+ay (a’“ —2uF 1 + a’H)

k—1
—h z (Hi—ms1 — Hyp) @™ + Hy 60" — Hklﬂ(x)]
m=1
~ by (a’“ _ okl g aM) — f(ty, ), (5.8)
,’_lfa 1-8 a bl
where a; = B_a) by = AlF(S — 5 a2=— and by = AlﬂTﬁ’
with boundary conditions given by
a*(a) = g1(t), 7*(b) = ga(ty). (5.9)

The equation (5.8) is the system of second order ODEs with the boundary conditions
given in equation (5.9). Our next task is to solve this system of ODEs for unknowns

al(x), @ (x), ..., u(z).

5.3 Basis functions and operational matrices

If Py is the Legendre polynomial of degree (N + 1) with roots zy for £ = 0,1,2,...,N,

then the Lagrange polynomials at distinct node points xg, 21, ..., xy are defined as [97]

l,(x):ﬁu (5.10)
J 1. (l’] _ Ii)v .
=

with Kronecker property [;(x;) = 0;;. The interpolating scaling functions (ISF) defined in

[98], are given below:

[2
—Ip(2z - 1), x€]0,1],
Pr(z) = ™ hoeeld (5.11)

0, otherwise,

! k
(N + 1) Py (wr) Py (wr)’
weights and ®(z) = [¢o(2), ¢1(2), ¢2(), ..., pn(2)]T. Therefore, any function f(zx) € L2[0,1]

where wy, = = 0,1,...,N are the Gauss-Legendre quadrature
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can be expanded in terms of basis functions ISF as

fx) =327, civi(x),

or

where the unknown coefficients are given by

and

Let, ®(z) = [po(x), p1(x), -, dn(x)] be the basis of L2[0,1], then

do(x') ioo  do1  do2 -+ don | | ¢o(x)
| Pr(a i i G2 o Gn | | oz
A PP W por),
o (') ino N1 in2 ccc dinn| [On(2)

and

X b x b T b
’ ®(t)dtds' = Pgafti)(a:)d;v = ZP[@(x)dx = P(Eafi’(x)dx) = PQ%(x),

S
g‘\ﬁ"
n\g\

where the matrix @ is calculated in the following manner

oo(x)

b o1(
%/ ) dz = Q3 ().

SRS
s\@
K
S
=
&

I

én(z)
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In the above discussion, P is the matrix of integration and the coefficients of matrix @ are

calculated as

1 b

Qij = of (%f@(m)dz)%(m)dw.

a

Remark 5.3.1. It is to be noted that the domain is taken as [0, 1], so a = 0 and b = 1.

Thus the above formula takes the following form

1

Qi = [ (& ] 6i0pie) o)

0

5.4 Method of solution for system of differential equations

In this section, the operational matrix based method is discussed for solving the system

of ODEs. In order to solve the system of ODEs ( equation (5.8)), we approximate dizr(;)
at k'h level of time ¢ in terms of basis functions as

P $ atta) ~ 3 auti(z) = ATD(@). (5.12)

€T i=0 i=0

Integrating above equation from a to x, we get

df‘;i"") _ dﬂ;;“) ~ AT f B(1)dt. (5.13)
Again integrating from a to x, we obtain

@ (z) — @ (a) — xdﬂ;(“) ~ AT f j@(t)dtdx'. (5.14)
Now using boundary condition @*(a) = g1 (t;) from equation (5.9), one can obtain

() ~ g (ty) + xda;ia) AT f j«p(t)dtdx'. (5.15)
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In order to use second boundary condition @*(b) = g2(t;), putting « = b in equation (5.15),

we get

ak(b) =~
a*(b) )dm

b
+ 91 (fk) + A{ f q)(t)dt(l.’l,‘/, <516>

oy

or

bz

di*(a 1/, o 0Z , .
d; ) o 2 (#0) () - A7 ] a(1)drd') (5.17)
o 0 (a) . . . .
Substituting the value of o from equation (5.17) into equation (5.15), the following
relation is obtained as
. b a2’ z
a* (2) ~ g1 (tk)(1 — %) + %gz(tk) - %A{ [ [ ®(t)dtda’ + AT [ [ D(t)dtdx’. (5.18)

Now, approximating the integration terms with the help of operational matrices as
(5.19)

in which P, = P? and P, = PQ, where the matrices P and Q are defined in section 3.
Also, g1(t)(1 — %) + %gg(tk) is a function of x, hence it can be written as the linear

combination of basis functions as

91(t)(1 ~ 3) + Fo2(te) = B ¥(a), (5.20)

where B} is a 1 x (N + 1) vector.
Using equations (5.19) and (5.20) into equation (5.18), we get the solution at the k'h level

of ¢, which is given as
a*(v) ~ BFo(z) + AT(P, — R)®(x), VEk=1,2,--- M. (5.21)

Now, in order to convert the system of ODEs into system of algebraic equations, the

ou*(z)

e from equations (5.21) and (5.12) are

approximations of @¥(x) and its derivative
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used in equation (5.8) for each k.

For k = 1, the equation (5.8) gives

u' —a _1 0, ——1
(a1G1 — b1H1)< - ) — (a1G1 — blHl)lﬂ(l’) + (a2 - bz)(u —2u +u )
2l (5.22)
= )\QW + f(t1, ).
.1 s - ou(t, x)
To remove the dummy point %~ ", we use the initial condition 5t = ().
t=0
Therefore,
o’  w—-ut
5= = =6@) — (). (5.23)
Using equation (5.23) in equation (5.22), we get
1 d*ut
at —l——g = 2¢(2) + (a1 G — biHy) () + (a2 = b2) (¢(x) + T¢(2)) + f(tr, 2), (5.24)
where ¢ = <—‘“G1;b1H1 + (ag — bg)) and ¢y = <—a1G1;b1H1>.
In general, we can write equation (5.8) for k > 2 as
d2’L_Lk k—1 (ﬂm _ ,am—l)
_k .
cu” — )\QW = f(tk,a:) + (a1Gg — blHk)llJ(CC) —ai mz::l(kanH,l — Gk,m)f
b kil (H H )(ﬂm — I_Lm_l) i a1Gy — b1H, k1
—m - —-m U
1 2 k—m+1 k - -
— (ag — by)(—2a*~1 + @F72). (5.25)

It is apparent that the right hand side of equation (5.24) is a function of x alone, say r(z),

so it can be approximated in terms of basis functions as

r(z) = R"®(z), (5.26)

and

fltg,x) = F,;l‘@(a:),
(5.27)
Y(x) = STO(x),
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where R, S and Fjy are (N + 1) x 1 vectors.

d*a”(x)
dx?

and equation (5.26), respectively into the equation (5.24), we obtain

After using the approximations of @*(z), and 7(x) from equations (5.12), (5.21)

o1 [BY®(z) + AT(P1 — Po)®(2)] — AT @(2) = RT®(x), (5.28)

or

Al[ey(Py — P2) — MoI] = [RT — 1 BY |, (5.29)

where [ is the identity matrix.

d*u(z)

T at each level
x

Now, using the approximations for @(z) and its second order derivative

which is present in equation (5.25), we get

¢ [BE®(x) + AL (Py — Pa)®(x)] — A AL ®(x) = Fi®(2) + (a1Gy, — b1Hy) ST @ ()

k—1 T & (2 T (P, — P)d(z)] — ,T,l . ,T,l . PO
—a 2—1 (Grmir — Grm) <[B,,L<I>( )+ AT (P, — Py)®(a)] [TB,,L ®(zx) + AT (P, — Py)®( >]>

Sl n ’ " — z)| — [BL x r 1— 12 x
+bl El(Hk_m+1 — Hk—m) < I:B’HL(I)(J’) + A’rn(Pl P2)¢‘( )] TBm_lq)( ) + A’m,—l(P P. )Q)( )] >

+(az — by) (=2 [BI_ 1 @(z) + AT (Py — P2)®(2)] + [Bi_,®(x) + Af_,(P1 — P2)®(x)])
e, ( [BI  @(z) + AT (P — P2)®()] )

=
(5.30)
or
AT [QP - AZI} B(z) = [Fk.T + (a1Gy — by ;) ST — clB;{]@(x)
k-1 K1 BT + Agﬁ] - [Bg_l + A{L_IP] ()
(01 (Ghmir = G =1 S (i = Ta)) .
+ (2 = 2r(az — b)) [ By + AL P (@) + (a2 = bo) [ B, + AL, P| @(a),
(5.31)
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or

AT [0115 - )\21} = [FkT + (a1Gg — b1 H)ST — ClBﬂ

- ko1 |BL + ALP| - [BL_, + A%, _, P|
- <a1 (Grm+1 — Gr—m) = b1 > Hp—pmyr — kam)>

T
m=1 m=1

+ (2 = 27(az = b2)) [ By + AT P| + (a2 = o) [ By + AT ,P).
(5.32)

One can see that the equations (5.29) and (5.32) are the system of algebraic equations
with AT and AT as unknown vectors, respectively. After solving the system of equations
at k'h level, we get the unknown vector AT, Using the value AT into equation (5.21), we
get the numerical solution at k — th level of {. On combining the equations (5.29) and

(5.32), we can write

(R —eBf] 27, if k=1,

[Fé + ((lle — blHk)S — (:1B}£v

Ap = (5.33)
k=1 k=1 _ YT YT
7((1/1 Z gm — b1 Z him,) (%)
m=1 m=1
AV + (ag = b)Y 271, if k> 2,

where

V= [B,Z + A{P],fy - (cQ —27(ag — bg)),
i?,m = (kamjtl - kam)agm = (kaerl - kam)7

PZpl—P2, chlpf)\gj,

in which Y[ is 1 x (N + 1) vector and Z is of order (N +1) x (N + 1) matrix.

5.5 Convergence analysis in the spatial direction

N
Lemma 5.5.1. Let LZ[O7 1] be the Hilbert space and Sy = 3 a;¢;(z) be the N'h partial

i=0
o0

sum sequence of u¥, = 3 a;¢;(x), then as N — oo, Sy and v, converges to the same limit,
i=0

where
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>k L d2uk(z)
= (o) = | o

. . . du(x . AR
Proof. Consider the series representation of % at k" level i.e., ZTgr) = > a;0i(2),
g 4 =0

where

d2u k( ) 1d2 k(m
%_< m?’@ > J a2 i@,

1
=[(.)?da.
0
N
Let Sy = Y a;¢i(z) be the N** partial sum sequence of u*,. To show that the Sy is a

i=0
Cauchy sequence, let Ny < N, then

ISn = SmIP = 1| ¥ i)
ll]Jrl

Using the definition of inner product, we get

N

IS ain()da

i= 1\/1+1

0
1 N N
= Of( anSi(x))( > ajd)j(:v)) dx (5.34)

i=N1+1 j=N1+1

Sy — Sw, 12

N

N 1
= X ) aa ({ ¢i(x)j(x)d.

i=N1+1j=N1+1

Using the orthogonality condition, we obtain from (5.34)

N
2
ISy =SmIP= 3 a5 (5.35)
i=N1+1
. . . . . N .
By making use of Bessel’s inequality, series > a? is convergent as N — co. Hence Sy
i=Ni+1
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is a Cauchy sequence, so convergent. Now, let Sy — @, then

)

(ih, — i) = [ ) [ (o)
= flj\}im Sni(x)dx — flu];xqb%(a:)da:
0 Ve 0

1
= [ lim Sy¢i(x)dz — a;
0 N—=oo

1
= lim [ Syoéi(z)dr — a;
0

N—oo

1

= lim [ (%Gi@(a?))d)i(x)d% —a

N—oop Vi=1

=ai—a,-=0, Vi.

From the above, we can conclude that { @*, —u¥, ¢;(x)) = 0, Vi, which is possible only

k

=k _ .k - k .
when @7, = uy,. Hence @}, and u}, converge to the same value.

Lemma 5.5.2. [177] Suppose xg,x1,...,xn are (N + 1) distinct roots of Legendre’s poly-
nomial, where N be a non-negative integer. Also, assume that the smooth function F(z)
is approximated by ISF, then

FJV+1

F(x) — Fn(z) = W]\%[(Z’IJ 1) —wo] + ... +[2v —1) —an], sz € (wo,7n), (5.36)

where Fy(x) is the numerical approxzimation of F(x) by ISF. So,

[F(a) ~ Fv(x)| < gty (5.37)

_ N+1 _ _ _ _ _
where Ky = onax, |[FYT ()|, Ko= max, (22 — 1) —xo] + ... +[(2x — 1) — zn]|.

Theorem 5.5.1. Let {ﬂ?v}ivil is the solution of equation (5.7) in terms of ISF, then

1
k = ~ I
I =yl ~ O<2N+1(N+ 1)!)’

where @k (z) ~ Bf & (z) + AT(P) — P)®(x).
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2,k
Proof. After applying Lemma 5.5.2 for the function ('i—uQ, we get
x
T ugm(,udb) _ _ _ _
— Al ®(z) = —[(Q,r 1) —zo] + ... +[22 — 1) —2zn], pe € (w0, 2n). (5.38)

2NH(N +1)!

Integrating both sides of the above equation from a to x, we get

b (@) — uy(a) — A{Of Of %[m ) —wo] 4t [0 — 1) — ay]dz. (5.39)

Again integrating above equation from a to x, we get

’

Tz uk -
ub(2) — g1 (t) — vuy(a) — AF ofofq) t)dtds' = %}'(1‘) (5.40)

In order to use the second boundary condition u*(b) = go(t3), putting z = b in equation

(5.40), we get

" bal Jo_ U]L(ﬂ:c)
2(0) = n(10) = bus(a) = AT | T @(0)inde’ = el r ), (5.41)
bal u?r T
or, up(a) =} <g2(tk) — (1) = AT [ [o0ads' - el i) 1)!f(b)> | (5.42)

Now, putting the value of u;(a) from equation (5.42) into equation (5.40), we get

b ‘L‘l 7lk J
uF(x) — gi(ty) — ¥ (92(75k) gi(ty) = AL [ [ @(t)dtda’ — —gz\rffé(;’f:l),f(b)>
00

(5.43)
Y g g D (t)dtda’ = sxeled s F ().
Rearranging the terms of above equation, we get
b T/ /
uF(z) — (% - 1) g1(tg) — %gg(tk +% L[ [ ®(t)dtds' —ATffq?(t dtdz’
00 (5.44)

- Qfoz](\?i)l)! (Hw) N %f(b))'

Now using equations (5.19) and (5.20), the above equation reduces to the following relation
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’LL’C T z
u(x) — [B{®(x) + Af (P, — P)®(x)] = % (F(z) = £F(b)) - (5.45)

Also, we know from equation (5.21) that, B ®(x) + AL (P, — P»)®(z) is the ISF approxima-

tion of u*(x), denoting this by @k (r), we get

k
k(Y sk () — u’xw(/tﬁ) 2 z £1£2 =
(o) = W) = e (F@) b}"(b)) < TN (5.46)
From above equation we can conclude that
1
k k -~
[[u¥(z) — Uy (z)]| = O (m) ; (5.47)

where £; = agla}ébu’];z(/l‘x)’ Lo = Jnax, (.F(T) - %f(b))

Remark 5.5.1. Stability and convergence analysis in time direction are done by taking

A1 negative and Ay positive (for more details see [154]).

5.6 Stability analysis
Lemma 5.6.1. [168] For the definition G; = (i +1)*™* = (i —1)*™*, and
H; = (l + %)2_'8 — (7 — %)2_B7 1=1,...,M—1,wehave G; > 0, H; > 0and G;;1 < G;, H;;1 < H;.

Theorem 5.6.1. The semi-discrete form of equation (5.1) is unconditionally stable with

the inequality

m=1 m=

a2 < 2@ + ¢y <0<a°> FTM 3 (Sanhiller) @) + £ 3 |f,,,,|2>,
provided that e is bounded by positive quantity M, for £k = 0,1, ..., M.
€

Proof. Equation (5.8) can be written in the following form

k—1
;—; |: (Gk—m+1 - G}c,m)(;t’l_l,m + Gl(StT_l,k’ — le/)(’l):| + ;—; ((5t?_1,k - (5t’l_l,k_l)

m=1
k—1
72_12 |: l(Hk’7m+] - Hk’f'm)(stam + Hlétﬂk - ka(z):| - b_22 (@ﬂk - 5157_1]671)
m=
)
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-«

1-8
T al T
where a; = T3—a) as = 57 a by = Alm and by =

b1
22-f"
Since by and by are negative quantities (as Aj is negative quantity). So, we can write the
above equation in the following form

k—1
° [ > (Groms1 — Grom) 8 @™ + Gr6,a" — ka(l’)] + 2 (6,ak — sput—1)
m=1
~ k—1 .
-|-E)\—12 mgl(Hk_m_Fl — Hk_m)dtﬂm + H15tﬁk — Hk’l{}(l‘)] + ?\—22 (5tl_tk — 5tﬂk_1)
dzﬂk f(tg,x
=—a ), (5.49)

The above equation can be written in the form

. . ko1
% (5tﬂk — 6Lﬂk_1) + ()L‘—;Gl(sl,ﬂk + %Hldtﬁk = i—; [Vnz::l(Gk—m - Gk—m—&-l)é[’am + de)(l‘)] +
g [kl gk

i [ 5 (e — By )" + Hmm)} L ,

fltyx)
d.’L‘Z + ;2

(5.50)
where 51 and 62 are positive.

Further, taking inner product of every term of equation (5.50) with &;@"*, we get

(a2+b2)

—2<(5tl_tk — (5t’l_Lk_17(5t’L_Lk> + %Glu(St’L_LkHQ + %HHlétﬂkHQ =
k—1

B 22 (Grmm — Grom1) (0™, 8u¥) + G (y(x), 6,aF)
m=1

5 [k

LY

1
2

deak o,
Z] (kam - ka‘m+1)<6tﬁm7 6tak> + Hk<¢($) 6tak> + < de 761‘,ak> + )\1_Z<f(tk $)7 6fak>

(5.51)
Now, first we evaluate the term in the right hand side of (5.51) as
L2db2) (§yak — §,ub 1, 8,a*) = (az + ba) (8rl|@||? — (0", 6,a"))
anLb . P2+ ||5pk—1 |2
> loatla) (g, b2 — Ut 21 (5.52)

_ (az+b2) (I8ea¥ |2 ||5ea"—[*)
- A2 2 *
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Also, by Lemma 5.5.2, we have Gi_,,, — Gy_ms1 > 0. So, we have

k—1 _
,X_:l(Gk—m — Gpoma1)(8@™, 6,a%) < § X_: (Gi—m = Gr—mi1)(|0@™ + [|6,2%(|%)
k=1 _
_ é mH(St“k mH 7% Z m||5tUk m+1H2 (553)
m=1 m=1
HRGIITE + 3G - Gy
Similarly,
k—1 1 — l k—1
(Hi—m — Hyom1) (00", 81%) < 4 Z Hy [|6,a" % = 5 32 Hplo,a" |2
= = Fc (5.54)

+3Hi @ |? + §(Hi — Hy)||a %,
Using Cauchy-Schwarz inequality there exists a constant ¢ = % such that
(F (b)) = (i ) < 10,012 + 12 (5.55)

Now, multiplying equation (5.51) with 7 and using equations from (5.52)-(5.55), we get

7- a2+b2H5uk”2+ ;;\T Z Gm\léfuk m+1||2+ b1‘r Z Hm|\5tuk m+1H2

m=1 m=1

< )\Lzaz—;bg H(SkaHQ 4 @t 21 GmH(smk—mHz 4 T Zl HmH(SLﬂk_anQ
m= m=

2X: N
2 2 (5.56)
4z 2gk 7_
+5 (IG5 12 + 151 + 5 (£l + l61)
FREI @I + 250 @)
Let,
~1
O(ﬁk) — ;’ a2+b2H5 uk”2+ alT Z G,,L||5fuk m+1||2+ blT Z Hy,L|‘5t’L_Lk7m+1“2. (557>
m=1

Then equation (5.56) reduces to

= —k— T 2ak T Te — a T T
O(@) < 0@ + 5 (15 17) + (5 + 55 ) 0|2 + (S5 ) o) |2+ g5 el

(5.58)
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Summing with respect to k from 1 to K, we get

o@@®) < o@®) + gmzi:l (||%H ) (5 ) il 8@ |2

K K
3 (agihtter) @) + 5 3 1l
m= m=1

Using Lemma 5.6.1, we have

K K
(QF(?;)2& /\2 Z H(stUmHQ (%T) 21GN|‘5tﬁk—'er+1‘|2 < (%T) S G0 k= m+1||2 < %O(TLK).

(5.60)

The above relation implies that

(5+%)

Using equation (5.61) into equation (5.59), we get the following relation

e

K
6,2 < (%2— + g) 5> Glldea =42 < (4 + 3) O(@"). (5.61)

1 2 1

0) < 0) +3 3 (nd“"u)+z (uCngbillar ) |jy(a)|?
m=t m=t (5.62)

tox Z [ fmll? + (5 + 5) O@@"),

or, (3-3)0@")<0@@)+3 Z (e + z (ngitia ) ()|
) (5.63)
T X 2
tax 2
Also, note that 1 — 7 > 0.
Now, @"=u"+r7 znj sk, 1<n<M. (5.64)
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Using equation (27) from [168], we get

n
a|® < 2)|a®|® + 277 Y ||6:a¥|?
m=1
< 2|a%|* + co(am)

_ _ Ll 2=m
<202 + ¢, <0(u0) +7 21||—dd;2 12
=

n

n A
3 (magttar) o)+ 55 3 |fm||2>,
P2

m=

(5.65)

n n
or, [ja"|* < 2[|@|* + Cy (0<n°>+TM+ > (wtnrghiltar) g + £ Zl|lfm|2>,
m= m=

(5.66)

where C = 22 ¢ = (%T—_*T)) and O(a) = (%b) [ (@)%

5.7 Convergence analysis in time direction

Theorem 5.7.1. If {ak}iil be the time-discrete solution of the problem equation (5.1),

then

lu* (z) — a* ()| < COE).

Proof. Subtracting equation (5.7) from (5.6) and rearranging the terms, we get

Q
=

k-1
v { > (Gr—mt1 — Grm)0re™ + G15t€k} + 2 (8pek — 5ref )

m=1

. k—1 .
+% |: Z (kamqtl - Hk,m)étcm -+ Hlétck} -+ 2—22 ((5t6k — (5t6k71)
~ Lm=1
d?e” k
Spiang 3 (5.67)

where e, = u*(z) — @*(z), RF = O(r3~ 4 73-8).
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Now, proceeding in similar manner as in Theorem 5.6.1, we get

T a2+b2|‘5t€k” +¢3\72- Z Gm||5t€k m—0—1|IZJr b1T Z HmH(St(’k m+1||

<

o 5,2 4+ 4 T Gl B S Holleh (5.68)
m=1 m=1

2k ~
+5 (IG5 12 + 16e12) + 225 IRFI + 35 Iore* 1.

Above equation reduces to the following relation after using the value of O(

k) from
equation (5.57).

dx?

_ 2ok
O(c") < O(F ) + 51 G512 + (5 + 35 ) 10wkl + 55 IRFI

(5.69)
Summing up from 1 to K, we obtain
K 0 T X d?e™ 12 T Te X m||2 T X m||2
(") <OW) +3 3 1512+ (5 4+ 55) X e + 555 3 IR" (5.70)
Also, we have the following relation similar to equation (5.60)
1 K D 1 -
B Z 1ee™I* < 55% Z Ginl|Gze" ™1 < 50(eX). (5.711)
Above equation implies that,
& 2 la k—m-1[2 K
(53+25) > e < (g+57) Z G|t ™12 < (5 + 1) O(eK). (5.72)
Using equation (5.72), equation (5.70) reduces to
(3-3) 0(") <O(") + 3 z 1 I + 55 2 IR (5.73)
Now, [le"[* < 2[[e°|]* + 277 32 [[dee®||?, (5.74)
m=1
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lle™]1* < 2[|e°)* + T2 0(c™)

n 2 m n
< 2O + S (2O<e°> NE zluRmu?)
m= m=

2gm (5.75)
€ n
< 2+ 5 (2000) + o s 1557 + 52 o [R™2)
d%em . .
< 911012 1 C 0 o, T m2
<217 + = (20(6 )+ T max [l IF + 5 1r§r7lggnHR I >,
where ¢ = 122,
Now, from equation (5.1), we have
Lo = oDfulte @) = M oD ult, @) — f(ty, o). (5.76)
Hence, using equations (5.6) and (5.7), we get the following relation
1L <O (P2 4+ 73F) | k=1,2, . (5.77)

Also, € = 0 and O(e°) = 0, and using ;L= =1+ 7+ 7% +....

From equation (5.77) and equation (5.75), we conclude that

le"]| < CO (Frint3-as=5}) — cO(r3~).

5.8 Numerical experiments

Three examples having exact solutions, are considered to demonstrate the efficiency and
accuracy of the proposed method. The following error norms are calculated for the test
examples.

1
2

= ll = (5 u(r ) (7.

Also, the point wise absolute error is calculated using the following formula
Absolute error = |u(ty, z) — @*(z)|,

where @*(z) is the numerical solution at k" level of ¢ and u(ty, ) is the value of exact
solution at point #j.

All the simulations given in Tables 5.1-5.8 are done with N =6,h =1/60 and T' =1
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for different values of @ and 3. In Tables 5.1 and 5.8, the Ly norms are calculated for
example 5.8.1 and example 5.8.2, respectively. The pointwise errors for the first example
at time T'= 0.5 & T = 1 are provided in Tables 5.2 and 5.8. Similarly, for second example,
the pointwise errors at T' = 0.5 and T' = 1 are given in Tables 5.8 and 5.8. Moreover,
all the graphs are plotted with N = 8 and M = 60. The 2-D Figures 5.1 and 5.3 depict
the numerical (right part) and exact solutions (left part) for examples 5.8.1 and 5.8.2,
respectively. The 2-D Figures 5.2 and 5.4 (left part in Figure 5.2 and 5.44) show the
absolute errors for « = 1.5 and g = 1.1. Moreover, the Figures 5.2 and 5.4 (right part
in Figure 5.2 and 5.4) show the combined errors for different values of o and 3. Lo-error
with convergence order is calculated in Table 5.7 for example 5.8.3. Results obtained from
example 5.8.3 are compared with the results obtained in [168] (see Table 5.8). Also, all

the simulation results in the Table 5.7 and 5.8 have been done for N =8 and 7" = 1.

Example 5.8.1. Consider the following example

oDfu(t, ) +o Dlu(t, x) — V2u(t,z) = f(t,z), 1<B<a<2,

with initial and boundary conditions as u(0,r) = = u(t,0) = u(t,1) = 0 and hav-

ing exact solution u(t,z) = 3z (1 — z).

Table 5.1: Lo-errors for different values of o and g, T =1, h = 1/60, N = 6 for
example 5.8.1.

. [B=11,a=15[F=15a=17[F=13, a=19
lu — @2 lu — @2 lu — @2

1/5 2.1207¢-03 3.5284¢-03 4.3242¢-03

1/10 7.4896e-04 1.5083¢-03 2.1053e-03

1/20 | 2.6056e-04 6.1595¢-04 9.9411e-04

1/40 | 9.0647¢-05 2.4875¢-04 4.6395¢-04

1/80 3.1686¢-05 1.0634e-04 2.18226e-04
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Table 5.2: Point wise errors for different values « and 8, T = 0.5, h =1/60, N =6

for example 5.8.1.

B=11, a =15

B=15, a=1.7

B=1.3, a=1.9

T
0.0 1.9395e-05 1.6941e-05 1.5444e-05
0.1 1.3101e-05 3.0244e-06 9.7490e-05
0.2 9.7717¢-06 2.4265¢-05 3.9946¢-05
0.3 1.7114e-05 4.0473e-05 7.2547e-05
0.4 3.0580e-05 5.3239e-05 1.0893e-04
0.5 3.8147e-05 7.0291e-05 1.5179e-04
0.6 3.6081e-05 8.9887e-05 1.9168e-04
0.7 3.0244e-05 9.9083e-05 2.0739e-04
0.8 2.8124e-05 8.2749e-05 1.7708e-04
0.9 2.4261e-05 4.1461e-05 9.8272¢-05
1.0 1.9339e-05 1.6941e-05 1.5444e-05

Table 5.3: Point wise errors for different values o and 5, T =1, h =1/60, N =6

for example 5.8.1.

L |B=11,a=15[f=15 a=17[F=13 a=19
0.0 1.4318e-04 1.4488¢-04 1.5273e-05
0.1 2.7351e-05 1.9429¢-05 5.9256e-05
0.2  1.8064e-04 9.3332¢-05 1.2003¢-05
03| 2.4767e-04 1.2725e-04 1.1358¢-06
0.4 ] 2.4181e-04 9.6608e-05 5.7931e-05
05|  2.4972e-04 8.9973¢-05 7.7229¢-05
0.6 | 2.9624e-04 1.3467e-04 3.7941e-05
0.7 3.2027e-04 1.7215e-04 2.0247e-06
0.8 2.3667e-04 1.1951e-04 2.5315e-05
0.9  6.9064e-04 1.7861e-06 7.8543e-05
1.0 | 1.4318¢-04 1.4488e-04 1.5273e-04
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Exact Solution

o o o

S g2 g ¢
2

S
5]

Numerical Solution

-0

Figure 5.1: Numerical (left figure) and exact solutions (right figure) of example 5.8.1
for N =8, M =60, foraa=1.5and = 1.1.

Absolute Error
Absolute Error

Figure 5.2: Absolute errors for a = 1.5, § = 1.1 (left figure) and absolute errors
at T' = 1 for different value of « and § (right figure) for example 5.8.1 with N =
8, M = 60.

Example 5.8.2. Let us consider the following equation

oDfu(t, x) +o Dfu(t,x) —Vu(t,z) = f(t,z), 1<B<a<?2,

du(t, x)
L

with initial and boundary conditions «(0,z) = = u(t,0) = u(t, 1) = 0, whose exact

solution is u(t, x) = t3sin(nx).

Table 5.4: La-errors for different values of o and g, T'=1, h = 1/60, N = 6 for
example 5.8.2.

. [B=11,a=15[f=15a=17[F=13, a=19
lu — a2 lu — a2 lu — all2

1/5 1.9258¢-03 1.0675¢-02 1.3099¢-02

1/10 | 1.7420e-03 4.5929¢-03 6.4236¢-03

1/20 6.0051e-04 1.8787¢-03 3.0445¢-03

1/40 | 2.1213¢-04 7.51350-04 1.4198¢-03

1/80 |  7.4564e-05 3.0108e-04 6.5962e-04
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Table 5.5: Point wise errors for different values « and 8, T'= 0.5, h = 1/60, N =6

for example 5.8.2.

L |B=11,a=15[f=15 a=17[F=13 a=19
0.0 1.6226¢-04 1.6397¢-03 1.6669¢-04
0.1 1.3110e-04 5.2243e-04 1.1578¢-03
0.2  4.0225e-04 1.1148e-03 2.3593e-03
0.3]  5.6310e-04 1.5900e-03 3.2572e-03
04| 5.8951e-04 1.7961e-03 3.7548e-03
05| 5.8076e-04 1.8491e-03 3.9079¢-03
0.6 | 5.8951e-04 1.7961e-03 3.7548¢-03
0.7]  5.6310e-04 1.5900e-03 3.2572¢-03
0.8  4.0225e-04 1.1482¢-03 2.3593e-03
0.9 1.3110e-04 5.2243e-04 1.1578¢-03
1.0 | 1.6226e-04 1.6397¢-04 1.6664¢-04

Table 5.6: Point wise errors for different values v and g, T'=1, h =1/60, N =6

for example 5.8.2.

L |B=11,a=15[F=15a=17[F=13 a=19
0.0 1.2919¢-03 1.2952¢-03 1.3039¢-03
0.1 2.7665e-04 4.8520e-04 1.7565¢-03
0.2  6.9069-04 2.1429¢-03 4.4692¢-03
0.3 | 1.0249¢-03 3.0242¢-03 6.2226¢-03
04|  6.2700e-04 2.9759¢-03 6.7379¢-03
05|  3.4769¢-04 2.8168¢-03 6.7712¢-03
0.6 | 6.2700e-04 2.9759¢-03 6.7379¢-03
0.7 1.0249e-03 3.0242e-03 6.2263e-03
0.8  6.9069-04 2.1429¢-03 4.4692e-03
0.9 2.7665e-04 4.8520e-04 1.7056e-03
1.0 | 1.2919¢-03 1.2915¢-03 1.3003¢-03
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Numerical Solution

Figure 5.3: Numerical (left figure) and exact solutions (right) of example 5.8.2 for
N =8 M =60, fora=15and 8 =1.1.

=S

IS o

Absolute Error
w

Absolute Error

Figure 5.4: Absolute error for a = 1.5, § = 1.1 (left figure) and absolute errors
at T = 1 for different values of o and § (right figure) for example 5.8.2 with N =
8, M = 60.

Example 5.8.3. In this example, we consider the following problem from [168]. This

example is the particular case of proposed problem for A\; =0, A\ = 1.

oDgu(t,z) — V2u(t,x) = f(t,x), 1<a<2,

du(t, z)

= u(t,0) = u(¢, 1) = 0 and hav-
ot |

with initial and boundary conditions as u(0,z) =

ing the exact solution as u(t,z) = t32!+(1 — ).
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Table 5.7: Lo-errors and the convergence rate for example 5.8.3 at time T = 1 and

different values of o and N = 8.

a=1.1 a=1.5 a=1.9

T [u—1ll, | C-Rate | Ju— ||z | C-Rate | |lu— 2 | C-Rate
1/5 1.0383e-03 | - 3.0299e-03 | - 7.2954e-03 | -

1/10 | 2.7873e-04 | 1.8971 1.0941e-03 | 1.4695 3.8455e-03 | 0.9238
1/20 | 7.6835e-05 | 1.8590 3.8289e-04 | 1.5147 1.9347e-03 | 0.9911
1/40 | 2.0810e-05 | 1.8845 1.3483e-04 | 1.5058 9.4090e-04 | 1.0400
1/80 | 5.5505e-06 | 1.9066 | 4.9630e-05 | 1.4419 | 4.4827e-04 | 1.0697
1/160 | 1.4555¢-06 | 1.9311 1.7500e-05 | 1.5039 2.1126e-04 | 1.0853

Table 5.8: Comparison of Ls-errors with the method established in [168].

a=1.1 a=1.5 a=1.9
-
[lu — @||2 |Error in [168]|||u — T||2 |Error in [168] |||u — Tl||2 |Error in [168§]

1/5 |1.0383e-03| 1.0381e-03 |3.0299¢-03|  3.0298¢-03 |7.2954e-03|  7.2953e-03
1/10 |2.7873e-04| 2.7833e-04 |1.0941e-03| 1.0939e-04  |3.8455e-03| 3.8455e-03
1/20 |7.6835e-05| 7.5432¢-05 |3.8289¢-04| 3.8251e-04  |1.9347e-03| 1.9347e-03
1/40 |2.0810e-05| 2.0454e-05 |1.3483e-04| 1.3386e-04 9.4090e-04|  9.4082e-04
1/80 |5.5505e-06| 5.5238e¢-06 |4.9630e-05| 4.7079e-05  |4.4827e-04| 4.4818e-04
1/160|1.4555e-06| 1.4716e-06 |1.7500e-05| 1.6577e-05  |2.1126e-04| 2.1117e-04

Numerical Solution

Figure 5.5: Numerical (left figure) and exact solutions (right figure) of example 5.8.3
for N =8, M =60, for o« = 1.1.
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Absolute Error

Absolute Error

Figure 5.6: Absolute error for a = 1.1, (left figure) and absolute errors at 7' = 1 for
different values of « (right figure) for example 5.8.3 with N = 8, M = 80.

Further, some additional points about Example 5.8.3 are given below:

. Omne can see from Figure 5.7 (right part), the error decay with the rate © (

To investigate the order of convergence in the time direction, we fix N = 8 and

11 1 1 1 1

varying the time step 7 = The logarithmic scale has been used

in Figure 5.7 (left part) for both Lo-error and time step 7.

As the theoretical result about order of convergence is established in ¢ direction, from
the Figure 5.7 (left part) and Table 5.7, one can see that the order of convergence

in ¢ direction is of 73—,

To analyze the behavior of error in the spatial direction, we use semi-log plot (log-
arithmic scale used only for error) between Lo-error and N by fixing the step size
7 =5 x 1072 with different values of .

1
2NH(N + 1)

)

because the semi-log plot shows that the error decays is almost linear with respect

to N.

L, error

Time step Number of basis functions N

Figure 5.7: Lg-error versus time step 7 for different values of a (Left figure) and

Lo-error versus number of basis function N for different «, 7

5 x 10-3(Right

figure).
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5.9 Conclusion

In this chapter, a semi-discretization technique combined with operational matrix ap-
proach is proposed for solving the fractional wave equation which arises in the dielectric
medium. The advantage of operational matrix approach over the ODE solver is that it
converts the system of ODEs into the algebraic equations which are easy to solve. Three
numerical examples having exact solutions are taken to demonstrate the accuracy of the
numerical scheme. Also, one can see from Tables 5.1-5.8 that matrix based scheme gives
high order accuracy for small number of basis functions (even for a small number of dis-
cretization point i.e., h = 1/60), which is very beneficial for the researchers from the
computational point of view. Moreover, the comparison of the proposed scheme with the
fully discrete scheme [168] is given in Tables 5.7-5.8 for example 5.8.3. The desired accu-
racy and fast convergence for small number of basis functions are obtained as compared
to [168]. The log-log and semi-log graphs (Figure 5.7) are plotted to demonstrate the
order of convergence in the time and spatial directions, respectively. Hence, this scheme
has many attractive features, like simplicity, fast convergence, high order accuracy in less
computational effort, and easy for programming. Also, one can apply this scheme for
solving any class of the fractional order differential equations. Moreover, this method can
be extended for solving higher dimensional PDEs, which is one of the goals and can be

the topic for future study.

Skokokokokoskokokokskk
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