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Appendix A

ALGORITHM FOR SOLVING NONLINEAR
OPTIMIZATION PROBLEM

Following flowchart shows the nonlinear optimization problem algorithm for

solving Equation (3.22) to obtain LB collapse load:

Initialization
dtoel 8 el A" =ze w0
v k=1
Assigning
w1 =02(s") 2" (N +4)
Calculating Residuals
o| T, —V.L’(O')/‘.—Amlv—b. r, —o(o)+s
» {n.1) v ! (N+4r])
LET =Si-pe - L =B, -A,0
g Determining Aw
+ (AWAL ) A, =+ AW ),
3 !
jr‘\~ Computing Ao, As, AJ
-~ 7= T /
- AO'M.“ = " O ) (‘4w:u~v'|Av|'~ll _(II:;»H )
ﬂ ! .
(;! AS y, = _(r3| Nedrny T v-1-"'..._ " ““'\o-u.u )
P :
- vl .
-;ll "\’1 Nl T TR Nade \,4;,“'3' N=4r.1) +"\. N+t '\-1,1"\‘:.-..:._1-, )
= v
_z'i Evaluating Step-length (7 and #p)
=10 7 E-1
g Smiax H 5' nEax . I o max e IMax - ,
b= Np =My ——— |+ p." =min| - ’: Ny =6, . =67 .5=09
© s« () S AL <0 ) ) 1]
o] ! \ o/
o
) v
Updating Unknown Variables
k _ kel & ke N Ac
Oty = O (mxt) T 1DAC 1y . S(N+41) = S(N+ar1) P T0BS (N a1
- o k skl A3 k kel .
;l" /'( N+del) — /‘( N+411) T ,II’A/‘( N+4dil) - Dllxl) N UHxI) = ’]"'AU(/xH
ll<

Check ~
max (o)) <107

Report

No

a

(b"6)" as the
LB collapse
load

norng AM(J' - B‘_q y<10 "

bsl(b7 ) ~(b7a) " )<10°

3

Figure A.1 Flowchart of the IPM based optimization strategy.
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GRADIENT AND HESSIAN OF SMOOTHENED
MOHR-COULOMB YIELD FUNCTION

B1l. YIELD FUNCTION

f =o_sing+ \/Ezk(é?)2 +&2%sin? ¢ —ccosg

1 . .
k(@)=| cos@ ———=singsing P
©) ( 7 ¢ j for |6 <@,
= (A+Bsin360+Csin® 30) for 16> 6,

The definition of A, B and C are mentioned in Section 3.29.2.

B2. GRADIENT CALCULATION

vi =& _ & doy o oo o 06 (B.1)
o6 oo, 06 dc oo 00 0c
of 5, oo . &
On simplification, Vf = =C, 2 +C, %% +¢c, <2 (B.2)
oo oo oo oo
of .
where, C, =——=sIn
0 ¢ (B.3)
c, - _tn3oar all(K ~tan 39d—Kj = P (B.4)
oo o 00 do
ay = —= ok K =k(#) and
\/cr K?+&%sin’ ¢
for|@| < 6
p—K —tan30 3K ol<6:
do
= A-2Bsin30-5Csin®3¢9  for|g|> 6,
C, :_ELLE_OCHR (B.5)

2 c0s360 5° 00
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R = [_ B Jd_K for|6] < 0,
20 cos39 ) do

(3‘/_}(8 +2C sin 39) for |6] > 6,
20
—2
S,S +0—
1 Sr %0 3
— —2
A S N ) L G P 9
oc 30| oo 202t b 3 '
1 _zserrz
Sy —2
5,5, — 72 + 2

If & tends to zero, the value of a3 will also approach to zero and the direction

of the gradient will point along the positive hydrostatic axis. However, the third term in

- -
Equation (B.2) involves division by o . Hence, for smaller value of &, Equation (B.2)
becomes undefined. In order to get rid of this indefiniteness, division by o should be
eliminated for all the equations. Considering this fact, the third term in Equation (B.2)

should be computed as:

J,
¢ _g (B.7)
oo ‘oo

where C, =C,o and 9, _ 193,

o0 5’ oo

o —d,
Equation (B.2) becomes Vf = oI _ C, 00y +C, oo + C3%
o oo oo oo

(B.8)

B.2. HESSIAN CALCULATION

2 2
V2 - oC, 80+C26 oz'_l_aC3 6J3+C38 J23 (B.9)
oo oo ooc° 0o oo oo
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Alao' oo A{&a Jo oo 60'J A oo’ ‘oo oo A oo’
Here A =(Kk; +k;); A =kk,; A=Cy A= (kgks + ke); A =C,
= dK _d” f an30-3% sec?30 for|g| <o,
do  de dé
= —6B 0536 —15C sin 660 for|6| > 6,
— 2 \Pr 2
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(V3 o 333,
' 25 c0s30 20" cos30
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Ke = ﬁ_sd_K k, =— V3 — (d f Sd—KtanSH]
cos3do do 2cos300 \ do do
2
K = ke, + 3 %) kR for|6| < 6,
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p— 2 pu
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Q do
2
_ 930830 (1) ., 5 gin gy 4 C for|g) > 6,
o 2Q o
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2 _ 1/ [ s ss, 2r.s, s, |
A % 0 % a_ a_ 1 r rzz 2Trz r reo
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ﬁ: 3 3 0 % ,_G®_0: — rvz z rzzz 290
oo 0 0 2 0 do 00 (4o |27,8 27,8, 4r, 21,8,
A A | s,.S, S8, 20,8, Sp
(B.12)
To avoid division by &, following equations were been used
P Y Y 2 2
000 _ 599 gng & 107, (B.13)
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GRADIENT AND HESSIAN OF SMOOTHENED
TRESCA YIELD FUNCTION

Cl. YIELD FUNCTION
f =ak(0)-c

for 6 <80,
k(@)= cos@ <6

f o >0,
- (A+Bsin30+ Csin?30) or 61>

The definition of A, B and C are mentioned in Section 3.2.9.2.

C2. GRADIENT CALCULATION

of o oo, of oo of 06

Vi =— = =22 297 (C.1)
oo 8o, 00 0o do 00 dc
0 o . d
on simplification, Vf =2 ¢, %% ;¢ 99 ¢ M (C.2)
oo oo oo oo
of
where, C, = oo =0 (C.3)
c, - oo _, (C.4)
oo o 00
P =K —tan3g o~ forlé} < &
do
= A-2Bsin 39 —5Csin’ 30 for|g] > 0,
o ¥ 1 1 g (5
2 cos30 5° 00
R — K_ —_2‘/§ ]d—K for|6| < 6;
20 cos36 ) do
= (S‘EJ(B +2Csin 39) for|6|> 6,
20
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C.2. HESSIAN CALCULATION

2 2
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oo 0o oo° 0o oo oo
oo 0J oo 0o _0J 0’c 0J,
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Aﬁao— oo A{ao— oo oo 80‘) A8802+A98 +A1°a 2
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GRADIENT AND HESSIAN OF SMOOTHENED
HOEK-BROWN YIELD FUNCTION

D.1. YIELD FUNCTION

.. sing
f(o)=(25c0s0)"* —m,c§ “)""o[ —cosej+m oo, —soy®  forlg|<6;

\/§ m cl
~m,c & &(A+ Bsin30 +Csin®30)-so¥“ for|6| > 6,

(l-a)a

= mbgci On

The expressions of A, B and C are mentioned in Equations (6.8), (6.9), and (6.10).

D.2. GRADIENT CALCULATION
A 0, 0T, D
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D.3. HESSIAN CALCULATION
C,05 . &% . oC,a), . 34,

Vit = +C,—+C,—=2—24C,—
oo 0o oo oo Oo oo
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where Kk, =8co0s,68; k, =45sin260+-—=
(o2
kp, =m,ol" “)’“J(Siﬂ—cosﬁj+8&”“ c0s26
10 b i \/5
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O
aC_ -m o’ (A+Bsin30+Csin’ 39)——
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The expressions of N1, N2, R, T, M, P1, P2, P3, P4, P5, Psand C are mentioned in Chapter

6
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To avoid division by o , following equations were been used:
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CRANK-NICOLSON FINITE DIFFERENCE
IMPLICIT TECHNIQUE

E.1. Deriving the governing differential equation

: . 0 oh 00 (E.1)
Richards’ equation: — k(hm{ n +1H =—
oy { oy ot
Gardener’s one parameter HCF model: k =k, exp(ah,, ) (E2)
_cQ _ Y% _ (E.3)
Gardener’s SWRC model: On =5, = 0 -0 EXp(ahm)

S r

Equation (E.3) can be further simplified as follows:
0= Hr +(Hs _er )exp(ahm) (E4)
Performing partial differentiation of Equation (E.4) with respect to time (t), following

expression can be obtained:

oo oh
" —CZ(@S Gr)exp(a m) " (E5)

Substituting Equation (E.2) and Equation (E.5) into Equation (E.1), following

differential equation can be obtained:

3 {exp(ahm )Tl aonlon, | o } +ak,explan,) 7 =0, -6, explan, )7
(E.6)
— K, explah, )H a;yh; N 0{ a;ym J } o 58'“; ] - a0, -6, )explan, ) E7)

2 2
j[a h, +O{ahmj }aahm _al6,-6,) n, E8)
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E.2. Numerical Scheme for solving the IVP

o (6. -0
oD SWRe: | 2 h2m+a ohy |, o0 _ 00, . 4 6, -6,)
oy oy ot K,
2 2
oy trAt N | an oy |, oy |, ot

In terms of finite difference terms, the generalized equations for any arbitrary i node

can be written as:

hrt;,iA—tl - 2hrthr,iAt + hrthr,iA+t1 hrtn,i—l - 2hrtn,i + hrtn,i+1 hrtn,i+1 - hrtn,i+1 2 hrthr,iA+t1 - hrﬁf,ﬁtl . hr::,iAt - hrtn,i
5 + 5 +a +a =1
2Ay 2Ay Ay Ay At

(E.10)

trat 2

= —m Y + (1 2m +my )R —(my+m, )T =1 +my (hrtn,i—l —2h + hrtn,i+l)+ am, (hrtn,i+l —h,; )
Here,h, ..., and hy ., are the matric suction head at time t corresponding to i+1, i,

and i-1 grid-points.

m, = ,m, = ;
o2aay? P aay

At aht | _ K
Ll a(es_er)

Top boundary constraint yields the following algebraic relation:

K, exp(ahm)( Dy +1j =4
@(n+1)"node
= [ahm +1] = EEXp(_ahm n+1)
n+1 ks |
== = Q exp(_ahm n+ ) -1
ay n+l "
tHAt ptHAt
— M2 mn__ Qexp<_ ahrtnml)—l; Q (flow ratio) = g/ks ;

2Ay
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= Nz =M’ +24yQexp(—ahy, .,) — 24y (E11)
The simultaneous set of linear equation can be rewritten as: AH rtn*At =B' (E.12)
t+At t+At t+At t+At t+At t+At t+At t+At U
Hm+ = [hmfl hm,2 hm,i—l hm+,i hm,i+1 hm,n hm+,n+1:|1x(n+l)
B'=[B, B, .. .. B, B B, B, Bruliia

2
’

B=0; B = My + rnl(hrtn,ifl =2k, + hrtn,i+l)+arnl(hrtn,i+l _hrtn,i) ;

B, =h,,+m(h;

m,n—1

—2h,  +h; )+am1(hrtn,n+1_hrtn,n )2

m,n+1

t

Bn+1 = hrtn,n+l + p(rnl +m, ) +m (Zhrtnn - 2hrtn,n+1 + p) +am, |:hrtnn +p- hm,n+1] i
p =24y (Qexp(-ahy, ,.,) 1)

1 0 0 0
-m, (1+2m+m,) —(m +m,) 0

0 0 -m (1+2m+m,) —(m+m,) 0

-m (+2m+m,)  —(m+m,)
0 0 0 0 0 -(2m+m,) (1+2m+m,) )
L “xn+l,

Eq. (E.12) is further solved by employing Gauss Elimination scheme.

AH t+At — Bt
AH t+2At Bt+At

+— |

AH rtn+nAt — Bt+(n—1)At



