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Appendix A 

ALGORITHM FOR SOLVING NONLINEAR 

OPTIMIZATION PROBLEM 

 
Following flowchart shows the nonlinear optimization problem algorithm for 

solving Equation (3.22) to obtain LB collapse load: 
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Figure A.1 Flowchart of the IPM based optimization strategy. 
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GRADIENT AND HESSIAN OF SMOOTHENED 

MOHR-COULOMB YIELD FUNCTION  
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The definition of A, B and C are mentioned in Section 3.29.2. 
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If   tends to zero, the value of 11 will also approach to zero and the direction 

of the gradient will point along the positive hydrostatic axis. However, the third term in 

Equation (B.2) involves division by 
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GRADIENT AND HESSIAN OF SMOOTHENED 

TRESCA YIELD FUNCTION  
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The definition of A, B and C are mentioned in Section 3.2.9.2. 
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Appendix E 

CRANK-NICOLSON FINITE DIFFERENCE 

IMPLICIT TECHNIQUE 

 

E.1. Deriving the governing differential equation 
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Gardener’s one parameter HCF model:  ms hkk exp
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Equation (E.3) can be further simplified as follows: 
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Substituting Equation (E.2) and Equation (E.5) into Equation (E.1), following 

differential equation can be obtained: 
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E.2. Numerical Scheme for solving the IVP 

GD SWRC: 
t

h

y

h

y

h

y

h mmmm





































2

2

 ; 
 

s

rs

k





                                

t

h

y

h

y

h

y

h

y

h m

t

m

t

m

tt

m

tt

m


























































2

22

2

)1(                                 (E.9) 

In terms of finite difference terms, the generalized equations for any arbitrary i
th
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can be written as: 

t

hh

y

hh

y

hh

y

hhh

y

hhh t

im

tt

im

tt

im

tt

im

t

im

t

im

t

im

t

im

t

im

tt

im

tt

im

tt

im

































































 













 ,,1,1,

2

1,1,

2

1,,1,

2

1,,1,

2

2

2

2


                     

       
2

1 , 1 1 2 , 1 2 , 1 , 1 , 1 , , 1 1 , 1 ,1 2 2t t t t t t t t t t t t

m i m i m i m i m i m i m i m i m im h m m h m m h h m h h h m h h  

               

  

Here, , 1 ,,t t

m i m ih h , and , 1

t

m ih   are the matric suction head at time t corresponding to i+1, i, 

and   i-1 grid-points.                                                                                                                          

y

t
m

y

t
m
















221 ,

2
; 

 rs

sk
L

 
1  

Top boundary constraint yields the following algebraic relation: 

q
y

h
hk

noden

m
ms

th















 )1@(

1)exp(  

)exp(1 1,

1
























 nm

sn

m h
k

q

y

h


 

1)exp( 1,

1





 



nm

n

m hQ
y

h
  

  1exp
2

1,

,2,





 



 t

nm

tt

nm

tt

nm
hQ

y

hh
 ; Q (flow ratio) = q/ks ; 

(E.10) 



 

Appendix E                                                                                                   369              

yhyQhh t

nm

tt

nm

tt

nm  



 2)exp(2 1,,2,                                     (E.11)              

The simultaneous set of linear equation can be rewritten as: 
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Eq. (E.12) is further solved by employing Gauss Elimination scheme. 
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