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ABSTRACT
An analytical formalism of whistler pumped free electron laser (FEL) with tapered magnetic field is developed. The tapering raises
the efficiency of the device to 7% for typical parameters. The frequency and power of the FEL can be controlled by tuning the
plasma density and/or magnetic field also by increasing the energy of electron beam. The angle of injection of electron beam
is very crucial for higher efficiency of FEL. Presence of plasma ensures the space charge and current neutralization and larger
power handling capacity of the device.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5064751

I. INTRODUCTION
The conventional terahertz sources offered very little

energies of the order of 10–100 µJ per pulse for the beat
excitation of THz radiation using Gaussian laser beams co-
propagating along the direction of ambient magnetic field in
a rippled density plasma channel.1 The measured value of
the coherence properties of SACLA (Spring-8 Angstrom Com-
pact Free Electron Laser) on the basis of a single shot at
an X-ray are 4 – 30 keV, time of 0.1 fs and a pulse dura-
tion of 5.2 fs respectively.2 Vogt, Faatz, Feldhaus, Honkavaara,
Schreiber, Treusch3 have examined the free-electron laser
FLASH at DESY routinely produces up to several thousand
photon pulses per second with 44 nm down to 4.2 nm wave-
length at up to 500 µJ pulse energies. Yoshida, Munemoto,
Kimura, Sano, Yamaguchi, and Asakawa4 have developed a
compact Double-Slab Type Cherenkov Free-Electron Laser
Resonator for the resonant frequency and the small signal
gain of 6% with a 50 kV/3.6 mA electron beam and saturation
power was estimated to be 90 mW. Hasanbeigi have carried
out experimental work on Growth rate enhancement of free-
electron laser by two consecutive wigglers with axial magnetic
field more than the growth rate of a conventional FEL.5

S. H. Gold et al. experimentally demonstrated a high
power FEL amplifier (FELA) using relativistic electron beams
(REBs) at 35GHz for 1.2 dB/cm growth rates and experimental

efficiency > 3% with 50 dB gain. They have also examined
an effect of tapering on axial magnetic field to enhance the
efficiency and power of the device that indicate the pro-
duction of > 75 MW at 75 GHz with experimental efficiency
of 6%.6,7 Orzechowski et al.8 examined the operation of a
FELA at 35GHz with a peak output power of 180MW and
powered by 3.6 MeV, 850 A of electron beams and find out
an extraction efficiency of 6% with operating bandwidth of
approximately10% to 1.4m wiggler lengths. Sharma et al.9,10

examined the operation of the electromagnetic and electro-
static wiggler with whistler pumped free electron laser for
the higher frequencies. Pant and Tripathi11,12 have proposed a
nonlocal theory and studied their operation in whistler mode,
also examined the operating possibilities using a strong axial
guided magnetic field and a static magnetic wiggler. Presence
of plasma ensures the space charge and current neutralization
and larger power handling capacity of the device. Magnetized
plasma is necessary for using whistler as an undulator for a
FEL radiation source.

In this paper, we study an effect of linear tapering of the
magnetic field on whistler pumped free electron laser and pro-
posed to use a gyrotron source of an electromagnetic wiggler
wave that offers the possibility of generating short radiation
wavelengths using tapered magnetic field in presence of the
uniform background plasma medium. The simulation is closely
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related to the Sharma et al.9,10 with key difference from the
experiment of S. H. Gold et al6,7 is using gyrotron source of
an electromagnetic wiggler wave with a desire to improve the
efficiency > 6%. In section II, analytical formalism has been
done. The results are briefly discussed in section III.

II. INTERACTION REGION OF FEL
Consider the interaction region, 0 < z < Ls of a free elec-

tron laser from Fig. 1, where Ls is the length of interaction
region. The calculations are done for 1D calculations and for
uniform electron beam. It comprises a plasma of electron den-
sity n0 immersed in a static magnetic field Bsẑ. The magnetic
field has a linear taper,

Bs = Bos(1 − z/Ls) (1)

A circularly polarized whistler wave propagates through the
plasma as a wiggler along −ẑ. In the WKB approximation its
electric field can be written as,

~Eo = Ao(x̂ + iŷ)e−i(ωot+∫ kodz) (2)

where, ko =
ωo
c (1 −

ω2
p

ωo(ωo−ωc) )
1/2, Ao =

Aoo

(cko/ωo)1/2 , ωc = ωco(1 −

z/Ls),ωco = eBos/m,ωp = (n0e2/mεo)1/2, -e and m are the elec-
tronic charge and rest mass, εo is the absolute permittivity of
free space, c is the speed of light in vacuum. For we seek ko
to be an increasing function of z hence a negative taper in
magnetic field is considered. A relativistic electron beam of
density nob and velocity vo

obẑ propagates through the plasma.
It acquires an oscillatory velocity due to the whistler. Solving
the relativistic equation of motion, one obtains

~vob =
e~Eo(1 + kov

o
ob/ωo)

miγo
o (ωo + kov

o
ob −ωc/γ

o
o )

where
γo

o = (1 − vo
ob/c

2)−1/2 (3)

The plasma electrons also acquire drift velocity

~vo =
e~Eo

mi(ωo −ωc)
(4)

We launch a circularly polarized FEL radiation through the
z = 0 end with electric field

~E1 = A1(x̂ + iŷ)e−i(ω1t−k1z) (5)

where k1 = ω/c, ω >> ωp, ωc. It imparts oscillatory velocities
to beam and plasma electrons

~v1b =
e~E1

miω1γ
o
o

,~v1 =
e~E1

miω1

The whistler and FEL beat to exert a ponderomotive force on
them at ω, k where

ω = ω1 −ωo, k = ko + k1

Then the phase matching condition to be satisfied is,

vo
ob ≈

ω1 −ωo

k1 + ko
(6)

After rearranging of the above, we have

ω1 ≈ 2γo2
o ωo(1 +

vo
ob

c
ε1/2),

where

ε = (1 −
ω2

p

ωo(ωo −ωc)
) (7)

The phase-space dynamics of a relativistic electron beam in
the presence of the ponderomotive force

~Fpb = e∇ϕpb = −
e
2
~v
∗

ob ×
~B1 −

e
2
~v1b ×

~B
∗

o,

~Fp = e∇ϕp = −
e
2
~v
∗

o ×
~B1 −

e
2
~v1 × ~B

∗

o,

~Bo = −
ko
ωo

ẑ × ~Eo, ~B1 =
k1

ω1
ẑ × ~E1,

ϕpb = −
eA∗oA1e−iψ

mωoω1γ
o
o(ko + k1)

(ko +
(ωo + kovoob)k1

(ωo + kovoob −ωc/γ
o
o)

),

ϕp = −
eA∗oA1e−iψ

mωoω1(ko + k1)
(ko +

ωok1

ωo −ωc
),

ψ = ωt − ∫ (ko + k1)dz

(8)

FIG. 1. Schematic of Tapered Magnetic Field FEL.
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TABLE I. Comparison of efficiency and propagation constant of FEL generation by varying injection angle of electron beam.

Injection angle of
Electron beam

Efficiency versus normalized length of FEL system for
plasma density n0 = 1020m−3, γ = 10, fo = 30GHz, a1 =
0.0008, a0 = 0.13 for different tapered static magnetic
field

Normalized propagation constant versus normalized
length of FEL system for plasma density n0 = 1020m−3,
γ = 10, fo = 30GHz, a1 = 0.0008, a0 = 0.13 for different
tapered static magnetic field

ψ = 0◦

ψ = 30◦

ψ = 45◦

ψ = 60◦
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TABLE I. (Continued.)

Injection angle of
Electron beam

Efficiency versus normalized length of FEL system for
plasma density n0 = 1020m−3, γ = 10, fo = 30GHz, a1 =
0.0008, a0 = 0.13 for different tapered static magnetic
field

Normalized propagation constant versus normalized
length of FEL system for plasma density n0 = 1020m−3,
γ = 10, fo = 30GHz, a1 = 0.0008, a0 = 0.13 for different
tapered static magnetic field

ψ = 90◦

ψ = 120◦

ψ = 150◦

The z− component of beam momentum equation under the
beat ponderomotive force can be written as

dPzb

dt
= vzb

dPzb

dz
= mc2 dγ

dz
= Fpbz,

or
dγ
dz
= A sinψ,

where
γ = (1 − v2

zb/c
2)−1/2,
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A = −
e2A∗oA1

m2c2ωoω1γ
o
o

(ko +
(ωo + kov

o
ob)k1

ωo + kov
o
ob −ωc/γ

o
o

) (9)

The equation governing ψ is

dψ
dz
=
ω

vzb
− (ko + k1),

or
dψ
dz
=

ωγ

c(γ2 − 1)1/2
− (ko + k1) (10)

After normalizing the Equation (9) and (10), one gets coupled
equation for FEL as

dγ
dξ
= AL sinψ,

dψ
dξ
=

ωγL

c(γ2 − 1)1/ 2
− L(ko + k1)

(11)

Where, ξ = z
L , L is the wavelength of electromagnetic wiggler

wave.
Let the value of γ at ξ = 0 and ξ = z

L be denoted as γ(0) and
γ(ξ) respectively, then the net energy radiated by the trapped
electrons is,

∆E = mc2(γ(0) − γ(ξ)) (12)

TABLE II. Comparison of Efficiency of FEL generation by varying tapered static magnetic field for different injection angle ψ
of Electron Beam.

Tapered Static Magnetic field Efficiency versus normalized length of FEL system for
plasma density n0 = 1020m−3, γ = 10, fo = 30GHz, a1
= 0.0008, a0 = 0.13 for different injection angle ψ of
Electron Beam

Bos = 5 T

Bos = 3 T

Bos = 2 T
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Now the efficiency of radiation of trapped electrons is given
by,

η =
∆E

mc2(γ(0) − 1)
(13)

To this if we multiply the fraction of electrons trapped, would
get the overall efficiency of FEL radiation. In case, where the
electron enter the interaction region ξ = 0 at an uniform rate
i.e. they are distributed over ψ, then the fraction of those
trapped electrons is 2∆ψ

2π or ∆ψ
π , where ∆ψ = ψ(ξ) − ψ(0) is the

net change in due to phase spread so the overall efficiency of
the FEL radiation is given by,

η =

(
γ(0) −

〈
γ(ξ = Lw/L)

〉
γ(0) − 1

) (
ψ(ξ = Lw/L) − ψ(0)

π

)
(14)

Where L4 is the length of wiggler and corresponds to the posi-
tion of maximum gain. Here 〈γ(ξ = L4/L)〉 represents average
over N discrete electrons injected with the same γ(ξ = 0) but
with initial phase distributed uniformly between 0 to 2π.

TABLE III. Efficiency and propagation constant of FEL generation in a tapered static magnetic field by varying plasma density.

plasma density Efficiency versus normalized length of FEL system for γ
= 10, fo = 30GHz, a1 = 0.0008, a0 = 0.13 and ψ = 120◦
for different tapered static magnetic field

Normalized propagation constant versus normalized
length of FEL system for γ = 10, fo = 30GHz, a1 =
0.0008, a0 = 0.13 and ψ = 120◦ for different tapered
static magnetic field

n0 = 1018m−3

n0 = 1022m−3
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III. RESULTS AND DISCUSSION
To generate the FEL in THz frequency range we propose

to use gyrotron powered electromagnetic wave wiggler with
power density ∼ 2 GW/cm2 at 30 GHz. For significant gain the
beam current density ∼ 109 A/m2 and beam energy ∼ 5MeV are
required. In Table I, plot of efficiency of FEL and propagation
constant of whistler pump wave as a function of normalized
length of the FEL at various injection angles of electron beam
(ψ = 0◦, 30◦, 60◦, 90◦, 120◦, 150◦) on them at plasma density
n0 = 1020m−3, γ = 10, fo = 30GHz, a1 = 0.0008, a0 = 0.13 for
different tapered static magnetic fields Bos = (1.5T − 5.0T) are
compared. Here ψ is phase of the beam electrons, so different
phase angle of electron beams basically reflects the differ-
ent injection angle of electron beams which can be controlled.
From Table I, with varying the injection angle of electron beam
the impact on the change in the efficiency can be observed.

For Bos = 1.5T propagation constant of wiggler goes on
increasing for L4 ∼ 75L and lasing is stopped. Increasing
of the magnetic field causes increase in lasing action for
L4 > 75L yielding higher efficiency of FEL but the useful L4
is between 75L − 100L for ψ = 0◦ and ψ = 30◦. For increas-
ing ψ higher efficiency of FEL is yielded for higher L4 . For
ψ = 120◦, Bos = 5T at L4 ∼ 120L efficiency of 7% of FEL is
obtained. Hence to yield higher efficiency of FEL ψ has to be
adjusted between 90◦ and 150◦ as efficiency starts dropping
after 120◦.

In Table II, plot of efficiency of FEL as a function of nor-
malized length of the FEL for different tapered static magnetic
fields (Bos = 2T, 3T, 5T) at plasma density n0 = 1020m−3, γ = 10,
fo = 30GHz, a1 = 0.0008, a0 = 0.13 at various injection angles of
electron beam (ψ = 0◦, 30◦, 60◦, 90◦, 120◦, 150◦) are compared.
We observe for Bos = 5T at L4 = 100L the FEL efficiency is equal
for ψ = 105◦ and ψ = 120◦, i.e. crossover for ψ = 120◦ of FEL effi-
ciency is occurring as for ψ = 105◦ for wiggler length L4 > 100L,
FEL efficiency drops. Also, we observe that the injection angle
of electron beam is the important factor for higher efficiency
of FEL as efficiency is increasing for increasing ψ for con-
stant tapered magnetic field but the higher wiggler length L4
is required. These results are itself an indication of the impor-
tance of tapering of magnetic field to extract more energy
from electron beam to FEL and hence higher wiggler length
is required.

From Table III, plot of efficiency of FEL and propagation
constant of whistler pump wave as a function of normalized
length of the FEL for different plasma density (n0 = 1018m−3,
1022m−3), γ = 10, fo = 30GHz, a1 = 0.0008, a0 = 0.13 at dif-
ferent tapered static magnetic fields (Bos = 1.5T, 2T, 2.5T, 3T,
3.5T, 4T, 4.5T, 5T)are compared. Also, the figure for efficiency
of FEL from Table I (Row7, Column 2) for ψ = 120◦ can also
be compared with the figures in Table III as this figure is for
n0 = 1020m−3. The beam density of value n0b ∼ 1021m−3 for
beam current density ∼ 109 A/m2 and beam energy ∼ 5MeV
is required and hence we observe that for plasma density
n0 = 1018m−3 lower than the beam density the FEL efficiency
of 60% at L4 ∼ 13L is achieved but is returned back to the sys-
tem at L4 ∼ 25L i.e. oscillatory in nature and for n0 = 1022m−3

efficiency is much lower. From Table III, it is observed that the

impact of plasma density variation is more pronounced on the
efficiency of FEL.

It is clear by the resulting figures shown in all tables that
by employing the varying magnetised plasma medium to the
interaction regime of a FEL, the wavelength of electromag-
netic wiggler wavelength can be significantly reduced. Both
the electron plasma frequency and electron cyclotron fre-
quency affect dispersion relation of the wiggler wave. This
simulation results indicates that tapering of magnetic field can
improve the FEL efficiency by the suitable choice of plasma
density and magnetic field strength. For the wiggler of 30 GHz
frequency, we can generate 6 THz frequency as ω1 ∼ 2γo

2

ωo. Power gain and FEL efficiency are improved by tapering,
plasma and controlled injection angle of electron beam.
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