Chapter 4

Generalized Sobolev type spaces

involving the Weinstein transform

4.1 Introduction

Sobolev spaces are a fundamental concept in functional analysis and the theory of
partial differential equations. They provide a framework for studying the properties
of functions that have derivatives that may not necessarily be defined in the classical
sense. The norm in a Sobolev space is defined in terms of derivatives and integrals,
and it measures the smoothness of a function. It is widely used for solving the prob-
lems of partial differential equations, as well as in nonlinear analysis, differential ge-
ometry, physics, and other areas of mathematics. In [40], Pahk and Kang extended
the notion of Sobolev space to generalized distribution spaces of Beurling-Bjorck
type [6, 8], and used the weight function w to investigate the Sobolev imbedding
theorem, the Rellich’s compactness theorem, and others. Pathak and Pandey [44]

introduced the Sobolev space of type GI* and discussed some properties, such as
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completeness and inclusion, by using the definitions of the distributional Hankel
transform and they introduced a new concept called the Hankel potential #}, and
found that Hankel potential is a continuous linear mapping from the Zemanian space
H;, into the itself . Later on, Pathak and Shrestha [45], defind the space of type
GP, and discussed many results. Pathak [43], considered the generalized Sobolev
space H(R™) which is a generalization of the Sobolev space H*(R") and developed
a multiresolution analysis for the generalised Sobolev space.

The Weinstein transform has a rich calculus and involves many problems in the
mathematical sciences and their applications. Utilizing this theory, many researchers

obtained observations in the theory of Sobolev-type spaces. In this connection,

Salem and Dachraoui [4], studied the Sobolev type spaces Gi’}% associated with Ja-

S

cobi differential operators A, 3, and examined that the Jacobi potential H?

g 1sa
pseudodifferential operator with a precise symbol. Using the aforesaid results they
extended the operator H; 5, to the distributional space [8]. Hassen and Belgacem
[35], introduced the Sobolev spaces of exponential type associated with the Wein-
stein operator, and found many results. Mehrez, [30], Mejjaoli, et al. [31-33], Salem
[56], Saoudi [60, 61], and Trimeche, [81], observed useful results regarding the We-
instein transform.

In this present chapter the author made a proper framework for the generalised
Sobolev type space with the help of definitions and properties of the Weinstein trans-
form. In this chapter, the generalized Sobolev space of type G%° is introduced, and
with the help of the Weinstein transform, and various properties are obtained. The

LP-space of Hankel potential, Wg’l’p(RTl) is considered, and many results related to

the Hankel potential H* are studied by exploiting the theory of Weinstein transform.
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4.2 Generalized Sobolev type space G?:*

In this section, the generalized Sobolev space G?;° is defined and its various prop-
erties including completeness and inclusion are obtained by exploiting the theory of

the Weinstein transform.

Theorem 4.2.1. The Weinstein transform F,f is an automorphism on SW(R’}FH).

Proof: Let ¢ € S,(R"™™), then first we show that F,(¢) € S, (R*™). From

(3.2.21), we have

pa,A[ngb(g)]
= sup O | (AR ) (Fud)(€) |
gerTH!
— sup 0O | (A%ﬁ)?/ e_i@vy/>J5(fn+1yn+l)¢(?/) dus(y) | -
gerT ! RL*

Using (1.4.5), we get

pa,/\ [fw(b(f)]

= sup M| e T (Enrryarn) (= 19IP) ) (y) dpas(y) | -

1
EER1+1 Ri+

Now, we can write g(y) = (—||y||*)*®(y) therefore above expression yeilds

PorlFud(€)] = sup O | / e T (Ensryni )9 () dis(y) |
56R1+1 R1+1
< sup MO e MY T (€ irtnsn)9(y) dus(y) | .

1
geRrTH! RY*
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From [46] for every € > 0 there exist C(€) such that
w(€)] < elléll* + C(e).

Therefore, we have

Pa /\[«Fw¢<€)]
< sup AEEIP+C(@) |/ €—i<£’7y/>J5(£n+1yn+1>g(y) dus(y) |
geryt R
< A0 sup eAellél? | / efi<£’7y/>Jﬁ(fnJrlynJrl)g(y) dus(y) |
gernH! R

¢ AE m i€ o
A0 sup Z CEER™ | [ e T apnen)alo) duslo)|
= +

56Rn+1

AE _ile! o
G)Z sup | [ )P T (naynia)9(y) dius(y) |

. 56R1+1 Ri+

:em@zﬂ sup | /R AR e T (Ensayn)) 9 () dpas(y) |

By integrating by parts, we get

Pa[Fud(E)]

- Ae)™ —i(&y’ n m
< AC(E)Z( " up \(—1)7”/Rn+16 ) T (Enrrynan) (D)5 9 (y) dpes(y) |
+

|
=0 m: 56Ri+1

€ - (/\E)m —i(¢ n m
S sup [ € () 90) disl)|

m=0 56R1+1
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Therefore, we have

pa,)\[f.wqb(g)]
€ - ()\e)m —i(¢,y’ n m
<O T sup e Y s Gngan) | ) 1] (AR ) a() dus(y) |
m=0 m: EGRIH Ri+1
<6A0<E>§I—(A6>m| MU (AT Mg (y)e ™) dpg(y) |
- ' m! Ri“ Wby g
< AC(€) - (/\E)m Aw(x) n m 7)\w(y)d
<e Z T~ sup | e (AWs)y 9(y) || e 1s(y) |
m—0 m' yeRi+1 R1+1
()™
= ey B (sup 0| @) ) 1[0 austo)|
m=0 me yeR7+L+1 Rfrl
()™
— AC(e) —w(y) g
e mX::O L Pnal9w)) | o © 1Y) |
< 0.

This shows that F,(¢) € S,(R%™).
Since by the inversion formula for the Weinstein transform we have F,'¢(y) =

Fud(—y). Therefore F,, is one-one. So that F,, is an automorphism.

Definition 4.2.2. The generalized Sobolev type space GP:° is the set of all ultradis-
tributions u € S/, (R™), such that its the Weinstein transform (F,u) corresponds

to a locally integrable function u over R’}fl for which
lullgz s = [le*© (Fuu) (€l < 0. (4.2.1)
Theorem 4.2.3. The space GP°, 1 < p < oo is complete.

Proof: Let {u,} be a Cauchy sequence in G%*. Then e*©(F,u,(£)) is a Cauchy

sequence in LP(R"™). Since LP(R") is complete, therefore there exists a function
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f € LP(R) such that
O (Fyun) (€) = £(6) € L(RIH) as n — oc. (122)

Let

g(&) = e_s“’(g)f(ﬁ), s> 0. (4.2.3)

Then f € S/ (R and g(¢&) = e=*“© f(¢) are in S/ (RM!). Therefore, the inverse

Weinstein transform of the above function exists. Using (4.2.3) we have
e*Og(¢) = e OF,(F, 9)(€) € LP(REM).
In view of (4.2.1), we get
F.lge Ghe.

Let F,'g = u. Then

O (Fuu)(§) = eI (Fu(F 1)) = () = e @O f(g) = f(¢).
This implies
e (Fuu) (&) = f(). (4.2.4)

Using (4.2.2) and (4.2.4) we get u,, — u in GP:*.

This shows that GP:¢ is complete.

Theorem 4.2.4. Fort >r, GP' C GP", the inclusion map is continuous.
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Proof: Let u € GP:* and t > r then we take t = r + ¢, for some € > 0. Then

fuloze =IO FEOl = ([ | 1e40F0© P duste))”

R}

= ( /R - eI (Fuu)(©) I dms));

> ( L1 Eme duﬁ@))p = O (Fue) )l = ull e

+

Therefore,

lullazr < flullg e

Hence

7t b
GrtC Gr.

Now let {u,} — 0 as n — oo in G%* then
i e = 11€© (Fuuwa) (@)l — 0.
This implies that
iy = €@ (Fyun) ()], — 0 as n — oo

This shows that {u,} — 0in G2 as n — oo.

This proves the continuity of the inclusion.

Theorem 4.2.5. The space S, (Rt is dense in GP;°.

Proof: Let u € GP*. Then e (F,u)(€) € LP(R}H). Since space D, (R is

dense in LP(R’T™!), then there exists a sequence of functions {¢,} belonging to
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D, (R%*1) such that
9(€) = e O(Fu)(€) in LP(RTH). (425)
Now, define

Yn(z) = ]:a;l(e_sw(g)gbn)(x)' (4.2.6)

Since ¢, € D, (R*H), therefore (e**®)¢,) € D, (RTH), as D, (R%) is subspace
of S,(RY), (e7¢®g,) also in S, (R’). Hence, its inverse Weinstein transform
exists, so that

Ua(z) = F, (e ,)(2) € Ho(RYM).

w

From (4.2.1) we can get

[Vn —ullgrs = (1€ (Fu(tbn — u) () |l

= [l (Furpn)(€) = e (Fur) ()l
In view of (4.2.6), we have
1 = ullazs = én — e (Fuu)©)ll,.
Using (4.2.5), we find
460 — ullas = 6 — O (Fuu)(E)lp — 0 a5 1~ oo,

Hence,

U, = win GP°.

This shows that the space S, (R’7™") is dense in GP;*.
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Lemma 4.2.6. Let s1,s and sy be three real numbers with s; < s < sy then for

every € > 0 there exists C(e) > 0 such that

e < e L O(e)em©), (4.2.7)

Proof: The proof of above Lemma can be obtained from [45].

Theorem 4.2.7. Let si,s and sy be three real numbers with s; < s < sy then for

every € > 0 there exist C(e) > 0 such that

luller s < ellullgr 2 < Cle)llullgr Yu € [lullgr =

Proof: Let u € GP»*2. Then by Theorem (4.2.4), we have

ueGPh®andue GE.

Then

ilueozs = IO F)(©)l,
([ 1@ P )

By using (4.2.7), we get

Sl

2] wecr: * < (/R““ | (eesgw(ﬁ) +C(e)es“"(€))(fwu)(§) K dﬂﬁ(f))

+
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So that we find that

[ullucar

<( [ 1= r duﬂ@));

o/ | CO R ns(©))'

<o [ 100 P )’

+

v [ 197 P aun©)’
= e O Eu)(©l, + OO Fu)(©),

= ellullyecr > + Cle)||ullueqr -
This shows that

lullazs < ellullgre= < C()llullgr-
This proves the theorem.

Theorem 4.2.8. Let s < 0, then L*(R*H!) C G25.

w

Proof: Let ¢ € L2(R™!). Then from (1.4.3), we find

[N FOP dns(€) = [ 10 dus(a).

Therefore, above implies

(/ . r<fw¢><s>|2duﬁ<s>>% N / o) ds(s))

Therefore, we have

||Fw¢||L2(R1+1) = ||¢||L2(R1+1)- (4.2.8)
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Hence for s < 0, we have

ol = 1™ (Fud) ()l zqers) = ( L 1o duﬁ@)Q

+

2

< ([ GO F i) = 1F0) e

By using (4.2.8), we get

HQSHGE;g S’ ('Fw¢)<£>HL2(Ri+1)

Therefore

[fllgz.s < oo

Hence, above implies

¢ € G>*.

This shows that L2(RT) c G%°.

4.3 The generalized Hankel potential associated

with the Weinstein transform

In this section, we discussed various properties of the Hankel potential associated

with the Weinstein transform.

Let a(x) # 0 be a multiplier in S,,(R"%™") such that

Fo(a¥)(z) e LR V k£=0,1,2,3 ... (4.3.1)

w
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Then, for f € S/ (R:*), the products fa* and fa=* € S/ (R%*!) are defined by the

following relations.

(fa*, ¢)=(f, a" ¢) ¥V ¢ € Su(R}M) (4.3.2)

and

(fa™® d* ¢)=(f &) ¥V ¢eS,(R}). (4.3.3)

Now, the generalized Hankel potential associated with the Weinstein transform is

Hiu=F, ' (a"(Fou)) ¥V ue S,(RTH. (4.3.4)

w

Since the generalized Weinstein transformation F,, corresponds to a continuous lin-
ear mapping between S/ (R"") onto S/ (R”') and inverse of the Weinstein transforn
holds for (F.,)~! as well . Therefore we conclude that the generalized Hankel poten-
tial associated with the Weinstein transform (4.3.5) is a continuous linear mapping

of ' (R%™) onto S’ (R!). From (1.4.1) and (1.4.6) we have

(H*u)(2) = /R T (e )a () (Fuu) (§) dus (€). (4.3.5)

From [84, p.10], the generalized Hankel potential associated with the Weinstein

transform is a pseudo differential operator with symbol a=*(¢)

Theorem 4.3.1. Let u € S'(R**Y). Then for any m,l € Z we have
(i) HIH™ u = H ™,
(i) HOu = .
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Proof:(i): Let u € S/ (R™) then from (4.3.4), we have
(H'H™u)(x) =F," (a‘l(Fw(Hmu)) (x).
Using (1.4.1), we get
(HH"u)(z) = / T g 1) (a7 Fu(H ) () dpag (€)
T
= [ T OFL O 0E) dus(E)
i
In view of (4.3.4), we have
(H™u)(€) =(F, " (a™™(Fuu)))(€)-
Then, by the Weinstein transform we find
Fu(MH"u)(§) =a" (&) (Fuwu))(E)- (4.3.6)

Using (4.3.6), we find
(HH"u) () = /R L s (@ )a”! (€ a ™ () (Fuw) (6) dpaa(6)

- /R”H ") Jo(wnp1&npr)a” () (Fuu) (€) dug(€)

+

=7 (O ) ) o)

=(H"™u)(x).
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Therefore,

HH™u = H T

(ii): Now, we have

(Hou)(z) =F,  (a®(Fou))(z)
= /R Oy (@) () Fuw)(€) diaa(€)
=F,; " (Fpu)()

=u(x).

This shows that

The Space W/?(RH)

In this section we introduce the LP-space of all Hankel potential H* which is repre-
sented by the W™P(RM!) and exploiting the theory of Weinstein transform, many

properties of this space will be discussed.

Definition 4.3.2. Let m € Z and 1 < p < oo, the space W™P(R’™") is the set of

all those ultradistributions u € S’ (R"!) for which
H " e LP(RE). (4.3.7)

The norm of this space is defind by

hSA

lolbw =l = ([0 0©Ps(©). @38)

+
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In the next theorem we are going to prove that the space W/ "? (RTFI) is a Banach

space.

Theorem 4.3.3. The space W™P(R*!) is a Banach space with respect to the norm

[l

Proof: Let {u;} be a Cauchy sequence in WP(R'7*!). Then {H ™us} is a Cauchy

sequence in LP(R"™). Since LP(R"™) is complete, therefore there exists a function

u € LP(R}) such that
H "y, — u € LP(RYT) as k — oo.
Take v = H™u. Then from (4.3.5), we have

ole) = [ O ) O Fa) €) dsl€)
= @ (Fu)) ).

Therefore, by the property of the Weinstein transform (1.4.6), we get

u(z) = F H(a™(Fpv))(x) = (H™0)(z) € Lp(Ri“).

w

Hence, we find

m’p
v E Wp .

From (4.3.9) and (4.3.10), it follows that
uk—>U€W1§”’p as k — oc.

This proves that the space W™P(R") is a Banach space.

(4.3.9)

(4.3.10)
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Theorem 4.3.4. The generalized Hankel potential H' is an isometry of WLC”’I’(R’}FH)

onto WP (R and we have

17 Wllmstpwr = 0llmpe, Vo € WIP(RE). (4.3.11)

Proof: Let ¢ € WP then from (4.3.8) we have
[[H Gl = [T (H ). (4:3.12)
Now, we have

(K- (Hg)) (2) = Fpy (@™ (2) Foo (H'9) ) ()

By inversion formula of the Weinstein transform (1.4.4), above expression yields

(H0 (' 9)) () = / ) Ty (@nianin)a™ () Fu (H9)(€) dyas ().

n+1
R+

Taking (4.3.6), we get

(H ™D (H' ) (x)

= /Rn+1 ei<m’,fl>Jﬁ (l‘n+1€n+1)am+t(€)a—t (5) (fw¢) (f) du/g(ﬁ)
- /Rn+1 ) T (21 &nrn)a™ (€)(Fud)(€) dps(€)

= (H™"¢) ().
Therefore, from above expression we find that

(H- " (Hg)) = (H ™).
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In veiw of (4.3.12), we have

IH Gllmttpew = HT" )l

= [18llm.pe-

Let ¢ € W+P(R*1). Then from (4.3.7), we obtain

H g e LP(RZL_-H)'

Again, we get

(H- " g) ()

= [ O T (€€ (Fud) € i)

+

Then applying (4.3.6), we find

(H-"00)(z) = / e Ty (@i 1) a™ () Fu (M 6)(E) dps(€)

n+1
R+

= (H"(H9))(2).

This show that
Hm g = H (Mg € DR,

Hence,

(H™¢) € WP
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And, we have to obtain

H (H ') ()
= /Rm_1 €i<x/’£,>Jﬁ(x”-i-lgn—l-l)a_t(f)]:w(’}-[_tgb) (5) dﬂﬁ(g)

_ /R O Ty ) a (D) Fud)(€) diua(€)

= " I (@n116n41) (Fud) (€) dus(€)

Therefore, for each ¢ € WP, there exists an H ¢ € WP such that
tH—t¢ — gb

Hence, H! is onto.

Theorem 4.3.5. Let1 <p < oo and m =0,1,2.... then,

1776l < Cllell, ¥ ¢ € Su(RY). (4.3.13)

Proof: From (1.4.13), we have

Fu(f#50)(€) = (Fuf)(E)(Fud)(§). (4.3.14)

Take
a”"™(&) = Fu(f())(E)- (4.3.15)
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LT

Then,

F(t) = Fo (™ (€)(1) = Fula™(€)(~1)
= [ s tnen)a (€ duslé)

+

=F, (a™)().

Utilising (4.3.1), it follows that

In view of (4.3.14), we have

Fulf#50)(€) = Ful(Fy (@™ (1)) (Fud) (&)
= a”"(§)(Fu)(E)-

Therefore,

(f#s0)(t) = Fo (a ™ (E)(Fue) (€)(1)
= F, (a7 Fuo)(t)
=H"o.

Then
11" llp = [1f#50llp-

Using (1.4.14), we obtain

1"l <IIf11l1llp < CllSllp.
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This proves the theorem.

Theorem 4.3.6. Let 1 < p < oo and m <. Then
WIP(RY) € WP (R,

and

1&llmpeo < CllSNl1pe
Proof: Let ¢ € W'P(R:™). Then from (4.3.7), we have
H'p € LP(R™T).
Then

(H™¢)(z) = F,, ' (a" Fud)(x)
- /R e Ty (@160 i1)a™ (E)(Fuh) (€) ds (€)

= /R”H ) Ty (2i1Ensr)a” () al (€) (Fud) (€) dug (£).

From (4.3.6), we obtain

(H o) (x) = / e J(@ni1bnen)a T (O Fu(H9)(€) dus(€).

n+1
R+

From (4.3.4), we have

(H9)(x)  =HT"(H9)(x).
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Therefore, in view of (4.3.7), we have

16llmpes =10l = IIHT™(HT'0)]],.

Using (4.3.13), we get

[16llmpew SCINHTlly = [10]]1p0-

Hence,

||¢||m,p,w < ||¢||Z7P7w‘

This proves the theorem.

Theorem 4.3.7. Let 1 < p < oo and for any symbol o™, m € Z, define the pseudo

differential operator

Then

A(D) s WP (R — WOP(RTH)

1s a bounded linear operator.
Proof: Consider the following operators;
W W (R — WOP(RYY),

ADYH™ : WP (RY) — WP (RE)

M WP (RIH) — WE(RE),
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We have to show that operator H~! is bounded. Now we take ¢ € WP, then

16llipe = 1H7"0ll, < o0, (4.3.16)

and

HH_ZQSHO,}?M = |‘HO(%_Z¢)||IJ- (4'3-17)

Now,

(H'(H'0))(x) = F, (0" Fu(H'9))(2).

By the inverse Weinstein transform (1.4.4), we get

Therefore,

HOH ' p) = (H ). (4.3.18)

In veiw of (4.3.17), we get

17 8llopw = [[(HT'O)I], < 0.

We have to show that the second operator is bounded. Let ¢ € WP, Then

||¢||0,p,w = ||HO¢||p = ||¢||p < 00, (4.3.19)
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and
[[A(D)YH™ opw = [[A(D)H™ - (4.3.20)
Now, we have to calculate

(A(DYH™¢)(x) = Ft (a™ (&) Fu(H™0))(x)
= /I%HH ei(x’,§/>Jﬂ($n+1fn+1)am(f)Fw(Hm¢) (f) dlu,g(f)

Therefore, using (4.3.6), we can obtain

(A(DYH™¢)(x) = / ¢ T (a1 &nin)a™ (€)a ™ () (Fud) (€) dus(€)
= [ O ) () dia(©)

= F, ' (Fud)(z) = ().
Using (4.3.19) and (4.3.20) we get
IAD)YH" b0 pe = l@l]p < 00
Third operator H'~™, is bounded by the following way:
1A "G llimmpe = [HTHT ], = [[@]], < o0

Hence, the product H'"™A(D)H™ ! is a bounded linear operator from W4P(R"*)

into WL-mp(R).

Theorem 4.3.8. For m € Z and symbol a™, the pseudo differential operator

A(D) = ‘/—-;Zlam]:w : Wﬁp(Ri—H) N Wi_m’p(Ri_'_l)
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18 a bounded linear operator.
Proof: Let ¢ € W'P(R"™). Then

||¢||l7p,w = ||H_l¢||p < 00,

and

IAD)¢lli-mpew = [[H"(A(D))|], < 0. (4.3.21)

Therefore, we have

H" (A(D)g)(x) = F, (a” " VF, A(D)é)(x)

= / ei(z’@/)jﬁ(gjn+1§n+1)a—(m—l) (&) Fu(A(D))(€) dpus(€)
= /Rn+1 €i<x/:5/>J5($n+1fn+1)a*(m*l) (é)f'w(]:;lamfw(b)(f) dﬂﬁ(g)

- / ) Ty (2i1€nin)a” "D (E)a™(€) (Fud) (€) dps(€)

- /]RnJrl ei(m/7£,>‘]B(xn-‘rlén—‘rl)al(f) (]:wgb) (5) dﬂg(ﬁ)

By (1.4.6), we have

H"H(A(D)) () = Fi, ' (a' Fug) ()

w

= H ().

Therefore, we have

H™(A(D)p)(x) = H ' p(z). (4.3.22)
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Using (4.3.21) and (4.3.22) the above expression yeilds
IAD)@lli-m per = [[HT' 9], < 00
Above shows that the mapping
A(D) : WP (R — WP (R
is a bounded linear operator.

Kokk






	4 Generalized Sobolev type spaces involving the Weinstein transform 
	4.1 Introduction
	4.2 Generalized Sobolev type space Gp,s
	4.3 The generalized Hankel potential associated with the Weinstein transform


