Chapter 4

Controller and Observer design

using generalized Contraction theory

4.1 Introduction

(Classical contraction approach witnesses a difficulty in proving the largest eigenvalue of
the symmetric part of the Jacobian matrix to be negative definite (as it employs distance
function between trajectories as a scalar function), since the matrix contains nonlinear
terms, particularly for the class of large scale highly nonlinear systems. In order to
overcome these difficulties, a generalized contraction theory based on the framework of
vector distances known as vector contraction analysis is introduced in this chapter. In
this, the concept of vector-valued distance function simplifies the problem with the help
of a comparison system and vector differential inequalities. In fact, results are derived
by comparing the relative distances of the comparison system with that of the auxiliary
system. The comparison system is chosen with the property that it is quasi-monotone
non-decreasing and contracting.

Moreover, in this chapter, we extend the proposed analysis to design controllers and
observers for nonlinear systems in particular chaotic systems. In fact, we estimate the
control input and observer gain in such a way that the comparison system thus obtained
follows the indicated properties. The proposed approach of observer design avoids the
usage of virtual system concepts in partial contraction theory as in [45]. Moreover, the
proposed approach does not require the construction of the Lyapunov function as it is

difficult to construct the Lyapunov function without any idea of its structure. We consider



two examples namely duffing system and Chua’s circuit for illustration.

The further part of this chapter is structured as follows. Section 4.2 provides the main
results of convergence analysis using vector-based contraction theory. The exploitation
of this convergence result to design controller and observer is elaborated in Section 4.3.
Section 4.4 discusses the simulation results of the undertaken examples. At last, brief

conclusions are entitled in Section 4.5.

4.2 Convergence analysis via vector contraction anal-
ysis

Vector contraction analysis attempts to relax the conditions of standard contraction anal-
ysis to achieve the exponential convergence of any pair of trajectories of the system. We
note that the derivative of the scalar squared distance between a pair of neighboring tra-
jectories of the large-scale nonlinear system need not be strictly negative definite. In such
cases, the convergence analysis is observed with the help of a comparison system. Vector
contraction analysis performs the convergence by comparing the relative distances of the
trajectories of the original nonlinear dynamical system and the comparison system. In
this study, we propose a few comparison results towards convergence analysis with the

help of a notion of a vector-valued norm as defined below.

4.2.1 A vector-valued norm

We define a vector-valued norm as a function || - ||, : R* — R™ given by
l0z[l., = v/ P (diag(62))2L, (4.1)
where P is a nonzero real matrix (p;;), .., with all p;; non-negative and m < n. Note that
for 6w = (6x1, 629, -+ ,01,)" € R",
_5x% 0 - 0] _535%_
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(diag(dz))? = , (diag(6z))%1 =
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Thus, explicitly, (4.1) can be written as
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It is important to mention here that the terminology ‘vector norm’ is often used in the
literature. Thus, ‘vector norm’ gives a scalar-valued norm. However, note that (4.1)
introduces vector-valued norm for a vector. The following points can be observed from

the definition of vector-valued norm || - ||,.

(i) Every component of ||0x||,, i.e., D;(dz) for each i = 1,2,---  m, is a (scalar) norm

in R” (for proof, see the proof of Theorem 4.1).
(i) ||ox||, reduces to a (scalar-valued) norm in R™ when P is a matrix of order n x 1.

(iii) ||0x||, reduces to the usual Euclidean norm in R"™ when P is a matrix of order n x 1

with all entries 1.

These three points show that the vector-valued norm |||, is a true generalization of the
notion of a norm in R".

In the Theorem 4.1, we show that || - ||, follows all the properties of a norm and || - ||
possesses the convezity and locally-Lipschitzian properties. We further show that || - ||? is

differentiable and then compute its derivative.

Theorem 4.1 (a) (Norm property). The vector-valued norm || - ||, : R" — R™ defined
in (4.1) has the following properties:
(i) |ox|, =0¢€R™ iff ba =0 € R",
(i) ||cox||, = |c| ||0x]|, for any ¢ € R and 6z € R™, and
(11i) |0z + 0y, << ||6x||y + [|0yl|o for all 6x, 0y € R™.
(b) (Convexity property). Let F(dx) = ||dx||?, 0z € R™. Then, for any éx,dy € R" and

A€ 0,1],
F Moz + (1 —=N\)dy) << AF(6x) + (1 — N)F(0y).



(c) (Locally-Lipschitzian property). Let F(éx) = ||6z||?, dz € R™. Then, for any

compact set 0 C R™ there exists a constant k € R such that

|F(6x) — F(6y)|| < k||dz — oy||* for all oz, 0y € €.

(d) (Differentiability). The function F(dz) = ||0x||? for dz € R™ is (Fréchet) differen-
tiable in R™ and for any dx € R™, the Fréchet derivative of F is

F'(6x) =2 P ox.
Proof of (a) (Norm Property).
(i)  This property follows from the fact that for each i =1,2,--- ,m
D;(0x) =0 < (01,029, -+ ,6x,) = (0,0,---,0).
(i) From the expression of D;(0x), we note that D;(cox) = |c|D;(0x) for each i =
1,2,--- ,m. Hence, ||cdz||, = |c|||dz],.

(iii)  For each i =1,2,--- ,m, the i-th component ||0x||, has the property that D;(6x +
dy) < D;(0x) + D;(6y) for all ox,0y € R™. Since every p;; > 0, we get from the
Cauchy-Schwarz inequality that
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Hence, D;(0x + 0y) < D;(0x) + D;(0y).

Proof of (b) (Convexity property). The proof is followed from the fact that the i-
th component function D;(dx), being a norm in R™, a convexr function on R, for each
i=1,2,-- n.

Proof of (c) (Locally-Lipschitzian property). For any i € {1,2,--- n}, the i-th
component function of F(dx) is (D;(0x))* = >°7_, pijoxs. Note that the Hessian matriz
of (D;(0z))? is the diagonal matriz diag (pa, i, ,Pin) which is positive semi-definite
as every p;; > 0. Hence, (D;(0x))? is a convex function on R™. By the result in [51], for

each i =1,2,---  m, there exists a constant k; > 0 such that
‘(Di(5m))2 - (Di(éy))2‘ < ki||ox — dy|| for all dz,0y € Q.

Hence, for any dz,dy in €2,

[1F(6x) — F(oy)|| = \I > ((D1(82))2 — (D1(6y))?)*

Jj=1

= KR k2, 62— By

The result follows by letting k = \/k} + k3 + -+ + k2,.

Proof of (d) (Differentiability). Let h = (hy, ha, -+ hy)". The result is followed by
the following limat:

) 1
}zg%m |E'(0x + h) — F(0x) —2 P dz|

= lim ﬁ |P(6x + h)* — P(0x)* — 2 P éa|

_ hmﬁHP[hf,h%,---,hi]TH

h—0
h=0 || LA A 7]
= 0.
0J
The notion of norm || - ||,,, defined by (4.1), evidently, induces a vector distance between

a pair of points x, x + dxr € R™ as follows:

|z + 6z — z||, = /P (diag(dz))21.

In the rest of the article, we assume that P is a nonzero matrix, as the case of P

being zero matrix is uninteresting for the relative distance of two trajectories.



4.2.2 Main comparison results

In this section, we derive some results on the comparison of solutions for the system (1.4)
and the solution of an auxiliary (comparison) system @ = ¢(t,u, ), where ¢ possesses

certain quasi-monotone property.

Theorem 4.2 Consider the system (1.4) and a function ¢ € C [R5y x R" x R", R"],
(t,u,x) — ¢(t,u, x), which is quasi-monotone non-decreasing in u € R™. Suppose for any

solution §1(t, xo, 0xg) on t >ty of the system (1.4)

2P diag(6v)(diag(h(t, 0, 1)1 << ¢ (t,P(diag(5¢))2]l7¢)

for a matric P = (pij)nxn with p;j > 0 for all i,j = 1,2,--- ,n. Further, suppose for

t > tq >0, there exists b a mazimal solution *> R(t) of
U= ot u,z), u(ty) = ug >> 0. (4.2)

Then, any solution 6(t, xg, dxo) of (1.4) ont > to which satisfies P (diag(dx0))*1 <<

ug has the property that
P (diag(6¢(t)))*1 << R(t) for all t > t,.

From the above, the following conclusion holds:
If R(t) — 0 as t — oo, then [|69(t)]] — 0 as t — oo, which implies that all trajectories of

the original dynamical system (1.1) converge with respect to one another as t — oo.

Proof: Consider
D(t) = P(diag(v(t)))*1 for t > t,.
Suppose the component functions of D(t) and R(t) be D;(t) and R;(t), respectively, i =
1,2,--- ,n. Evidently, if the i-th row of the matrix P be p;', then D;(t) = p; (diag(d(t)))*1
for each i = 1,2,--- ,n. As D(ty) = P(diag(d(tp)))*1 << ug = R(ty), and D(t) and
R(t) are two continuous functions, there exists §; > 0 such that D(t) << R(t) for all ¢t €

[to, to + d1). Construct a set

S = U {t € [to,00)|Ri(t) < Dy(t)}. (4.3)

!The existence of a maximal solution is evident from Theorem 1.3.1 of [95].
2A solution R(t) of the system (1.1) is called a maximal solution if for every solution z(t) of (1.1),

x(t) << R(t) for all t > t.



We prove that S is an empty set. Then, the proof will be complete.

If possible let S be not empty. Then, S, being a nonempty and bounded below
set, has an infimum. Let 7 = inf S. We note that the set S is closed, since R(t) and
D(t) are continuous functions on [tg,00). Therefore, 7 € S and hence there exists j in
{1,2,--- ,n} such that D;(t) = R;(7). Moreover, p; (diag(d¢(7)))*1 = D;(1) > Ri(1)
forallv=1,2,---,5—1,74+1,--- ,n. Therefore, due to quasi-monotone non-decreasing

property of the function ¢, we obtain

oy (T,P (diag(éw(T)))Qll,w(T)) > ¢i(1, R(7), (7). (4.4)

Again, since D(ty) << R(ty), we have 7 # t; and hence 7 > t;. By the definition of T,
there exists do > 0 such that D;(t) < R;(t) for all t € (1 —d2,7) C [to,to+01). Therefore,
Dj(r+&) = Di(r) . Bi(r+&) — By(7)

Dj(r) = Jim : > lim : (4.5)
= Rj(r)
By the assumption
2P diag(dv)(diag(h(t, 0¢, ¥)))1 << o(t, P(diag(d))*1, %),
we obtain
6,(7, R(r), (7)) > 2p] diag (60 (r))diag(h(r, 60 (7), (7))
> ¢;(7, R(7),4(7)),
which is a contradiction. Hence, the set S is empty, and
R;(t) > p] (diag(de(1))?1 for all i = 1,2,--- ,n,
ie., P (diag(dy(t)))?1 << R(t), for all t > t,. (4.6)
Hence, the conclusion follows from (4.6). O
The following example is provided to better illustrate the above proposed theory.
Example 4.3 Consider a non-autonomous nonlinear system
i1 = —sin(t)z] — cos®(t)x; + 2 cos?(t)wy — 1021 + .Z'gw
By = 621 — 20wy — 26225 — sin®(t)zy + 2sin®(t)xs + 24
i3 = 621 + 279 — 1523 — 4cos?(t)xl + x4 + bxs g (4.7)

Ty = 21 + 209 — 374 — sin®(t)2] — 5t + x5

@5 = 21 + 4wy — 1075 + 23 — sin®(¢)xd — cos* (¢) ]




where x = [xl,xg,xg,x4,x5]T 1s a state vector. We noticed that it is quite complex to
construct Lyapunov candidate function to show the stability of the above non-autonomous
nonlinear system (4.7). Moreover, using the classical contraction, it is quite tedious to
prove the largest eigenvalue of the Jacobian matriz of the system (4.7) to be negative
definite for exponential convergence of this system as this matriz is large and contains the
time-varying nonlinear terms.

Hence, we use the approach of vector-based contraction which provides an easy and
efficient way to prove the convergence of such type of large-scale nonlinear systems.
The squared wvector distance function assuming P as diag(1) is defined as: |dz|? =
(622,622, 622, 622, 622]". The rate of change of this squared vector distance along the vir-

tual dynamics of the system (4.7) is given by

d

= (=20 — 10sin*(t)2] — 2 cos®(t))da? + 4 cos?(t)dx 162y + 2071023

< — 19623 + 2673 + 63

d

E(Sl‘% = 120216m9 + (—2sin?(t) — 206225 — 40)023 + 2029014 + 45sin®(1)dxo0zs
< 60x7 — 33025 + 2073 + 07

d

E&x% = 1202103 + 46x9025 + (—56 cos*(t)a§ — 30)6x2 + 262302y + 1002505  (4.8)
< 667 + 2615 — 16625 + dx7 + Hox:

d

— x5 = 20x104 + (—10sin*(¢)x] — 50t%z] — 6)d23 + 2024075 + 4679074
< 6x? + 2025 — 2077 + da?
d

E&x% = 2611075 + (—6sin*(t)x? — 14 cos(t)xl — 20)622 + 2623025 + 80905

< 1% + 48x5 + bz — 14073

The comparison system obtained from equations (4.8) is

w, = — 19w + 2wy + ws

wWe = 6wy — 33ws + 2wz + wy
Wy = 6wy + 2wy — 16ws + wy + Sws (4.9)
Wy = Wy + 2we — 2wy + w;

u')5 = W1 +4'LU2 + ws — 14w5




quasi-monotone non-decreasing (off-diagonal elements non-negative) and exponentially
convergent (largest eigenvalue of the symmetric part of its Jacobian matriz is negative
definite). Hence, from Theorem 4.2, the original system (4.7) is exponentially convergent
which is shown by the simulation result in Fig. 4.1 with (0) = [5,3,1,—5, —8].

From above, it can be observed that it is easy to prove the largest eigenvalue of the
Jacobian of this comparison system to be negative definile (since this system is linear) to

prove the original system to be contracting.

Time(sec)

Figure 4.1: State evolutions of system (4.7) with time

Remark 1 [t is important to discuss that how to choose the function ¢ in (4.2) (Theorem
4.2). Let us see some examples. Let us suppose that the system (4.2) is a linear system,
then function ¢ = Au, where A is some square matriz and u is some vector of appropriate
dimension. If ¢ is quasi-monotone non-decreasing, then all the off-diagonal elements of
A must be non-negative (see system (4.9)). Now, let us suppose that system (4.2) is
a nonlinear function. If ¢ is quasi-monotone non-decreasing then for 1 < i < n and
alll < 5 < n,j # 2, = yi,x; < y; implies that ¢;(t,x,2) < ¢i(t,y,2) for the i-th
component of ¢(t,-) and for each t and z. This quasi-monotone non-decreasing property
(similar in some sense to positivity property) is an essential condition to be satisfied by
the comparison system (4.2) because we need to compare the solution of this comparison
system with the solution of the system (1.4) and in order to make the comparison between
solutions feasible, the solutions of the comparison system should be non-negative for the

non-negative initial conditions.



In linear cases, the estimation of derivative of ||dx||? as a function of t and P (diag(d%(¢)))?1
is more natural. The following corollary is in that direction. Let us suppose the linear sys-
tem with f(¢,2) = M(¢)z in (1.1), where M (¢) is a time-varying matrix with appropriate

dimension, then its variational system is as follows:
6i = M(t)dx = h(t,dz) (4.10)
where h : R>o x R" — R" and t is the time.

Corollary 1 Consider a function ¢ € C'[Rso x R", R"], (t,u) — ¢(t,u) to be quasi-
monotone non-decreasing in u € R™. Suppose for any solution 6¢(t,0xg) ont >ty of the

system (4.10)

2P diag(6v)(diag(h(t,0v)))1 << ¢ (t, P (diag(6v))*1)

for a matric P = (pij)nxn with p;; > 0 for all i,j = 1,2,--- ,n. Further, assume for

t >ty > 0, there exists a maximal solution R(t) of
U= ¢(t,u), u(ty) =up >>0.

Then, any solution 6(t,dxq) of (4.10) on t > to with P (diag(dzo))?1 << wug has the
property that
P (diag(0v))*1 << R(t) for all t > t,.

Proof: The proof is similar to that of Theorem 4.2. O

Theorem 4.4 Let K be a pointed closed convex cone in R™. Consider the system (1.4)
and a function ¢ € C' [Rsg x R* x R", R"|, (t,u,z) — ¢(t,u,x), which is quasi-monotone
non-decreasing in u € R™ with respect to K. Suppose for any solution 6 (t,xqy, dxg) on

t > to of the variational system (1.4)

2P diag(61) diag(h(t,6¢,¢))1 <<k ¢ (t, P (diag(61))*1, )

for a nonzero matriz P = (p;j)nxn with p;; >0 for alli,j =1,2,--- ,n. Further, suppose

that for t > tq > 0, there exists a mazimal solution R(t) of

U= ¢(t,u), u(ty) =uy >>0.



Then, any solution 0v(t, xg,dxg) of (1.4) on t > to with P (diag(dx0))*1 <<p ug
has the property that

P (diag(6¥))*1 <<x R(t) for all t > t,. (4.11)

From (4.11), a similar conclusion as in Theorem 4.2 is also followed here in the framework

of cone.

Proof: The proof is similar to that of Theorem 4.2. It is exactly the same till the
equation (4.3). Then the rest of the part is an appropriate modification of the inequalities
w.r.t. the partial ordering induced by K. O

We now again consider the system (1.1) and assume that it has a finite equilibrium
solution Z. Suppose the squared vector distance of a solution z, of the system, from Z is
given by

lz — 2|} = P (diag(z — 7))L,
where P is a nonzero real matrix (p;;),x» Where all p;;’s are non-negative. Obviously,
|z — Z||? is a vector in R™. In the following, we denote the i-th row of P by p,. Suppose
Cy € R™ be the squared distance between the initial data xy and the equilibrium solution

T. We denote ||dz||? for the squared virtual displacement of z from Z. Then, evidently,

|620])> = Cy. From (1.1), we get the following differential relation

] ) pi (diag(dx))*1
J— 2 [ pp—
Py (diag(dx))*1

=2 P diag(dz) (diag(d)1).
Therefore under the assumption in Theorem 4.2, we have,
d 2 2
7 (lozll2) << o(t, [loly, z). (4.12)

For finding the properties of solution of the above inequality, we take the comparison
system

= ¢(t,u, ), u(ty) = ug >> ||6z0]|2 = Co. (4.13)

Further, if R(¢) is the maximal solution of the above equation, then a solution of

(4.12), follows from Theorem 4.2 satisfies, ||dz(¢)||> << R(t). If R(t) is exponentially



convergent, by component-wise integration, we have

1
|0z, << Cgexp(—At), (4.14)

where X is the convergence rate. Then (4.14) shows that the virtual vector distance
1

|6z, is lesser than CF and it converges exponentially to zero as t — oo, which implies

that all trajectories converge to the equilibrium point z and as a result, the system is

asymptotically stable.

4.3 Controller and Observer design using vector-based

Contraction theory

In this section, we exploit the proposed theory for the design of controller and observer
for a class of nonlinear systems. The strategy for designing control law followed by the

observer design procedure is discussed in Theorem 4.5 and Theorem 4.6.

4.3.1 Controller design

We discuss the results of control design to solve a tracking problem and then we generalize

results for the stabilization problem in the following theorem.

Theorem 4.5 Let us consider the system with feedback control T as
&= f(t,x,7), y=H(t )

where x € R™ 1s a state vector, T € R™ 14s a control input vector, y € RP is an output
vector, [ : Rs>oxR"xR™ — R" is a nonlinear smooth vector field, and H : R>oxR" — RP
is a differentiable function. Now, our aim is that output y(t) tracks the signal r(t), hence,
we describe the tracking error signal as e(t) = y(t) —r(t) and consider the error dynamics

as
¢ = h(te), (4.15)

where h : R>g x R" x R™ — RP s a smooth nonlinear vector field. If there exists the

control T = g(e), g : RP — R™ with g(0) = 0 such that derivative of squared vector valued

norm ||de||, : R? — R? follows

%(H(Se”i) << ¢ (t, P diag(66)2ll,e) Vt>t,



for a matriz P = (pij)qxn with p;j > 0 and function ¢ € C'[Rso x R" x R", R follows
the quasi-monotonicity non-decreasing and contracting property. Then the tracking error

becomes zero with the control law 7, i.e. output tracks the reference trajectory.

Proof: The virtual dynamics of the system (4.15) at fixed time ¢ with the control 7 = g(e)

is obtained as

Oh  0hdg
5é = (— ——)5 , 416

‘ Oe + dg Oe ‘ (4.16)
Consider the vector valued norm defined by (4.1) for the system (4.15). Then, its deriva-

tive along the system trajectories (4.16) is

@ (J6e2) = 2P diag(de) ding(( 2 + 9%

ae a_g$)56)ﬂ’

The control g(e) is designed in such a way that above vector valued norm follows
d 2 : 9
—(l19ell?) << ¢ (1, P diag(de)*1e) ¥ > to,

with a matrix P = (p;;)gxn,pij > 0 and function ¢ follows the quasi-monotonicity non-
decreasing and contracting property. The rest part of the proof is same as that of Theorem
4.2. Hence, it is proved that the system trajectories track the actual trajectory with the
control law 7. 0J

In a similar way, the derived results can be applied for the stabilization problem by

defining the system dynamics in place of error dynamics.

4.3.2 Observer design

In the following procedure of observer design we do not need the concept of virtual system
and partial contraction approach as explored by many researchers [45,110]. We investi-
gate the novel procedure of observer design using a vector framework based contraction

approach. Let us consider the dynamical system

i= f(z), (4.17)

where x € R™ denotes the state vector and f : R” — R" is a nonlinear vector field which

is continuously differentiable with system output as

y=g(z), (4.18)



where y € RY represents the output vector and g : R* — R? is assumed to be smooth.
We assume that the system (4.17) is globally detectable. The structure of the observer
for the undertaken system (4.17) can be defined as

i = f(@)+ Ky — ), (4.19)

where & € R" represents the estimated states, matrix K is the observer gain matrix to be

chosen appropriately and the output g is represented as
y=9(@)
Our aim is to find the gain matrix K in such a way that error of estimation e(t) =
x(t) — &(t) converges exponentially to zero. Note that Theorem 4.2 cannot be directly

applicable to this system as we do not require system (4.17) to be contracting. Therefore,

we provide the following results through the dynamics of the error of estimation.

Theorem 4.6 Suppose that there exists the gain matriz K such that the squared vector-

valued norm derivative of the system (4.19) follows
d
EH(E&H% << ¢ (P (diag(62)*)1,&) VYt > to, (4.20)

for a nonzero matrix P = (pij)qxn with p;j > 0, and function ¢ € C'[Rso x R™ x R", RY
satisfies the quasi-monotonicity non-decreasing and contracting property, then the error
of estimation e(t) = x(t) — &(t) converges exponentially to zero, i.e, for some constants
b>0and L >0

le()I] < Le"*=*le(to) .

Proof: The virtual dynamics of system (4.19) is defined as

A of 99\ « .
0z _(855 — K@i">5x’ (4.21)

Consider the vector-valued norm defined by (4.1) for the system (4.19). Hence, the squared

vector-valued norm derivative along the system trajectories (4.21) is given by
d ~112 . A . X
a(Héva) = 2P diagdz (diagdz)1,

The matrix K is designed such that the above equality transforms to the following in-

equality

%(Héi”ﬁ) << ¢ (P (diag(62)2)1,3) Yt > to, (4.22)



for a matrix P = (p;j)4xn With p;; > 0 and function ¢ as quasi-monotone non-decreasing
and contracting. Hence, from Theorem 4.2, the distance between any pair of trajectories
|0z] of the estimated system (4.19) converges exponentially to zero as the comparison
system (obtained from the inequality (4.22)) trajectory converges to zero (the comparison

system is contracting). This means that, V ¢t > ¢, we have
|21() = Z2(t)]| < Le ™1 (t) — E2(to) I, (4.23)

for two solutions Z;(t) and Z5(t). Furthermore, note that z(t) is a particular solution of
(4.19) as (4.17) and (4.19) differ in only correction term which vanishes when z(t) is the
solution of the (4.17). Hence, #o(t) is replaced with x(t), also Z(t) is denoted as Z(t),

therefore above equation (4.23) becomes
le()]l = lle(t) = 2O < Le™™le(to)]|-
Therefore, it is proved that the error of estimation vanishes exponentially to zero. O

Remark 4.7 The control T or K matriz can be intuitively selected in such a way that
the comparison system obtained has non-negative off-diagonal elements (quasi-monotone

non-decreasing) and its Jacobian must be negative definite (contracting).

4.4 Simulation examples

Example 4.8 Consider the model

d .
Exi:—pixf—?)xi—&-a, 1=1,2,...,n

50 = Z a;z; — (p+1)o,

i=1
where p; > 0 and p > 0. The squared vector-valued norm, given by (4.1), assuming the
matriz P as diag(1) is defined as: ||0z||2 = [622,022,...,0622,00%] . The virtual dynamics

of the system (4.24) is given by

6ty = — 3px2dx; — 30x; + 60

n (4.25)
86 = aioz; — (p+1)do.
=1



The rate of change of squared vector-valued norm along the system trajectories (4.25),

d
%(53312) = (=6p;z? — 6)0x7 + 20760
d n (4.26)
%(502) = Z 2a;000z; — 2(p + 1)d0.
i=1
Using the inequality
dx?  do?
100 < g + % (4.27)
Equation (4.26) gives,
d o o 2 2
%(&EZ) < —bdx; + 0o,
5(502) < Z a;0x? — (Z(p +1)— ai> Yo
i=1 i=1
With the help of (4.28), we consider the comparison system
%wi = — dw; + Wy41
n (4.29)

d n
%wn—l-l = ; a;w; — (Z(p +1)— Z ayi)wnﬂ.

=1
The system (4.29) is quasi-monotone non-decreasing in w and also convergent if 2(p+1) >
o ai,a; > 0. Therefore, the trajectories of the original system converge to each other.
The simulation result is shown in Fig. 4.2 with p = 3,a;, = 1,p;, = 2,1 = 1,...,4, and

2(0) = [1,4, -5, 2, 6].

Example 4.9 In this example, we consider the problem in Example 4.8 for n = 1. Now,

let us suppose that we obtain the following comparison system with py and py as constant

parameters
d _ Wa
Ewl == 1w + —
1 (4.30)
iwg =|a|w; — <2(p+ 1) — ] _ |a_2|> wy
dt P1 P2

which is not quasi-monotone non-decreasing since the coefficient of wo may possibly be

negative. For instance, if we take a; = 1,a9 = 0,p, = —%,ﬁQ = % and p = 1. The

function on the right-hand side of (4.30) becomes

1
Swy — 2Wo
F(wl, ’LUQ) = 2

wr — 411)2



S s S S S S S P s —

[ [ [ [ [ [ [ [ [

6 e e e e e R A e
[ [ [ [ [ [ [ [

ST T T T T T T

I

|

I I I I I I

- 4 - -4 - - - —4 - —|
I I I I I I I I

S B el R I M e el S
I I I I I I I I

i R R S B S S R R

0 1 2 3 4 5 6 7 8

Time(sec)

©o
-
o

Figure 4.2: Evolution of the states of the system (4.24)

Note that this F is not quasi-monotone non-decreasing w.r.t. usual component-
wise ordering in R?. However, F is quasi-monotone non-decreasing w.r.t the cone K =

{(w1,w7) € R |wy < wy < 3wy} since

(i) on the boundary wy = s, taking ¢ = (1,~1) € K*, we see that, (6, (wr, w1)) =
((1,=1), (wi,w)) =0 and

1
(¢, F(wy,wq)) =((1, —1), (§w1 — 2wy, wy — dwy)) = gwl >0,V w; >0 and
(1) on the boundary wy = 3w, taking ¢ = (1, —3), we see that (¢, (3wz, ws)) =0 and

3 5
<¢,F(31L)2,w2)> = 1(51112 — 2'lU2) — 3(3w2 — 4w2) = 5102 2 O, i Wo Z 0.

Example 4.10 Consider the nonlinear dynamical system representing two duffing sys-

tems [109]

7:'1 = 51
| (4.31)
$1 = cry +dsy — 1} + kcos(0.8t),
7."2 = S2
(4.32)

9 = cry +dsy — 13 + kcos(2t) + 7.



where ¢, d, k are known parameters and 7 is the control input. Our main task is to design
control such that the two duffing systems synchronize. Subtraction of (4.31) from (4.52)

provides the error dynamics

€r = €5
(4.33)
és = ce, +de, — e, (e + 3rie, + 3r7) + k(cos(2t) — cos(0.8t)) + 7,
where €, = ry — 1r1; €5 = S — 81. The main aim is to design control T so that error

dynamics (4.33) trajectories converge to the origin. We use backstepping technique and

vector contraction approach to design the control T. Starting with the first subsystem
€ = €s,

where e acts as a control input and we start with input e; = (e, to stabilize the origin
e, = 0. With e; = ¢(e,) = —e,, we obtain the subsystem as é, = —e,., which is globally

asymptotic stable. For further steps, we use the deviation variable as
z=es—YP(e,) = es+ €,

to transform the system into the structure as

€r= —€ +2
(4.34)
= (d+1)z+ (c—d—1)e, — e — 3rie? — 3rie, + kcos(2t) — kcos(0.8t) + T,
The virtual dynamics of the system (4.34) is
0é, = —de, + 0z
0= (d+1+A.7)62+(c—d—1+ A, 7— 32— 6rie, (4.35)

— 3e2)de, + (—2ksin(2t) + 0.8k sin(0.8) + A;7)dt,
Let the squared vector-valued norm, defined by (4.1), assuming the matriz P as diag(1)
be: ||0e|? = [0e?,022]". Then, the squared vector valued norm derivative along the system
trajectories (4.35)

d
%(56’2”) = — 20¢e? + 25e,0z
< —de? + 627,
d
%(&2) =2(d+1+ A7)0z +2((c—d — 1) — 3e? — 6r1e, — 317 + A, 7)de,.0z

< (2d4+2+2A.7+ (c—d—1) —3e? — 6rie, — 3r? + A, 7)57>

+ (e —d—1) — 3¢ — 6rie, — 3r7 + A, 7€,



We obtain the following comparison system

wy = —wy + W

(4.36)
'U.)g = 21[)1 — 4’11)2,

with the control input as

AeTT:3ef+6rler+3rf—c+d+3
A,r= —(d+4)

Ay = 2ksin(2t) — 0.8k sin(0.8¢),
After integrating the above equations, we obtain the following control input
7(2,en,t) = €2 + 3rie: + 3rie, + (d — c)e, + 3¢, — (d + 4)z — kcos(2t) + k cos(0.8¢).

The comparison system obtained with the control input has off-diagonal entries pos-
itive that means it is quasi-monotone non-decreasing and its Jacobian is negative definite
hence it is contracting. Therefore, two duffing systems synchronize with the calculated con-
trol input T as shown through the simulation results in Fig. 4.3 with ¢ = 1.8,d = —0.1,

E=-1.1,7(0) =[1,2] and s(0) = [1,2].

Time(sec) Time(sec)

Figure 4.3: Evolution of the states of system (4.31) (4.32) with time



Example 4.11 Consider the system of Chua’s circuit [45] consisting of the cubic non-
linearity
T = arqy — aq:c‘i’ — acxy
.’tg =1 — To+ I3 (437)
T3 = — bwy,
where a, b, c and q are system parameters and x € R3 is the state vector. Let the measured
outputs of Chua’s circuit be y; = x1 and yo, = x3. Our main task is to design an observer

with y1 and yo as measures. The structure of the observer is formulated as

T = ady — aqd® — acx, + Ly(z; — 3)

i’g = il — 12’2 -+ Zi’3 —+ Lg(l’l — Zf?l) (438)
£’3 = — bi’z + L3($3 — jl'g),
The virtual dynamics of the above system (4.38) is given by
5.%1 = CL(S.@Q - 3@(].@%6@'1 - acé:ﬁl - L153A71
0y = 081 — Lobdy — 0% + 05 (4.39)

(53%3 - - b(&i’g - Lg(s.fi':;,

Let the squared vector-valued norm, defined by (4.1), assuming the matriz P as diag(1) be:

1622 = [023, 623, 022]". Then, the squared vector-valued norm derivative along (4.39) is

calculated as

%(5;{:?) = (=6aqi] — 2ac — 2L,)83% + 2a031 03
< (=2ac — 2Ly + |a])éd3 + |aldds,
%(59@ = 91— Ly)0i ity — 2002 + 20220175
< 1= Lo|0at + (|1 — Lo| — 1)d35 + 03,
%(5@3) = — 20029085 — 2L30%;

< [b]635 + (|b] — 2Ls)dd3,

In order to obtain the comparison system as quasi-monotone non-decreasing (off-

diagonal elements must be non-negative) and contracting, we select the gains as [



10, Ly = 1 and L3 = 8. Now, the comparison system obtained is

W = (—2ac — 20 + a)wy + awsy
wg = — Wy +ws

U)g = bwg + (b - 16)11]3

Further we consider the values of constants as a = 9.5,b = 5,¢ = —1/7 and ¢ =
4/63. Hence, original dynamical system (4.38) contracts as well. This means that the
estimated states converge to the actual states as shown in Fig. 4.4 with initial conditions
z(0) = [-1,-0.8,0.2] and z(0) = [-2,—0.4,1]. Fig. 4.4 also shows that the estimation

errors ey = xy — I1, 6y = Xy — T9, €3 = T3 — T3 converge to zero exponentially.

|
] e e e Mty Bt

91, ez, 93

Time(sec) Time(sec)

Figure 4.4: Response of the estimated states along the actual states and the error of the

system (4.37) with time



4.5 Conclusion

Further results on contraction theory utilizing the notion of vector distances for addressing
the convergence of trajectories of nonlinear dynamical systems have been presented in this
chapter. In particular, we derived comparison results employing the quasi-monotonicity
property of the function for proving convergence of the original dynamical system by
comparing the solutions of the auxiliary system and the original system without much
less strict conditions. In addition, in order to overcome the component-wise inequalities of
vectors, the results are also derived in the framework of the cone ordering. Furthermore,
the proposed results have been exploited for the design of controller and state observer.
General results have been derived to estimate the control input and observer gains through
a suitable selection of the comparison system. The theoretical results are illustrated
through the example of controller design to synchronize two duffing systems followed by
the observer design problem of Chua’s circuit. Moreover, simulation results are shown to

observe the proposed outcomes.



