Chapter 4

On Bivariate Fractal

Approximation

The present chapter explores the approximation perspective relative to fractal di-

mension of a function and its partial derivatives.

The chapter is structured as follows. In Section 4.1, we prove some results regarding
dimension preserving approximation. In Section 4.2, we define some multi-valued
mappings which are defined with the help of bivariate a-fractal functions, and

establish some properties of them.

4.1 Dimension Preserving Approximation of Bi-

variate Functions

Firstly, we mention the following result required for this chapter:
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Let us denote the class of Y-valued Lipschitz functions on X by Lip(X,Y’), where
(X, dx) is a compact metric space and (Y, ||.||y) is a normed linear space. Note that

this space is a dense subset of C(X,Y") with respect to the supremum norm.

In view of Lipschitz invariance property of dimension, one may conclude that the

upcoming theorem holds for all aforementioned dimensions.

Theorem 4.1.1. Let dim(X) < f < dim(X) + dim(Y). Then the set S := {f €
C(X,Y) : dim(Gr(f)) = B} is dense in C(X,Y).

Proof. Let f € C(X,Y) and € > 0. Then using the density of Lip(X,Y) in C(X,Y),
there exists g in Lip(X,Y’) such that

€

||f _gHoo,Y < 9

Further, we consider a non-vanishing function h € Sg. Taking h, = g + Wh, it
immediately gives

€
lg = helloey < 5.

This together with Lemma 1.2.3 implies that dim(Gr(h.)) = dim(Gr(h)) = 5. Hence,

we have h, € Sg and

1f = hullooy <N = gllooy + 119 = hallocy < e
Thus the proof of theorem is complete. O

To the best of our knowledge, the univariate version of the next theorem is well-known,
however, we could not find a proof of theorem in bivariate setting. Hence, we write a

detailed proof of it.



Chapter 4. On Bivariate Fractal Approximation 85

Theorem 4.1.2. Let { fr} be a sequence of differentiable functions on (1. Assume that
for some (xg,yo) € O, the sequences {fk(xo, )} and {fk(.,yo)} converges uniformly
on [c,d] and [a,b] respectively. If {DMV fi.} converges uniformly on O, then {fi}

converges uniformly on 3 to a function f, and
DY f(z) = lim DMY fi(z),
k—o0
for every x € O.

Proof. Let ¢ > 0. Since {D®Y £} converges uniformly, there exists N; € N such

that

DU fi(@) = DU f()]| < veeo kmz M.

4(b—a)(d—c)’

By the mean-value theorem, see, for instance, [88, Theorem 9.40], we have

|fe(z+hy+ k) = fn(@+hy + k) — fulz + h,y) + fml(z + h,y)
- fk(xvy+k) —|—fm(l’,y+l€) +fk($7y) - fm('ray”

= hk [DUD(f, — fin)(, 5)]

4.1.1
< bk max |[DUY fi(t,s) = DU fu(t, )| b
(t,5)e]
€
< hk
~4(b—a)(d—rc)
€
< -,
~ 4

By the hypothesis for (xg, ) € (3, one can choose Ny (> N;) € N such that

€
|fk($07y) - fm($07y)| < Z v k7m > NO
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and

€
|fk(xay0) - fm(x7y0)| < Z v k7m Z NO‘

Now using the above estimates and substituting x + h with xg and y + k£ with y, in

Equation (4.1.1), we have

Fel@,y) = e, 9)| < 5+ e, m0) = Fanle,yo)| + 1o, y) = Fn(o,)
+ | fr(20,90) — fim(To, yo)|
< 1 + 1 + 1 + 1

:67

for every (x,y) € O and k, m > Ny. This immediate confirms the uniform convergence
of {fx}. The rest part of the proof follows by routine calculations. This completes

the proof. n

Lemma 4.1.3. Let f : I — R be a Lipschitz map and g : J — R a continuous

function. If the mapping h : 3 — R is defined by

h(z,y) = f(z) +g(y),

then

dimy (Gr(h)) = dimg(Gr(g)) + 1.

Proof. Proof follows by defining a bi-Lipschitz mapping from Gr(h) to the set

{(z,y,9(y) v €1, ye J}. 0
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Here, let us recall some dimensional results for univariate functions. Mauldin and

Williams [89] considered the following class of functions:

Wy(z) = Y b [p(b"z + 0,) — $(6n)],

n=—oo

where 6, is an arbitrary real number, ¢ is a periodic function with period one and
b> 1,0 < a < 1. They showed that for a large enough b there exists a constant

C' > 0 such that dimy(Gr(W})) is bounded below by 2 — a — (C/1nb).

Further, Shen [59] has proved some dimensional results for the following class of

functions:

f(x) =Y M),
n=0

where b > 2 and ¢ is a real-valued, Z-periodic, non-constant, C?>-function defined on
R. For instance, he has proved that there exists a constant Ky depending on ¢ and b

such that if 1 < Ab < K then

log A\

dimH(GT(fib» =2+ logh

For f € CHY(O), we get dim(Gr(f)) = 2. However, no conclusion can be drawn for
dimensions of its partial derivatives. This is evident from the following example: let
Weierstrass-type nowhere differentiable continuous function W : I — R be as in [59]

with 1 < dim(Gr(WW)) < 2. Now we define b : & — R by

Here, by Lemma 4.1.3, we obtain 2 < dim(Gr(h)) = dim(Gr(W)) + 1 < 3. Then for

the function f defined by
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f(z,y) ::/x/yh(t, s)dtds,

we have dim(Gr(f)) = 2 and 2 < dim(Gr(D"Y £)) = dim(Gr(h)) < 3.

Theorem 4.1.4. Let f € CHY(O) and 2 < 8 < 3. Then we have a sequence {fi.} in
CYY(O) such that dim(Gr(DYY f,.)) = B and fi, — f uniformly on O.

Proof. In view of Theorem 4.1.1, there exists a sequence {gx} in C(C) such that
dim(Gr(gy)) = B and g — DY f uniformly on CJ. Further, let us consider a

function f : & — R defined by

fr(z,y) :Z/m/ygk(t, s)dtds.

Then DY = g, and DAY i — DY £ uniformly. Next, we have that fi(a,y) — 0
and fi(z,c) — 0 uniformly on J and I respectively. Now Theorem 4.1.2 completes

the proof. n
Theorem 4.1.5. Let f € C(O) with f(x) > 0V x € . Then for a given ¢ > 0,
there exists g € Sg satisfying the following:

glx)>0Vaxeand ||f — gl <e.

Proof. Let € > 0. Then Theorem 4.1.1 yields an element h € Sz such that

€

_hoo
If = hlloo < 5

We define

g(z) == h(z) + % Ve,
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Then by Lemma 1.2.3, g € Sg, and by routine calculations, we get

g(x) = h(z) — f(z)+ f(@) + = > —||f — hl|lo + f(z) + g > f(z) > 0.

5
Furthermore, one has

1f = gllee <I[f = Plloc + {1 = gllo <€

Thus the proof of theorem is complete. n

Theorem 4.1.6. Let f: 0 — R be a (m,n)-convex function such that f(a,y) =
flz,e) =0, Vaxel, ye J Then for e > 0, there exists (m,n)-convexr function g

such that D™ g € Sg and ||f — glle < €.

Proof. Let € > 0. Then using Theorem 4.1.1, there exists h € Sg such that || D™ f —

h” < m. By ChOOSng
.’L' y / / / / xm>yn dxmdyn S dxldyla
we have
Hf _gH = Sup }f / / / / xmayn dxmdyn -dmldyl } <€,
(z,y)eld
proving the assertion. O

Theorem 4.1.7. Let f € C(T). Then for € > 0 there exists g € Sg such that

g(@) < flx) Ve e and |[f = gllo <e



Chapter 4. On Bivariate Fractal Approximation 90

Proof. Since f € C(0J) and € > 0, Theorem 4.1.1 generates a member h € Sg such

that
€

— hla
If = hlloo < 5

Choose g(x) := h(x) — <, V @ € . Then

9(@) = h(@) ~ f(@)+ [(@) = 5 < |f = Bl + J(@) - 5 < f(@).

Furthermore,
1f = glloe < If = Plle + 117 = gllee <e,
establishing the proof. O]

Now we aim to show the existence of the best one-sided approximation. Let 5 € [2, 3],

and define
Cs(D) = {f € C(D) : dimp(Gr(f)) < B},

In view of [72, Proposition 3.4], recall that Cg([J) is a normed linear space. Let
{91, 92, ..., gn} be alinearly independent subset of Cg(1). Furthermore, for a bounded

below and Lebesgue integrable function f : O — R, we define

VO(f) = {h € span{g1,92,---,gn} : h(x) < f(x) Vx € D}.

Theorem 4.1.7 guarantees the non-emptyness of Y?(f). A function h; € YP(f) is

said to be a best one-sided approximation from below to f on O if

/D h(z) da = sup { /D h(zx) dx : h e yff(f)},

where [ g(x) de = fab fcd g(x) dz. In a similar way, we define best one-sided approx-

imations from above. We state the next theorem for one-sided approximation from
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below. Though a similar result can be proved in terms of one-sided approximation

from above, see, for instance, [58, 66].

Theorem 4.1.8. For a bounded below and integrable function f : O — R, there

exists a member in VP (f) of best one-sided approximant from below to f on .
Proof. Let {h,,} be a sequence in Y?(f) such that

/ hm(x) de — A as m — oo, (4.1.2)
O

where A = sup { fl:l h(x) dx : h € yf(f)} Then using an appropriate constant

M, > 0, we have

A
@) dw < [ o)~ =] d=

A
- Jo g -

Let us recall a well-known fact that a closed and bounded subset of a normed linear
space is compact if and only if it is finite-dimensional space. Since Y?(f) is a subset of
finite-dimensional linear space, it follows that every closed ball of radius M, in Y?(f)
will be compact. Therefore, using the above inequality, there exist a subsequence
{hm,} and a function h in Y?(f) such that the sequence {h,,, } converges to h
in £'(3). Recall a basic functional analysis result that every norm is equivalent
on a finite-dimensional linear space. Now from the finite-dimensionality of Y?(f),
it follows that the sequence {h,,, } also converges to h uniformly. Further, since
hm(x) < f(x), ¥V x € O, and h,,, — h uniformly, we get h(x) < f(x), Vx € .

Thus h € Y?(f). Now by (4.1.2), we have

/ h(x) de = lim b, () d = A,
| k—oo J
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completing the proof. O

Remark 4.1.1. We have the following.

(y — c)'( ’”f(a+ c+? ).

Theorem 4.1.9. The fractal operator F, , : C(O) — C(O) is a topological isomor-

phism.

Proof. Using Equation (1.11.5) and Remark 4.1.1, one gets

1f = FraDll o £ Nellos]|Frinl) = B fll oo < lletlloo || Fonn (Dl oo + Nellooll flloo-

Since |||l < 1, the previous lemma yields that the fractal operator Fy, is a

topological isomorphism. O

Remark 4.1.2. The above theorem may strengthen item-4 of [43, Theorem 3.2].
To be precise, item-4 tells that Fy, , is a topological isomorphism if [|as. < (1+
I — Bm,nH)_l, which is more restricted than the assumption considered in the above

theorem, that is, ||a||s < 1.
The techniques used in the following proof of the theorem are borrowed from Chand
et al. [26].

Theorem 4.1.10. Let f € C(O) be such that f(x) >0, V & € (J. Then for e > 0,
B € [2,3], and for a € C(O) satisfying ||a|« < 1, we have an a-fractal function

g&Bm’n € Sg satisfying

927Bm,n(w) >0, Veer and | f — QZ,Bm,n”oo < e.
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Proof. Note that the Bernstein operator B, ,, fixes the constant function 1, that is,
Bpn(1) =1, where 1(x) = 1 on 0. Consider o € C(O) such that ||a|/. < 1. From

Equation (1.11.5), we deduce
192,81, — 9l < llloll9] 5,,.,, = Bmnglloo: ¥ g € C(O).
Choose g = 1, then the above inequality gives
13 5, = oo < llellcl13 5, = oo,

and this further yields [[13 5 = —1[lc = 0. Therefore, 13 5 =1, that is, 7, (1) =
1.
Let f € C(O) such that f(x) > 0, and let § € [2,3]. Then for each ¢ > 0, using

Theorem 4.1.1 and Theorem 4.1.9, there exists a function hy p = € Sp such that
If = B3 g lloo < 50 where F () = h .
Define g3 . () =hi g, . (x) + 5 for all z € 0. Since F, (1) =1,
9 5, (@) = W, (@) + 51(@) = B, (@) + 51°(@).
Further, since F ,, is a linear operator, we have

€ o o €
gZ,Bm,n = Z,Bmm + 51 = Fm,n(h + 51)
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Moreover,

QZ,Bm,n(w) = hZ,Bmm(w) +

A N

=M g, (@) + 5 = fl@) + f(@)
> @)+ 5 = I 5, — Fle
> 0.

Further, we get

1f = 9% Bl < 1f =13 5, Moo + PR B,.... — 92 B0l

completing the proof. O

4.2 Some Results for Multi-valued Mappings
Theorem 4.2.1. The multi-valued mapping WS : C(0O) = C(O) defined by

WA(f) ={fis,, :m, neN}
18 a Lipschitz process.

Proof. Using the linearity of F¢ . we have

WAA) ={(A A B, M, n € N} =AWL(f), V fe€C(O), A>0.

Again by linearity of F5 ,, it is clear that WR(0) = {0}. Therefore, WX is a process.

m,n’

Let f,g € C(). On applying Equation (1.11.5), we have
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|fR g (@) —gx g, (@) < Nf = gllse + ool R 5., — 92 5, |Ioo
+ HQHOOHBm,n(g) - Bm,n(f)Hom

for any « € . Further, we deduce

L+ [latfloo | Brm.nll

(o3 _ « < _ .
||fA,Bm7n gA,Bm,nHOO = 1 — ||a||m Hf gHOO
Using || Bmnll =1,
1+ o[
J& B — YA oo £ i Il — 9l
H A,Bmn A,Bm,nH 1 — ||a||oo H H
Consequently, we have
e o] 1 + ||a||00
Wa(g) S WAR(f) + = [allw 1f = 9llocUe(y,
proving the Lipschitz property of WX, and hence, we complete the proof. O

Remark 4.2.1. For the multi-valued mapping WY, let us first note the following:

1. By linearity of F2 ,,, we have WX(0) = {0}.

7”’

2. If a # 0, m # k then fRp = # fRp,,, hence WX : C(O0) = €(OJ) is not

single-valued.

In view of the above points, Theorems 1.12.3-1.12.4 produce that the mapping WX :

C(O) = C(O) is not conve.

Theorem 4.2.2. Let A be a fized net and m,n € N. Then the multi-valued mapping
TmAm :C(O) = C(O) defined by

TmA,n(f) = {f&Bm,n ca € C(O) such that ||alls < 1}
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18 a process and lower semicontinuous.

Proof. Let f € C(O) and A > 0,

AT (f) =M f2 5, - @ € C(D) such that [[ofe < 1}
={\25,,, @ €C(O) such that ||| < 1}

=T2.(Af).

Moreover, using linearity of fractal operator, we have [ B = 0, whenever f = 0.
That is, 0 € 7,5,(0). Therefore, 7,5, is a process. Now it remains to show that 7,5,
is lower semicontinuous. For this, let f € C(O), fR 5, € 7;,%”( f) and a sequence
{fx} in C(O) such that fr — f. Since the fractal operator is continuous, we have
(f)R B = fA B, 1t is clear that (f)X 5, € T.2.(fr). Therefore, the result

follows. O

Remark 4.2.2. One may see that ’Tﬁm 1s not convex through the following explana-

tion. Let f,g € C(O). Then we have

ToonF+9) ={(f + 9)X 5, - @ € C(D) such that ||a] < 1}
:{fZ,Bm,n + A By, PO E C(D) such that ||l < 1}
C{f2 o+ 9Ap,, B €C(O) such that ol < 1,8l < 1}
:{szm’n s € C(O) such that ||afle. < 1}
+ {9k 5, . BEC(O) such that ||l < 1}

CTn () + Tonn(9)-
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Theorem 4.2.3. Let A be a fixed net and m,n € N. Then the multi-valued mapping
Tnﬁn :C(O) = C(O) defined by

Toon(f) = {f2 5, llalle < g <13,

)

18 Lipschitz with Lipschitz constant | = }%Z, and satisfies the following:

1Tl € 14 2= |[1d = Bl
, 1—gq
Proof. Let f,g € C(OJ). Then Equation (1.11.5) yields

|fZ,Bm,n(w) - QZ,Bm,n(m” =f = glloo + lllloll fA 5, = GA By oo
+ ||a||oo||Bm,ng - Bm,nf”oo,

for every & € . Further, we deduce

1+ [latfloo | Brm,nl

ISR B = 92 B |l < If = 9llo-
A,Bm, A,Bm, 1 — ||aHoo
Since ||a|lc < ¢ and || Byl = 1, we get
o o 1+4q
1SR B = IA Bl < 1—_q||f —g||.

. 1
Choosing | = 1%;, we have

Trn(9) € Toon(F) +LILf = gllocUe(y:

)
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proving first part of theorem. For the other part, we have

d(0, T, (f))

[Tl = sup
’ ree Nl
. 1fR Bl
= sup inf —_—r
fec(T0) IR B n €T (f) (b2l
< sup (1+ el ||]d—Bm,n||>
fec(Cl) 1 —[laflo

< sup (1 + LHld — an||>
fec() 1—gq

4q
1+ 2 |1Id — By,
e ld = B

completing the proof. O

Theorem 4.2.4. For a fixed admissible scale vector o and m,n € N, the multi-valued

mapping V5, , - C(3O) = C(DO) defined by
Vo (f) ={fA 5,  all possible net A}
18 a process and lower semicontinuous.

Proof. Let f € C(O) and A > 0. Then we have

ANVon(f) =MfA b, , : all possible net A}
={\fA B, : all possible net A}

={(Af)A B,., : all possible net A}

=Vinn(AS):
The third equality follows from the fact that the fractal operator 7, , is a linear

operator. Moreover, using linearity of the fractal operator, we have fR 5 =0,

is a process. Now for the

,n

whenever f = 0. That is, 0 € Vy, ,(0). Therefore, V;
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lower semicontinuity of Vy ., let f € C(O), fR g, € Vi,(f) and a sequence
{fx} converges to f in C(J). Since the fractal operator is continuous, we have
(fk)Z,Bm,n — f&Bm,n' By definition of Vy, , , (fk>Z,Bm,n € V%7n(fk). Hence, the lower

semicontinuity of Vy, , follows. O
Theorem 4.2.5. The multi-valued function ® : [dim(X),dim(X) + dim(Y)] —

C(X,Y) defined by

(B) :={f € C(X,)Y) : dim(Gr(f)) = B}
is lower semicontinuous.

Proof. Let U be an open set of C(X,Y). In the light of Theorem 4.1.1, that is,
®(a) =S, is a dense subset of C(X,Y'), we obtain

S(@)NU #0, V a e [dim(X),dim(X) + dim(Y)].

Now by the definition of lower semicontinuity, the result follows. O

Remark 4.2.3. Note that the multi-valued mapping ® is not closed. To show this, let
felC(X,Y) with dim(Gr(f)) > dim(X). Consider a sequence of Lipschitz functions
{fx} converging to f uniformly. It is obvious that dim(Gr(fx)) = dim(X). Now we
have (dim(X), fr) — (dim(X), f) as n — oco. Using (dim(X), fx) € Gr(®) and
(dim(X), fr) = (dim(X), f) with dim(Gr(f)) > dim(X), we get the result.
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4.3 Conclusions

In this chapter, we studied dimension preserving approximation for bivariate functions.
Furthermore, we discussed multi-valued operators associated with bivariate a-fractal

functions.

Rokoskoskokokoskokokskok
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