
Contents

List of Figures xvii

List of Tables xxi

Preface xxiii

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Biological neurons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 Biological model . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Artificial neural network . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.1 Activation function . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.2 Key architectures of ANNs. . . . . . . . . . . . . . . . . . . . 18

1.3.3 Architecture of a single-layer feedforward Network . . . . . . . 19

1.3.4 Architectures of multi-layer feedforward networks . . . . . . . 20

1.3.5 Architecture of recurrent or feedback networks . . . . . . . . . 21

1.3.6 Mesh architectures . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3.7 Basics of electrical circuit . . . . . . . . . . . . . . . . . . . . 24

1.3.8 Additive model . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.3.9 Hopfield neural network . . . . . . . . . . . . . . . . . . . . . 28

1.3.10 Cohen-Grossberg neural network . . . . . . . . . . . . . . . . 32

1.4 A comprehensive exploration of mathematical concepts . . . . . . . . 35

1.4.1 Stability theory . . . . . . . . . . . . . . . . . . . . . . . . . . 35

1.4.2 Lyapunov stability . . . . . . . . . . . . . . . . . . . . . . . . 37

1.4.3 Lagrange stability . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.4.4 Finite and fixed time stability . . . . . . . . . . . . . . . . . . 40

1.4.5 Delay differential Equations . . . . . . . . . . . . . . . . . . . 41

1.5 Synchronization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

1.6 Hypercomplex neural networks . . . . . . . . . . . . . . . . . . . . . . 48

1.7 Fractional calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1.7.1 History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

xiii



Contents xiv

1.7.2 Mittag-Leffler function . . . . . . . . . . . . . . . . . . . . . . 57

1.7.3 Caputo fractional derivative . . . . . . . . . . . . . . . . . . . 57

2 Quasi projective synchronization of time varying delayed complex
valued Cohen-Grossberg neural networks 59

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.2 Model description and preliminaries . . . . . . . . . . . . . . . . . . . 61

2.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.4 Simulation examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3 Quasi-Projective synchronization of non-identical time-varying de-
layed quaternion-valued neural networks with interaction terms:
Direct method 77

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2 Model description and preliminaries . . . . . . . . . . . . . . . . . . . 78

3.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.4 Simulation examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4 Synchronization of hypercomplex neural networks with mixed time-
varying delays 103

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2 The mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.2.1 Definition and lemmas . . . . . . . . . . . . . . . . . . . . . . 110

4.3 Lyapunov functional method to achieve FTS . . . . . . . . . . . . . . 112

4.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

5 Lagrange stability criteria for hypercomplex neural networks with
time varying delays 131

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2 Some preliminaries and problem formulation . . . . . . . . . . . . . . 132

5.2.1 Definition and lemmas . . . . . . . . . . . . . . . . . . . . . . 135

5.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.4 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

6 Function projective Mittag-Leffler synchronization of non-identical
fractional-order neural networks 155

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6.2 Fractional-order system . . . . . . . . . . . . . . . . . . . . . . . . . . 156

6.2.1 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . 159



Contents xv

6.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

6.4 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

7 Lagrange α-exponential synchronization of non-identical fractional-
order complex-valued neural networks 175

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

7.2 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

7.3 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

7.4 Numerical simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

8 Conclusions and future work 195

8.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

8.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

Bibliography 201

List of Publications 219





List of Figures

1.1 Schematic structure of a typical neuron. . . . . . . . . . . . . . . . . 3

1.2 Schematic illustration of a neuron and a network: Neuron ui, with a
potential xi(t) relative to equilibrium and transmits a signal Sij along
its axon to a target neuron uj. This signal influences the target neuron
with a coupling strength Zij. The signal can have an excitatory effect
(Zij > 0) or an inhibitory effect (Zij < 0). The external inputs Ii are
stimuli for the neuron model. . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Fundamental diagram of an artificial neuron of the network. . . . . . 11

1.4 (a) Sigmoidal function, (b) tanh function, (c) Piecewise activation
function, (d) Threshold function, (e) RELU function . . . . . . . . . 18

1.5 Single-layer feedforward network . . . . . . . . . . . . . . . . . . . . . 20

1.6 Multi-layer feedforward network . . . . . . . . . . . . . . . . . . . . . 21

1.7 Recurrent feedforward network . . . . . . . . . . . . . . . . . . . . . . 22

1.8 Structure of a Mesh network . . . . . . . . . . . . . . . . . . . . . . . 23

1.9 RC-circuit with a source of voltage. . . . . . . . . . . . . . . . . . . . 25

1.10 Additive model of a neuron. . . . . . . . . . . . . . . . . . . . . . . . 27

1.11 An architecture of Hopfield neural network consisting of n = 4 neurons. 29

1.12 Encoding-Decoding illustration between the space of fundamental
memories ξµ and the space of stored vectors xµ. . . . . . . . . . . . . 30

1.13 Phase portrait for stable and unstable equilibrium point . . . . . . . 39

2.1 Synchronization error vs. t for case 1. . . . . . . . . . . . . . . . . . . 74

2.2 Synchronization error vs. t for case 2. . . . . . . . . . . . . . . . . . . 74

2.3 Synchronization error vs. t for case 3 for two identical CGNNs. . . . . 75

3.1 Trajectories of real and imaginary components of (3.1) and (3.2) for
ϑ = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.2 Trajectories of real and imaginary components of (3.1) and (3.2) for
ϑ = 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.3 QPS of error system (3.3). . . . . . . . . . . . . . . . . . . . . . . . . 97

3.4 QS of error system (3.14). . . . . . . . . . . . . . . . . . . . . . . . . 97

3.5 The error of drive (3.25) and response (3.26) systems with interaction
terms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

xvii



List of Figures xviii

3.6 The error of drive (3.25) and response (3.26) systems without inter-
action terms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

3.7 Plot of synchronization error for two identical QVNNs. . . . . . . . . 98

3.8 Original colour image of pattern “F”. . . . . . . . . . . . . . . . . . . 98

3.9 Simulation of retrieving image “F” with random initials values of time t. 99

4.1 Plots of trajectories of ω
(0)
1 (t) and z

(0)
1 (t), ω

(1)
1 (t) and z

(1)
1 (t), for the

master-response systems (4.1) and (4.5) without controllers. . . . . . 121

4.2 Plots of trajectories of ω
(0)
1 (t) and z

(0)
1 (t), ω

(1)
1 (t) and z

(1)
1 (t), for the

master-response systems (4.1) and (4.5) with controllers. . . . . . . . 122

4.3 Plots of synchronization errors of CVNNs. . . . . . . . . . . . . . . . 122

4.4 Plots of trajectories of ω
(0)
1 (t) and z

(0)
1 (t), ω

(1)
1 (t) and z

(1)
1 (t), ω

(2)
1 (t)

and z
(2)
1 (t), ω

(3)
1 (t) and z

(3)
1 (t) for the master-response systems (4.1)

and (4.5) without controllers. . . . . . . . . . . . . . . . . . . . . . . 123

4.5 Plots of trajectories of ω
(0)
1 (t) and z

(0)
1 (t), ω

(1)
1 (t) and z

(1)
1 (t), ω

(2)
1 (t)

and z
(2)
1 (t), ω

(3)
1 (t) and z

(3)
1 (t) for the master-response systems (4.1)

and (4.5) with controllers. . . . . . . . . . . . . . . . . . . . . . . . . 124

4.6 Plots of synchronization errors of QVNNs. . . . . . . . . . . . . . . . 124

4.7 Plots of trajectories of ω
(ρ)
1 (t) and z

(ρ)
1 (t) where ρ = 0, 1, 2, 3, 4, 5, 6, 7,

for the master-response systems (4.1) and (4.5) without controllers. . 126

4.8 Plots of trajectories of ω
(ρ)
1 (t) and z

(ρ)
1 (t) where ρ = 0, 1, 2, 3, 4, 5, 6, 7,

for the master-response systems (4.1) and (4.5) with controllers. . . . 127

4.9 Plots of synchronization errors of OVNNs. . . . . . . . . . . . . . . . 128

5.1 Plots of real component trajectories s
(0)
1 (t), s

(0)
2 (t), and imaginary

component trajectories s
(1)
1 (t), s

(1)
2 (t) for the system (5.1). . . . . . . . 149

5.2 Plots of stability of CVNNs in (a) Lagrange and (b) Lyapunov sense. 150

5.3 Plots of trajectories of s
(i)
ȷ (t), ȷ = 1, 2 and i = 0, 1, 2, 3 for the QVNN

system (5.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.4 Plots of stability of QVNNs in (a) Lagrange sense and (b) Lyapunov
sense. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.5 Plots of trajectories of s
(i)
1 (t) where i = 0, 1, 2, 3, 4, 5, 6, 7, for the

system (5.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5.6 Plots of stability of OVNNs in (a) Lagrange sense and (b) Lyapunov
sense. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

6.1 Phase portraits of FONNs with master (6.28) and response (6.29)
systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

6.2 Plots of the state trajectories of master and response systems (6.28)
and (6.29) with k1(t) = 0.05cos(0.02χ1(t))+0.01, k2(t) = 0.02cos(0.01χ2(t))+
0.02, and k3(t) = 0.01cos(0.03χ3(t)) + 0.04 at q = 0.97. . . . . . . . . 168

6.3 Plots of the state trajectories of master and response systems (6.28)
and (6.29) with k1 = 1.9, k2 = 2, k1 = 1.8 at q = 0.97. . . . . . . . . . 170



List of Figures xix

6.4 Plots of the state trajectories of the systems (6.28) and (6.29) with
kℏ = 1, ℏ = 1, 2, 3 at q = 0.97. . . . . . . . . . . . . . . . . . . . . . . 171

6.5 Plots of the state trajectories of the systems (6.28) and (6.29) with
kℏ = −1, ℏ = 1, 2, 3 at q = 0.97. . . . . . . . . . . . . . . . . . . . . . 172

7.1 Plots of 2-D state trajectories of the drive and response systems. . . . 190

7.2 Plots of synchronization error of non-identical FOCVNNs in Lagrange
sense. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

7.3 Plots of synchronization error of non-identical FOCVNNs in Lya-
punov sense. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

7.4 Plots of state trajectories of real components of the systems (7.18)
and (7.19) with respect to time. . . . . . . . . . . . . . . . . . . . . . 191

7.5 Plots of state trajectories of imaginary components of the systems
(7.18) and (7.19) with respect to time. . . . . . . . . . . . . . . . . . 191





List of Tables

1.1 Comparison between artificial and biological neural network. . . . . . 11

1.2 Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.3 Hyperbolic numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.4 Dual Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.5 Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.6 Octonions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

xxi


