Chapter 4

Optimal Trajectory Tracking Using
Newton and
Levenberg-Marquardt-Like
Algorithms for Constrained

Time-Varying Optimization

4.1 Introduction

This chapter introduces a continuous-time dynamics for tracking the optimal trajectory of
time-varying optimization problems with time-varying constraints in a predefined time,
where the time of convergence is selected a priori. A robust Newton-like approach is
developed for the cases, where the exact knowledge of the rate of change of the gradient
of objective function is unknown. Levenberg- Marquardt-like algorithm is proposed for the
cases when the Hessian of the objective function is singular or near singular. Lyapunov-
based convergence analysis is discussed for the proposed algorithms. Simulation results

for TVO problems show the efficacy of the proposed approach.

The rest of the chapter is structured as follows: In section 4.2, problem statement
is discussed. Section 4.3 presents the main result for unconstrained time-varying opti-

mization problems. In section 4.4, the results discussed in section 4.3 are extended for
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constrained TVO. Numerical examples are illustrated in section 4.5 based on the results

discussed in section 4.3 and 4.4.

4.2 Problem Statement

Consider the following TVO problem

x*(t) ;= argmin F(t, )
TERM

subject to ¢;(t,x) <0, 1€ {1,2,...,r} (4.1)

where F : Ryg x R* — R, g = [g1,92,...,9,] with all g; being convex functions in

x € R" Vt >0 and fulfills following Assumptions.

Assumption 4.1 1. The objective function F : Rso x R = R is twice continuously
differentiable with respect to x, continuously differentiable with respect to t, and

convex with respect to x.
2. A unique optimal solution x*(t) ezists.
Assumption 4.2 (Polyak-Lojasiewicz inequality) (see [9])
w(F(t,x) = F(1)" < [Vt )| (4.2)
where F* := min F(t,z),0 <p <1 and w > 0.

z€R™

Assumption 4.3 The inequality constraint functions g;(t,x) are twice continuously dif-

ferentiable with respect to x and continuously differentiable with respect to t.

Assumption 4.4 Constraint Qualification: There exists atleast one x(t) € R™ such that
gi(t,x) <0, Vi e {1,2,...r} and ¥t > 0.

4.3 Time-Varying Unconstrained Convex Optimiza-
tion
Consider the following unconstrained TVO problem

x*(t) := argmin G(t, x), (4.3)

z€R™
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Remark 4.1 For TVO problem (4.3), Assumption 4.1 is an important condition for the
convergence of gradient-based methods to an optimal solution [13]. In Karimi et al. [9], it
is noted that Assumption 4.2 is the weakest condition among similar conditions commonly

used in the literature to demonstrate convergence in gradient-based algorithms.

Lemma 4.2 (see [13]) The continuously differentiable convex function G : RsoxRP — R
is minimized at solution x*(t) if and only if VG(t,z*) =0, Vt.

The optimal trajectory z*(t) satisfies the first order optimality condition VG(t, z*) =
0, Vt > 0, then time derivative of this condition will also be zero which results in

V2G(t, x)*(t) + %ﬁt’x) = 0. Solving for #*(t) leads to following dynamical system:

L 0OVG(t, x*)

i*(t) = —V?G(t,2")) e

(4.4)

If the optimal solution z*(¢) was known for some ¢y > 0, the system in (4.4) could be used
to track the evolution of z*(t). As we do not have access to z*(¢) at any point in time,
we propose a predefined-time convergent dynamics to solve the TVO problem in a priori
chosen time, utilizing the idea of prediction and correction.

In the next section, we discuss predefined-time convergent dynamics to solve TVO
problems. The main result of this chapter discusses TVO problems for which tlﬁg”x(t) -
z*(t)|| = 0, where t; < oo, that is chosen a priori. The convergence of the trajecto-
ries based on the predefined-time dynamics to the optimal solution x*(¢) also signifies
tliTgHVQ(t,a:)H = 0. First, we consider TVO problems (4.3), where G(¢,z) is given so
VG(t, ) is known Vt, and aim is to converge to optimal solution z*(¢) within priori cho-

sen time ty.

4.3.1 Predefined-Time Convergent Dynamics for Time-Varying
Optimization (PTC-TVO)

In this subsection, we present two predefined-time convergent dynamical systems to solve
unconstrained TVO problems as (4.3). One is based on the assumption that V3G is
invertible and second if we do not consider V2@ to be invertible. We revise equation (4.4)
by adding a correction term to propose dynamics that track the optimal trajectory in a

predefined time.
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Newton-like PTC-TVO

Let V2@ is invertible then in order to track z*(t) of (4.3) within predefined-time, we
propose the following dynamics

—(V2G(t,x))~" (W(t, )+ Wga_gtm)> or tg <t <t )

z(t) =
~(92G(, ) (9961, 2) + THD) for 1> 1y,
where z(t) € R", ¥ € R and satisfies ¥ > 1, ¥(t,x) = (Y1, %s,...,10,) € R 1) =

(EVQ;CZ. (t*z),l) .
G, ) for1 <i<n.

Theorem 4.3 Consider the dynamics (4.5). Suppose that G : Rsg x R" — R in (4.3)
has invertible Hessian, satisfies Assumption 4.1. There exist a continuously differentiable
function V' : [tg,00) x R" — R, satisfying y1(x) < V(t,z) < ya(x) , Vo € R™\ {0},Vt €
[to, 00), 71(x) and vya(x) be continuous positive definite functions, V(t,z*) = 0 and for
VA0V <0Vt > by and V < =1 Wt € [to,ty). Then x(t) — 27(t) as t — ty. This

signifies that x(t) converges to the optimal solution x*(t) in a priori chosen time.

Proof 1 Let us select the Lyapunov function candidate
V =|VG(t,)|? (4.6)

The derivative of the V' along the dynamics (4.5) fort € [to,ty)

V() 296007 (26 i+ T

=2VG' (v2g (—(V2Q)1 (w + %)) + %)
= — 20(VG(t,z)T(t, z) (4.7)
< =29(VG,,(t,x))i(t, x) for any i

VG, (1, 2) (6179491 — 1)

<20

(4.8)

Since, V < n(max{|VGi|,|VGsl, ..., IVG.|}?) and thus, \/V/n < max{|VGi|,|VGsl, ..., |VG.|}.
We assume that at a particular time, maz{|VG|,|VGa|,...,|VG,|} returns VG|, then,
VV/n < |VGi|. Using this fact in (4.8)

V() < —20 Y eV - b (4.9)

eVVIn(t; —t)
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Let V = /' V/n, hence, V = %, so (4.9) is simplified and yields,

d(e¥ —1)

V<2
eV(ty —t)

(4.10)

where ¥ = % > 1. Thus, inequality (4.10) represents PUBST based stability according to
Lemma 2.9, which means that ||VG(t,z)|| — 0 as t — tg, leading to the convergence of
tragectory of (4.5) to the optimal solution x*(t) of G(t,x) in a priori chosen time. Next,
the time derivative of the V' along (4.5) fort > t; gives

V() =290, )" (V00,0 + )

ot [ w2a( _ro2ay-1 ovg ovg
=2V§G (V Q( (V=G) (wg+ g )>+ at)

= —20(VG(t,x)) VG(t, )
= — 20||VG(t, z)| |2
— 2V

So, fort > ty, the equilibrium point of system (4.5) is asymptotically stable, therefore,

trajectories of (4.5) will maintain x*(t). Hence, x(t) — x*(t) ast — t;.

Remark 4.4 In (4.5), it is required to know the true information of —CW%Et’m),

Robust Newton-like PTC-TVO

In the previous subsection, we require the exact knowledge of av%_gt,z)

oOVG(t,x)
ot

. Here, we assume

ovVG(t,x)

that 5

is unknown, but 3¢ € R, such that ‘ < ¢, then in order to track

x*(t) of (4.3) within predefined-time, we propose the following dynamics

—(V2G(t, )~ (mp(t,x) +é%> o St <ty

— VG(t,x
—(V2G(t, )" (ﬁV}"(t,x) +£m> >ty

i(t) = (4.11)

where z(t) € R, ¥ € R and satisfies 9 > 1, ¥(t,z) = (Y1,%9,...,%,) € R 4 =

(evgzi (t,z) _1)

~—7——, for 1 <i<n.
evgmi (t,x) (tf*t) 9 = =

Theorem 4.5 Consider the dynamics (4.11). Suppose that G : R5oxR™ — R in (4.3) has
invertible Hessian with H%” </, l € R, satisfies Assumption 4.1 and 3 a continuously

differentiable function V' : [tg, 00) x R™ — R, satisfying v1(x) < V(t,z) < ya(x), Vo € R™\
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0},Vt € [tg,00), v1(x) and vo(x) be continuous positive definite functions, V (t,x*) =0
{0} gl gl p
and for V. #0: V < 0,Vt > tr and V< _1‘2(?: —U vt e [to.ty) for (4.11). This signifies

t)’

that x(t) converges to the optimal solution x*(t) in a priori chosen time.
Proof 2 Let us select the Lyapunov function candidate
V =|IVG(t,@)|, (4.12)

The derivative of the V' along the dynamics (4.11) fort € [to,ty)

V(z) =2(VG(t,z))" (Vzg(t, )d + %ﬁf’m))
Vg ovg
=2(VG)" (—ﬂw ——Z + —)
v Vel
Using Cauchy—Schwarz inequality, we can further write,

oV
< —20VG " — 20| VG| + 2| VG| H g H

V(z) < —20VG 1)

The above inequality is similar to inequality 4.7. Then proceeding in a similar way as in
the proof of Theorem 1, we get inequality (4.10) which represents PUBST-based stability,
implying the trajectory of (4.11) converges to the optimal solution of G(t,x) in a priori
chosen time. Next for t > tg, proceeding in a similar way as for t € [to,tf), we get

V < 20V, hence trajectories of (4.11) will maintain x*(t). Hence, x(t) — x*(t) ast — t;.

Computational Cost: We can discuss the convergence rates of Euler discretization
to calculate complexity considering the assumption of Lipschitz smoothness. Let us
consider the Euler discretized version of the proposed Robust Newton-like method for
PUBSTC-TVO dynamics (4.11). To simplify the computation of complexity we can write
Y(t,x) = %. Let, 8 = ty/h. Hence, the considered discretized version of the pro-
posed dynamics, taking h as practical step size, can be written as:

2(k) — h (L + ﬁ) (V2G(k,2)) 'VG(k,x) for 0<k< &

2(k+1) = (4.13)

2(k) — h (19 + T ) (V2G(k, 2))'VG(k, ) for &<k < oo
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. 9 L o 4
Let, vk == (ﬂ + m) and g == (19 =+ m) and i, 721 € Rso.
We need to introduce an extra assumption of L-Lipschitz smooth, as given below:
Assumption: ((Lipschitz Smoothness of Order q) We assume the function G is L-
Lipschitz smooth of order ¢ € (1, 2], i.e., for any =,y € R",

IVG(k,y) = VG (k,2)l| < Llly — ]| (4.14)
The above assumption is also called (L, q) Holder continuity, it will lead to the following
property:
G(k,y) < Gk, z) +(VG(k, ),y — x) + §||y — ||, (4.15)
When ¢ = 2, the function will be Lipschitz smooth.

Considering the following assumptions, for our case, we can calculate iteration com-

plexity as follows:
Gk +1,2(k+1)) <Gk, x(k) + (VG(k, 2(k)), 2(k + 1) — z(k)) + gl\aﬁ(k +1) —z(k)||,
(4.16)

Using algorithm (4.13), for 0 < k < £ and considering the Lipschitz continuity of the

gradient and for ¢ = 2

%kh

G(k + 1,k +1)) < G(k,2(k)) — ——[IVG|* + 7”“ HVQH2

Vlkh
L

Further, using the Assumption 2 (PL inequality):||VG||* > a(G — G*), where, a > 0, we

=Gk, x(k)) — —(1 - 71kh/2)||vg||2

can further write

Gk+1,2(k+1) <G — Tiwha

(1 —mkh/2)(G — G"(K))

Subtracting G* on both sides and k := (1 — 0.5k~ ), then

Nrhok

G-+ 1,00+ 1) = 6°(8) < (1= 245% ) Gk, a(8) ~ 6 ()

Then for K iterations with a fixed step size h

G(8,2(R)) - G*(k) < (1 -

By the inequality, e > 1 — x we can get that the corresponding iteration complexity
is O ((M) ln%) for e-closeness of x(k) to z*(k). Similarly, if we run the algo-

rithm for K iterations then for 8 < k < K, the corresponding iteration complexity is
-1
O ((2422) " ).
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Levenberg—Marquardt—like PTC-TVO without invertible Hessian

Let inverse of V2@ is singular or near singular then the Newton-like technique is not well
defined. Suppose (V2§ + plI,,) is invertible for some damping factor ¢ > 0 then in order
to track x*(t) of (4.3) in predefined-time, we propose the following dynamics:

—(V2G(t,z) + pl,,) (ﬂw(t,x) T %) . for tg <t <ty

i(t) = (4.17)

—(V3G(t, ) + pl) " (9VG(tw) + D) for ¢ > 1y,

where z(t) € R", ¥,p € R and satisfies ¥ > 1, ¢(t,z) = (P1,v0s,...,%,) € R,

ngi(tyz)_ . . .
v = —(vegz.(t,z)(t 11), for 1 < i < n and consider the dynamics (4.17) as a perturbed
e i =

version of (4.5) with input .

Remark 4.6 One of the methods for calculating the damping factor at a particular instant
includes taking the negative of the minimum eigenvalue of the Hessian matrixz at that

mstant.

Theorem 4.7 Consider the dynamics (4.17). Suppose that G : R>g x R" — R in (4.3)
satisfies Assumption 4.1 and Assumption 4.2 with p = 1/2 and 3 a PUBST-1SS Lyapunov
function V' : [tg,00) x R" — R for (4.17) then dynamics (4.17) is PUBST-ISS.

Proof 3 Let us select the Lyapunov function candidate
V = |VG(t,2)|* + 20(G(t, ) — G*(1)) (4.18)

The derivative of the V' along the dynamics (4.17) gives

V =2vgG' (V2gi‘ + ag_tg) +2pVG i — 20G* (4.19)
—ovgT ((Wg Lol (—(Wg Lol (w(t, o)+ ‘%g)) n a%f) 206

— — 20(VG(t, ) TW(t, x) — 206"

Taking the worst case, we assume sup(G*(t)) < —a, a € Rwy, then further we can write,
>0
VG, (t, )| (el V90 — 1)

V<29
> e\ngi (t7x)|(tf _ t)

+ 2ap, for any i (4.20)

Next, using PL inequality with p = 1/2, we get V < (1+ 22) | VG| Since, V < n(1 +
(2p/w))(maz{|VGil|,|VGal, ..., IVG,|}?) We assume that at a particular time, maz{|V G|,
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IVGal,.... IVGnl|} returns [VG;| and n(1 + (2p/w)) = ¢ then, \/V/c < |VG;|. Using this
, , - VV/eeVVie-) - Ly

fact in (4.20) gives, V < _Qﬁeﬁc—w +2ap. Next, let V = /V/c, hence, V = 5=,

Further

d(eV — 1)

‘> S - =
eV(ty —t)

+7(eD) (4.21)

where v is a class K function and suppose 0 = % > 1. Neat, fort > ty, after equation
(4.19) along the dynamics (4.17) proceeding in the similar way as for t € [to,tf), we get
V < =20V +9(|p|) and combining it with (4.21), we get V< —B(||zoll, t; —t) — a(||z||) +
v(lell), where B is KL class function and o,y are the class K functions. Hence V (t,x)
satisfies the PUBST-1SS Lyapunov function condition thus from Lemma 2.17, system
(4.17) is PUBST-ISS.

Remark 4.8 The damping term @ functions as a regularizer, ensuring that (V*G(t,x) +
pl,) remains positive definite even when the Hessian is singular, thereby guaranteeing
its invertibility. The adaptive nature of o influences the algorithm’s behavior: @ is large

(when the Hessian is singular), then the algorithm resembles a Gradient-like PTC-TVO

—(pl,)~" (ﬁw(t,x) + %ff’”)) for to <t <ty

algorithm: @(t) = whereas @ is

¢
small ( when the Hessian is well-conditioned), the algorithm exhibits behavior similar to

the proposed Newton-like PTC-TVO algorithm (4.5).

—(pl,) ! (ﬁvg(t,xwr%“’“)), for t>ty,

4.4 Time-Varying Constrained Convex Optimization

In this section, we extend the results of subsection 4.3.1 for constrained TVO problems
with inequality constraints.
PTC-TVO with inequality constraints
Consider the constrained TVO problem
x*(t) := argmin F(t, x)
TER™

subject to g;(t,z) <0, i€ {1,2,...,7} (4.22)

where ¢ = [g1,92,...,9-]" with all g; being convex functions in x € R*, V¢t > 0 and
fulfills Assumptions 4.1, 4.2, 4.3 and 4.4.
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To include the constraints in the objective function, we introduce a vector of La-
grange multipliers A € R, and £ : R>o x R" x RY; — R associated with TVO in (4.22)
is .

L(t,z, )= F(t,z)+ Z ANigi(t, ) (4.23)
i=1

The dual function is T*(t) := argmax &(t,\), where &(t,\) := m}%{n L(t,z,\). The
AERT T€R"?
necessary and sufficient KKT conditions [13] for optimality under Assumptions 4.1 4.3

and 4.4, Vit > 0 are

VF(ta*)+ > \Vg(t,z*) =0 (4.24)
i=1

A gi(t,z*) =0, (4.25)

A >0 (4.26)

gi(t,z*) <0, Vie{l,2,..r} (4.27)

Next, we formulate perturbed KKT conditions, where we modify (4.25) as Afg;(t, %) =

- = X=

= where 0 : R>g — Ry is defined as a barrier parameter and

1
T ogi(t,EF))
(1/o) — 0 as @(t) — x*(t). Next, upon substituting the obtained A from perturbed

KKT condition in (4.24), we get
1 T
t, ") — — log(—gi(t,z")) = 4.2
V(F( ) U;ogw( ) =0 (4.28)

which also satisfies KKT conditions (4.26) and (4.27). Next, we define the approximate
optimal trajectory and Lagrangian £ : R X R” x Ry X Rs¢ — R associated with (4.22)
using o(t) and d(t), where §(t) : R>g — R is defined as a slack function. It is to be
noted that the §(¢) enlarges the initial feasible set.

*(t) ;== argmin F(t,x) — % Zlog(é(t) —gi(t,x))

E(tz,0,0) = F(t,z) — % 3" log(3() - gt ) (4.29)

where 2 € D, D == {z € R" : g;(t,x) < 6(t),i € {1,...,r}} is an open set such that

D C D. In the next lemma, we indicate the approximation error.

Lemma 4.9 (see [3]) Under the Assumption 4.3, and 4.4 ¥ \* € T*(t) and t > 0, the
following inequality holds

F(t,") — F(t,2")] < — + d(t) ( inf

A*ET(t)*

A*H) (4.30)



Remark 4.10 Lemma 4.9 says that if o(t) and §(t) are chosen so that right-hand side

of (4.30) converges to zero, then the approzimate trajectory z*(t) converges to x*(t).

To track the optimal solution Z*(¢) within a predefined time, we aim to design
a dynamics so that the gradient of £ defined in (4.29) vanishes within a predefined

time.Consider the following proposed dynamics in terms of Lagrangian (4.29) as:

—(V2L)1 (191/)(15,1:,0—, 0) + &Ly 4 OVLS 4 8§f> for to <t <ty

(o

i(t) =

—(V2L)~! (ﬁvi + WLy 4 OVLS 4 agf), for ¢ > tg,
(4.31)

((;‘V[_'zi (t,z,o‘,é)_l)

tp—t)’

where ) € R and satisfies 9 > 1, ¢(t, z,0,0) = (1, 0q, ..., 1) € R™ 4 :=

forl1 <i<n.

eVin (t,z,a,é)(

Theorem 4.11 Consider the dynamics (4.31). Assume that there exist a continuously
differentiable function V' : [tg,00) X D — Rsq satisfying y1(xz) < V(t,z) < y(z) ,
Ve € D\ {0},Vt € [tg,00), (x) and vo(z) be continuous positive definite functions,
V(t,3*) = 0 and for V # 0: V < 0¥ >ty and V < = vt € [to,t7) for (4.31).

This signifies that x(t) converges to the optimal solution T*(t) in a priori chosen time.
Proof 4 Let us select the Lyapunov functional candidate
V = |VL(t,z, 0,07, (4.32)

The derivative of the V' along the dynamics (4.31) for t € [to,ts)

OV L OVL. OVL
o a6 ot

Viz)=2(VL)" <V2£~a’: + &+ o+

N N 8 OVL .  OVL. OVL OVL . OVL.
_ T 2 (o2 -1 : :
=2(VL) <V ,C( (VL) (ﬁw+ %0 g+ % o+ BT >>+ %0 o+ % )
OvVL
+—@t ) (4.33)
= —20(VL)"(t,z,0,0) (4.34)

(4.34) is similar to (4.7) of convergence analysis performed in Theorem 1. Hence, further
analysis can be performed in the same way and finally, we get a similar expression as
(4.10) in Theorem 1,

deV — 1)

V<&
eV(ty —1)

(4.35)

23



where U = % > 1. Thus, inequality (4.35) represents predefined-time stability, which

means the trajectory of (4.31) converges to the optimal solution of F(t,x) in a priori
chosen predefined-time.
Next, convergence analysis for system (4.31) for t > ty is similar to Theorem 1 and we

get,

. . . OVL. OVL. OVL
_ T 25 .
V(z) =2(VL) (V Li+ 95 0 + 2% 0+ 5 )

= —20(VL(t,x,0,0)) VL(t,x,0,0)
= — 0V

So, for t > ty, the equilibrium point of system (4.31) is asymptotically stable, therefore

trajectories of (4.31) will remain optimal. Hence, x(t) — z*(t) ast — t;.

4.5 Numerical Examples

This section provides three simulation examples to illustrate the predefined-time stability
for the continuous-time dynamics proposed in this note. Euler discretization is used for
MATLAB implementation with a constant time step size of At. Here, the convergence

time (,.) in seconds is equal to t,./At iterations.

4.5.1 Example 1

Minimize
-
1 |21 — cos(t) 3 —2cos(2t)  2sin(2t) 21 — cos(t)

24— sin(t) 2sin(2t) 3+ 2cos(2t)| |zo — sin(t)

First, we implemented predefined-time convergent proposed dynamics (4.5) in MAT-
LAB to solve the above TVO problem. The initial conditions are zo = [—2 0]". Fig-
ure 4.1a shows that the norm of the gradient of objective function vanishes in predefined-
time 0.6 sec and the comparison of the result with fixed-time convergent (FxTC) algo-
rithm discussed in Hong et al. [2] is also shown. Figure 4.1b shows the evolution of
states which starts tracking the optimal trajectory z*(¢) in time t; = 0.6sec, which is
chosen a priori. In Figure 4.2, we plot ||F(t, z)|| versus ¢ for different sampling periods

At € {1072,1073,10~*}. We notice that steady state error increases as we increase At.
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Figure 4.1: Results using PTC-TVO dynamics (4.5) in solving example 1: (a)Comparison
between ||VF|| with PTC-TVO with ¢; = 0.6 sec and FxTC in [2], (b)Evolution of states

using dynamics (4.5) for example 1 based on TVO problem with unconstrained case.

The log scale is used on the y axis such that the variation of | VF|| for values near zero

is clearly shown.

10° ' '
o 10° 1 r’_—
R
> ——At=001
s ——At=0.001 ]
At =0.0001
10'15 E 1 1 1 e
0 0.2 0.4 0.6 0.8 1

time (sec)

Figure 4.2: Plot of [|[VF(t,z(t)|| on semilog scale, where z(¢) is the solution to the dis-

cretized version of dynamics (4.5) with time for various step sizes (At)

Next, we show the comparison results with the prediction-correction method based
on standard Newton flow dynamics presented in Fazlyab et al.(2017) [3] as: 2(f) =
—(V2F(t,2))~ " (ﬁV]—"(t, z) + Wg—)@) . It is shown in Figure 4.3a that with the same
initial condition zp = [—2 0]" and ¥ = 5, |V.F|| vanishes within predefined time ¢; = 0.3
sec using proposed dynamics (4.5) and using standard Newton flow dynamics discussed
in Fazlyab et al. (2017) [3], ||[VF|| takes more than ¢ = 1.2 second in reaching zero. In

Figure 4.3b, it shown that z1, 25 calculated using proposed dynamics (4.5) starts tracking

optimal trajectory within predefined time ¢y = 0.3 second while using standard Newton
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(a) Comparison of the evolution of states using (b) Comparison between ||VF|| with PTC-
dynamics (4.5) and Newton flow dynamics in TVO with ¢ty = 0.4 sec and standard Newton
Fazlyab et.al. (2017) [3] for example 1. flow dynamics in Fazlyab et.al. (2017) [3]

Figure 4.3: Comparison of results using PTC-TVO dynamics (4.5) and standard Newton
flow dynamics in Fazlyab et.al. (2017) [3] in solving example 1
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(a) Plot of ||[VF|| showing predefined- (b) Plot of || VF(¢,2(t))|| on semilog scale
time convergence within ¢ty = 0.6 sec us- where z(t) is the solution to the dis-
ing dynamics (4.11) for Example 1 of un- cretized version of (4.11) with sampling

constrained case. time At = 0.001sec

Figure 4.4: Results using PTC-TVO dynamics (4.11) in solving example 1

Flow dynamics, optimal trajectory tracking starts after ¢ = 1.2 second.

Next, we solved the above example using a robust dynamics proposed in (4.11). We
took initial conditions as zy = [-2 0]7, t; = 0.6 sec,{ = 2, ¥ = 5. Figure 4.4a shows that
the norm of the gradient of the objective function vanishes in predefined-time 0.6 second.
In Figure 4.4b, log scale is used on the y axis such that the variation of ||[VF|| for values

near zero is clearly shown. Further, we show the comparison results from Newton flow ro-

bust dynamics for solving TVO problems: (t) = —(V2F(t,z))™! (ﬁV}"(t z) + €”§§ (t Z)H )

It is shown in Figure 4.5a that with the same initial condition zp = [-2 0]T, ¢; =
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Figure 4.5: Comparison of results using PTC-TVO dynamics (4.11) and standard robust

Newton flow dynamics in solving example 1

0.6 sec,{ = 2, ¥ =5, |VF| vanishes within predefined time ¢; = 0.6 seconds using
proposed dynamics (4.11) and using standard robust Newton flow dynamics, |VF|| takes
more than ¢t = 0.8 seconds in reaching zero. In Figure 4.5b, it shown that z;, 25 calculated
using proposed dynamics (4.11) starts tracking optimal trajectory within predefined time
ty = 0.6 seconds while using standard robust Newton Flow dynamics, optimal trajectory

tracking starts after ¢ = 0.8 seconds.

4.5.2 Example 2

Consider the following quadratic TVO problem with ill-conditioned Hessian

minimize (tz — sin(t))? (4.36)

Since, for this example, Hessian will be ill-conditioned, when t is small. Therefore, we
apply the proposed Levenberg-Marquardt-like PTC-TVO algorithm (4.17) to find an
optimal trajectory in a prior chosen time. It is important to choose p properly. Here,
we chose p = e™?!. The initial condition is z(0) = 2, t; = 0.5 second. It is shown in
Figure 4.6 that the state trajectory obtained by using proposed dynamics (4.17) starts

tracking the optimal trajectory within chosen 5 < 0.5 second.
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Figure 4.6: Evolution of state using dynamics (4.17) for example (4.36) with ill-
conditioned Hessian and it is shown that it starts tracking optimal trajectory within

ty = 0.5 seconds

4.5.3 Example 3

Consider the following quadratic TVO problem with inequality constraints:

minimize 0.5(z; + sin(t))? + 1.5(z5 + cos(t))?

subject to 2o — 21 — cos(t) <0 (4.37)

Above example is an illustration of (4.22), so (4.29) is written as

L(t,z,0,0) = 0.5(z1 + sin(t))* + 0.5(zq + cos(t))* — % log(d(t) — (29 — 21 — cos(t)))

(4.38)
where o(t) = 10exp(1000 *t), d(t) = 2 exp(—5t). We solved it using predefined-time con-
vergent proposed dynamics (4.31) with the help of forward Euler’s method with constant
step size in MATLAB. The initial condition is zgp = [-2 0]". In Figure 4.7a, the norm of
the gradient of V£ in (4.38) goes to zero within a priori chosen time of ¢; = 0.1 sec, which
is the optimality condition in order to track the optimal trajectory and the comparison of
the result with fixed-time convergent (FxTC) algorithm discussed in Hong et al. (2022) [2]
is also shown. In Figure 4.7b, the evolution of time-varying states is also shown which
follow their optimal trajectory as ||[VL(t, 2(t))|| vanishes within predefined-time ¢y = 0.1
sec. In Figure 4.8, we plot ||V L(t, z)|| versus ¢ for different A(¢) € {1072,1073,1071}. We

notice that steady state error increases as we increase At.
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Figure 4.7: Results using PTC-TVO dynamics (4.31) in solving example 2
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Figure 4.8: Plot of ||VL(t, 2(t)|| on semilog scale, where z(t) is the solution to the dis-

cretized version of dynamics (4.31) with time for various step sizes (At)

4.6 Conclusion

In this chapter, predefined-time convergent dynamics are proposed and discussed to solve
TVO problems. The proposed method yields a better convergence time compared to
the methods available in the literature. Numerical examples show the effectiveness of
proposed dynamics. Further, the proposed technique can also be extended for time-
varying distributed optimization problems. In addition, one of the motivations behind
the study of fast optimization methods is to generate signals for controllers at the same
speed as the system evolves.

In the forthcoming chapter, our attention will be directed towards the application of

the proposed approach in the present chapter in robot navigation with collision avoidance.
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