Chapter 5

Characterizations of the Inversion
Formula of the Continuous Bessel

Wavelet Transform of

Distributions in [/ (R™)

5.1 Introduction

Hankel transform had considerable effects on the problems of the theory of distri-
butions. Exploiting the theory of distributions, Zemanian [60-63], Koh [29, 30], Lee
[31], Dube et al. [17] and Arteaga and Marrero [1] gave significant contributions in
this area. Using the Hankel transform approach, Betancor et al. [2-12] and Pathak
et al. [40-45] discussed many properties of functional spaces and Hankel convolu-

tion. The Hankel convolution made an adequate foundation for the formation of the
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Bessel wavelet transform. Considering the Zemanian theory of the Hankel trans-
form, Upadhyay et al. [51-56] discussed the continuous Bessel wavelet transform

and studied its properties.

Motivated by the aforesaid results, author discussed the properties of the continuous
Bessel wavelet transform in Besov and Triebel-Lizorkin type spaces in chapter 4 by
taking Hankel transform tool. Our main objective in this chapter is to investigate
the inversion formula of the Bessel wavelet transform of distributions in H, (R™) by

considering the Hankel transform theory.

The present chapter is organized in the following way:

Section 5.1 is introductory, which gives a brief history regarding the development
of the inversion formula of the continuous Bessel wavelet transform of distributions
in H,(R"). Section 5.2 provides the basic properties of Bessel wavelet and Bessel
wavelet transform of distributions in form of Lemmas and Theorem. Section 5.3
deals the structure formula of distributions in H;,(R™) and some important results
of the continuous Bessel wavelet transform in the classical sense which are useful to
find the inversion formula of the continuous Bessel wavelet transform in H},(R).
Section 5.4 is devoted to find some results related to the inversion formula of the
continuous Bessel wavelet transform in H(R") and finally the inversion formula
of the continuous Bessel wavelet transform of distributions is given. In Section 5.5,
some applications of the inversion formula of the continuous Bessel wavelet transform
of distributions in [, (R*) in the form of the Calderén reproducing formula and heat

equation in H] (R*) are given by author.
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5.2 Properties of the Bessel wavelet and Bessel
wavelet transform of distributions

In this section, properties of the Bessel wavelet and the Bessel wavelet transform of

distributions are found in H,(R™)-space.

Lemma 5.2.1. Let ¢ € H,(R"), p > —%. Then, ¥ is a basic Bessel wavelet if and
only if [;° attaa(z)de = 0.

Proof. Let ¢ € H,(R") be the basic Bessel wavelet which satisfies the admissibility

condition (1.5.1).

Since w’“’%(huw)(w) continuous on R, therefore

D=

O GO RACR ETE

= [ et vy,

If we take w — 0, then (zw)™*J,(2w) — and from (1.5.1) it is clear that

1
20T pu+1

“’%(h#w)(w) must go to zero. Hence from the last expression, we have

1 o 1
/ zFT29p(x)dr = 0,

26Tp+1 J

so that

/00 2"t 2ap(z)dr = 0. (5.2.1)
0

Conversely, for ¢ € H,(RT) C L*(R"), we can write

[ = [ e [T
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The second integral of the R.H.S. of (5.2.2) can be estimated as

/106 %dw < /100 | () (w)]dw

< | () (w)Pdw

[e.o]

[ (2)[*da.

I
-
Therefore,

2042

/ ) |(h2¢—)(w)|2dw < (@)l (5.2.3)

Next, we can show the bound of the first integral of the R.H.S. of (5.2.2). Since

“*%(huw)(w) — 0 as w — 0. Therefore,

el e o
< lim 6' 18%@/ 2 (h ‘dy
< lim f?fi (1+y2)y‘1%y‘“‘5(hw)(y)(dy
< lim sup |(1 +y2)yla%y“5(hw)(y)‘ /Ew y 2dy.

Using (1.6.1), we find

) )| < o)ty [y Hay

1
S ’Yﬁl(h/ﬂvb)Q w2,

so that
w T () (W)| < 294 (hyp).
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Therefore,

/01 ‘w_”_l(hu@/))(w)rdw < 4{751(%1#)}2/01 12 dio,

This implies that
| 2
/ Wt DR g < 4ty (a0} (5.2.4)

for ¢ € H,(R") and (h,)(y) € H,(RT).

This shows that

(2H+2

/ URDIC N, (5.2.5)

O

Definition 5.2.2. Let ¢ € H,(R") be the Bessel wavelet and f € H/(R"), then

the Bessel wavelet transform of f is defined by

(Buf)ab) = { ), ato(%, 7)),

where @ > 0,0 > 0 and p > —%.

Lemma 5.2.3. For p > —%, Czi*3 belongs to H(R).

Proof. We have f(z) = Cz**2 and ¢ € H,(R*) then

=/mfuwuwx
[ eion

—c [T et totadn
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Therefore,
o 0 x2u+1 ) p L y
= — (1 My=H=2 )
ol =0 [ i e ota)ds
o5} mQ,u—l—l ) 1
< R m o —HTy
_C/o (1+$2)m’( + a5 )M 2 p(x) |dx
Lol [ -2 g
< My —hy —  ___dx.
< sup @ty oo [ e
By the definition of (1.6.1), we get
" 00 332#—4-1
< ————dux.
(0 < Cololo) | e
Putting (1 + 2?) = u, 2xdz = du, then
00 _ 1)2,u,+1
s [T LI,
(0 < @) [ ot
o] _ 1)2u+1
< CHt (u du.
< Cotglo) [ M
Now, taking u = %, du = —v%dv, then the above expression yields
C vl rdv
(0 < Grtalo) [ o (5= 1) G
C 1
< Shol®) [ (L= 0P,
0
By definition of 8- function, we get
C C(p+DC(m —p—1)
< ZAH
C(p+ 1)I'(m —p—1)
< H
=9 7m,0(¢) T'm )
form—-—pu—1>0. |
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Theorem 5.2.4. Let i) € H,(R") be the Bessel wavelet, then the Bessel wavelet

. . . 1 . .
transform of distributions Cx#*2 is zero, where C' is constant.

Proof. From Definition 5.2.2, we have the Bessel wavelet transform of the distri-

) 1
bution Cz#*2 as

(s ~(od oo (2.2))
_ /°° Cwmu-w(f é)dx

b
/ Otz gh 2/ W(z E,—,z)dzda:
a’ a
b
_ ptg on—3 r2
/0 /0 Cxtz2a 2¢(2)D#(a,a,z>dxdz.

Putting £ = ¢ and using (1.4.8), we find

<B¢,C’x“+%) (a,b) —/ C’aQ’““lz/)(z)/ t“+%D# <t, -, z) dtdz
0 0 a
(2)"
= CaP () —— z
/0 4 )2“F(u +1)
(ab)s /“’
Pt 1) ), 2HT2(2)dz

=0.

So, Bessel wavelet transform of distributions Cz#*2 will be zero. O

Example 5.1. Let ¢(z) € H,(RY) such that
U(@) = SuafaT2e

1 el .
where S, = xF 2 D LD, x7H "2 4s Bessel operator. Then 1) satisfies the ad-
missibility condition (1.5.1) and represents a Bessel wavelet in H,(R*) whose all

the moments weighted by "3 are mon-zero.
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Solution of Example 5.1 is given below stepwise:

78

Step I: For ¢(z) = M,x{x’”%e*“z}? using (1.7.8) and the formula [19, p.30], we
get

(hu)(y) = hu{ w26~ }(y)

2 /H—l —x? QyM+é —ﬁ
= —y*h{a' 2e™" }Hy) = —y it T,
Therefore,

- Md _ o yQ/H-E)e—y7
0 y2#+2 Y=

1 a2
Qh+2qy 2442 dy = W/O y'e  zdy

2 [e’s) L ) yQ

= m/ﬂ te”'dt, (taklng 5 = t)
1 1

- 22M+1F(2) = 92ut1 <

This implies that ¢(z) € H,(R') C L*(R") satisfies the admissibility condition
(1.5.1).
Step IL: Also, for () = S, . {z"+t2e """}, we have

/ x‘”éiﬁ(x)dx:/ a3 8, fatre " Y
0 0

(o]
1,1 S S B

/ ahtep 2 D gD a2 g e
0

x

2u+1 —x?
= D {x* T (—2z)e™™ }dx
0
.2

= {:UQ“H(—QLU)(B “ }

2

dx

oo

=0.

z=0

By Lemma 5.2.1, we conclude that ¢(z) € H,(R") is a Bessel wavelet.
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Step III: Now, the moment of ¢)(z) of order m € N, weighted by 273 be

[ee] oo
1 1 12
/ xmx“+2¢($)dm:/ et TE S, Lt e da
0 0
oo
m, s —p— 2p+1 —p—% o pt s —x?
= A APl 2 D,x D,x 2t 2e dy
0
&0 2
:/ ™D D e dx
0

2 _r2
— {l’ml’Qu—HDwe T }

. 00
. / mxm—le/L—&-lDwe—dex
=0 0
2
— —m/ 2" (—2z) e d
1

2
= 2m/ gL g # 0.
1

This implies that moments of all orders weighted by zhte of ¥ (x) are non-zero.

From the aforesaid Lemma 5.2.3 and Theorem 5.2.4, it is clear that the continuous
Bessel wavelet transform of the distribution of type Cx*+2 will be zero. T herefore,
the inversion formula of the continuous Bessel wavelet transform in A}, (R*) can not
be defined. So the inversion formula of the continuous Bessel wavelet transform will

be valid for modulo a Cz#+2 distributions.
For investigating the inversion formula of the continuous Bessel wavelet transform
of distributions, our observations will be based on the following points:

(A) Inversion formula of the continuous Bessel wavelet transform of distribution

will be found on H}, o(R™) which can be obtained by filtering

(i) all the non-zero Ca#*2 distributions from H L(RT).

(ii) all non-zero Cz'2 that appear with a distribution as a union. For ex-

. .. . nt3 1 ntd ) 1
ample in the distribution *— = z#*t2 — 2 we would omit z#"2 and
1+z2 1+z2>
s

1422

reatain only —
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(B) The Bessel wavelet kernel under consideration for determining the continuous
Bessel wavelet transform are those Bessel wavelets whose all the moments

. 1
weighted by z#*2 are non-zero.

5.3 Properties of the continuous Bessel wavelet

transform in L?*(R") and structure formula in

H)(RT)

In this section, the various properties of the continuous Bessel wavelet transform in
L*(R*) and the structure formula in H},(R") are discussed by taking the theory of

Hankel transform.

Note: If f € L'(R"), the integral in 1 — dimension can be expressed as

/OOO f(x)dr = /ON f(z)dxr + /NOC f(x)dz, N €(0,00), (5.3.1)

provided the integral is convergent. Then we have,

/0 " Fw)ds = /0 f(@)de + R(N), (5.3.2)

where R(N) is the remainder term. If f is integrable then R(N) — 0 as N — co.

We use this technique in the following theorem.

Lemma 5.3.1. Let ¢ € L*(R*),a > 0 and b > 0 with i > —1. Then w(g,g)

belongs to LZ(RT) as well as in L2(RY) and its Hankel transform with respect to x
and b will be

s (2. 2) () = am -y )3, by () (), (5.3.3)

a a
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and

W (2, 2) () = a by b)) () ) (5.3.4)

a a

Proof. From Upadhyay et al. [56], we have

)
a a

¢(£ é) — g M3 /Ooo y—“—%(xy)%JH(xy)(by)%Ju(by)(hyw)(ay)dy. (5.3.5)

D=

Since t~#.J,,(t) uniformly bounded on R* and h,) € H,(R*) C L2(R*), y~# 2 (xy)
Ju(xy)(hp)(ay) and y‘“_%(by)%JM(by)(h,ﬂlz)(ay) € L*(RT). Hence, (5.3.3) and
(5.3.4) both exist. O

Theorem 5.3.2. Let ¢ € H,(R") be the Bessel wavelet, f € L*(RY) and (Byf)(a,b)
be the continuous Bessel wavelet transform of f. Then the Hankel transform of

(By f)(a,b) with respect to variable b can be written as

ho{(By f)(a,b)} (y) = a“‘%<f(x), hg«/;(f, 9) > (5.3.6)

a a

Proof. First we prove that (Byf)(a,b) € L;(RT). The Bessel wavelet transform of

function f € L*(R') with respect to the Bessel wavelet ¢ € H,(RT) be

(Byf)(a.b) = a3 (7). v (2, 2)).

9
a a

Since f € L*(RT) and v <§7 2) € L2(R"), then by the Parseval formula and Lemma
5.3.1

(Bup)(a,b) = (). o (2,0 )
— o / by ()a "y (by) T, (by) (b)) dy

= /Ooo(by)

Tu(by) (hyu ) ()y ™2 (hy) (ay) dy.

N
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Since ¢ € H,(R"), so y‘“_%(h,,@b)(ay) uniformly bounded on R* for fix @ > 0 and
huf € L*(RT). Therefore y=#2(h,)(ay)(h,f)(y) € L;(R*) and by the inverse

Hankel transformation, (B, f)(a,b) belongs to L;(RJF). Now, let

I = /OOO f(x)w(g,g)daj
S R Ly T CR

= I(N,b) + R(N,b).
So,

ho(I) = hl,(I(N,b)) + hj,(R(N,b)

)
_ /ONf(x)hzw(g,g>dx+/: f(x)hw(g%)dx,

where R(N,b) as a function of b goes to zero in L?*(R") as N — oo, therefore
ho R(N,b) — 0 in L*(RT) as a function of y. Hence letting N — oo, we get the
result (5.3.6). Since integrals

/OOO /Ooo(by)éju(by)f(xw(f, §>dxdb7

a a
and

Tu(og) e (2, )b,

a a

D=

/OOO /Ooo(by)

are not absolutely convergent and no way of proving that the above integrals exist.
So we are unable to switch the order of integration directly, that is, we can not apply

the Fubini’s theorem. O
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Theorem 5.3.3. Let f € L*(R") be continuous at a point x = xg, then

lim /O " F@)du(x)dz = f(z0), (5.3.7)

e—0

where the function ¢.(x) € D(RT) and is defined by

C’eexp(— £ — = >, To < x < x9+€

de() = e (5.3.8)

0, x<xoandx > x0+€

the constant C, chosen so that

/Ooo de(z)dz = 1.

Proof. Since the integral of ¢.(x) over R is 1, therefore we choose C. in such a

way that

/We O, exp ( L )da: ~ 1. (5.3.9)

20 r—=xy Top+E—I

Putting =0 =t in (5.3.9), we get

1
ECE/O exp(—t(ll_t))dt—l

Now,

/000 f(x)pe(x)dr =€ CE/O1 f(xo + €t) exp ( — ﬁ)dt

=¢ Ce/ol[f(xOJret) — f(zo)] exp ( - t(ll—t))dt

+ f(xo)e C. /01 exp ( — ﬁ)dt.
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This implies,

/O " H@)oda)d = € €., / [ (eoet) — (o) exp (- )di-+ (o). (53.10)

1
t1—1)

Since f is continuous at z = xg and 0 < t < 1, we can choose sufficientely small
€ > 0 corresponding to ¢, so that ‘f(xo +et) — f(xo)‘ < 0, where § > 0 is arbitrarily

chosen small positive number.

Therefore, using continuity property of f, we get

€ C€/01[f(x0+et) —f(xo)] exp(— t(ll—t))dt‘

flxo+et) — f(x )]‘exp(— ! )dt

t(1—1t)
1
0eC, — — |dt =.
< GC/OeXp t(l—t))
Since ¢ is an arbitrarily chosen small positive number, we have
! 1
lig[l)e C. i [f(zo + €t) — f(xg)] exp ( e t))dt =0. (5.3.11)
From (5.3.10) and (5.3.11), we get
lim / F@)ou(x)dz = F(x0). (5.3.12)

0

Theorem 5.3.4. Let f € L*(R") be continuous function at x = xo and h,f be its

Hankel transform. Let ¢.(x) be the function which is defined in Theorem 5.3.3; then
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we prove the following

() 1lim / / () T (2y) () ()6 (2) dyd

_ /0 (y20)# J, (yo) (R f) () dy. (5.3.13)

(i) / " ()} Tu(yzo) () )y = (o), (5.3.14)

converges in a pointwise sense. This is called the inverse Hankel transform in the

sense of pointwise convergence.

Proof. From Theorem 5.3.3, we have

C’Eexp<—zf6 - —= ), To< T <x9+E€

xo To+e—x

() = ) (5.3.15)
0, r<zgand x > x9+€

It is easy to see that ¢?(z) < ¢c(x). Then, we can find

62 = / P (x)de < / ou(2)dr = 1

We have

<Amww

N[

I ). o)) = )BT )0y 6.(0))
([ @B ) 6) g0 (@)).

N

m\~

(5.3.16)

Since fON(a:y)%J,,,(xy)(h,,,f)(y)dy is a continuous function of z, for all z € R there-

fore using Theorem 5.3.3, we find
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e—0

iy ([ )b o) D)) 6.0)) = [ (o)) )0y (5:3.17)

This implies that after taking the certain limit

ity ([ e e )0 ) = [ ) o)

N—o00 e—0

In view of the Holder’s inequality, the 2nd term on the R.H.S. of (5.3.16) can be

obtained as

([ wntn@mnwase @) <|| [ @bt jsml,
<H/ (2y)2 Ty () (hf ) (y dyH

Since, H fN xy) %J (avy)(hﬂf)(y)dyH2 — 0 as N — oo. Therefore,

ity ([ (2} a0) () )iy, 6.2 ) = 0. (5.3.18)

N—o00 €e—0 N

Thus,

g%</ooc(xy)

Next, we prove (ii), the pointwise convergence of the inverse Hankel transformation

m\»—t

o) () 6)) = [ o)) (). (5:319)

by using the Parseval’s formula

(bt by = (£, 0c),

for f € L*(R") and ¢, € D(RY) C L*(R™).
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Letting € — 0,
lim (1 f, e ) = lim (f, 00 ). (5.3.20)

From (5.3.19), (5.3.20) and Theorem 5.3.3, we get

/Ooo(yfﬂo)

for pointwise convergence. O

NI

Ju(yzo) (hu ) (y)dy = [(x0), (5.3.21)

Theorem 5.3.5. Let ¢ € H,(R") be a Bessel wavelet and f € L*(R"). Then the

following classical inversion formula holds:

_1 /x b\ dbda
w// (Bo el 40(2.7) s

where (By f)(a,b) is defined to be the integral Bessel wavelet transform of f € L*(RT)

by
(Bofad) = [ bo (%, D)

aa

i duality notation, we write it in the form

(Bunfa.h) = (£),a by (2. 2)),

where

o= [ UOOR,,

t2 2

Proof. From Lemma 5.3.1 and Theorem 5.3.2, we have

hb (“Z 2)@) — a_”+%y‘“‘%(xy)%Ju(xy)(huw)(ay),
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and
WABu) a0} ) = a3 (F) 1w (2. 2)).
Therefore,
BB @ D} = [ @)y ay) Tu(ey) (b (ay)de

Let us consider that

poto (T b\ dbda
wﬁ/ / (Buf)(a,b)a w(a a)a2“+2'

Now using the Parseval’s formula of the Hankel transform with respect to variable

b, we get

—_

c\8c\

3
=
I

o [Tt me(22) w5
AR (oI It

FQ
=

}:Q
=

« a—u+$y—u—%(xy)%JM(wy)(hu@b)(ay)dy] a2ut?

— o [Tentatemmnm] [T,
_ gﬁiﬁ /0 " (wy)E o) () )y

_ U”(xy>éJu<xy><huf><y>dy

= f(a),

where putting ay = ¢ in [~ %f, it will be [;° h;;ﬂ(;' dt = C,. Here

convergence is in L2(R™") sense. O
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Theorem 5.3.6. Let ) € H,(R") be a Bessel wavelet and f € L*(R") be continuous

at x = xq, then

[ e e,

in the pointwise sense.

Proof. Applying the same technique, as in the proof of Theorem 5.3.5, at x = xg

YN REECORC R S A

(5.3.22)

In view of Theorem 5.3.4 (ii), at the point of continuity x = g of f, we have

| ) ) )y = ), (5.3.23

in the sense of pointwise convergence. From (5.3.22) and (5.3.23), we get the required

result. O

Theorem 5.3.7. Let u > —%. A functional f € H, (RT), then there exists r € Ng

and f, € LY(RY), (1 <g<o0) k=0,1,2,...,r; such that

=8k (14 a?yari g, (5.3.24)

where Sy, = @ “*2D RS D 2 is a Bessel operator.

Proof. From Marrero and Arteaga [1, p. 8], we have

f= Z SE (1422 (5.3.25)
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Therefore,

Using (1.7.9) and distributional differentiation, we find

r

(160 = 3 (fule). L+ 2)a b 0(a))
k=0
T k A
= Z <fk(l’), (1 + x2)7"x*l¢*% Z bjx2j+u+% (:Cil aax)kﬂx”é (x)>
k=0 =0
T k '

So that the above expression can be written as

[(f, D)
Sy o mpty gt (o1 O \FH s
B 1o e
r k 00 o ' . i 5 \ ktg .
S;;/ﬂ fk(x)(l-i-:cz) xH 2bjx21+#+2 (33 1a_w) rh Q(Z)(x)’dx
r k 00 , . _ a k+j 1
S,;;/o fula) 1+ by (a7 )Rt |da
rk 0o ' P 1
< f( )(1+ 2>T+ij -1 _.U—§¢( )d

r k
o[ fr()]
= Zzbﬂﬁm,m(@)/o 1122 dx.

k=0 j=0
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Let ¢ be a conjugate exponent of p (1 < p < oo) such that % + % = 1; then using

the Holder’s inequality we get

<3S bt s(0) (| i) ( I mdaz);

k=0 j=0

r k
< Z Z Cpbj’\/ﬁ+j+1’k+j(¢) ka Hq

k=0 j=0

5.4 Inversion formula of the continuous Bessel wavelet

transform of the distributions

In this section, using structure formula and the theory of Hankel transformation,
inversion formula of the continuous Bessel wavelet transform of distributions and its

. . I + .
properties in H/ (R™) are obtained.

Lemma 5.4.1. Let ¢ € H,(R") be a Bessel wavelet and ¢ € H,(R*), then

L Ry Ry et t b\ (wo bydtdbda .
Cu,w/o /0 /o S“’t(b(t)w(a’a)w(a’a) a3 _SW”@(:E) P

in the pointwise sense.

Proof. Since ¢ € H,(R"), from Theorem 5.3.6 we have

L B Ay faeh t b\ (zo bydtdbda .
Cu,w/o /0 /0 Su,t¢(t)¢(a»a>w(a»a> p = S,.9(7) o’

where S%  is Bessel operator of order k € No. 0
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Lemma 5.4.2. Let ¢ € H,(R") be a Bessel wavelet and ¢ € H,(R"), then

Sl LGt e

converges uniformly to S .¢(x) for every x € R*.

Proof. From Theorem 5.3.5, convergence in L*(R") sense, we have

e [ [ st el )

= / (y2)2 Ju(y) (huSf,6(x)) (y)dy = Sp ().

0

By Weierstrass M —test, we have

[

and SF ¢(x) € H,(R*). Therefore,

s

converges uniformly to S ¢(x). O

N

) (huStooto)) )] < [ | (ko)) < o

Lemma 5.4.3. Let p > —% and ¢(§> g) be Hankel translation and dilation of

Y € H,(R") then

5t(28) (2.,
Proof. From (1.4.4), we have

Swzp(f, 9) = Sy mw(z)pﬂ(g, g,z)dz

a a 0
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s [ [0 () () ) (b

- [Tot [ T L (Y V(Y () ety et

On using differential operators from (1.7.6) and (1.7.7), we find that

) = x’“’%szQ““Dxx’“JH (x_t)
a

t
= x*“*%Dme"“( — —)x*”JHH (—)
a a

xt
S%Ix%t]ﬂ (—
a

Similarily,

So,

o e ) o (B

o [ s () ) bt
© Tz b

_ “’b/o 1/;()(z)DH<—,—,z>dz

a a
T
=50 (33)
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Theorem 5.4.4. Let f € H, ,(R") and ¢ € H,(R") be a Bessel wavelet. Define

the continuous Bessel wavelet transform of f with respect to Bessel wavelet v by

(Bufab) = {0, (L, 2)), (542

a a

where (,) is functional notation.

Then the inversion formula of the continuous Bessel wavelet transform is given by,

. At 1% by dbda
i (o [ [ menwne oG 1) e = o 649

for all p € H,(R").

Proof. From Definition 5.2.2, for ¢» € H,(R"), the Bessel wavelet and f € H], -(R")
(Bof)a8) = (F(0), 030 (L2)),

From Theorem 5.3.7, the above expression can be written as

(Byf)(a.b) =<Z (L +2) 3 f(1), 5@&(2,9))

a
S (s ey e (L))

k=0

Applying distributional differentiation, we find

a0 = 3 00 eyl )

=> <fk(t)’ (1+ )t 20" 285 (2 2) > (5.4.4)
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Let us consider

/ / (Byf)(a ba““d)(x 9)%. (5.4.5)

uw

Therefore,

lim <F(x), ¢(x)>

A,B—o0
e—0+
. 1z by dbda
:A’lérgm W// (B f)(a,b)a""? zp( —)W,¢(x)>. (5.4.6)
e—0+

Using structure formula (5.3.24) for f, the distributional problem (5.4.6) is converted
into a classical one. If we take lower limit ¢ — 04 and upper limits A, B — oo, then

from (5.4.4) we obtain

g (Fion o)
e—0+
oo S [ s eyt o)
. aﬂ_w(g 2) jfia? >

AN W/ / / Folt) (1 2) 5 ar s tw(— —)dt}

k=0
xa“’iw(x 9) dbdi,gb >
d

a’ a/ a?nt

<C,1w /000 [/Ooo{/ooofk(t)(1+t2)’“t“%aﬂ Skbw<f é) t}

o tu(Z D] o),

<3

k=0

From Lemma 5.4.3, SF 4 <§, g) = Sk (ﬁ, %) and using integration by parts, we

get
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RGeS

e—0+
ST /fk ey tat(! D)
w(— el i)

S U e e G e

k=0
X a“*%Sﬁ,x@D (27 é>db] %7 ¢(517)>

a

os SEav(8:8) = Sk (4:8).

Now using distributional derivative and the Fubini’s theorem, we get

lim <F(x), gb(az)>

A,Bo0

e—0+
S [T o erertato( o)
W(- -> ] - Sha0l2))

S [ e )
x a“—w(f é)olb] I8k (a)d

GCL

B LU L L e

o

X fr()(1 4 £2) 2 dt.

Now, using the continuous Bessel wavelet transform inversion formula, Lemma 5.4.1

and Lemma 5.4.2, the expression in the bracket
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/0°° /000 /OOO {Sﬁ,waﬁ(x)}@b(é, 2)1/,(% 2) dx;lf@)

converges to SF ¢(t)

(i) in L*(R™)

(ii) pointwise V t € R
(iii) uniformly V ¢ € R*

Therefore,

T

lim <F(:c
A,B—o0
e—0+ k

/OOo Sk o(t) b iult )(1 +t2) R 5 dt

< (14 2) ¢ S/’j7t¢>(t)>

0

I
Mﬁ

i

0

f(:c),¢(:c)>, ¥ ¢(x) € H,(R") and f € H', .(R")

using Theorem 5.3.7.

Thus

N lim
,B%oo
e—0+ “ ¥

// (Bo/) abau_w(x b)%w@:%@, (5.4.7)

for all ¢ € H,(R"), and f € H}, p(R*). This inversion formula is valid uniquely if
f e H, o(RY). If f € H/(R), then f = h+ Cz#*2, where h € H!, ,(R*) and C'is

constant. Therefore the Bessel wavelet transform of f is
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as the second term will be zero.

Hence

(By f)(a,b) = (Byh)(a,b),

and so, using (5.4.7), we find

1 A B 1 /x by dbda
. ‘ P = — ) ——— ¢
A71ér£w <C;L,w /5 / (Byf)(a,b)a 2w<a’ a) a2/‘+2’@>

e—0+
_ (2 by b
B A’%IBOO Chuy / / (Byh)(a,b)a ¢< >a2ﬂ+2’¢>

e—0+4

Thus for the validity of the uniqueness in our inversion formula 5.4.7, f must belong

to H/, p(RY). O

5.5 Calderén reproducing formula and the appli-
cations of the continuous Bessel wavelet trans-

form of distributions

In the present section, the Calderén reproducing formula associated with inversion
formula of the continuous Bessel wavelet transform of distributions is given. The
application of the continuous Bessel wavelet transform of distributions through heat
equation is given and the solution of heat equation is expressed in form of the

continuous Bessel wavelet transform of distributions in H;,(R*) space.
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Theorem 5.5.1. If f € H], x(R") and ¢ € H,(R"), then the Calderén reproduc-
ing formula associated with the inversion formula of the continuous Bessel wavelet

transform can be expressed in the following form

“m<@;/“U#M%m<>$L@>=U@»V¢eﬂuwo (5.5.1)

A—o0
e—0+

Proof. From [56, p. 318] and Definition 5.2.2, for f € H}(R") and ¢ € H,(R"),

we have

(Byf)(a,b) = <f($)’ “W%Qﬂ(z’ é>>

a a

1

= (@), ] ()5, (o) () (o)} ). (5.5.2)

From [63, p. 142] and [33, p. 364], the above expression will be

=

(Buf)la.b) = (B f, (b)

- [ e

- /0 Oo(bw)%(]”(bw)h;{ F b0} (w)dw. (5.5.3)

Julbw)w™ = (h, ) (aw) )

T (bw)w ™72 () (w) (hu) (aw) dw

N

From Theorem 5.4.4, we have

0= g (g [ [0t ) )

e—0+

Using the same technique as in the proof of Theorem 5.4.4 and from (5.5.3), we get

= (] eatnemtmbes)ete(5.0) Si50)

uw
/ / h, {f#T/Ja}( )(xw)% Jy(xw)w 2( hytba) (w )d;f:;’(b>
uw

{f,
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)2, —n=% dw e
s ()’ Ty o)eo™ 30, A0} () ) () . )
; ’ da
~(&- / / ) T (W LA} () )
da
_ <CW |t @ o).
If + satisfies orthonormal condition
T )W)
Then
da
o) ={ [ ATt @) i) (55.5)
O
Theorem 5.5.2. Consider heat equation
aug;, D _ S.au(z,t), 0<z<o0, t>0 (5.5.6)
with initial condition
u(z,0) = S,.f(x), (5.5.7)

where S, = x_“_%D:pr’*“Dxm_“_% 15 the Bessel operator. Then the solution of

(5.5.6) and (5.5.7) in H,(R*) space can be obtained in the following form:

1
u(z,t) = Q%t%( (Bwf)(Q\/z ).

(5.5.8)

Proof. Exploiting (1.7.8) and using Hankel transformation on (5.5.6) and (5.5.7),

we get



Chapter 5. Characterizations of the Inversion Formula... 101
) (St 0)
= —w?U(w,t), (5.5.9)
and
U(w,0) = h,(S,.f)(w)
— R f) (), (5.5.10)
where U(w,t) = (h,u)(w,t).
Now, from (5.5.9) the solution will be
Uw, t) = Ce . (5.5.11)
Taking t = 0 in (5.5.11), we get
U(w,0)=C (5.5.12)
So that,
U(w, t) = —w?(h, f)(w)e ™. (5.5.13)

Taking the inversion formula of Hankel transformation (1.4.2), we get

uwrt) = [ (@) o) () (e

= [ @)t i ) e
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- [ @)
1

= /Ooo(xw)éJﬂ(aZw)w”%(h/tf)(W)T

25¢3 pt+2)

=

Jﬂ(xw)w_“_% (huf)(w) (—wQ)w““L%e_”Qtdw

h;t{Su,,,gs“+%e"g2 } (2V/tw)dw,

since hM{SM,SS"*%e*SQ}(Z\/%w) = 2512 H8) (—w?)whtae

Let ¢(s) = S5t 5e. Since (hyh)(aw) = (hutha)(w), ta(s) = 5¢)(§); taking
a = 2v/t we get

1 ©

- 23t%<u+§>/0 ()2 Ty (o)™ 2 () (@) () (2V/ ) dov
1 @

T 233t /0 ()2 Ju(ww)hyd [0 i} (W) deo
1

= ey U H) @)

1

(

1 > n=su (5 T\ g
= staen ), FOVe ()

1

(

.—W%)<f(s), (2%)*“%(21\/%, zi\/E» (5.5.14)

From [33], ¢< £ ) will be an element of H,(R") and from [63, p. 130, p. 137]

AR
it can be easily seen that ¢ (s) = 5',%5.9/”%6""’2 € H,(R*).

In view of Definition 5.2.2, we have

f e H (RY).
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Therefore (5.5.14) yields

(Bwf)(Q\ﬁ ). (5.5.15)

Theorem 5.5.3. If

(Buf)(@vE.2) = (1), VP du (52 572 ) )
Then
‘ 1 T dxdt
Jm (o U (Buf)2vVE )2V b v(57 37) 5 \/%)2“+37¢(y)>=<f, 0),

forall o € H,(RT).
Proof. From Definition 5.2.2, for ¢ € H,,(R™), the Bessel wavelet and f € H), o(RT)

(Buf) Vi a) = (f), Vir 3o (57 57) )

From Theorem 5.3.7, the above expression can be written as

(Buf)(2vi.) =<Z (s o), VP (52 55
_i<Sﬁ’s(1+32)rs—u—;fk( ), (2vE)P2 (2_\5%»

Applying distributional differentiation, we find

T

(Buf)(2vta) = ; (o) (1+ sQ)Ts—#—%Sjj,s(z\/i)#—éw(%ﬂ, QL\/E>>
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T

=S, 0 e rsbevir s (5 )

Let us consider

[ [ mapeviaevii(l

lim (Fly),(y

Using the proof of Theorem 5.4.4, we can conclude that
A,B—co

e—0+

= (f,¢).

~—

O

Example 5.2. For f(z) = #**2¢™ the solution of the heat equation (5.5.6) and
(5.5.7) is given by

u(z,t) = /Ooo(xw)éJu(zrw)(—w)2(hux”+§e_xz)(w)e_WQtdw.

Using (1.7.8) and Erdélyi et al. [19, p.30], the above expression yields

NG

(e, t) = su,x{ /0 (2w)
© 1 nts w? 2
,u,:v{ /0 (xw)§J#(mw)gu+f e Te ¥ tdw}

Sc{ [ (o)

Ju(xw)(hu:c“%e’xz)(w)e’“’ztdw}

Il
n

wﬂ"'% 2

J(zw) s e_wTe_thdw}.

[N
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Again, using [19, p.30], we get

1
x:u"’_ 2 :1;2
T 144t ,

U(l’, t) = sz{me

so that

1
Aghtz

mw — (e D1+ dr))e T, (5.5.16)

u(z,t) =

With the help of Matlab, the graphical representations of the solution (5.5.16) of the

heat equation at © =0 and g =1 are given in Fig. 5.1 and Fig. 5.2, respectively.

FIGURE 5.1: wu(z,t) FIGURE 5.2: wu(z,t)
at p=0. at pu=1.

5.6 Conclusions

In the present chapter, author discussed the various properties of the Bessel wavelet
transform exploiting the theory of the Hankel transform, Hankel convolution and
derived the inversion formula and its associated results of the continuous Bessel
wavelet transform of distributions f € H},(R*) modulo C.a*T2 with the Bessel
wavelet kernel ¢y € H,(R") having all the moments weighted by 2#*2 non-zero.
Using the inversion formula, the Calderén reproducing formula on H},(R¥) is also

obtained. This research work is useful in mathematical, physical and engineering
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sciences. The aforesaid theory is also relevant for those researchers who are working
in the area of image processing, signal processing and other computational types of

problems.

Kokosk



