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In this paper we solve initial and boundary value problem for non-homogeneous frac-
tional order partial differential equations. Here we use operational matrix approach to construct
approximate solutions using Legendre scaling functions as basis. We also give the error analysis
of the proposed method. Some numerical examples are given to verify the theoretical bound of error
and to show the stability of the proposed method. Results are also compared with some known
methods and it is observed that our method is more easy to implement and accurate.
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1. Introduction

Instantaneous change in application sometime depends on the
past. That is why it is important to study fractional order dif-
ferentiation. Nowadays people are adopting the fractional
order differentiation in the modelling in order to better under-
stand the physical processes of the various problems such as
fractional diffusion equations [1] and fractional diffusion-
wave equations [2-4]. Such problems are being used widely
in many branches of science and engineering. For example,
these equations represent propagation of mechanical waves
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in visco-elastic media [5,6] and many more could be found in
[7-12]. These applications of the fractional partial differential
equations motivate us to consider such equations and propose
a numerical method to solve them. Here, we consider the frac-
tional partial differential equation defined as

Fyx,0) | Fylx0)
8)01 + Btﬁ —g(X, t)?

0<a f<2, (1)

with initial conditions y(x,0) = a(x), D)y(x,0) = ¢(x) and
boundary conditions y(0,7) = b(z), D\y(0,7) =d(t), where
g(x,1) is known continuous function and y(x,7) is the
unknown function.

Analytical solutions of such equations are rare in many
cases; hence, numerical methods become important to solve
them. The most commonly used methods are Variational Iter-
ation Method [13], Generalized Differential Transform
Method [14,15], Adomian Decomposition Method [16,17],
Finite Difference Method [18], Wavelet Method [19] and oper-
ational matrix method [20-22].
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In [20], Eq. (1) is solved using block pulse functions as basis
with constant initial and boundary conditions.

In our paper we study the above equation for general initial
and boundary data. The method we use here is the operational
matrix approach taking two dimensional Legendre scaling
functions as a basis which is more efficient and convenient.
Our proposed method is stable.

The present paper is arranged as follows. In Section 2, we
describe basic preliminaries for fractional calculus and Legen-
dre scaling functions. In Section 3, we construct operational
matrix of fractional integration using Legendre scaling func-
tions as basis. In Section 4, we describe algorithm for the
approximate solution. In Section 5, we give the error analysis
of the proposed method. In Section 6, we discuss the stability
of our method based on maximum absolute error and root
mean square error. In Section 7, we present numerical experi-
ment to show the effectiveness of the proposed method.

2. Preliminaries

There are several definitions of fractional order derivatives and
integrals. These are not necessarily equivalent. In this paper,
the fractional order differentiations and integrations are
Caputo and Riemann-Liouville sense respectively.

Definition 2.1. The Riemann-Liouville fractional order inte-
gral operator is given by [23]

I°f(x) = % J:(x —0 f(dt a>0,x>0,

PA(x) = f(x).

For the fractional Riemann—Liouville integration

195k = (k+1) ke
(k+1+a)

Definition 2.2. The Caputo fractional derivative of order f is
defined as

SR
o 5 [ya=oms

m—1<p<m x>0.

D’ f(x)=1""D"f(x)=

For the Caputo derivative, we have
DPA =0 (4 is a constant), [24]
Pk = (k+D)

k+1-p)

=0for keNjand k<[ £]

x*forkeNyand k=[] or kN and k>| 3],

where [f] and |f] are the ceiling and floor functions respec-
tively, while N = {1,2,3,...} and Ny ={0,1,2,...}.

The Caputo fractional differentiation is a linear operator
similar to the integer order differential operator. The Legendre
scaling functions {¢;(#)} in one dimension are defined by

for0 << 1.
otherwise

o(0) = {0 Qi+ 1)Pi(2t — 1),

where P;(¢) is Legendre polynomials of order i on the interval
[—1, 1], given explicitly by the following formula:

PA1) = kz;)<—1>"” AT @)

Using one dimensional Legendre scaling functions, we con-
struct two dimensional Legendre scaling function ¢

¢i1.i2(x7 )= 4);'1 (x)¢i2(t)7

An explicit expression of two dimensional Legendre scaling
functions is given as

for0<x<1,0<r<1.
0, otherwise.

i1,

i],iz S No.

¢i11i2(x7 t) =

3)
From the above formula it is clear that two dimensional

Legendre scaling functions are orthogonal:

1 1 17 il :jl and i2:/27

(x,0; o (x, f)dxdt = , :
/0 /0 P (¥, )by, (6, D)l {O, otherwise.
(4)

(¢;,;,) forms a complete orthonormal basis (proof is given in
Section 5).

So a function f{x,?) € L*([0,1] x [0, 1]), can be approxi-
mated as

ng o m

f(x7 t) = chflai2¢i1-fz(x7 t) = CT¢(X7 t)> (5)
i1=0i=0

T.
~7cn1717 LR 76)11,)12] 9

¢(x7 t) = [¢0‘0(x7 t)v cee 7¢0sz (x7 t)v R v¢n],l (xvt)v' . '74)'11,'12 (xv t)]T'

where C = [cog, .-, Con, - -

The coefficients ¢;, ; in the Fourier expansions of f{x, ) are
given by the formula

1 1
= [ [ Ao v, (6)
o Jo
Using matrix notation Eq. (4) can be written as
flx, 1) = 7 (x)Coh(1), (7

where ¢(x) = [o(x), ..., b, ()], d(1) = [po(0), ..., ()]
and C = (c;,4,)

(m+1)x(m+1)"

3. Operational matrix

Theorem 3.1. Let ¢p(x) = [¢o(x), Py (x),. ..
dre scaling vector and consider o > 0, then

7¢n (x)]T7 be Legen-

Péi(x) = 1" ¢(x), (8)

where I is (n+ 1) x (n+ 1) operational matrix of fractional
integral of order o and its entries are given as
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-’ N — 2 11/2 2 1[’2 L 71 i+ j+k+l (l+k)'(j+l)'
o= @EDTEED ;,Z:‘( ) (=G =D (e +k+1+D(a +k+1)
0<ij<n. g(x1) = @7 (V)G (1) (16)
Proof. Using the Legendre scaling function of degree i, we get where
G= (gi/')(]gi_jgn' (17)
« 12 i+k (l +R! 1
I°¢,(x) = Q2i+1) Z( D) )!(k!)zl * Given partial differential equation is
Y i+ (i+k)! ark
=Qi+)"? Y () ———— i i
l kZ; (- (@ +k+1) aya(x’:z) ajé(;;l):g(x’[)7 (18)
using Legendre scaling function approximation for x***, we
have with initial conditions y(x,0) = a(x), D)y(x,0) = ¢(x) and
" boundary conditions y(0,¢) = b(t), D' y(0,t) = d(1).
— Zcf'qbf(x)’ where Taking fractional integral of order  with respect to x in Eq.
j=0 (18), we get
+0 1 1 —9(0,1) = xD'y(0,1) + P-(DP)y(x, 1) = Pg(x,1). (19)
2 + 1/2 [+/(] 9 y(-xv t) y( ) X xy ) X 1 (X, xg s k)
e Z (G- (1) (o+k+1+1) ©)
Taking fractional integral of order f with respect to ¢ in Eq.
then (19), we get
ré,(x) =S o(i)g,(x) (10)  Iv(x,0) = B(0(0,2) + xD\y(0,0)) + I'L(D))y(x, 1)
J=0 =IPPg(x,1). (20)
where
)= Qi +1) 22 +1)" ShN _pyike i+ +1)! _ 11
o=@ gg( ) (=G -DIRIY (@ +k+1+D|(a+k+1) (1)
Hence Eq. (20), can be written as
]1¢z(x) = [CU(Z, 0),60(1, 1),(/)(1, 2)77(’0(17 n)](p(x) . (]2) / o
By(x, 1) = I(p(0,7) + xD'p(0, 7)) + Ly(x, 1) — L (¥(x,0)
+tD/y(x,0)) = P'Ig(x,1). 21
4. Method of solution V(% 0) = IiTg(x,1) @)
In this section we take n; = n, = n, for any approximation. Let 17(»(0, 1) + xD\y(0, 1) + L(y(x,0) + tD;y(x,0))
Using (7), let solution of (1) be approximated as = f(x, 1), (22)
1) 22T (xX)Ch(h). 13
yx, ) = 1) CH 1) (13) Using (7), approximating f{x, 1),
Taking fractional integral of order  and o in Eq. (13), with r
respect to ¢ and x respectively, we get J(x, 1) = ¢7(x) A9 (1). (23)
N i 14)—(16), (22) and (23) in (21 t
Iy(x, 1) = B¢ (x)C(1) = ¢ (x)CL (1) ow using (14)-(16), (22) and (23) In (21) we ge
= ¢" (1P ¢(1), (14) " ()CID (1) + ¢ (1) (1) Co(1)
= ¢7 () (1) GID p(1) + ¢ (x) A (1), (24)
Ly(x,0) = L($" (x)Ch(1) = LT (x)) Co(1)
. where matrices 4 and G are known. Eq. (24) can be written as
= ¢" (0™ Co(1). (15)

where I¥ and I are (n + 1) x (n + 1) operational matrices of
fractional integration of order f and o respectively.
Similarly approximating non homogeneous term,

I + (1) ¢ = (1) 61 + 4.

Eq. (25) gives a system of linear algebraic equations which
can be solved easily using Sylvester’s approach.

(25)
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5. Error analysis Table 2 Comparison of exact solution with numerical values

obtained from our method and method in [20].

Lemma 5.1. (¢;,;,) form a complete orthonormal basis for the .9 Exact solution  Present method — Method in [20]

Hilbert space L*([0,1] x [0,1]). p=r w=8 Bt
(0,0) 0 0 0 0

Proof. Space of continuous functions on C([0,1] x [0,1]) is a (1/8,1/8)  0.0156 s LUlse IS

dense subspace of L*([0,1] x [0, 1]). Now consider the follow- g;g’i;g; 8?232 8?2§§ 8(1)2(2)2 g?gg?

ing sub algebra 4 of C([0, 1] x {0, 1}): (4/8.4/8)  0.2500 02501 02500 02494
(5/8,5/8)  0.3906 0.3906  0.3906  0.3900

A= {ZZ¢| € Rimme No}7 8 (Gom  odess 07655 0765 07650

n=li=

A contains constants and separates points. So by Weierstrass
theorem A4 is a dense in C([0, 1] x [0, 1]).

Using orthogonality of one dimensional Legendre scaling
functions, It is easy to see (¢, ,,) forms an orthogonal set.

Now to show this is complete, let f{(x, ) be any function in
L2([0,1] x [0, 1))

/1 /lf(x7 H;(x, )dxdt =0 Vi,j, (27)
o Jo

absolute error

By linearity,

/ 1 /lf(x, D (x, dxdi =0 Vo € A, (28)
0 0

Since 4 is dense in C([0, 1] x [0, 1]), we get

/1 /lf(x7 OY(x,Ndxdt =0 Yy € C[0,1] x [0,1], (29) Figure 1  Absolute error for n = 4.
0o Jo

Again since C[0, 1] x [0,1] is dense in L*([0,1] x [0, 1])
/1 /lf(x, DW(x, Ddxdi =0 W € 20,1 x [0,1],  (30)
Jo Jo

Chose ¢ = f(x,1), 50 [i [}/ (x,0)dxdt =0
fix,r)=0 ae. (31)

So (¢,,,,) form a complete orthonormal basis for the
Hilbert space L*([0, 1] x [0, 1]).

absolute error

Theorem 5.1. Let f{x,¢) € L2([0,1] x [0,1]), and f,(x, ) be its

imati btained b j 1%, 2-di jonal
approximation obtaine y using (n+1)7, imensiona Figure 2 Absolute error for 1 = 7.

Table 1 Comparison of exact solution with numerical values
obtained from our method and method in [20].

(x, 1) Exact solution  Present method Method in [20] Ss
n=4 n=28 n=2_8 g a

(0,0) 0 0 0 0 Tgo 2

(1/8,1/8)  0.0155 0.0155  0.0155  0.0155 ® o

(2/8,2/8)  0.0612 0.0612  0.0612  0.0611 1

(3/8,3/8)  0.1342 0.1342  0.1342  0.1340

(4/8,4/8)  0.2298 0.2298  0.2298  0.2295

(5/8,5/8)  0.3423 0.3423  0.3423  0.3419

(6/8,6/8)  0.4646 0.4646  0.4646  0.4640

(7/8,7/8)  0.5891 0.5891  0.5891  0.5884

Figure 3  Absolute error for n = 10.



Numerical solutions of fractional partial differential equations

721

absolute error

absolute error

Figure 5  Absolute error for n = 7.

absolute error

0 o ’ t

Figure 6  Absolute error for n = 10.

absolute error
s = | - N w k- [0}

Figure 7 Absolute error for n = 4.

absolute error

absolute error

absolute error

0 0o i t

Figure 10  Absolute error for n = 4.
A
Legendre scaling vectors. Assuming %Yf((;fz) < K, we have the

following upper bound for error:

K 1
.0 =0l < (556) (B (=5 +7)) (32)
where

1o 3
sl = ([ [ i ofasar)
where F,(z) is given as
n+l < 1

F(2)=(-1) M;Tk)"” (33)
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N ~ o

absolute error

-0

absolute error

Proof.
level n,

fx,1)

(. 1) = (%, 1

where

Cii iy

Figure 11  Absolute error for n = 7.

Figure 12 Absolute error for n = 10.

Let f(x,1) = Z’]_OZQ_OC, i, (X, 1). truncating it to

we get f,(x, 1) = Zj’l —02i—0Ciria @iy iy (X, 1), thus,

Z Z Civin®i iy (X, 1),

iy=n+liy=n+1

7 :./0l /01 (f(x, 1) — £, (x, 1)) dxdt

ij=n+liy=n+1
00 0
— 2
=2 2 aw
ij=n+lip=n+1

:/1 /lf(x,z)gbmz(x’ ) dxdr
0 Jo

B /o1 /Olf(x’ 0, (x) ¢, (1) dxdt

Now using similar process as in [25], we get

|Ci| i ?

9IK>

< - Yy 7"
64(211 — 3) (212 — 3)

/01 /0'1 < i i Cir iy iy iy (X, 1)

(34)

2
> dxdt

(35)

Using (36), we can write

9K?
ZZC" 5 = Z Z 64(2i; — 3)*(2i, — 3)*

iy=niy=n ij=n+liy=n+1

i (o) ((-5+))
() (r(5))

So from (35),

.0 =0l < (55) (B (-3 +0)) & 69

6. Stability analysis

The accuracy of proposed method is demonstrated by calculat-
ing absolute error, and average deviation ¢ also known as root
mean square error (RMS). They are calculated using the fol-
lowing equations:

Ay(xi, 7)) = |yo(xi, 17) — v (xi, )], (38)
and 1 s s
2
(2%, 2 = — e X, L —Vu Xi, I ’ 39
(N+1) {(N+ 1)2 Eizo:;:o LV ( /) ( /)} } ( )

where y,(x;, ;) is the exact value of output function at point
(x;,1;) and y,(x;, ;) is the approximate value of output func-
tion at the same point.

In all the examples, the input function with and without
noise is denoted by g°(x,7) and g(x,t) respectively, where
g°(x, 1) is obtained by adding a noise & to g(x,?) such that
2 (x;, t;) = g(xi, ;) + 60;, where x;=ih, i=1,2,...,N, Ni=1,
t;=jk, j=1,2,...,N, Nk =1 and 0; is the uniform random
variable with values in [—1, 1] such that
max [g°(x;, 1;) — g(x, )] < 0. (40)

1<i<N
1<j<N

In Section 7, five examples are solved with and without
noise to illustrate the stability of the proposed method. In all
the five examples, we add the noise § = O (ns1)s for two differ-
ent values of N = 10, 20. For different values of N we calculate
maximum absolute error and root mean square errors denoted
by E; and E, respectively for input functions without noise
term. Similarly, these respective errors are denoted by E; and
E; for input function with noise respectively. In Table 3, we
have listed the different values of E,,E,, E{ and E; for
N =10,20. From the table it is clear that the there is a very
small change in errors when we add noise term in input func-
tion showing the stability of our method.

7. Numerical results

In this section we discuss the implementation of our proposed
numerical methods based on fractional operational matrix of
integration for Legendre scaling function. We show the
accuracy of our method by the graph of absolute errors in var-
ious examples. In Tables 1 and 2 we have compared numerical
solutions obtained by our method and method given in [20], and
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Example 2. Consider the following partial differential
equation:

S o.008

3o "y(x, 1) 9y(x,1)

= o008 Gl G glx, 1), 0<x, r<, (42)
¢ 0.002

Figure 13  Absolute error for n = 4.

©

o

absolute error

N

absolute error

Figure 15  Absolute error for n = 10.

it is observed our method gives better approximation. It is also
observed that desired accuracy is obtained even for n = 4.

Example 1. Consider the following partial differential
equation:
9" y(x,1) 9" y(x,1)

EIE ETE =g(x,1), 0<x, <1, (41)
with initial-boundary conditions as y(x,0) = x2, (0,¢) =
respectively, where g(x,7) = ||—T/ Z ;/5 and the exact solution

1
4 5

is y(x, 1) = x> + 1.

Figs. 1-3 represent absolute error of Eq. (41) forn = 4, 7,
10 respectlvely.

with initial-boundary conditions as y(x,0) =x, y(0,7) =2¢

respectively, where g(x,7) = Ex} ¢ +@t'l/3 and the exact solution

is y(x,1) = x + 2.
Figs. 4-6 represent absolute error of Eq. (42) for n = 4, 7,
10 respectively.

Example 3. Consider the following non homogeneous partial
differential equation [20]:

ay(x,1) | Iy(x,1)
ox ot

=sin(x+1), 0<x, t<1, (43)
With initial-boundary conditions as y(x,0) = y(0,7) =0
respectively, and the exact solution is y(x, ) = sinxsin .
Figs. 7-9 represent absolute error of Eq. (43) forn = 4, 7,
10 respectively.
In Table 1, given below, we compare our result with the
method of [20].

Example 4. Consider the following non homogeneous frac-
tional partial differential equation [20]:

OMy(x, 1) 9 y(x,1)
8x|/4 8[1/4 g(x7 t)7 0 < X, < 17 (44)
with initial-boundary Conditions as  y(x,0) =p(0,1)=0

4(x t+ xt/

respectively, where g(x,/)=———=—— and the exact solution
P

is y(x, 1) = xt.

Figs. 10-12 represent absolute error of Eq. (44) for n = 4,
7, 10 respectively.

In Table 2, given below, we compare our result with that of
[20].

Example 5. Consider the following non homogeneous frac-
tional partial differential equation:

9" y(x,1)
8)C1'5

02y(x,1)
atl 2 -

with initial-boundary conditions as y(x,0) = x?, D/y(x,0) =0
and ¥(0,8) =2, D'y(0,1) =0 respectively, where

3 P 7 2
g(x, 0= ¢/> and the exact solution is y(x, 1) = x* + 2.
ns s

Figs. 1315 represent absolute error of Eq. (45) for n = 4,
7, 10 respectively.

In Table 3, given below, we list the errors Ey, E,, E} and E;
to show the stability of our method.

The computational order for the numerical results is calcu-
lated in the paper [26]. The computational order for the
numerical results is given as follows:
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Table 3 Absolute and RMS errors with and without noise.

Example N Errors without noise Errors with noise 6 = T N1y

No. E E, E; E5

1 10 9.9693 x 107° 2.0190 x 1077 1.0058 x 1073 2.0284 x 1077
20 1.4386 x 1073 7.3441 x 1078 1.4352 x 1072 7.3495 x 1078

2 10 6.3873 x 1073 1.2155 x 107° 6.4411 x 1073 1.2174 x 107°
20 1.1114 x 107* 5.0195 x 1077 1.1091 x 1074 5.0176 x 1077

3 10 42034 x 1077 9.4835 x 107° 4.2710 x 1077 9.6074 x 107°
20 42181 x 1077 3.4345 x 107° 4.2441 x 1077 3.4510 x 107°

4 10 2.6613 x 1073 3.4135 x 1077 4.9749 x 1073 1.7266 x 1077
20 4.9905 x 1073 1.7277 x 1077 4.9826 x 1073 1.7271 x 1077

5 10 7.1002 x 1073 1.6594 x 1073 7.1735 x 1073 1.7150 x 1073
20 7.1002 x 1073 8.9995 x 10~° 7.1735 x 1073 9.1354 x 10°°

Acknowledgements

Table 4 Computational order obtained for all examples.

Example No. n E, Order
1 2 1.5789 x 1073 -

4 4.6130 x 10~* 1.7751

8 1.1369 x 1074 2.0206
2 2 7.2824 x 1073 =

4 2.5544 x 103 1.5114

8 6.9316 x 10~ 1.8817
3 2 1.2215 x 1072 -

4 47945 x 10~° 7.9931

8 4.3849 x 1077 6.7727
4 2 3.8175 x 1073 -

4 1.2933 x 1073 1.5616

8 3.4485 x 10~* 1.9070
5 2 9.4023 x 1073 =

4 9.2421 x 1073 0.0248

8 2.1573 x 1073 2.0989

Order = log, [EEZ] where FE, is maximum absolute error
(maxlg,ngNE(xhtj)) for approximation having » number of
basis elements.

In Table 4, given below, we list the computational order for

the numerical results.

8. Conclusions

From Figs. 1-15, it is observed that absolute error decreases
with the increasing n. Similarly as we increase the dimension
of basis function, we obtain more accurate numerical solution.
Operational matrix of Haar wavelet in [21] is used to solve
fractional partial differential equation of the same type but
the procedure of construction of such operational matrix is
very complicated. Our method based on two dimensional
Legendre scaling functions is easy in comparison with that of
[21]. Further our method is more accurate than that in [20].
The stability with respect to the data is restored and accuracy
is good even for high noise levels in the data. An error analysis
and stability analysis are also given.

The first author and second author acknowledge the financial
support from Ministry of Human Resource Development and
Indian Institute of Technology, Banaras Hindu University,
Varanasi, India, under the SRF scheme respectively. The
authors are very grateful to the referees for their constructive
comments and suggestions for the improvement of the paper.
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